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Almost exponential maps and integrability results
for a class of horizontally regular vector fields *

Annamaria Montanari Daniele Morbidelli

Abstract

We consider a family H := {Xi,..., X,,} of C! vector fields in R™ and we dis-
cuss the associated H-orbits. Namely, we assume that our vector fields belong to a
horizontal regularity class and we require that a suitable s-involutivity assumption
holds. Then we show that any H-orbit O is a C'! immersed submanifolds and it is an
integral submanifold of the distribution generated by the family of all commutators up
to length s. Our main tool is a class of almost exponential maps of which we discuss
carefully some precise first order expansions.
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1. Introduction and main results

In this paper we discuss the integrability of distributions defined by families of vector
fields under a higher order horizontal regularity hypothesis and assuming an involutivity
condition of order s € N. The central tool we exploit is given by a class of almost exponential
maps which we will analyze in details assuming only low regularity on the coefficients of
the vector fields.

To start the discussion, fix a family H = {X7,..., X, } of at least Lipschitz-continuous
vector fields. For any x € R™ define the Sussmann’s orbit, or leaf

0% = {e" X ... Xivg . p €N, T = (fi1, .., Jp) €{1,...,m}P,t € Qy.l, (1.1)

where for fixed x € R"™ we denote by {1, C RP the open neighborhood of the origin where
the map t — €% ... e %ir 1 is well defined. We equip the leaf O3, with the topology 74
defined by the Franchi-Lanconelli distance d; see (2).
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Our purpose is to describe a regularity class of order s > 2 and a s-involutivity assump-
tion that ensure that each orbit Oy is a integral manifold of the distribution generated
by the family P := Py := {Y1,...,Y,} of all nested commutators of length at most s
constructed from the original family H. To give coordinates on O we shall use the follow-
ing almost exponential maps. Fix s > 2 and denote by P the aforementioned family of
commutators. Assign to each Y the length ¢; < s, just its order. Then, let

Er(h) := expy, (h1Ys,) - - - expy, (hpYi, ), (1.2)

where I = (iy,...,i,) is a multiindex which fixes p commutators Y;,,...,Y; € P, h € RP
belongs to a neighborhood of the origin and p € {1,...,n} is suitable. See (ZIH) for
the definition of the approzimate exponential exp,,. We shall use the maps in (@T2) to
construct charts, developing a higher order, nonsmooth, quantitative extension of some
ideas appearing in a paper by Lobry; see [Lob70]; see Theorem and Remarks
and 3.7] below.

Here is a description of our regularity class. Let H = {X1,...,X,,} and let s > 2.
Assume that X; =: f; -V € C]}:uc for all j (here and hereafter Céuc refers to Euclidean
regularity). Assume also that for each p < s and ji,...,j, € {1,...,m}, all derivatives
Xj»l . "X]t‘ip,l fj, exist and are locally Lipschitz-continuous functions with respect to dis-

tance d associated to the vector fields. Here, following [MMI2a], we denote by X*f the
Lie derivative along the vector field X of the scalar function f. Moreover we require that
for any commutator Y; =: g; - V € P, all maps of the form g; o E;, are continuous for all
ped{l,....n} I=(i1,...,0p) ande]R".

Furthermore, we require the following s-involutivity condition. For any X; € H and
for any Y, € P with maximal length ¢, = s, at any x € ) where the derivative Xf»gk(:n)
exists one can write for suitable b° = b’(x)

q
(adx, Yi)e :==(X}ge(2) = Yifj(@)) - V =3 b'¥i, with b locally bounded. (1.3)
=1

The class of vector fields satisfying all those assumptions will be denoted by As; see Def-
inition 2.5l where a more precise formulation of this assumption is described. Note that
in the smooth case we have ady, Y = [X}, Y] and ultimately (L3) is equivalent to the
Hermann condition [Her62]

Vi, Y] = Z cijk, with cfj € L., (1.4)
1<k<q

which ensures that any Sussmann’s orbit Op of the family of commutators P is a integral
manifold of the distribution generated by P. If furthermore s = 1, then P = H and (4]
and (L3) are the same. Note that the appearance of operators of the form ady; Y} is
very natural in the framework of our almost exponential maps; see the non-commutative
calculus formulas discussed in [MMI2al Section 3|.

Here is the statement of our result.

!This condition is widely ensured for instance as soon as we assume that g; is continuous in the Euclidean
topology, or at least in the Sussmann’s orbit topology defined on O by the family H; see [Sus73]|.
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Theorem 1.1. Let H = {Xy,..., X} be a family of vector fields of class As. Then, for
any xo € R™, the orbit O := O3] with the topology 74 is a C! immersed submanifold of R"
with tangent space T,O = Py for all y € O.

Note that this result does not follow from standard ones, because the commutators Y;
are not assumed to be C! in the Euclidean sense. In Example [3.14] we exhibit a family of
vector fields where our theorem apply, but classical results do not. See also Remark
for some further comments. Furthermore, let us mention that if s = 1, i.e. H = P, then
Theorem [[.T] is a consequence of the Frobenius Theorem for singular C! distributions (it
is well known to experts that in such case one can prove that orbits are even C? smooth).
Note that if s = 1, in [MMIla] we proved a singular Frobenius-type theorem assuming
only Lipschitz-continuity of the involved vector fields, generalizing part of Rampazzo’s
results [Ram07] to singular distributions; in fact, in [MM11a], orbits are C'1:t.

On a technical level, the main tool we discuss is the approximate exponential Ef
in (LL2). Introduce the notation p, := dim P, := dimspan{Y;(z),...,Y,(z)} for all z € R™.
Fix z, take p := p, commutators Y;,,...,Y; , which are linearly independent at z and
construct the map F, defined in (L2)). Then, under the hypotheses of Theorem [T we
shall show that if the family H satisfies condition Ag, then F is a C’éuc, full rank map
in a neighborhood of the origin 0 € RP, whose derivative enjoys the following remarkable
expansion

E.(0n,) = Yo (E(W) + Y al(WY;(E(h) + Y wi(@,hYi(E(h).  (15)
Li=t; +1 i=1

The functions ai and w,i have a very precise rate of convergence to 0, as h — 0 which will
be specified in ([3:22]) and (3:23]). Note that an expansion of E, (0, ) can be obtained either
with the Campbell-Hausdorff formula in the smooth case (see [Mor00] or [VSCC92]), or
in nonsmooth situations with the techniques of [MM12b]. However, the expansions in the
mentioned papers contain some remainders appearing either as formal series, or in integral
form. Here we are able to express such reminders via the pointwise terms wj, improving
all previous results. Note also that we are improving the mentioned papers both from a
regularity standpoint and because here we do not assume the Hormander condition. At the
authors’ knowledge, expansion (LI)) with precise estimates on afc and w,i is new even in the
smooth case. As a final remark, observe that Theorem [B.I1] contains an explicit detailed
proof of the fact that the map FE is C'' smooth, avoiding any use of the Campbell-Hausdorff
formula. Note that, even if the vector fields are smooth, such maps are not much more
than C*; see Remark B.12k(ii).

