AN ITERATIVE PROCEDURE FOR COMPUTING THE NULL BASIS

V. SIMONCINI^∗

Abstract. We are interested in the computation of a basis for the null space (the so-called null basis) of a real square matrix A with ind(A) = 1, by means of an iterative procedure. No a priori knowledge is assumed on the dimension of the null space, therefore the method starts with a guess basis size and then adjusts its value as the iteration proceeds. The kernel is a short-term recurrence algorithm based on the Krylov subspace that allows to determine independent vectors of the null basis. Theoretical justiőcation is provided, and results from őrst experimental tests are reported.

1. Introduction. We are interested in the computation of a basis for the null space (the so-called null basis) of a real square matrix A of size N . Denoting by r ≥ 0 the dimension of the null space of A, we look for a full rank matrix X ∈ R^{N×r} such that AX = 0. (1.1)

We do not assume any a priori knowledge on the dimension of the null space, therefore nonsingular matrices are also included. The null basis őnds applications in many practical problems, such as constrained optimization; See for instance [1, 6] and references therein. For A of moderate size, direct methods can be successfully applied to (1.1) [3, 1, 6]. In particular, common approaches consist of either computing the right singular vectors of A corresponding to its zero singular values or determining a QR decomposition of A [4]. If N is large, then iterative methods that determine an approximation X̃ to X are more suitable, since they only require matrix-matrix products with A. The goodness of the approximation can be monitored by, for instance, requiring that the residual AX̃ be small in some sense.

Let ind(A) be the size of the largest Jordan block of A associated with the zero eigenvalue. For ind(A) = 1, it was shown in [5] that Krylov subspace methods can be used to solve (1.1) for r = 1 for any non-zero starting approximation X̃_0. It can be proved that an analogous result holds for r ≥ 1. The general case with ind(A) ≥ 1 causes some difőculties when using Krylov subspace methods [5]. In this paper we propose an iterative procedure that determines X̃ by computing k ∈ N vectors of the basis at the time with a block Krylov subspace method, under the constraint ind(A) = 1. We will also explore some speciőc properties of iterative methods that reveal themselves when solving (1.1). Moreover, we show how subspace perturbation analysis can be naturally applied to this problem in the Krylov subspace setting. We remark that the precision with which a basis of the null space of a matrix is computed is a practical constraint in its application; see the discussion in [23] and some applications in [22, 8].

The paper is organized as follows. Section 2 is devoted to the perturbation analysis associated to the computed basis, with speciőc interest in the determination of the dimension of the null space of A. In Section 3 Krylov subspace methods on blocks of vectors are discussed, and the equivalence of different approaches is shown. In Section 3.1 a Krylov subspace method for solving AY = B with Y ∈ R^{N×k} is reviewed. The iterative algorithm for computing X̃ is presented in Section 4, and őrst experiments are reported in Section 5. Finally, open issues are discussed in Section 6.

2. On the approximation of the null space. For any ε > 0, let X̃ ∈ R^{N×k}, X̃^T X̃ = I, be such that ‖AX̃‖_2 = ε, where I denotes the identity matrix of prescribed size. For the moment we assume that k = r :=dim(N (A)). Function ‖ · ‖_2 denotes the spectral norm

∗ IMGA-CNR, Modena, Italy. E-mail valeria@bora.bo.cnr.it.

for matrices and vectors, that is, for X̃ ∈ R^{m×n}, ‖X̃‖_2 = max_{y∈}Rn_{,y≠0} ‖X̃y‖_2/‖y‖_2, and ‖y‖^2 = ∑_N i=1 y^2_i . In the following we shall also employ the Frobenius norm ‖X̃‖^2 = ∑_m i=1 ∑_n j=1 x̃^2_{i,j}. Matrix X̃ can be viewed as the exact solution of the perturbed problem

(A + E)X̃ = 0 for some E ∈ R^{N×N} . In [25], Sun carried out a backward perturbation analysis for invariant subspaces of A in order to őnd the matrix E with smallest norm that exactly solves the associated eigenvalue problem. The theory developed inthere readily applies to problem (1.1), where X corresponds to a basis for the invariant subspace of the zero eigenvalue. Moreover, in [25] optimal backward perturbations are also determined for singular subspaces. Such approach yields an equivalent solution to the problem under the hypothesis that ind(A) = 1, which will be assumed throughout the paper. We are particularly interested in the singular subspaces technique because it determines a parametrization for E and the optimal perturbation for both N (A) and N (A^T ). This will be used in later sections in order to evaluate the goodness of the approximation from a backward perturbation analysis point of view. The result in [25] of interest is recalled below, with simple variants which are due to the presence of the zero singular triples.

