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The inverse of the 2D Laplace matrix on the unit square

A := M ⊗ In + In ⊗M, M = tridiag(−1, 2,−1)

Sparsity pattern:
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The inverse of the 2D Laplace matrix on the unit square

A := M ⊗ In + In ⊗M, M = tridiag(−1, 2,−1)
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The exponential decay

The classical bound (Demko, Moss & Smith):

If M spd is banded with bandwidth β, then

|(M−1)ij | ≤ γq
|i−j|

β

where q :=

√
κ− 1√
κ+ 1

< 1 (κ=cond(M)) γ := max
{

1
λmin(M)

,
(1+

√
κ)2

2λmax(M)

}

If f analytic in region containing spec(M): |f(M)ij | ≤ Cq
i−j
β

with C, q depending on spec(M) and f (Benzi & Golub, 1999)

Many contributions: Bebendorf, Hackbusch, Benzi, Boito, Razouk, Golub, Tuma,

Concus, Meurant, Mastronardi, Ng, Tyrtyshnikov, Nabben, ...
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Decay bounds for Cauchy-Stieltjes (or Markov-type) functions

f(M) =

∫ 0

−∞

(M − ωI)−1dγ(ω), spec(M) ⊂ C \ (−∞, 0]

f(x) = x−
1

2 , f(x) = e−t
√

x
−1

x , f(x) = log(1+x)
x , ...

⋆ Demko etal bound useful to estimate |f(M)|kt for M spd and

β−banded:

|(M−
1

2 )kt| ≤ C

(√
λmax −

√
λmin√

λmax +
√
λmin

) |k−t|
β

(C depends on spec(M))
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Estimates for |M−
1

2

:,t |, t = 127, n = 200 (log-scale)
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|M−1/2|
:,t

Cauchy−Stieltjes bound
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Cauchy−Stieltjes bound

M = tridiag(−1, 4,−1) M = pentadiag(−0.5,−1, 4,−1,−0.5)
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Typical decay plot for f(A)
A: Laplace operator as before
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f(A) = exp(−5A) f(A) = A−1/2

Much richer structure

In general, A = M1 ⊕M2 := M1 ⊗ I + I ⊗M2, M1,M2 banded spd
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A pause to fix the index notation “on the grid”




x11

x21

...

xt1t2

...

xnm







x11

x11

...

← t

...

x11




⇔




x11 x12 . . . x1m

x21 x22 . . . x2m

...
...

...

xt1t2 x2m

...
...

...

xn1 xn2 . . . xnm




t = (t1, t2)
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Decay bounds for the exponential function

Let M be spsd, β-banded; spec(M) ⊂ [0, 4ρ],

i) For ρτ ≥ 1 and
√
4ρτ ≤ ⌈ |kj−tj |

β
⌉ ≤ 2ρτ ,

| exp(−τM)kt| ≤ 10 exp

(

− 1

5ρτ
⌈ |k − t|

β
⌉
)2

;

ii) For ⌈ |kj−tj |
β

⌉ ≥ 2ρτ ,

| exp(−τM)kt| ≤ 10
exp(−ρτ)

ρτ





eρτ

⌈ |k−t|
β

⌉





⌈ |k−t|
β

⌉

Keynote formula : exp(M1 ⊕M2) = exp(M1)⊗ exp(M2)

A = I ⊗M +M ⊗ I. Then

(exp(−τA))kt = (exp(−τM))k1t1 (exp(−τM))k2t2

for all t = (t1, t2) and k = (k1, k2) with min{|t1 − k1|, |t2 − k2|} ≥ √
4ρτβ
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Decay bounds for the exponential function
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Left: whole pattern of exp(−A) Right: Row 56 of exp(−A)
| exp(−A)kt| with k = 56 ⇒ k = (k1, k2) = (6, 5)

For t = 50 ⇒ t = (t1, t2) = (10, 4) so that |k1 − t1| ≫ 0

For t = 45 ⇒ t = (t1, t2) = (5, 4) so that |k1 − t1| 6≫ 0
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Decay bounds for Laplace-Stieltjes function

f(M) =

∫
∞

0

e−τMdα(τ)

e.g., f(x) = x−σ (σ > 0), f(x) = e−x, f(x) = e1/x, f(x) = (1− e−x)/x,

f(x) = log(1 + 1/x), ...

• For M spd and β-banded, M̂ = M − λminI

|f(M)k,t| ≤
∫

∞

0

exp(−λminτ)|(exp(−τM̂))k,t|dα(τ)

• For A = M ⊗ I + I ⊗M

(f(A))kt =
∫

∞

0

(exp(−τM))k1t1(exp(−τM))t2k2
dα(τ)

then, more precise bounds for specific choices of dα(τ)
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An example: f(x) = 1−e−x

x

M = tridiag(−1, 4,−1), n = 200
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:,t

bound for I+II+III

0 50 100 150 200 250 300 350 400
10

−30

10
−25

10
−20

10
−15

10
−10

10
−5

10
0

10
5

 

 
|f(A)|

:,t

bound for I+II+III
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Cauchy-Stieltjes functions of Kronecker sum: f(A) =

∫

Γ
(A− ωI)−1dγ(ω)

eTk f(A)et =

∫

Γ
eTk (A− ωI)−1etdγ(ω),

where we can write A− ωI = M ⊗ I + I ⊗ (M − ωI)

• For each t, xt := (A− ωI)−1et, so that Xt = Xt(ω) ∈ Cn×n solution to

MXt +Xt(M − ωI) = Et, xt = vec(Xt), et = vec(Et)

Then (e.g., Lancaster 1970)

Xt = −
∫ ∞

0
exp(−τM)Et exp(−τ(M − ωI))dτ

so that (with k = (k1, k2), t = (t,t2))

eTk (ωI−A)−1et = eTk1
Xtek2

= −
∫ ∞

0
| exp(−τM)k1,t1 || exp(−τ(M−ωI))t2,k2

|dτ

then, more precise bounds for specific choices of f ...
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More applications. Using sparsity in solution strategies

MX +XM = BBT

M = tridiag(−1, 4,−1) ∈ R
n×n, n = 100 and B = [e50, . . . , e60]
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Left: pattern of X with log scale, nnz(X) = 9724

Right: Sparsity pattern of truncated ver. of X: all entries below 10−5 are omitted
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More applications. Images

M : image A
1

2 with A = MTM

A “more than a man” structure
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Conclusions and outlook

• Exploring/Exploiting structure is beneficial

• Generalization to d-Kronecker sum is possible, e.g.,

A = M1 ⊗ I ⊗ I + I ⊗M2 ⊗ I + I ⊗ I ⊗M3

• Possibility of using quasi-sparsity (decay) information in applications ?

(already done for f(x) = x−1)
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