The useful information one can extract from (L)) is that E«(0s,) € Pgs) (note that we
are interested to situations where the inclusion Pg,y C R" is strict); see Theorem [3.11] for
a precise statement. Observe that, if O C RP? is a small open set containing the origin, then
E(0) is a C! submanifold of R™ and (IL5) shows that T, E(O) C P for all h. This
is the starting point to prove that O3, is a integral manifold of the distribution generated
by P. Another fact we need to prove is that the dimension of P, := span{Y¥j(y) : 1 <j < ¢}
is constant if y belongs to a fixed orbit OF,. This is obtained by means of a nonsmooth
quantitative curvilinear version of the original Hermann’s argument inspired to the work
of Nagel, Stein and Wainger [NSW85| and Street [Str11].
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To conclude this introduction, we give some references and motivations to study our
almost exponential maps E. Such maps appear in [NSW85|, and were used by the authors
to show equivalence between different control distances; see also [VSCC92|. More recently
they have revealed to be a useful tool to study Poincaré inequalities (see [LMO00]), subelliptic
Sobolev spaces (see [Dan91lMor00,[CRTNOI,IMM12b]), and geometric theory of Carnot—
Carathéodory spaces (see [MMO2L[EFF03,[Vit12]). Finally, note that the precise expansion
(CH) will be a fundamental tool in the companion paper [MMII1b], where we shall prove
a Poincaré inequality on orbits for a family of vector fields satisfying an integrability
condition.

2. Preliminaries

Vector fields and the control distance. Consider a family of vector fields H =
{X1,..., X} and assume that X; € CL (R") for all j. Here and later Cf, . means
C' in the Euclidean sense. Write X; =: fj -V, where f;: R"™ — R". The vector field X},
evaluated at a point € R", will be denoted by X, or X;(x). All the vector fields in this
paper are always defined on the whole space R™.

Define the Franchi-Lanconelli distance [FL83]|

d(z,y) = inf {7" >0:y=el? ... enZig for some p € N
(2.1)
where Z|tj| <1 with Z; € T"H}.

Here and hereafter we let rH := {rXy,...,rX;,} and +rH = {+rXy,...,2£rX,,}. The
topology associated with d will be denoted with 75. We denote instead by d.. the standard
Carnot-Carathéodory or control distance (see Feffermann-Phong [FP83| and Nagel-Stein-
Wainger [NSW85]). In the present paper we shall make a prevalent use of the distance d.
It is well known that 7, is (possibly strictly) stronger than the topology Tguc|o received by
O from R™. See [BCHO8| Chapter 3| and [AS04, Example 5.5].

In view of the mentioned examples, we need to use the broad definition of submanifold;
see [Ched6l[KN96|. Below, if ¥ C R™, we denote by Tgyc|s the induced topology.

Definition 2.1 (Immersed submanifold). Let ¥ C R™ and let 7 O Tgye|x be a topology on
Y. We say that ¥ is a C* submanifold if ¥ is connected and for all x € ¥ there is Q € T,
open neighborhood of x such that Q is a C* graph. If moreover T = Tgyu|s then we say
that ¥ is an embedded submanifold.

Horizontal regularity classes. Here we define our notion of horizontal regularity in
terms of the distance d. Note that we do not use the control distance d..

Definition 2.2. Let H := {X1,,...,X;»} be a family of vector fields, X; € C]}:uc. Let
d be their distance 2.1 Let g : R™ — R. We say that g is d-continuous, and we write
g € CY(R™), if for all z € R", we have g(y) — g(z), as d(y,z) — 0. We say that
g : R™ — R is H-Lipschitz or d-Lipschitz in A C R™ if

Lipy(g; A) :== sup ———— <ox.
" T, YEA, z#y d(x, Yy
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We say that g € C;,(R™) if the derivative X?g(a:) = limy_q(f(e!Xix) — f(x))/t is a d-
continuous function for any j = 1,...,m. We say that g € C%(R") if all the derivatives
X?l e th.ipg are d-continuous for p < k and ji,...,j, € {1,...,m}. If all the derivatives

X?l e X?k g are d-Lipschitz on each ) bounded set in the Euclidean metric, then we say

that g € CZ%OC(R"). Finally, denote the usual Euclidean Lipschitz constant of g on A C R™
by LipEuc(g; A)

We will usually deal with vector fields which are of class at least C’éue N C;_;li’cl, where
s > 1 is a suitable integer. In this case it turns out that commutators up to the order s can
be defined; see Definition 2.3l In the companion paper [MMI2a] we study several issues
related with this definition.

Definitions of commutator. Our purpose now is to show that, given a family H of

vector fields with X; € Csjéf N C]}:uc, then commutators can be defined up to length s.
For any ¢ € N, denote by W, = {wy ---wy : w; € {1,...,m}} the words of length

|w| := £ in the alphabet 1,2,...,m. Let also &; be the group of permutations of ¢ letters.

Then for all £ > 1, there are functions 7y : &y — {—1,0,1} such that

[Awp [Aw2, cee [sz—NAweH e ] - Z 7TZ(O')Am(w)Aaz(w) T Ao[(w)7 (2'2)
ceSy
for all Ay,..., A, : V — V linear operators on a vector space V. See [MMI2a] for a more

formal definition and an in-depth discussion.
We are now ready to define commutators for vector fields in our regularity classes.

Definition 2.3 (Definitions of commutator). Given a family H = {X1,..., X, } of vector
fields of class C?T,lé’cl N Céuc’ define for any function ¢ € 071-1 the operator X]ﬁqb(az) =
Lx,;(x), the Lie derivative. Let also Xy (x) := f;(x)- Vip(z) where 1 € Ch,,. Moreover,
let

fw = Z WZ(U)(Xal(w) .. .XUZ—I(w)fUZ(w)) fOI‘ all w with ]w[ S S,

geSy
X = Xy, [ Xup_yr X = fu- V¢ forally € C]}]uc lw| <s,
Xhp = Z@ T )XE oy XE Xt forallp e O | <s—1.
ocGy

Finally, for any j € {1,...,m} and w with 1 < |w| < s, let

adx, Xot) = (X:fu — fu Vi) Vo = (X5 fu — Xufj) - Vo for all ¢ € Che. (2.3)
Non-nested commutators are precisely defined in [MM12a].

Remark 2.4. o Let Z € +H. If |lw| < s — 1, then there are no problems in defining
adz X,,. More precisely, in [MMI12a] we show that adz X,, = [Z, X,]. If instead
|w| = s, then the function t + f,(e'?z) is Euclidean Lipschitz. In particular it is
differentiable for a.e. t. In other words, for any fixed x € R", the limit % fw(eZz) =
78 f(e?x) exists for a.e. t close to 0. Therefore the pointwise derivative Z* f,(y)
exists for almost all y € R™ and ultimately adz X, is defined almost everywhere.
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e Both our definitions of commutator, X,, and X&, are well posed from an algebraic
point of view, i.e. they satisfy antisymmetry and the Jacobi identity; see [MM12al.

e In [MMI2a] we will also recognize that the first order operator X, agrees with X&,
against functions i € C;Zli’cl NCE,. as soon as |w| < s — 1.