THEOREM 2.1 ([25]).^1 Let A ∈ R^{N×N} , r =dim(N (A)), and X̃, Ỹ ∈ R^{N×r}, X̃^T X̃ = I = Ỹ^T Ỹ . Deőne E = {E ∈ R^{N×N} : (A + E)X̃ = 0, (A + E)^T Ỹ = 0} and let R_E = −AX̃, Q_E = −A^T Ỹ be the residuals of A with respect to X̃ and Ỹ . Then any E ∈ E has the form E = −Ỹ (Ỹ^T AX̃)X^T + R_EX̃^T + Ỹ Q^T_E + (I − Ỹ Ỹ^T )Z(I − X̃X̃^T ) with Z ∈ R^{N×N} . Moreover,

E_{(0)} := { R_EX̃^T if ‖R_EX̃^T ‖_2 ≥ ‖Ỹ Q^T_E ‖_2 Ỹ Q^T_E otherwise , ‖E^{(0)}‖^2 = min_{E∈E} ‖E‖^2.

We would like to remark that results in accordance to the ones stated above were proved in [12]. However, Theorem 2.1 requires less strict assumptions than in [12] in the case of zero singular values. It is worth to observe that in our setting ‖E‖_2 indicates how much degenerate A is, in some respect. The connection between the result in [12] and that in [25] follows from the computation of E_{(0)} for which min_{E∈E} ‖E‖_2 = max{‖R_E ‖_2, ‖Q_E‖_2}.

The fact that X̃ is full rank yields that dim(N (A+E)) ≥ r. We next examine a sufőcient condition for dim(N (A + E)) = r to be satisőed. Let P be the orthogonal projection onto N (A) and P_⊥ be the projector onto its complementary space. Given a perturbed matrix Ã = A + E, we denote by P̃, P̃_⊥ the corresponding projectors for Ã. If X is an orthonormal N × r matrix such that AX = 0, then P is uniquely determined by P = XX^T . For computational purposes, it is of interest that P̃ does not have components in R(A). The following inequality gives insight in understanding the dependence between P̃ and P (cf. [24]). Here and in the rest of the paper, σ_1(A), σ_{min}(A) will denote the largest and smallest (non-zero) singular values of A, respectively.

PROPOSITION 2.2. Let P, P̃ be the orthogonal projections onto N (A) and N (Ã), respectively, with Ã = A + E. Then ‖P_⊥P̃‖_2 ≤ ‖E‖_2 σ_{min}(A) . (2.1)

Proof. Let A^† denote the pseudo-inverse of A. We have ‖P_⊥P̃‖_2 = ‖(I − P)P̃‖_2 = ‖A^†AP̃‖_2 = ‖A^†EP̃‖_2 ≤ σ^{−1}_{min}(A)‖E‖_2. Relation (2.1) suggests that the orthogonality between P_⊥ and P̃ is preserved, with the same accuracy of the solution, unless σ_{min}(A) is very small. Moreover, ([24, Th.

1 We thank one of the referees for suggesting the current formulation of the theorem.

I.5.5]) ‖P̃ − P‖_2 = ‖P_⊥P̃‖_2 which, in view of (2.1), implies ‖P̃ − P‖_2 ≤^{‖E‖2}_{σmin (A)} . For σ_{min}(A) not too small, this ensures that ‖P̃ − P‖_2 < 1, which is equivalent to the fact that dim(N (Ã)) = dim(N (A)) ([24, Th. III.3.1]). This sufőcient condition is summarized in the following corollary.

COROLLARY 2.3. Let ‖E‖_2 = δ and suppose that δ < σ_{min}(A). Then

dim(N (Ã)) = dim(N (A)).

(2.2)

Relation (2.2) together with the results of Theorem 2.1 will be discussed further in the experiments section. Analogous requirements can be proved for dim(N (A^T )).

3. The Krylov subspace approach. In order to solve (1.1), we would like to use an iterative method based on the block Krylov subspace K_m(A, V_0) = span{V_0, AV_0, . . . , A^{m−1}V_0}, where V_0 ∈ R^{N×k}, k ∈ N. In this section we will limit ourselves to the case k = r, and postpone the discussion for general k to the experiments section.

The block Arnoldi method, based on K_m(A, V_0), can be used to detect approximation to the invariant subspace corresponding to the zero Jordan block of A; See [20] and references therein. Known convergence properties of the block Arnoldi process would be sufőcient to justify the use of block Krylov subspace methods in the eigenvalue setting. Moreover, other approaches such as SVD in the Krylov subspace could be considered for this problem. We would like to show next that for ind(A) = 1, a yet different strategy based on block linear system solvers can be more appropriate from a computational view point.

Given a őrst guess X_0 ∈ R^{N×r} , a typical system solver determines an approximate X_m = X_0 + Z_m to the solution of AX = B, where Z_m ∈ K_m(A, R_0), with R_0 = B − AX_0. In our particular case, R_0 = −AX_0, and the system (1.1) becomes AZ = R_0, where R_0 obviously belongs to R(A). The resulting system is consistent and thus can be solved [5]. One then computes X_m by enforcing a minimization or orthogonality condition.

