
The goal of the following exercise is showing that if z ∈ C, then

(∗) ez =

∞∑
n=0

zn

n!
,

where the factorial n! is defined by{
0! = 1

n! = n · (n− 1) · · · · · · 2 · 1 if n ≥ 1.

(1)Line integrals.

(i) Let ΓR = {ζ ∈ C : |ζ| = R} be the circle centered at 0 and having radius R > 0, with a
counterclockwise parametrization. Show that

ez =

∞∑
n=0

1

2πi

∫
ΓR

eζ

ζn+1
dζ · zn.

(ii) Show that, if n ≥ 0, then
1

2πi

∫
ΓR

eζ

ζn+1
dζ =

1

2πin

∫
ΓR

eζ

ζn
dζ.

Hint. Make the line integral explicit and use integration by parts.

(iii) Show that
1

2πi

∫
ΓR

eζ

ζn+1
dζ =

1

n!
.

Deduce from this the series expansion of ez.

(2)Let ΓR = {ζ ∈ C : |ζ| = R} as above, with a counterclockwise parametrization. Compute, for
R > 0, R 6= 1, the line integral

I(R) :=

∫
ΓR

z3 − 2z

z − i
dz.

Hint. Use Cauchy Theorem and Cauchy formual. You should obtain two values of I(R), depending
on R being in (0, 1) or in (1,∞).
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