The integrability class A,.

Definition 2.5 (Vector fields of class Ag). Let H = {X1,..., X} be a family in the
regularity class Cg . N Cf_[l(l)cl We say that the family H belongs to the class Ay if, fixed
an open bounded set ) C R", there is Cy > 1 such that the following holds: for any
7 € +H, for any word w with |w| = s, for each x € Q and for a.e. t € [~Cy ', Cyl], there
are coefficients b¥ € R such that

ady X, (e?x) = Z b X, (e?x) with (2.4)
1<]ul<s
|b“| < Cy for all u with 1 < |u| < s; (2.5)

finally assume that if 1 < |w| < s, for all p € {1,...,n}, for any I € Z(p,q), = € R", we
have at any h* where Er; is defined

fw(Erz(h)) — fu(Erz(h*)) ash— h". (2.6)

Remark 2.6. e Assumption (2.0 will be used only once, in ([3.28), but it is essential
in order to ensure that the almost exponential maps we define later are actually
Céuc smooth. It is easy to check that assumption (Z0)) is satisfied as soon as fy, :
(O, ™) — R is continuous, where Ty denotes the Sussmann’s orbit topology defined
by the family H, see [Sus73|. Note that at this stage assumption (2.0]) is not ensured
by the d-Lipschitz continuity of f,,. B

e Conditions (24) and (23] scale nicely. Namely, letting for all r < 1, Z = rZ,
X, = rlvIX,, with |w| = s, we have

adz Xo(z) = Z X, (x)  where || < Cor < Cy for all u.

1<|u|<s

(2.7)

e Let H be a family of vector fields in the class C,.N C;{]icl satisfying the Hérmander
bracket-generating condition of step s and assume that each f, with |w| < s is
continuous in the Euclidean sense. Then H satisfies As;. The constant Cy in (2.5
depends also on a positive lower bound on infq|A,(x,1)|, see (ZI3)). This case is
discussed in [MM12a, Section 4].

e The pathological vector fields X; = 0, and X = 6*1/1128@, in spite of their C*°
smoothness, do not satisfy (2.5 for any s € N.

Let Q¢ C R™ be a fixed open set, bounded in the Euclidean metric. Given a family H
of vector fields of class C]}]uc N C?s{jicl, introduce the constant

Ly:= Z {SUP (|f]1| + |vfj1| + Z |X31 ’ "Xgp—1fjp|)
Qo

J1yeengs=1 p<s (2.8)

+ Lipgy(XE - X2 fis QO)}.
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We shall always choose points « € 2 € g and we fix a constant ¢y > 0 small enough to
ensure that

e e™NINE € Qo ifxeQ, Z; €M, |1j| <toand N < Ny, (2.9)
where Ny is a suitable constant which depends on the data n,m and s.

Proposition 2.7 (measurability). Let H be a family of class As. Let |w| = s and let
Z € £H, Then for any x € ) we can write

ady X, (e%z) = Z b (t) X, (e ) for a.e. t € (—to,to), (2.10)
1<|v|<s
where the functions t — b¥(t) are measurable and for a.e. t we have |b*(t)| < Cy, where

Cy denotes the constant in ([2.5).
Proof. The statement can be proved arguing as in [MM12al Proposition 4.1]. O

Wedge products and n-maximality conditions. Following [Strll], denote by P :=
{¥1,....Y} = {Xy : 1 < |w| < s} the family of commutators of length at most s.
Let ¢; < s be the length of Y; and write Y; =: g; - V. Define for any p, € N, with
1<p<up Zpp) ={I="(i1,...,5) : 1 <i3 <iy <--- <1ip < p} Foreachz eR"
define p, := dimspan{Yj, : 1 < j < ¢}. Obviousely, p, < min{n,q}. Then for any
p € {1,...,min{n, q}}, let
Yie=Yya N ANY; 0 € /\pTxR” ~ /\pR" for all I € Z(p,q),
and, for all K € Z(p,n) and I € Z(p,q)
k
Y (@) = da (Yiy, ., Y3, (2) = det(g; )a =1, (2.11)

Here we let dz := da¥t A -+ Ada» for any K = (ki,...,k,) € Z(p,n).

The family ex := ex;, A -+ Aey,, where K € Z(p,n), gives an othonormal basis of
/\p R"™, i.e. (ex,en) = 0k p for all K, H. Then we have the orthogonal decomposition
Yi(z) =Y x YR (2)ek € A,R", so that the number

Vi) = (Y V@)Y = V(@) A A Y, ()
KeZ(p,n)

gives the p-dimensional volume of the parallelepiped generated by Y;, (x),...,Y; ().
Let I = (i1,...,ip) € Z(p, q) such that |Y;| # 0. Consider the linear system > _p_, £¥Y;, =

W, for some W € span{Y,,...,Y; }. The Cramer’s rule gives the unique solution
Y7, F (W)Y,
¢k = M for each k=1,...,p, (2.12)
Y7
where we let L{“,VYI = W)Y = Yiirsin ) NWAYG i)

Let 7 > 0. Given J € Z(p,q), let £(J) := £j, +--- + £;,. Introduce the vector-valued
function

 (VE (AT (VK
Ap(a,r) = (Y[ (@)t ))Jez(p,q),KeI(p,n) = (Y7 (x))JEI(p,q),KEI(p,n)’ (2.13)

where we adopt the tilde notation ffk = 'Y}, and its obvious generalization for wedge
products. Note that |A,(z,7)]* = > IeT(pg) 2| yy ()2

7
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Definition 2.8 (p-maximality). Let x € R", let I € Z(ps,q) and n € (0,1). We say that
(I,z,r) is n-maximal if |Y7(z)|r¢() > 7 max 1Y ().

T

Note that, if (I, z,r) is a candidate to be n-maximal with I € Z(p, q), then by definition
it must be p = p, = dimspan{Yj(z):1<j <q}.

Approximate exponentials of commutators. Let wi,...,w, € {1,...,m}. Given
7 > 0, we define, as in [NSW8&5,[Mor00] and [MM12b],

Cr(Xu,) == exp(7Xy, ),
Cr( Xy, Xuwsy) := exp(—7Xy, ) exp(—7Xy, ) exp(7 Xy, ) exp(7 Xy, ),

Cr(Xuoys s Xuy) i= Cr(Xugy -+ s Xuoy) L exp(—7Xooy ) Cr (X - - - s Xy ) €Xp(7 X, )
(2.14)
Then let

Ctl/e(Xw17"'7X’w€)7 lftZO,

2.15
C|t‘1/e(Xw1,...,XW)_1, ift<0. ( )

tXwqwy...w
eap 12 ¢ = eXpap(tle’wg...’wg) = {

By standard ODE theory, there is to depending on ¢,$, Qo, sup|f;| and sup|V f;| such
that exp, (tXuwwo..w, ) € Qo for any € Q and [t| < ty. Define, given I = (iy,...,ip) €
{1,...,¢}?, v € Q and h € RP, with |h| < C~!