Let K_m := K_m(A, X_0), L_m := K_m(A, −AX_0), and denote by V_m and W_m the two orthogonal bases of the corresponding Krylov subspaces. It holds that L_m = −AK_m and there exists a triangular matrix C_m ∈ R^{m×m} such that W_m = −AV_m C_m. (3.1)

Matrix C_m can be determined, for instance, by őrst computing two upper triangular matrices S_K and S_L satisfying W_m = [−AX_0, . . . , −A^mX_0]S_L and V_m = [X_0, . . . , A^{m−1}X_0]S_K , from which C_m = S^{−1}_K S_L [11].

Let H_m, T_m ∈ R^{(m+1)×m} be the block upper Hessenberg matrices determined by the Arnoldi process such that AV_m = V_{m+1}H_m and AW_m = W_{m+1}T_m and let E^T_1 = [I, 0, . . ., 0]. Relation (3.1) naturally yields the following correspondence.

PROPOSITION 3.1. Given X_0 ∈ R^{N×r}, let L_m = span{−AX_0, −A^2X_0, . . ., −A^mX_0} and K_m = span{X_0, AX_0, . . . , A^{m−1}X_0}. Suppose the problem min_{X∈X0 +Lm}^{‖AX‖}_{‖X‖} is solvable. Then min X∈X_0 +L_m ‖AX‖ ‖X‖ = min X∈K_{m+1} ‖AX‖ ‖X‖ . (3.2)

Proof. Write V_{m+1} = [V_0, . . . , V_m] and observe that X_0 = V_0χ_0 = V_{m+1}E_1χ_0 and AW_m = W_{m+1}T_m = −AV_{m+1}C_{m+1}T_m. Hence, min X∈X_0+L_m ‖AX‖ ‖X‖ = min Y ∈R^{mr}�^r ‖A(X0 + WmY )‖ ‖X0 + WmY ‖ = min Y ∈R^{mr}�^r ‖AVm+1 (−E1 χ0 + Cm+1 TmY )‖ ‖Vm+1 (−E1χ0 + Cm+1 TmY )‖ . = min

Z∈R^{(m+1)r}�^r ‖AVm+1 Z‖ ‖Vm+1Z‖ = min X∈K_{m+1} ‖AX‖ ‖X‖ . 3

The correspondence between Z and Y is possible under the hypothesis that the minimum backward error problem is solvable. This is equivalent to the condition that matrix Z̃ = ([−E_1χ_0, C_{m+1}T_m])^{−1}Z have nonsingular őrst r × r block.

It was shown in [13] for r = 1 that the problem min_{X∈X0 +Lm}^{‖AX‖}_{‖X‖} corresponds to őnding the matrix E with smallest norm such that (A + E)X_m = B, with X_m ∈ X_0 + K_m(A, R_0). In our setting, B = 0 and R_0 = −AX_0 so that X_m exactly solves the system (A + E)X_m = 0. A similar correspondence can be stated for the general case r ≥ 1. We refer to [13] for the existence and uniqueness analysis of the minimum backward error solution. Equality (3.2) shows that this approach provides the same minimum as an SVD into a Krylov subspace of larger dimension. See for instance [17] as an application of the SVD technique. Let X_{SV D} = V_{m+1}Z be the SVD solution, and X_{err} = X_0 + W_mY be the backward error solution. Then it holds span{X_{SV D}} = span{X_{err} }, (3.3)

so that there exists a nonsingular matrix α ∈ R^{r×r} such that X_{SV D} = X_{err} α with X_{SV D} and X_{err} full rank. It is worth to explicitly observe that for r = 1, α = ‖X_{err} ‖^{−1}.

As described in [13], the method that implements the left-hand side of (3.2) requires the computation of an orthogonal basis for the Krylov subspace as m increases and thus restart should be applied. Memory demand is also a constraint. Moreover, both approaches in (3.2) seek a full rank matrix satisfying min_{X∈X0 +Lm}^{‖AX‖}_{‖X‖} , therefore the achieved minimum may be far from zero, if the block size is larger than the null space dimension, that is if X_0 ∈ R^{N×k} with k > r. We conclude that, unless σ_1(A)σ_{min}(A)^{−1} be considerably large, the minimization of the backward error may be too restrictive, although a deeper study of this problem for sensitive matrices still needs to be carried out.

The discussion above motivates the analysis of alternative strategies. The backward error approach is tightly connected to the more commonly used minimum residual method for linear systems. For blocks of vectors the latter can be stated as solving the problem min_{X∈X0 +Lm} ‖AX‖ associated to (1.1). The following relation is a generalization to r > 1 of the result in [14]; A sketch of the proof is also provided.

PROPOSITION 3.2. Let W_m be an orthogonal basis of L_m = K_m(A, −AX_0) satisfying AW_m = W_{m+1}T_m. Let (Λ, U ) ∈ R^{r×r} × R^{r(m+1)×r} be the smallest block eigenpair of size r of the pencil (T̃^T_m T̃_m, [X_0, W_m]^T [X_0, W_m]), with T̃_m = [W^T_{m+1}(AX_0), T_m] and u = E^T_1 U ∈ R^{r×r}. Suppose that u is nonsingular, and denote by X_{err} and X_{min} the approximate solutions in L_m of the backward error and minimum residual methods, respectively. Then X_{min} = X_{err} − W_m(T^T_m T_m)^{−1}W^T_mX_{err} (uΛu^{−1}). Proof. Using arguments similar to those in [14], it can be shown that matrix Y_{err} in the approximate solution X_{err} = X_0 + W_mY_{err} is computed as [ I Y_{err} ] = U u^{−1} where T̃^T_m T̃_mU = [X_0, W_m]^T [X_0, W_m]U Λ.

