POSITIVE SOLUTIONS OF ANISOTROPIC
YAMABE-TYPE EQUATIONS IN R”

ROBERTO MONTI AND DANIELE MORBIDELLI

ABSTRACT. We study entire positive solutions to the partial differential equation
in R”

At + (o + 1222 Ayu = —|z|*un?,
where z € R?, 5y € R"2, n > 3 and a > 0. We classify positive solutions with
second order derivatives satisfying a suitable growth near the set x = 0.

1. INTRODUCTION

In this paper, we study positive solutions to the partial differential equation in R™

Agu+ (a+ 122 Ayu = —|z*uns, (1.1)
where z € R?, y € R"2 n > 3, and a > 0. This equation is an anisotropic
generalization of the Yamabe equation in R", the case a = 0, and it displays several
interesting properties. In particular, the structure of positive entire solutions depends
on whether « is an integer or not.

Our technique is based on a Kelvin inversion naturally associated with the equation,
which was introduced in [MM], and on an integration-by-part argument inspired by
Obata classical paper [O]. In this part of the argument, we need to assume a bound
on the growth of second order derivatives of solutions near the singular set x = 0.

Equation (1.1) has the following geometric interpretation. Let M = {(z,y) €
R? x R"2: z # 0} be endowed with the Riemannian metric

g = (o+ 1)*[a*|dz]* + |dyl|*. (1.2)

The manifold (M, g) is locally isometric to R™ with the standard metric, an isometry

o+l power of x as a complex number. If z € R* with

being (z,y) — (z,y) with z
k > 3, this is no longer true. The isometry, however, is not global and (M, g) is not
complete. The scalar curvature R of g vanishes identically. The scalar curvature R
of the conformal metric g = = g is

n—1 _n
u” 2 Agu,

R=—4

n —
where A, is the Laplace-Beltrami operator of g. It can be checked that Ay = (o +
1)72|z|2*A, + A,. Then, u solves (1.1) in R" \ {z = 0} if and only if (M,7) has
constant scalar curvature R = %.
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The partial differential operator
L=A,+ (a+1)?%z]*A,

is known as “Grushin operator” and is an important example of second order elliptic
degenerate operator (see [Gr], [FL], [BGG|, [GV1], [GV2]). In [MM], we studied
symmetry and uniqueness properties of positive entire solutions of the unweighted
equation

Lu=—ud2 in R", (1.3)
where v € R*, y € R"* o > 0and Q =k + (a+ 1)(n — k). Equation (1.3) is the
critical point equation for a Sobolev-inequality whose extremal functions are studied
in [Mo] (see also [B]). The number %2 which is the critical exponent for the Grushin

3
operator, is strictly smaller than "+§ for any a > 0. The gap between these exponents
is balanced by the weight |z|?® in the right hand side of equation (1.1).

In order to state our assumption in the classification theorem, let us identify ¢ € R?
with § =& +i& € C. Let C*=C\ {£€ € C: Reé <0 and Im¢ = 0} and take on C*
a fixed branch £/(*+1 of the (o + 1)—th root. We say that u € C?(R") belongs to
the class A and we write u € A, if for any 9 € [0,27) and r > 0 there are C' > 0 and

[ < 1 such that the function
v(6,y) =u(e’Ea1,y), £€CTandy e R™, (1.4)
satisfies
Veeo(&,y) < ClEl7, for [y| <rand €] <1, (1.5)
where |VZv| = Z?,j:l |0¢,0¢,v]. It is interesting to observe that if u solves (1.1) then
the function v in (1.4) solves the Yamabe equation
1 nt2 ., * n—2
Av = —m’l]"*Z inC*x R . (16)
Condition (1.5) has an intrinsic meaning in term of the metric g in (1.2). This will
be clear in Section 3, where we shall look at the manifold M in suitable coordinates.
Our main result is the following theorem.