Era(h) = expap (nYiy) -+~ expap (hpY3, ) (2)
[l = maxc iyl and Qr(r) = {h € R [Ib], <1}

:1,---7]7

(2.16)

Gronwall’s inequality. We shall refer several times to the following standard fact: for
alla>0,b>0,7 >0 and f continuous on [0,77],

0§f(t)§at+b/tf(7)d7 Vte[0,T] = f(t)<—(—1) Vtelo,T]. (2.17)
0

@
b
3. Approximate exponentials and regularity of A, orbits

Let H = {X1,...,X,,} be a family of Ay vector fields in R™. The main purpose of this
section is to prove that any H-orbit Oy with the topology 74 generated by the distance d
is a C! integral manifold of the distribution generated by P. Recall our usual notation
P:={Y;:1<j<q}, Pp:=span{Yj, :1 < j < ¢} and p, := dim P,.

3.1. Geometric properties of orbits

In this subsection we look at the properties of orbits Oy for vector fields of class As.
First we study how the geometric determinants ?JK change along a given orbit Og. The
argument we use is known, see for instance [TWO3,[MMI12b| and especially [Stril]. How-
ever, we need to address some issues which appear due to our low regularity assumptions.
Ultimately, we will show that the positive integer p, is constant as x € Oy.
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Below we shall use the following notation: given r > 0, we let EN/J = ’I“ij} =:9;-V
and Z =rZ,if Z € +H. Let also YJK = TZ(J)YJK, where the notation for YJK has been
introduced in (Z.17)).

Lemma 3.1. Let H be a family of vector fields of class As. Let p € {1,...,q An}. Let
x € Q and ro > 0 so that By(x,ro) C Qo. Let J € Z(p,q), K € Z(p,n), r € (0,19] and
Z € £rH. Then the function [-1,1] 5 t — EN/JK(eth) is Lipschitz continuous and there is
C > 1 depending on Cy and Lo in (2.35) and (28] such that

‘dt 7 )‘ < C’|Ap(et2x,r)| for a.e. t € (—1,1).

Proof. Denote v := ez and let t,7 € (—1,1). Then

D?]K(ryﬂ') YJ % ‘ Z dm BE) ja+1(7t) ?'a(%')_%Q(Wt)’?}a+1(7t)"")

1<a<p
< Clr —t,

where C' depends on Lg in (28). Then ¢t — ?JK(%) belongs to Lipg,.(—1,1). The estimate
for the Lipschitz constant here is quite rough and it can be refined through a computation
of the derivative. Indeed, we claim that for a.e. t € (—1,1) we have

d ~ ~ ~ ~ ~
thJ ’Yt Z dx™ ) ]a 17[Z7}/}a]7}/}a+17"'7}/}p)(7t)
1<a<p
Lin <s—1
+ Z Z bﬁ 715 dm ]a 1’Y5,}/}a+1""ay}p)(7t)
1<a<p 1<B<q (3.1)

l.

Joa =8

+ Z Z b fkﬁd.%' ki,.. 7]?,8 17"/7]%«#17 kp )(Y’jl”i\;}p)(f)/t)
1<y<n 1<B<p

=:(4) +(B) + (O),

where we wrote Z = f-V € Ci.. and bS are measurable functions with ]bg] < Cp. To
prove ([B.I)), observe that, if £(Y;,) < s — 1, then t — Yj, (v) is C,.(—1,1) and

)T .
tim 2207 = Y5O0 _ ze5 ) 9 = (2,95 000) + Vi) -V forall ¢ € [-1,1].

Tt T—1

Note that here we used [MM12a, Theorem 3.1] to claim that adZ o = =1[Z, Yja] If instead
0(Y},) = s, then for almost any ¢ we have

lim Y}a (WT) B Y}a (’Yt) _ i ) o Y > 7
Tt T—1

(3.2)
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In the first equality we used the definition of ad. Here ffja!}’v:: o - Vf, is well defined. In

the second line we used Proposition 2.7l The term ffja f, in view of Lemma [AT] gives the

third line of (BI)).
Next we estimate each line of ([B.1), starting with (A).

(A)] < |de™ (Yo (), 12, Y5, (0), Y (), - )] < ClA (7)1,

for all ¢ € [—1,1]. Estimate is correct even if Ap(vy,7) = 0. To estimate (B), recall that
3| < C. Then, for all t € [—1,1],

B < 3 3 |da" (Y Ve Y- )| < ClA (7).

1<a<p 1<p<q
Finally the estimate of (C) is easy and takes the form

((C)] < sup \Vf! max \YJ ()l < ClAp(ye )| i [ < 1. m
Bg(z,r) KeI(pn

The previous lemma immediately implies the following proposition.

Proposition 3.2. Let H be a family in the reqularity class As. Let x € Q, let r < rg,
where ro is small enough so that By(z,m9) C Qo. Let y(t) := v be a piecewise integral
curve of £rH with v(0) = z. Letp € {1,...,q An}. Then we have

|Ap(’y(t),7“) — Ap(x,r)‘ < |Ap(z,7)] (eCt —1) forallte|0,1]. (3.3)

In particular, if p = p, and (I,x,r) is n-mazximal, then
- - Ct ~
Ys(v(t) = Yi(2)| < 7|YI($)| for all J € Z(p,q) te€0,1]. (34)

Finally, if x,y belong to the same orbit, then p, = p,.

Remark 3.3. As a consequence of the proposition and of the Cramer’s rule [212), if
(I,z,7) is n-maximal, then (I,y,r) is C~'n-maximal for all y € By(x, C~1nr) and we may
write for all such y and for any j € {1,...,q}

S

Yi, ys (3.5)

3|u;r

where \bf] <C.

Remark 3.4. Proposition shows that the oscillation of determinants A, on a ball is
controlled in terms of the value of A, at the center of the ball. It is not true that the
oscillation of a single vector field on a ball can be controlled by its value at the center of
the ball. For instance, we can take the vector fields X = 0, and Y = y0, + x0,. Look
at the ball B((0,y),r), where 0 < y < r. Note that (r,y) belongs to such ball, but the
oscillation |Y (0,y) — Y (r,y)| ~ r can not be controlled with the value |Y (0,y)| = |y|.

10
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Proof of Proposition[3.2. (See [TW03/MMI12bStr11]). Let p € {1,...,gAn}. By Lemma[3.1]
the map t — Ay (4, r) is Lipschitz. Moreover, we have for a.e. t € [0, 1],

’Yt, )

‘dt = ‘(jt?] (%))Iﬂzg(@zz)‘ < ClA (7, 1),

by Lemma Bl Then the Gronwall’s inequality (ZI7) provides immediately the required
estimate ([B3). Note that this implies that if A,(xz,r) = 0, then Ap(vy,r) = 0 for all
t €[0,1]. Estimate ([3.4]) follows immediately.