By replacing U in the matrix equation, one obtains

T^T_m W^T_m(AX_0)u + T^T_m T_mY_{err} u = (W^T_mX_0 + Y_{err} )uΛ.

Using the fact that matrix Y_{min} of X_{min} = X_0 + W_mY_{min} is computed as T^T_m T_mY_{min} = −T^T_m W^T_m(AX_0) and that W^T_mX_{err} = W^T_mX_0 + Y_{err}, it follows T^T_m T_mY_{min}u = T^T_m T_mY_{err} u − W^T_mX_{err} uΛ.

Hence, Y_{min} = Y_{err} − (T^T_m T_m)^{−1}W^T_mX_{err} uΛu^{−1}, from which the result readily follows.

The major advantage of the block minimum residual approach is that X_{min} is not necessarily of full rank and therefore the method can converge to the null basis even for larger block size than the dimension of N (A).

3.1. A short-term recursion. Full minimization of the residual is an optimal requirement but computationally expensive, since it undergoes the same constrains of the minimum backward error method. If one is equivalently satisőed with a quasi-minimization of the residual, then a short-term recurrence can be employed, with low memory load and no restart. Let X_0 be a starting approximate solution and R_0 be the associated residual. Short recurrence iterations are characterized by relations of type ASm−1 = QmTm, Sm−1 = [S0, . . . , Sm−1 ] ∈ R^{N ×rm}, Qm = [Q0, . . . , Qm] ∈ R^{N ×r(m+1)}, where, usually, S_0 = Q_0 ≡ R_0ξ_0, and T_m ∈ R^{(m+1)r×mr} is a block banded matrix. The approximate solution at step m is given by X_m = X_0 + Z_m with Z_m ∈ K_m(A, R_0), Z_m = S_{m−1}Y_m, for a certain Y_m ∈ R^{mr×r} . The block version of the biconjugate gradients ([16]) satisőes these relations and can be applied on non symmetric matrices. Unfortunately, this method is not always reliable due to loss of orthogonalityof the block iterates [21]. In [19] a new version of the block biconjugate gradients algorithm (MBBICG) was presented, which showed better convergence properties than the original implementation. The new method determines approximate solutions for both AX = B and A^T X̃ = B̃ by building the Krylov subspaces K_m(A, R_0) and K_m(A^T , R̃_0), where R̃_0 is the starting residual for the system A^T X̃ = B̃. Four sets of matrices {Q_i}, {Q̃_i} and {S_i}, {S̃_i} are iteratively generated so that Q̃^T_i Q_i = Ω_i, S̃^T_i AS_i = Π_i, with Ω_i and Π_i diagonal. At step i, the iterates are updated by means of the relations

Q_{i+1}ξ_{i+1} = Q_i − AS_iΠ^{−1}_i τ̃^{−T}_i Ω_i, Q̃_{i+1}ξ̃_{i+1} = Q̃_i − A^T S̃_iΠ^{−T}_i τ^{−T}_i Ω^T_i

where ξ_{i+1}, ξ̃_{i+1} are such that Q̃^T_{i+1}Q_{i+1} = Ω_{i+1} is diagonal, and

S_{i+1}τ_{i+1} = Q_{i+1} + (S_iτ_i)Ω^{−1}_i ξ̃^T_{i+1}Ω_{i+1}, S̃_{i+1}τ̃_{i+1} = Q̃_{i+1} + (S̃_iτ̃_i)Ω^{−T}_i ξ^T_{i+1}Ω^T_{i+1}

with S̃^T_{i+1}AS_{i+1} = Π_{k+1}. The approximate solution is computed by imposing a quasiminimization of the residual norm. Letting R_0 = Q_0ξ_0, the residual R_i = B − AX_i becomes R_i = Q_i(E_1ξ_0 − T_iY ). The block quasi-minimization procedure we use consists of solving the least squares problem min Y ∈R^{ir}�^r ‖W_i(E_1ξ_0 − T_iY )‖,

(3.4)

rather than ‖Q_i(E_1ξ_0 − T_iY )‖, where W_i is a weight matrix such that Q_iW^{−1}_i has columns of unit norm. Problem (3.4) is solved by doing a QR decomposition of the banded matrix T_i = U_iR_i in an incremental manner. Matrix S_{i−1}R^{−1}_i is computed via a short-term recurrence formula so that X_{i+1} = X_i + P_iη_i, where S_{i−1}R^{−1}_i = [P_0, . . . , P_i]; we refer to [19] for a detailed description. Similar relations hold for R̃_i and X̃_i and thus will not be repeated here. The distance from a complete minimization procedure can be evaluated as [19] ‖R_i‖ ≤ s √ i + 1‖R_{i,opt}‖, where R_{i,opt} stands for the residual of the minimum residual method.