Theorem 1.1. Let u € C*(R") N A be a positive solution of (1.1). Then:
i) Ifa € N, there are (xg,yo) € RZxR"2 and a,b > 0 with n(n—2)(a+1)%ab =1

such that
u(e,y) = (aflz — 2§ 4y — yoP} +0) 7. (1.7)
ii) If o € RT\ N, there are yo € R"2 and a,b > 0 with n(n — 2)(a + 1)%ab =1
such that

u(z,y) = (af]z* D + |y —yol?} +5) 2 . (1.8)

Both functions in (1.7) and (1.8) are of class C?(R"). Moreover, they satisfy (1.5)
with 0 = 0. We have not been able to find a counterexample showing the sharpness of
condition (1.5). This condition is needed in a crucial step in the argument of Section
3 (see (2.5) and (3.11)—(3.12)).
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If x # 0, the function in (1.7) is not radial in z, in spite of the symmetric structure
of equation (1.1). A similar phenomenon appears for the Liouville-type equation
Au(z) = —8m(a+1)|z|>**¢*® in R?, which has only radial solutions if o ¢ N and has
both radial and non radial solutions if @ € N (see the classification result in [PT]).

Notation. In the following, C' > 0 is a constant which may vary from line to line.
We also use the following notation

2 n—2 2
|V§yv| = ZZ |a£kaij‘7 |VE§U| = Z ‘aﬁkaihUL etc.
=1 j—1 ke h=1

2. ASYMPTOTIC ESTIMATES

Introduce the inversion Z : R" \ {0} — R™\ {0}

[z Y 112(a1) 2\ 30atT)
2(:) = (2 e )+ where 1 = (a7 4 [y =

The inversion is a conformal map of the metric (1.2) (see [M]). The Kelvin transform
of a function u in R” is the function v* in R™\ {0} given by

w(2) = [ FTVE D (I(2)). (2.1)

The Kelvin transform (2.1) was introduced in [MM] in connection with the study of
equation (1.3) (but see also [LP] for the case x € R). The Kelvin transform preserves
equation (1.1).

Proposition 2.1. If u € C*(R") is a positive solution of (1.1) in R", then u* €
C*(R"\ {0}) is a solution of (1.1) in R™\ {0}.

Proof. Let ¢ € C§(R"\{0}) be a test function and denote by ¢* its Kelvin transform.
We use identity (2.8) in [MM], which reads

Vou'(2) - Vap™(2)dzdy = | Vau(2) - Vap(z) drdy, (2.2)
R™ R7

where Vou = (V,u, (a+1)|2|*V,u) and - denotes the standard scalar product in R™.
By an integration by parts, we get from (2.2)

/n Lu*(z) " (2)daxdy = — | Vau(z) - Vap(z) dedy

= /n Lu(z) p(z) dxdy (2.3)
=~ [ () (o) ol dudy

In the last line we used equation (1.1). Denote by Jz(z) the Jacobian determinant
of Z at the point 2/ = (z/,y') € R*> x R"™2, 2/ # 0. By Lemma 2.2 in [MM], we
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have |Jz(2')| = ||2/||72(»=2(@+D=4 Performing the change of variable z = Z(2') in the

integral on the last line of (2.3), we obtain

Lu*(z) ¢*(z) dedy = —/ w()n () |2 da'dy

n

R’I’L
This proves the claim. 0
In view of equation (1.6), Proposition 2.1 can be also proved by means of the

standard properties of the usual Kelvin transform.
For any function v : R" — R and A > 0, we define the function uy in R™ \ {0}

(2) = (||z||>(2—n)(oc+1) N N2ty

TN BNEENEEEEVE

If w solves (1.1) in R™, then uy solves (1.1) in R™\ {0}. This follows from Proposition
2.1 and from the fact that equation (1.1) is invariant with respect to the scaling

u +— 0 u, where
Oyu(z) = A=D@D/2y (Ng Notlyy, A > 0.

Theorem 2.2. Let u € C*(R™) be a positive solution of equation (1.1). Then there
exists A > 0 such that u = u,.

Proof. The proof of this theorem is identical to the proof of Theorem 2.7 in [MM]. It
relies on Proposition 2.1 and it uses the moving spheres method. The scheme of the
argument is due to Li and Zhang, [LZ, Sec. 2.

Here, we give only a very brief sketch of the proof. In a first step, it is shown that
for any positive solution u € C*(R") of (1.1) there exists A9 > 0 such that

ux(z) <wu(z), forall A€ (0,)) and z € R" with ||z]| > A.