Let now x and y be a couple of points on the same leaf Oy. Let 1 < p < ¢ An and let
I C R be an interval. Let I = [a,b] and take v : I — R a piecewise integral curve of the
vector fields X; with y(a) = « and v(b) =y. Let A, ;= {t € I : [A,(7(t))| = 0}. Note that
A, is closed, because it is the zero set of the continuous function I 3 ¢ — [A,(y(t))| € R.
The set A, is also open by estimate (3.3]). Therefore, either A, = & or A, = I and the
proof is concluded. O

The fact we are going to establish in the following theorem will have a key role in
Subsection B:2] when we shall study our almost exponential maps E. See Remark
below.

Theorem 3.5. Let H be a family of vector fields of class As. Let (I,x,r) be n-maximal
where © € Q, r <19, I € Z(py,q) and n € (0,1). Denote ﬁj = Tﬁiﬂ'Yij forj=1...p:=
P and 7 =17 € +rH. Then there is C > 0 depending on Lo and Cy in (28) and (23]
so that _

e (U, ,5) € Py, fordllt with |t| < C™ . (3.6)

j,etZm

Moreover, if we write, for a given test function ¢ € Cg . (R™),

p
U, (pe % = > (0F +0%(1)) Un(a), (3.7)
k=1

then we have Cle
]6?;“(15)] < # forallj,k=1,...,p it < C~ . (3.8)

Finally, for any commutator ffh = gn -V, where h € {1,...,q}, we have at any t €
(_071777 07177)

v —tZ\( 2, _ bZLN
Vi(pe ) (ePz) = Uk (@), (3.9)

p
k=1

where bk (t)| < C if [t| < C~1n.

Remark 3.6. The geometric interpretation of (3.6]) tells that e*_tZPetgx = P,, ie. the

tangent map of the C* diffeomorphism e~'% maps the (candidate) tangent bundle U, P, to
the orbit O to itself (we say “candidate” because we do not know yet that O is a manifold).
Theorem has an important consequence. Namely, in in Theorem [3.8, it will enable us
to show that integral remainders have in fact a pointwise form. Ultimately, we will apply
such property in Theorem [3T1] to show that E.(0p,) € Pg)-

11
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Remark 3.7. The proof below is inspired to an argument due to Lobry; see [Lob70),
Lemma 1.2.1]. Here we generalize such argument to a higher order, nonsmooth situation
and we get more quantitative estimates. See also [Lob76| and the related discussion by
Balan [Bal94]; see finally the paper [Pell()], for an up-to-date bibliography on the subject.
Note that Lobry’s idea is also used in [AS04, Lemma 5.15].

Proof of Theorem [F3. Without loss of generality, we can work with positive values of .
First, we differentiate the left-hand side of (3.7). If ¢;; < s — 1, then we use [MMI2a)
Theorem 2.6-(a) and Theorem 3.1-(ii)] which give

e t2) (et ), (3.10)

[
(1=
<F

45, we )6 ) = (2.0 (e (e
k=1
provided that 0 < t < C~1'n. Here \bk( )] < C. In last equality we used (B.H) with
Y =12, U;).
If instead ¢;; = s, then we need first [MM12al, Theorem 2.6-(b)], then (2.6) and Propo-
sition 7] in the present paper. This gives for a.e. t € [0,C~19]

LG, we 7)) = Y BTl D) 7a) by @)

1<h<q

= > X BNk Titwe 7)) (3.11)

1<h<q1<k<p

b () - JU
= #Ukhbetz)(etzx)

1<k<p

provided that 0 < t < C~!1. In this formula b?, bfl and b;? denote measurable functions,
bounded in term of the admissible constants Cy and Ly. o

By elementary ODE theory, for any fixed v, the functions ¢ — ﬁj (Ye~t%)(et? x) with
j = 1,...,p are uniquely determined by their value ﬁjzl)(x) at t = 0. Moreover, if we
denote by (af (t)) € RP*P the solution of the Cauchy problem

a(t) = ?a(t) with a(0) = I, € RP*P, (3.12)
then we can write
_ L P
;" (U, uz,) = Us(e ) (e7a) = 3 af () Uytp(a). (3.13)
k=1

Then we have proved (B.6). The Cramer’s rule (212)) confirms that the coefficients af(t)
are unique for each t.

To estimate the functions 0’“ = aj k() — 5’“ where aé‘? satisfy ([B.12)), it suffices to use
estimate \bf( ) <Cifo<t< C’ n. The Gronwall inequality (2.I7) gives ]af(t) - 5;“] <
C|t|/n for all j,k=1,...,pand 0 <t < C~'n. Therefore (B.8) follows.

To obtain the proof of (3.9) it suffices to repeat the computation in (3.10) starting from
Yh instead of U This ends the proof. ]

12
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Under the hypotheses of Theorem [35] iterating the argument, we get for all x € €,
p< Ny (see 29)), j€{1,...,p} and Z1,...,Z, € H,

Uj(pe 170 emtnluy(ehnZn ey = N = (88 + 05(1)) Ukt () (3.14)
1<k<p
where |0(t)| < C|t|/n, as soon as Z;L:l|tj| < C~1n. Moreover, for each h € {1,...,q}, we
get, if « € , for the same values of (t1,...,t,) and for almost all 7 € (—C~'n,C~1p),
d ~ - ~ ~ -~ = ~
EYh(’lpeitIZI . eft#Z#eer)(erXet#Z# . etlzlx)
% 7 B 1R 7% gt Z b, 1,7)
=ady Yy (e 1A em il TR ) (T X etndn L P ) = Z 7’7 = Utp(z),
k=1

where |by(z,t,7)| < C for a.e. 7. Here X € #H. If we do not care about maximality and

choose r = 1, we get, for any fixed (t1,...,t,) with > _[t;| < C~! and for almost all 7 with
rl<C7h

diyh(weftlzl . eft#ZuefTX)(eTXet#Z# L. 6t1Z1$)
-
—adyx Yh(lbe_tlZl ... e—tuzue—TX)(eTXetuZu ... etlzlx) (3.15)
- Z bj(x7t7T)Y7w(x)7
1<j<q

where |b;(z,t,7)] < C for a.e. 7. Here again z € Q and ¢ € Cf,. is a test function.
Formula (315 will be referred to later.

3.2. Derivatives of almost exponential maps and regularity of orbits

In this subsection we get several information on the derivatives of the approximate expo-
nentials Er , , associated with a family H of A vector fields and we show that each orbit
O with topology 74 is a C! immersed submanifold of R" with 7,0 = P, for ally € O. We
will tacitly but heavily rely on the results of [MMI2al Section 3|, namely on formulae

adx,, -+ ady, Xy = Xy for all v,w such that [v] +[w[ =k + Jw| < (3.16)

These formulae have a key role. In the proof of Theorem [B.8 below, we shall follow the
arguments of [MM12b, Theorems 3.4 and 3.5], modifying everywhere the remainders O
in [MM12b| with our remainders defined in [MMI2a]. This will give us a formula with
integral remainder, see (3I7). Then, using the results of Subsection Bl we shall show
that such integral remainder can be specified in a pointwise form.