The only cost added to the present implementation is due to the computation of the numerical rank of the approximate solutions at each step, so to stop the recurrence if the singular values of X_i or X̃_i vanish.

4. Computation of the basis. Starting with a matrix X ∈ R^{N×k}, the iterative process consists of computing the vectors of the null basis of A k at the time, and then combining the new vectors with the ones already determined. In exact arithmetic and for general enough starting blocks X̃_0, Ỹ_0, the iterative procedure ends when the rank of the computed basis is smaller than k · it, where it is the number of cycles. In practice, however, it may be advisable to carry out an additional inner loop to prevent an underestimation of the rank. We refer to [2] for a sufőcient condition on X̃_0, Ỹ_0 that guarantees the correctness of the stopping test. If the starting guess size k is such that k > dim(N (A)), then the redundant vectors of the basis are deŕated as soon as numerical loss of rank in the solution is detected.

The blocks of basis vectors are determined with MBBICG (cf. Section 3.1). The process continues as long as the solutions retain full rank. Otherwise, MBBICG is interrupted to deŕate the unnecessary columns. We point out that in view of the properties of MBBICG, a basis for both N (A) and N (A^T ) is computed, which can be required in application. The algorithm is given below.

ALGORITHM [X, Y ]=BASIS(A, ε, ε1, k)

Given X = ∅, Y = ∅ and k̂ := k, k_{tot} := 0 while (min(rank(Y ), rank(X)) = k_{tot}) 1.1 Let X_0, Y_0 ∈ R^{N×k̂} 1.2 X̃_0 = (I − XX^T )X_0, Ỹ_0 = (I − Y Y^T )Y_0

2.0 k̃ = k̂ 2.1 Determine Z_X , Z_Y such that max ( ‖A(Z_X + X̃_0)‖_α, ‖A^T (Z_Y + Ỹ_0)‖_α ) ≤ ε and stop whenever k̂ := min ( rank(Z_X + X̃_0, ε_1), rank(Z_Y + Ỹ_0, ε_1) ) ≠ k̃ 2.3 [X̃_0, Ỹ_0] =PERM(Z_X + X̃_0, Z_Y + Ỹ_0, k̂) 2.4 if (k̂ ≠ k̃) and (k̂ > 0) goto 2.0 1.4 k_{tot} = k_{tot} + k 1.5 [X, Y ] =MGS(X, X̃_0, Y, Ỹ_0, ε_1)

The size of the null basis determined by BASIS is r̃ = dim(span{X}), or, equivalently, r̃ = dim(span{Y }). The norm ‖X‖_α for X ∈ R^{N×k} is deőned as ‖X‖_α = √ max(diag(X^T X)). Steps 2.0-2.4 are repeated until a non null rank pair Z_X + X̃_0, Z_Y + Ỹ_0 satisfying the norm tolerance is computed, producing an inner-outer type iterative procedure. We note that the outer loop is repeated only when r ≥ k, otherwise, the algorithm ends after the inner loop.

At each iteration of MBBICG a QR decomposition with permutation matrices G_X and G_Y of the two solutions is carried out. The residuals are thus calculated on the computed orthogonalcolumns, rather than on the two approximate solutions. This yields a more accurate evaluation of the basis. The QR algorithm with pivoting on X ∈ R^{N×k̂} delivers a matrix Q = [Q_1, Q_2] with orthogonal columns such that span{Q_1} =span{X} and X = Qρ where ρ is an upper triangular square matrix. Therefore, if ‖AX‖_α = δ, then ‖AQ_1‖_α ≈ δ, whereas ‖AQ_2‖_α ≫ δ. In order to correctly monitor the full rank restriction, however, the dropping test is done by comparing the singular values of ρ_X and ρ_Y (the QR triangular factors of Z_X + X̃_0 and Z_Y + Ỹ_0) with ε_1 via function rank(·, ε_1). A cheaper but less reliable control could be done on the diagonal elements of the triangular factors [9]. The routine PERM (line 2.3) permutes the columns of Z_X + X̃_0, Z_Y + Ỹ_0 according to G_X and G_Y and deŕates the

TABLE 5.1 Example1. Detected dimension r̃ of the null basis, norm of optimal perturbation and true error norm for matrices A_1 , A_2 and A_3 as k changes. Parameters (ε, ε_1) = (10^{−8}, 10^{−4}). A1 A2 A3 k r̃ ‖E‖2 ‖P − P̃‖2 r̃ ‖E‖2 ‖P − P̃‖2 r̃ ‖E‖2 ‖P − P̃‖2 1 10 4.4e-05 2.9e-06 10 2.7e-04 5.0e-06 10 4.1e-06 1.9e-04 4 10 1.9e-05 2.1e-06 10 5.1e-05 3.9e-06 10 3.4e-06 1.8e-05 8 10 9.4e-07 9.3e-08 10 1.8e-06 2.5e-08 10 1.0e-07 4.0e-05 12 10 5.3e-09 1.4e-09 10 9.1e-11 1.7e-11 10 9.6e-09 1.4e-04 16 10 9.1e-10 2.8e-10 10 4.9e-11 3.0e-11 10 1.2e-09 8.6e-07 20 10 2.6e-08 3.7e-09 10 5.8e-09 1.2e-08 10 2.3e-09 8.4e-05

last k̃ − k̂ redundant columns. If the remaining columns do not pass the convergence test,

MBBICG is restarted with new blocks of rank k̂.