Then we can define

A=sup{X>0:uy <uin{z €R":|]z]| > A}, for each X € (0, Ag]}. (2.4)
In a second step, it is shown that if A < +o00 then u = uy on R™\ {0}, which ends the
proof of the theorem. In order to see this fact, one considers the function wy = u—uy,
which satisfies wy(z) = 0 for ||z|| = A, and

wy >0, Lwy<0 in{z€R":|z|| > A} for any A € (0, \].

If, by contradiction, wy does not vanish identically, then one can violate definition
(2.4) for .

It remains to check that A < 4oc. Using the invariance of equation (1.1) with
respect to translations in y, one can prove that A = 400 implies u = 0, which is not
the case. OJ

From now on, we denote by ¢ = (£,y) variables in C* x R"™2.
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Theorem 2.3. Let u € C*(R™)N.A be a positive solution to equation (1.1) and let v
be the function introduced in (1.4), for some ¥ € [0,2m). Then, there exists a constant
C > 0 such that

1 -n -n -n —n K

SICP < w(Q) < Ol V(O < el IVP(O)] < €l (%) . (25)
for all ¢ € C* x R"2 such that || > 1. Here, it is v = max{3,a/(a + 1)}, where 3
is the constant in (1.5). Vv and V?v denote Euclidean gradient and Hessian in the
variable C.

Proof. By Theorem 2.2, it must be u = u) for some A > 0. Assume without loss of
generality that A = 1, i.e. u = v* in R". By (1.4), this identity implies

(0 = 1Ko (5

The first estimate in (2.5) follows directly from (2.6) and from the fact that wu is
positive and continuous. Upon differentiating both sides of identity (2.6), we deduce
that there is a constant C' > 0 such that for ¢ € C* x R"? we have

Vo(Q)! SO{ICP” (éz)*’c' ”V“<|<P)‘}

) for any ¢ € C* x R"2. (2.6)

(2.7)
(S n ¢ n ¢
v2ui@ < {1t (ig) e (i) |+ o v ()|
We claim that for some C > 0 we have
Vo)l <€ forfc] < 1. (2.8)

Indeed, |V,v(¢)| is uniformly bounded for |¢] < 1 because u € C*(R™). Moreover,
|Vev(¢)| is uniformly bounded as soon as |[¢| < 1 because, by (1.5), |VZ.v] is locally
integrable along lines lying in 2-dimensional planes of R™ of the form C* x {y,} for
some yo € R"2. Now the second estimate in (2.5) follows from (2.8) and from the
first line in (2.7).

Next we prove last estimate. Observe first that there is a constant C' > 0 such that
for ( = (§,y) € C* x R"? with |¢| < 1 we have

Ve (O] < ClEI™a+ sup [Viu(z)]. (2.9)

l[=ll<1

This follows upon taking mixed second order derivatives in (1.4). Now, from the
second line in (2.7), by (1.5), (2.8) and (2.9) we deduce that there is a constant
§

C' > 0 such that, if |[(| > 1, we have
- [ShW
T <™ )
cr| } = ()

with v = max{3, a/(a+ 1)}. This is the last estimate in (2.5). O

V2(Q) < C{I¢I + ¢
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3. CLASSIFICATION OF SOLUTIONS

In this section, we prove Theorem 1.1. The geometric motivation of the proof can
be found in Obata’s argument [O] for the classification of all metrics on the sphere
conformal to the standard one and with constant scalar curvature. In order to prove
that the new metric is Einstein, Obata shows that the total integral of a certain
multiple of the squared norm of the traceless Ricci tensor vanishes. Here we follow a
similar idea, which leads to the system of partial differential equations (3.17). In our
case, however, the manifold is non compact and non complete. This requires careful
estimates at infinity and near the singular set x = 0.

In order to use estimates (2.5), we prefer to work in suitable charts. This also
makes the system of equations (3.17) easy to integrate. Let m = [a] + 2, where [a] is
the largest integer less or equal than «, and for h = 0,1,...,m — 1 let ¥, = 2hw/m.
Define the open subsets of M = {(x,y) € C x R"?: z # O}

Uy, = {(:L',y) eEM :xz=re” r>0[0—0,<7/(a+ 1)}, (3.1)
and let f, : Uy — C* x R" 2,

fulz) = (7)™ y), 2= (x,y) € Un.

Here, the branch of the (a + 1)-power is such that fo(Up) = C* x R"2. The charts
(Un, fr), h=0,1,...,m — 1, form an oriented atlas for M.