Theorem 3.8. Let 1 < |w| =: £ < s, take x € Q and t € [0,tp], where ty is small enough
to ensure that Crx € Qq for all t € [0,tg]. Let Cy = Ce(Xyy,, ..., Xw,) be the map defined
in ZI4). Fiz a test function ¢ € C . (R™). Then we have

s

%1&(@:@ =t X (Co) + Y antTIX G (Crr) 17 ) bu(, ) Xt (Cr),
v|=¢+1 lul=1

13
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and
d ~ _ S _
(G z) = — 0t Xy (C )+ Y @t T X (e )
|v|=£+1
+1° Y bulz, ) Xuth(Cp ).

lul=1

Both the sums on v are empty if |{w| = s. Otherwise, we have the cancellations Z|v|:€+1(av+

@y) fo(x) =0 for all x € Q. The (real) coefficients b, and b, are bounded in terms of the
constants Lo and Cy in (28) and 2.35).

Remark 3.9. As already observed, the theorem just stated improves |[MMI12b, Theo-
rem 3.5], both because we relax regularity assumptions and because we devise a pointwise
form of the remainders. In particular, choosing as 1 the identity function, we see that the
remainder belongs to the subspace Pc,, = span{Yjc,. : 7 = 1,...,q} which can be a strict
subspace of R™.

Proof of Theorem [3.8. We prove the statement for t > 0. By [MMI12bl Theorem 3.5, we
know that

%w(ctx):Et“wa(CtxH ST atlTIX(Cra) + O (1,9, Cr),  (3.17)
|v|=€+1

where the numbers a, are suitable algebraic coefficients. Note that formula (BI7) in
[IMM12b] is proved for smooth vectro fields. Using (816) and changing everywhere the
remainders in [MM12b| with the remainders introduced in [MM12a), Subsection 2.1|, one
can check that all computations fit to our setting. Therefore, we only need to deal with the
integral remainders introduced and discussed in [MMI12a]. Concerning such remainders,
recall that

t
Os41(t%,9, Cyz) = (sum of terms like)/ w(t,7')din(ibgo_le_TZ)(eTZgoCtx)dT
0 T

where [v| = s, ¢ = et?1 ... e!%v and Z, Z; € +H. Next, by ([B3.15), we may write for a.e.
d - —T
—Xo(vp e T (e pCir) = Y bule,t7) Xu(Crr),

1<u|<s

where for any ¢,z the functions 7 — b, (x,t, 7) are measurable and satisfy |b,(¢,7,z)] < C
for a.e. 7. Therefore we get

3 / (1 7)bu( ) Xoth(Co) =5 57 b, ) Xutb(Co),
1<|ul<s 1<|ul<s
where |by,(z,t)] < C for all z € Q and [t| < . This ends the proof. O
Our purpose now is to study the maps
hpUp

E(h) := Bz (h) i= expy(hYs,) - expyp (hyY;,) = ’gUl e (3.18)

14
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where 1 < p < q, I € Z(p,q), Uy == EN/Zk and di = ¢;,. We always take x € Q and h
sufficiently close to the origin so that E(h) € Qo, see (2.9)).

Some elementary properties of E are contained in the following lemma. Without loss
of generality we choose r =1 and I = (1,...,p).

Lemma 3.10. The map h +— egg)yl---egﬁy"x =: Ej.(h) satisfies for xz,z* € Q and
h,h* € Bru.(C™1)
|E1,2(h) — Erg-(h)| < C(||h — h*||; + |z — 2*]). (3.19)

Moreover, for any w with 1 < |w| < s, the function Fx,: [-C~1,C71] x Q — R
defined as Fx,, (t,x) := Vg elXv(x), is continuous.

Proof. Observe first that, since each Z € £H is Cf,., by the Gronwall inequality we have

uc?’
le™Zy — e™Zyo| < C(ly —yo| + |7 —710]) forall y,yo€Q |7],|m0] < CL (3.20)

Next, assume first that ¢ > t* > 0. Write etaifw x =€ ...e%y where Zy,...,7, €
+H are suitable, see (ZI5), and 7 = ¢/, with £ := |w|. Then iterating (3:20) we get

{egifw T — e;;x’” ot = {eTZl g —eT A eT*Z”x*‘ <C(le—a*[+ [t — t*|1/£).

If instead t > 0 > t*, then we get

b |+ o — 2|

<O+ [tV 4z — 2¥]) < Ot — Y+ |z - 27)).

twa_e

t* X tX
ap ap T ‘ <le

le ap’ T — x|+ |z —e

This shows ([B.19) for p = 1. Iterating one gets the general case.

Next we prove existence and continuity of the derivative F'x, . Assume first that ¢ > 0
and decompose efXvx = et 21 et Zugy where £ = |lw| and Zy,...,2, € +£H are
suitable. Euclidean regularity of the vector fields Z; implies that the functions (7,y) —
Fyz,(1,y) := Vye"%y are continuous if y € Q and |7| is small. Therefore, the chain rule
gives

Fx, (t,z) =V, egifw (x)

=Fyz (tl/é’ o2 etl/ezum)FZQ (tl/Z’ s (x))---Fy, (tl/z’x).

Thus Ftho o— is continuous. Note that Fx,(0,2) = I, for all x. An analogous

1xQ

argument shows that wa‘[ is continuous and concludes the proof. O

—C—1,0]xQ
At this point we may deduce the following result. See (B.I8]) for notation on the map E.

Theorem 3.11. Let H be an As family. Let x € Q and let r € (0,79). Fizp € {1,...,q}
and I € Z(p,q). Then the function Ef ., is C' smooth on Bgu.(C~1). Moreover, for all
h € Beue(C™1) and for any k € {1,...,p} we have E.(8,) € Pgy and we can write

S

q
Eu(On) =Urem + Y. a(W)Yjem + > wilz, b)Y pw, (3.21)
j=dy,+1 i=1

15
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where, for some C > 1 depending on Lo and Cy in [28) and 2.3), we have

lal ()| < C||B||~ % for all h € Bruo(C™Y) (3.22)
jwi(w, B)| < C||R[[5T % for all h € Bpae(C™Y) z € Q. (3.23)

Proof. For notational simplicity we delete everywhere the tilde. In fact, the statement
holds uniformly in r € (0,79), where ry depends on the already mentioned constants Lg
and Cjp.

Step 1. We first prove the theorem for p = 1. Using the definition of exp,, and Theorem [3.8]
we easily obtain by a change of variable that for any commutator Y of length ¢ € {1,...,s}
and for all ¢ € Cf,

uc’

S

(el (@) = VOl @)+ Y ag(mYi(ely )
4=0+1 (3.24)

q
|10/ Z bi(z, h)YW(eZK z),

for all z € K and 0 < |h| < C~!, where the sum is empty if £ = s. If £ < s, then
a;(h) = 071a;h &G =0/ i b > 0, while aj(h) = —¢~'@;p%—9/¢ if h < 0. The functions a;
come from the statement of Theorem 3.8 The functions b;(z, h) can be discontinuous, if

we pass from h > 0 to h < 0, but we have estimate |b;(z, h)| < C uniformly in z, h.