Routine MGS applies a simple variant of the modiőed Gram-Schmidt procedure with re-orthogonalizationto insert X̃_0 and Ỹ_0 in the orthogonal bases X and Y . The two are carried out simultaneously, so that redundant columns of either X̃_0 or Ỹ_0 can be deŕated from both blocks. The main advantage of using MGS is that its cost is only due to the orthogonalization of the additional columns, while the preexisting basis remains untouched. However, it is known that the Gram-Schmidt method is less stable than other approaches when the columns of the matrix are not fairly independent [7]. The more expensive SVD on [X, X̃_0] and [Y, Ỹ_0] or other sophisticated methods (cf. [4]) should be preferred when working with a matrix A whose smallest non-zero singular values are close to zero.

We also observe that step 1.2 is of practical little signiőcance, since in buildingthe Krylov subspace one computes A^iX̃_0 = A^iX_0 − A^iX(X^T X_0), i > 0. Inthere, A^iX = A^{i−1}(AX) and matrix AX has small norm. Therefore an implicit deŕation is carried out and step 1.2 could be omitted. On the other hand, this shows that a necessary condition for the method to be successful is that the subsequently computed X_0, Y_0 contain components of the whole null space. Randomly generated columns usually satisfy this requirement.

The choice of the tolerances ε and ε_1 is very delicate. The parameter ε determines the maximum residual allowed on each new generated block. Nonetheless, it is always possible to check the true optimal perturbation by computing the norm of E = E_{(0)} as in Theorem 2.1.

If σ_{min}(A) ≫ ‖E‖_2, then dim(N (A)) can be detected (cf. Corollary 2.3). Otherwise, inequality (2.1) says that a small σ_{min}(A) may be harmful if a precise evaluation of the null basis is requested. In fact, let V be a basis for the null space of A and v be the right singular vector associated to σ_{min}(A). Then ‖A[V, v]‖_2 = σ_{min}(A) which will be satisfactory for our purposes if σ_{min}(A) < ε. Depending on the target application, however, it may be advisable to equally consider the computed matrix [V, v] as an łalmostž null basis. In terms of spectrum of A, this corresponds to the problem of relatively close eigenvalues [9].

The parameter ε_1 monitors the orthogonality of the computed basis. Besides the addition of undesired vector columns, a small ε_1 may highly inŕuence the convergence of the algorithm

MBBICG in the inner loop, since the block method is very sensitive to the composition of the

recurrence blocks [19].

5. Some experiments. In this section we analyze the behavior of the algorithm BASIS as the condition number of A varies. We therefore consider matrices of size N = 100, which differ from each other only in the last nonzero singular value.

The set of matrices was chosen so that the őrst, nonsingular, matrix A_0 has geometrically distributed singular values and condition number κ = 100, namely σ_{N−i} = (κ

�1_N�_1

)^i for

FIG. 5.1. Floating point operations for different starting guesses for dim(N (A_i)), i = 0, . . . , 3.

i = 0, . . . , N − 1 [10]. This is a łtoughž matrix for Krylov subspace methods, with highly indeőnite symmetric part and eigenvalues λ with |λ| < 1. Due to the small size of the matrix, the SVD triples {u_i, σ_i, v_i}_{i=1,...,N} are readily available. In order to generate A_1, the last r = 10 triples {u_i, σ_i, v_i} are deŕated, that is A_1 = A_0 − ∑_N i=N−r+1 uiσiv T i . This yields σ_{min}(A_1) = 0.0159 and σ_1(A_1)/σ_{min}(A_1) ≈ 62. Matrices A_2 and A_3 are determined by subtracting the dyad from A_1 corresponding to σ_{min}(A_1),

A_2 = A_1 − u_{N−r}0.015v^T_{N−r}, A_3 = A_1 − u_{N−r}0.01592v^T_{N−r},

so that σ_{min}(A_2) = 0.00092 and σ_{min}(A_3) = 2.8 · 10^{−6}.

In the őrst set of tests we compare the cost of the procedure for different values of starting block dimensions. Moreover, we monitor the norm of the minimum backward perturbation and the distance from the exact null space by using the results of the previous sections. In the second set of experiments we instead study the convergence of the algorithm for two different implementations and for several parameters selections. All experiments of this section were done using Matlab ([15]) on an SGI with machine epsilon eps=2.2·10^{−16}. The matrices X_0, Y_0 (line 1.1 in the algorithm) were subsequently selected from two őxed randomly generated large matrices (matlab function rand). This ensures that different blocks of size k_1 and k_2 > k_1 differ only in the last k_2 − k_1 columns. The stopping test for MBBICG is given by the condition at line 2.1 in the code.