Let u : M — R be a function. For each h = 0,1,...,m — 1, we define the function
v 1 C* x R"2 — R by letting

w(€) = u(f (), CE€C xR™™ (3.2)

In the intersection of the charts, we have v, (fn(2)) = vhi1(fre1(2)), 2 € Up N Upy,
which is equivalent to

(&, y) = v (6_2(a+1)m/mf, y), if argé € ((2(oz +1)/m— 1)7T, 7T>. (3.3)

Since the pull-back (f;')*g of the metric g in (1.2) is the Euclidean metric on C* x
R"2, it is clear that the left-hand side of (1.5) is part of the length of the Riemannian
Hessian of u.

Now we begin the proof of Theorem 1.1.

Step 1. Let u € C*(R™) N A be a positive solution of equation (1.1). By elliptic
regularity, this function is of class C* away from x = 0. By the chain rule, we find

Avp(Q) = (o + 1) 2E o1 Agu(f71(0)) + Agu( £71(0)), (3.4)

where A is the standard Laplace operator in R™. Then, each v, solves the Yamabe

equation
1 n+2

A'Uh = —m’l}}?i2 in C* x R”ﬁ. (35)
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We let " = vi/ =) 1n the following, subscript and superscript h always refers to
charts. We drop the superscript h for a while and we write ¢ = ©". From (3.5), we

get
4

(n—2)(a+1)2
We denote by ¢, = 0;¢ and ¢j; = 0,0k first and second order partial derivatives of
¢ with respect to (j, (x. Let us introduce

in C* x R™2, (3.6)

20Ap — n|Ve|* =

Ay
Pjk = Pjk — 75jk7 (3.7)
the traceless Euclidean Hessian of . Here, d;;, is the Kronecker symbol. Differenti-
ating identity (3.6), we get, for j = 1,...,n,

neEpjr = PAPp;, (3.8)
where, here and in the following, we adopt the convention on summation of repeated
indices. Using Oppjr = nT_lA(pj, identity (3.8) becomes (n—1)pgp;x = @0Okp;i. There-

fore we get 9 (' "pjr) = (1 — n)o "prpjx + ' "Okpjr = 0, and consequently
O (0" "pirps) = O (0 " pik) 05 + ' T ki = @' DDk (3.9)

because p;d;;, = 0. Note that (3.9) gives a scalar invariant equation on the Riemann-
ian manifold (M, g).

Step 2. Fix positive numbers ¢, r, with 0 < ¢ < r, and let
Ay ={(=(&y) €C" x R"?: |argg| < (a+ Lm/m, [ > &, [¢] <7}

By the divergence theorem, we get from (3.9)
/ @' " pirpsk dC = P vk AHTY (3.10)
Aer O0Aer

where v = (vy, ..., 1,,) is the exterior unit normal to 0A., and H"! is the standard
hypersurface measure in R". The boundary of A., can be split into four parts 0A., =
R.,US., UT, UTZ, where

R., = aAer N {|C| = T}7
Ser = aAET N {|§| = 5}7
TE = 0A.,. N{argé = +(a + 1)w/m}.

Step 3. We claim that, for any r > 0, we have

lim O e dHY = 0. (3.11)

e—07t Ser

Indeed, there exists a constant C' > 0, depending on r, such that

S<el0<C VOISO Vel +IVEe(O) < Clel



8 ROBERTO MONTI AND DANIELE MORBIDELLI

for |¢| < r and [£] < 1. The estimate for second order derivatives is a consequence of
(1.5) and (2.9), with v = max{f, a/(«a + 1)}. It follows that

< CiE™

-n —n 1
|801 Pikpive| = <P1 ’(%‘k%’ - EASO%) Vg
for all ¢ € S.,, where the sum in k£ ranges over k = 1,2. Thus, we have

/ !gpl_"pjkgpjyk| dH" ' < Ce', (3.12)

Er

with v < 1, and (3.11) follows.

Step 4. Now we claim that

lim o' " pjppve| dHM T = 0. (3.13)

r=tee Jig=r

By Theorem 2.3, the function vy, satisfies estimates (2.5). Then, for some constant
C' > 0 we have, for (| > 1,

1 ¢
Sk spo et meolsci weol<c(ly) e
where v < 1 is the constant given by Theorem 2.3. It follows that, for » > 1,
/ ‘SOlinpijOij‘ danl S C,,,Q(ln)+1+’y/ ’£|7'y d/]_lnfl7
ICl=r ICl=r
where
_ e d _ ey _
[ geraemt =2 [ jerac= -t [ e
<|=r " Jigl<r [{S!