To complete Step 1, we need to show that the function h — % e;%/ z is continuous

for all fixed z € Q. Continuity at any h # 0 (say h > 0) follows immediately from the

hY ehl/‘le L ehl/‘fzy

decomposition el = , where Z; € £H. We show now continuity at

ap
h = 0. Formula ([3.24) gives ‘% by 2 —g(ehy 2)| < C|h|Y* (recall notation Y =: g - V).
Therefore, using the ’'Hopital’s rule, we get

d hY . e}a?)/z -z . nY 1/¢

%eap Z‘h:O = ,%IL% h = ,ili%g(eap z) + O(’h‘ / ) = 9(2)7

where we need the d-continuity of g. This shows existence of the derivative at h = 0. To
see continuity, just let h — 0 in (3.24)).

Step 2. By induction on p, we show that E is C! smooth. Assume that (hq,...,hy—1) —
eZﬁUl e egﬁ_lUp_l(x) is C'* for all choice of Uy, ..., Up—1. We need to show that (h, ..., h,) —

egrl)Ul e eZSUp (z) is C! smooth.
Let Uy,...,U, € P. First of all we show that the map (hy,...,hy) — Ey(Oy,) is
continuous. If hy # 0, say h; > 0, then we decompose for suitable Z1,...,72, € H,

1/dq 1/d ho U,
haUy hpUp "V Zy h1/1Z,, \haUs »Up
eap ...eap l‘_el R Heap ...eap xT.

Note that by standard ODE theory, the map (71,...,7,,2) — e™ Z1... ey is 1. There-
fore, by means of Lemma [3.10] we have existence and continuity of 91 E(h) = E.(0y,) at
any point of the form h = (hy, hg, ..., hy) with hy # 0.

16
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To discuss the case h; = 0, recall that formula ([3.24]) gives

0

haU. hpU, hiU hpU, 1/d

S Gy reap "o = Un(egh” e " )| < Cfm |V
1

~

Therefore, using de 'Hopital’s rule, for all h = (0, ha, ..., hy) =: (0, h1), we get

h1U1 eh2U2 . GQSUP _ eh2U2 . hpUp
ap

~ x
OE(0,hy) == Jim fop _ Cap »
1

= lim Uy (MUt ef22 . eln™ 2) 4 O(|h V) = UL(E(0, 1)),

h1~> ap

where we need the d-continuity of U;. ThisAshows existence of 01 F (0,%1).
To show continuity of 9, E at h* = (0, h}) € Bguc(C™1), write by expansion (B.24])

|01E(hy, h1) — O1E(0, 1)
Z‘Ul(E(hl,ﬁl))Jr S aj(h)Yi(E(h1, 1))

d1+1<4;<s
+ |h1|(s+17d1)/d1 Z szVZ(E(hl,ﬁl)) _ Ul(E(O,/HT))
1<i<q
< O™ + (U (E(hy, b)) = Un(E(0, )] — 0,

(3.25)

as (h1, h1) — (O,ﬁ’{), here we used assumption (2.6]) for U;.
To conclude Step 2, we show the continuity of 0, E for all 2 < k& < p. Write by the
chain rule

0

SO B(R) = Fur (€l (@) Fu (i, el () ol (a). (3:26)
k

Ohy, P

This ends the proof, because the right-hand side depends continuosly on hy,...,h,, by
Lemma [B.10] and the first part of Step 2.

Step 3. We show expansion (.2I]) and estimates ([3:22]) and ([B.23) for any p and for all
k=1,...,p.

Let Uy =Y, d == 4;, and E;(2) = er)UJ el Uk () for all 1 < j < k < p. We
agree that E; ;) denotes the identity function. Observe that the function z — E<j,k>(z)
is a C! diffeomorphism for any fixed hj,hjt1,...,hg. Then, for k € {1,...,p}, we may

use ([3.24) and we get
S

E.(0n,) = UkBpi -1y By (@) + Y (i)Y Eq i1y (B py (@)
fi=ditl (3.27)

q
+ || I N "D Y B 1y (B gy (),
=1

where b; denote bounded functions and | (hy,)| < C|hy | =)/,

17
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To get formula (3.21]), it suffices to use a rough expansion of each term as follows. Write

1/d
for A e {1,...,p} and hy >0, ehAUA—e_h Mgy

1/dy

Z”, for suitable Z; € £H. Then

for all j € {1,...,q} write

V(0 elg™)(e) = V(e DA R o)

st |al/dx
=YViplep™ 2) + Y adgy - ady) Yig(ep™ 2) 20—
|a|=1 ’

+ Ogp1(Jhy| TG/ qp haUs 2)

=Yiplen™2)+ Y clhal O D™ o)
Li=L;+1

—|—|h |s+1 45) /dAZbY¢ hAUAx)
i=1

where we use the pointwise form of the remainder, see the proof of Theorem Here ¢;
are constants, while b; are bounded functions. The proof of ([B:21]) follows from ([B.27)) via
a repeated application of this expansion. If hy < 0, then the terms ¢; and b; may change,
but the argument gives the same conclusion. The proof of the theorem is concluded [

Remark 3.12.

(i)

(ii)

Let X, be a commutator of length |w| < s. Define the function H (t,x) := % egifw (z).
Under our assumptions As we may claim that H(t,x) exists for all (t,z). However,
we can not expect that the function (t,x) — H(t,z) is continuous in (—tg,tg) x .

Indeed, in order to show the continuity of H at a point (0,Z), because
H(t,2) — H(0,)| < |H(t,a) — H(0,)| + [H(0,) — H(0,7)].
d ~
=l e’ = fu@)| + [ fu@) = fu(@)].

The first term can be made small uniformly in x, if |t| is small. In order to make
the second term small, we can use only assumption (2.6]), which does not ensure any
continuity if x and T belong to different orbits.

Under our assumptions, we cannot expect that maps h +— Ef,(h) are more than
Cl. Indeed, the term Fy;, (hy,e! h2U2 eZp”U” x) in ([B20) depends continuously on
ha, ..., hy, if H is a C* family (recaH that Fy, (h,z) = Veggl (&) is only continuous
in &€). An inspection of the proof above shows that if H is a C? family and A holds,
then Er, € Cl l/s but this regularity cannot be improved, even if X; € C*° or C¥;
see [MMI2D, Example 5.7].

Now we can easily prove the regularity of orbits, along the lines of the proof in [AS04].

Theorem 3.13 (Regularity of As orbits). Let H be a system of As vector fields. Then
each orbit O with the topology T4 is a connected C' smooth immersed submanifold of R™
satisfying T,O = P, = span{ X, (x) : 1 < |w| < s} for all x € O.

18
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Proof. Let 29 € R™ and let O := O3] be its H-orbit. We know from Remark [B.3]
that dim P, = dim P,, =: p is constant in O. For each x € O choose I € Z(p,q)
such that |Y7(x)| # 0. By Theorem BIIl and by the implicit function theorem, we
may claim that for a suitable Or, C RP, open neighborhood of the origin, the map
Ery: 01 — R"is a C! full-rank map which parametrizes a C'' smooth, p-dimensional
embedded submanifold Ey (O ) C R™. Note also that Er,(Or,) C O and, by Theo-
remm TE]’x(h)EI7$(OI,Z') = PEl,x(h)7 for all h € O[7$. Let

U:={FE;,(0):2€0,Ic€L(pq),|Yi(x) #0
and O C Oy, is a open neighborhood of the origin}.