Example 1. We őrst analyze the method for several choices of block size k. We remark that we do not assume any a priori knowledge of the size of N (A). The convergence and orthogonality tolerances are őxed at ε = 10^{−8} and ε_1 = 10^{−4}. In Figure 5.1 ŕoating point operations count (ŕops) for matrices A_0, . . . , A_3 is reported. For the nonsingular matrix A_0 the cost amounts to the number of operations the algorithm takes to deŕate all k columns of the starting matrix. In Table 5.1 the norm of the optimal backward error E (cf. Theorem 2.1) and the distance ‖P − P̃‖_2 are reported. The detected dimension of the null space is also indicated. In all cases the iterative procedure is able to correctly detect the dimension of the null space. We also observe that for a starting guess k > r the norm of the optimal backward error is always smaller than for k < r. This, together with the cost involved in the computation (cf. Figure 5.1), suggests that it may be convenient to start the iterative procedure with a large guess k, which also justiőes the use of a block method.

TABLE 5.2 Example2. Detected dimension r̃ of N (A_3 ) for different threshold values (ε, ε_1). Numerical deŕation with MGS.

(ε, ε1) (10^{−8}, 10^{−4}) (10^{−6}, 10^{−4}) (10^{−6}, 10^{−6}) (10^{−8}, 10^{−6}) k r̃ ŕops r̃ ŕops r̃ ŕops r̃ ŕops 4 10 7.2e+07 13 8.1e+07 14 8.1e+07 13 9.9e+07 8 10 5.6e+07 11 4.9e+07 12 4.9e+07 11 5.6e+07 12 10 4.5e+07 10 3.2e+07 10 4.6e+07 10 4.6e+07 16 10 5.6e+07 10 4.1e+07 - - - ś 20 10 6.5e+07 10 5.2e+07 10 8.5e+07 10 9.8e+07 TABLE 5.3 Example2. Detected dimension r̃ of N (A_3) for different threshold values (ε, ε_1 ). Numerical deŕation with SVD.

(ε, ε1) (10^{−8}, 10^{−4}) (10^{−6}, 10^{−4}) (10^{−6}, 10^{−6}) (10^{−8}, 10^{−6}) k r̃ ŕops r̃ ŕops r̃ ŕops r̃ ŕops 4 10 7.3e+07 11 6.0e+07 14 7.9e+07 10 7.3e+07 8 10 5.8e+07 11 5.0e+07 11 5.0e+07 11 5.8e+07 12 10 4.6e+07 10 3.2e+07 10 4.7e+07 10 4.7e+07 16 10 5.6e+07 10 4.1e+07 - ś - ś 20 10 6.5e+07 10 5.2e+07 10 8.6e+07 10 9.8e+07

Example 2. We next experiment with different choices of the convergence and orthogonality tolerances ε and ε_1. In particular we compare the successful choice (ε, ε_1) = (10^{−8}, 10^{−4}) with other selections on the sensitive matrix A_3. Table 5.2 and Table 5.3 report the detected basis dimension and the cost for different pairs of (ε, ε_1) when using MGS or an SVD for updating the null basis. A dash (‘−’) in the tables stands for lack of convergence of the inner algorithm in the iterative procedure. Note how this is sensitive to the selection of the pair (ε, ε_1). It is evident that the SVD yields more accurate results, and thus less work, than the a-priori cheaper Gram-Schmidt procedure. Moreover, the total cost when the őnal size is the same is equivalent for the two routines. This suggests that the higher cost of the SVD is balanced by a more accurate computation.

Problems in detecting the exact dimension are mostly encountered when the tolerance approximates the smallest singular value of A_3, as expected. We can also deduce that in general a strict test with ε_1 is required. However, if the solution is sufőciently accurate, the orthogonality of the associated basis can be more easily evaluated.

6. Comments and future work. Several issues remain open. Some of them are discussed below. In some applications it is necessary to deal with a null space of large dimension which is applied by means of several subsequent matrix-matrix multiplications [6, 1]. This may become computationally expensive if the available null basis is dense. The present implementation of BASIS does not produce sparse bases. However, the analysis of some sparsity strategies would be highly desirable.

The algorithm presently requires to restart the iterative solver MBBICG every time loss of rank is detected. Instead of restarting, a dynamic deŕation of the redundant columns would be preferable, since it would prevent loss of generated information. Suggested variants of block BiCG ([18]) generate additional block matrices for which a full term recurrence is required, so that their applicability is limited to the case of late deŕation.

Finally, a remarkable application of the introduced technique is connected to the computation of invariant subspaces of generalized eigenvectors X such that (A − λI)^iX = 0, i < n, where λ is an eigenvalue of A of multiplicity n [9], which would include the general case ind(A) ≥ 1. Moreover, the present method could be effectively used as preconditioning strategy on quasi-singular matrices to deŕate the invariant subspace corresponding to the smallest eigenvalues.