Observe that |£|~7 is locally integrable in R™. Now (3.13) follows from
/ lwl_npjk@jyd dHn—l < C?"Q_n,
[¢l=r

with n > 3, and C > 0 constant which does not depend on 7.

Step 5. Let us recall that p;?k is the traceless Hessian of ¢" = U,QL/(Q_n), as in (3.7).
Formula (3.10) holds for each ¢, h = 0,1,...,m — 1. Summing up all these identities,
we obtain

m—1
S [ =3 [t
h=0 er

ET URET‘

The contribution of the piece of boundary T% cancels because

/T+<Qoh)1 np?kSOJVk dH™ 1 _/(¢h+1)1 n h+1 h+1V dH" 1 (316)
for all h = 0,1,....,m — 1. For h = m — 1 the right-hand side should be read with
0 instead of A + 1. Indeed, the rotation ¢ : C x R*? — C x R*"2, o&,y) =

(e~ 2atl)mi/me ) transforms T+ into 7. and maps the outward unit normal to T,
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the vector v, to the inward unit normal to 77, which is —v. Now (3.16) follows from
the relation pjkgoj = gzk(p?jlg)?“) o o, which can be obtained from (3.3).

This cancellation is nothing else but the fact that we are integrating the scalar in-
variant equation (3.9) on the set [J;" f5 '(A.;) C M with the Riemannian divergence

theorem.

Step 6. By (3.11) and (3.13), the right hand side of (3.15) converges to 0 when we
let, first, ¢ — 0T and afterwards r — +oo. The integrand in the left hand side of
(3.15) is non negative, and we deduce that for all h =0,1,....m—1and j,k=1,...n
it is p?k =0, that is

1
i — — A" 0y = 0. (3.17)

This system of equations can be integrated: there exist ay,c, € R and b, = (b}, b)) €
R? x R"? = R" such that

bn
¢"(Q) = anlCP + b - ¢+ on = an {16 — &onl* + [y — youl*} +en — |4a|h
o b;L . b//
where &), = — - and yon, = — g

Now let 2z = (x,y) € Uy, with z = re®, |9 — 95| < 7/(a + 1). Relation (3.2) gives:

—i a 2 b, |2\ (2-n)/2
ulz) = wnlfnl2)) = <ah{ (e )t - Son| +1y - yO,hﬁ} +cn — |4Z|h >
. 2 b 2 2
- < { |7,Oz+1 e el(aﬂ)ﬂhf&h} +ly — yo,h‘z} +ch — ‘4h| ) .
ap

If z € U,NUpyq, the last equation holds both for h and A+ 1. Therefore we conclude
that apn, Yo.n, cn — | 42‘ and €’ "‘*1)19’150 » must be independent from A. In other words,
after some relabeling, we have

u(reiﬁ7y) _ (CL{ ‘Ta—l-l i(a+1)9 §0| + |y y0| } + b)

foralld € (—m/(a+1),9p_1+7/(a+1)). In order to have a well defined (one-valued)
function on R? x R"~2, it must be either & = 0 or —in case & # 0 — « € N,
Ultimately, v must have the form (1.7) if & € N and (1.8) if « € R \ N.

(2—n)/2

Step 7. In order to determine the parameters a > 0 and b > 0, we briefly show
that the function uw in (1.7) satisfies

Agu+ (a4 1)?|z)**Ayu = —n(n — 2)(a + 1)2ab|x|20‘u%rg in R". (3.18)

In order to check (3.18), let ¢ = u!/* with u = (2—n)/2. Denoting by 9,z complex
derivatives, we have

Opu = pa + L)az®(T°7 — 75+ ),
and then a short computation gives

Ayu = 40;0,u = 4p(a+ 1)2a|x|2a{ua]a:“+1 5 + aly — yol? + b}
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Analogously, we have

Ayu=2pa{ = 2aly = yol? + (n = 2)afe™" — 2§+ (n - 2)p) fo 2

Summing up we get (3.18).
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