We claim that the family ¢ can be used as a base for a topology 7(U) on O. To see that,
we need to show that if the intersection of the p-dimensional submanifolds Er,(O) and
Ep »(0') is nonempty, then it contains a small manifold of the form Ep» ,»(0"), if O” is
a sufficiently small neighborhood of the origin. Let ¥ := Ej »(O) and ¥’ = Ep »(O') and
let 27 € ¥ NY. Recall that both ¥ and ¥’ are embedded C! submanifolds of R™. Let
I" € Z(p,q) be such that [Y»(z")] # 0. Let O” C RP be a small open neighborhood of
the origin. For any h € O”, the point Eyn 4 (h) can be written as e™Z1 ... e™Zvx where
Zj € £H and ) ;|7j| < C|hll;. By a repeated application of Bony’s theorem [Bon69,
Theorem 2.1|, it follows that E(h) € X, provided that h is sufficiently close to the origin.
The same argument applies to X’'. Thus we have proved that U can be used as a topology
base.

A similar argument shows that any submanifold of the form E7,(O) € U contains a
small ball By(x,0). Therefore 74 is stronger than 7(U). The fact that 7(U) is stronger
that 74 follows easily from estimate d(Ef(h),z) < C|h|;. Finally, since all paths of the
form t +— etz € (O, 7(U)) = (O, 74) are continuous, the orbit is connected.

The C! differential structure on O is given by the family maps EIJ‘ o Where z € O,
I € I(pg,q) is such that |Y;(z)] # 0 and O C Oy, is an open neighborhood of the
origin. U

Example 3.14. Let us consider in R3 the family H = {X1, X2, X3}:
X1 =a(t)0y Xo=wza(t)0, and X3z=1t0},
where the function a satisfies a(t) = 1+t3sin (1), if 0 < [t| < 1, a(0) = 0, a € C>(R\ {0})
and infg a > 0. Note that X; € Cf (R3) and
(X1, Xo] = a(t)?0,, [X1,X3]=—td (t)d, and [Xa, X3] = —td(t)xd,.

If0 < |t| < 1, then

4

dt
is discontinuous at t = 0. Therefore X135 and X3 ¢ C]}:uc and the C! singular Frobenius
theorem does not apply to the family P = { X1, Xo, X3, [ X1, X2], [ X1, X3], [X2, X3]}.

However, we claim that the family H belongs to our class As. To show this claim, we

first prove that X; € 071{’110(: . To see that, it suffices to show that X§X§a € C%. But, if
0 < |t] <1, we have

d 1 1 1 1 1
(td'(t)) = — (3t3 sin — — t% cos —) = 9t? sin — — 5t cos — — sin —
dt t t t t t

1 1 1
XEXEa(t) = t0,(ta' (t)) = 9t* sin ;- 5t cos S —tsin, (3.28)
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which is a continuous function up to t = 0 (note that, since Xga(()) = 0, we have
X§X§a(0) = limy_o til(Xga(etXS(O)) - Xga(O)) = 0). Since Xi2,X13 and Xo3 € C
condition (2.6) is fulfilled.

Finally, we have to check the 2-involutivity, i.e. that for all i, j, k we can write adx, X =
ZM <9 0" Xy, with b" locally bounded. A computation shows that the nonzero terms are
the following (we work with 0 < |t| < 1)

uc’

1 ol (t
—ady, Xo3 = adx, X13 = 3 adx, X12 = ta(t)d' ()0, = Z(i)) X1
—t0y(ta’ (t
adx, X13 = —t0;(ta(t))0, = % X,
_ ~to(td(t)

adx3 X23 = —mt@t(ta’(t))ay = XQ.

a(t)
Since infg a > 0, one can see with the help of ([3.28) that both the coefficients ta'(t)/a(t)
and —tdy(ta'(t))/a(t) are locally bounded. Thus, hypothesis Ay is fulfilled and our main
theorem applies.

Note finally that it is very easy to see that there are three orbits of the family H.
Namely, Oy = {(z,y,t) : t > 0}, Oz = {t = 0} and O3 = {t < 0} and they are integral
manifolds of the distribution generated by the family P.

Remark 3.15. A natural question concerns sharpness of the C' regularity of Oy. It is

reasonable to guess that C! regularity is not sharp. Actually, we do not have any example of

vector fields of class A, where the integral manifolds Oy are less than C?. However, under

our assumptions, maps Ey, cannot provide more than C ! regularity, see Remark [3.12-(ii).
A related issue concerns the regularity of the orbit Oy of a generic family of C* (or even

Lipschitz-continuous) vector fields which do not satisfy any involutivity assumptions. This

would require a careful discussion of a nonsmooth version of Sussmann’s orbit theorem.
We plan to discuss such questions in a future study.

A. Appendix

Here we prove the multilinear algebra lemma which has been used in the proof of Lemma
Bl The same formula is proved by [Strl1ll Lemma 3.6], but here we exploit a slightly
different argument, which does not rely on the formalism of Lie derivatives.

Lemma A.1 (Linear algebra). Let p < n and let Uy,...,U, be constant vector fields in
R™. Let Z = Zgzl fﬁag € Ch,.- Then, for any (ki,...,kp) € Z(p,n),

p n
> datt A date <U1, Va1, S Uaf 05, Uacrs . ,Up)
ot =t (A1)

n p
=33 oy frodahroFa-) A da A daFeer k(UL Up).
y=1p=1

Note that in the particular case p = n, the right-hand side is div(f) det[Uy,...,U,].
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Proof. Recall first that if we are given (Vaﬁ)aﬁ € RP*P| then the matrix (cof V)g

det[V1,. ..

 Va—1,08, Vay1, . . .| satisfies

p
> Vi (cof V)i = (det V)dg, (A.2)
pn=1

To prove the lemma, observe first that da*+(95) = 0 if p € {1,...,p} and B ¢

(i,

a=1

kyp}. Therefore the left-hand side of (AJ) takes the form

p p
> dakt A date (Ul,...,Ua,l,ZUafkﬁakB,UaH,...,Up)
B=1

> U0, fFrdatt Adatr (UL, Us1, 0k, Uatas -, Up)

a,B=1,.
7_17"'7'”
Uyt Up?
k kB8
p Ut . Uyt frw) Uf/ﬁfl U;ﬁfl
g vikﬁ E Ulcof | : : = E vikﬁ det | Uy - Ul
B=1 a=1 U’“P Ukp B=1,....,p U, At g,
=1 n 1 P y=1,...,n ! p.
i Ufp U;jp

Z (%fkﬁda: (kroewokis—1) A da¥ A daRev-ke) (T Up),

p=1,...p
v=1,...,n

as desired. O
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