7. Acknowledgements. The author would like to thank the two anonymous referees for their extremely valuable comments. Part of this work was done at the Dipartimento di Fisica, UniversitÁa di Bologna.

REFERENCES

[1] M. W. BERRY, M. T. HEATH, I. KANEKO, M. LAWO, AND R. J. PLEMMONS, An Algorithm to Compute a Sparse Basis, Numer. Math., 47 (1985), pp. 483ś504.

[2] F. CHATELIN, Spectral Approximation of Linear Operators, Academic Press, New York, 1983. [3] T. F. COLEMAN AND A. POTHEN, The null space problem II. Algorithms, SIAM J. Alg. Disc. Meth., 8 (1987), pp. 544ś561.

[4] L. V. FOSTER, Rank and Null Space Calculations Using Matrix Decomposition without Column Interchanges, Lin. Alg. Appl., 74 (1986), pp. 47ś71.

[5] R. FREUND AND M. HOCHBRUCK, On the use of two QMR algorithms for solving singular systems and applications in Markov chain modeling, Num. Lin. Alg. with Appl., 1 (1994), pp. 403ś420.

[6] J. R. GILBERT AND M. T. HEATH, Computing a sparse basis for the null space, SIAM J. Algebraic Discete Methods, 8 (1987), pp. 446ś459.

[7] G. GOLUB AND C. F. VAN LOAN, Matrix Computations, The Johns Hopkins University Press, Baltimore, 2nd ed., 1989.

[8] G. H. GOLUB, Some modiőed matrix eigenvalue problems, SIAM Review, 15 (April 1973), pp. 318ś334. [9] G. H. GOLUB AND J. H. WILKINSON, Ill-conditioned eigensystems and the computation of the Jordan canonical form, SIAM Review, 18 (October 1976), pp. 578ś619.

[10] N. J. HIGHAM, The Test Matrix Toolbox for Matlab, Tech. Rep. 237, Manchester Centre for Computational Mathematics, University of Manchester, UK, 1993.

[11] A. S. HOUSEHOLDER, The theory of matrices in numerical analysis, Dover Publ. Inc., 1975. [12] W. KAHAN, B. N. PARLETT, AND E. JIANG, Residual bounds on approximate eigensystems of nonnormal matrices, SIAM J. Numer. Anal., 19 (June 1982), pp. 470ś484.

[13] E. M. KASENALLY, GMBACK: A generalised minimum backward error algorithm for nonsymmetric linear systems, To appear in SIAM J. Sci. Comput.

[14] E. M. KASENALLY AND V. SIMONCINI, Analysis of a minimum perturbation algorithm for nonsymmetric linear systems, tech. rep., Imperial College of Science, Tech. and Medicine, London, SW7-2BY, April 1994. To appear in SIAM J. Num. Anal.

[15] THE MATHWORKS, INC., MATLAB User’s Guide, Natick, Mass. 01760, June 1993. [16] D. P. O’LEARY, The block conjugate gradient algorithm and related methods, Lin. Alg. Appl., 29 (1980), pp. 293ś322.

[17] B. PHILIPPE AND M. SADKANE, Linear System Solver Based on a Projector onto the Orthogonal Complement of the Right-Hand Side, in ERCIM Workshop in Linear Algebra, Pisa, May 1992.

[18] H. D. SIMON AND A. YEREMIN, A new approach to construction of efőcient iterative schemes for massively parallel algorithms: Variable block CG and BiCG methods and variable block Arnoldi procedure, in Proc. Sixth SIAM Conf. Parallel Processing for Scientiőc Computing, R. F. Sincovec, D. E. Keyes, M. R. Leuze, L. R. Petzold, and D.A.Reed, eds., Philadelphia, March 1993, SIAM, pp. 57ś60.

[19] V. SIMONCINI, A new version of block BiCG for multiple systems, tech. rep., Dipartimento di Fisica, UniversitÁa di Bologna, March 1994. Submitted for publication.

[20] , Ritz and pseudo-Ritz values using matrix polynomials, tech. rep., Dipartimento di Fisica, UniversitÁa di Bologna, Nov. 1994. Submitted for publication.

[21] V. SIMONCINI AND E. GALLOPOULOS, An iterative method for nonsymmetric systems with multiple right-hand sides, Tech. Rep. 1242, Center for Supercomputing Research and Development, April 1993. To appear in SIAM J. Sci. Comput.

[22] G. W. STEWART, On the implicit deŕation of nearly singular systems of linear equations, SIAM J. Sci. Stat.

Comput., 2 (1981), pp. 136ś140.

[23] , Rank degeneracy, SIAM J. Sci. Stat. Comput., 5 (1984), pp. 403ś413. [24] G. W. STEWART AND J.-G. SUN, Matrix Perturbation Theory, Academic Press, 1990. [25] J.-G. SUN, Backward perturbation analysis of certain characteristic subspaces, Numer. Math., 65 (1993), pp.

357ś382.