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Abstract. In this paper we present homogenization results for elliptic degen-
erate differential equations describing strongly anisotropic media. More pre-
cisely, we study the limit as ¢ — 0 of the following Dirichlet problems with
rapidly oscillating periodic coefficients:

{ —div (a(%,Vu)A(2)Vu) = f(z) € L=(Q)
u =0 su 0N

where p > 1, a : B* X B* — R, a(y,&) = (A(y)&,)P/*" 1 A e M (R),
A being a measurable periodic matrix such that A’(z) = A(z) > 0 almost
everywhere.

The anisotropy of the medium is described by the following structure
hypotheses on the matrix A:

NP ()€ < (A(z)€,€) < AP ()€,

where the weight functions A and A (satisfying suitable summability assump-
tions) can vanish or blow up, and can also be “moderately” different. The
convergence to the homogenized problem is obtained by a classical compen-
sated compactness argument, that had to be extended to two-weight Sobolev
spaces.
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1 Introduction

Throughout this paper Y = (0,1)™ will denote the open unit cube in R". Let
A:R" — M™™(R) be a Y-periodic measurable matrix-valued function such that
At(y) = A(y) > 0 a.e. in Y. We shall assume that there exist two Y-periodic
weight functions (i.e. non negative locally summable periodic functions) A, A such
that:

NP ()IER < (Ay)E, &) < AP (y)[¢f (1)

for a.e. y €Y and for all £ € R", where p > 1. Let © be a regular bounded open
subset of R"; in this paper we shall describe the asymptotic behavior, as € — 07,
of the solutions of the Dirichlet problem in 2 for the nonlinear degenerate or
singular elliptic equation

—div <a<9€”,vu>> = —div <a(f,Vu)A<f)Vu) = f(z) € L¥(Q), (2)

where o : R" x R" — R satisfies suitable structure conditions that will be specified
below (see conditions H; — Hy at the end of this section). Roughly speaking,
we shall assume that a(y, &) ~ (A(y)€,€)P/>~1. For the moment, we can think
typically of the generalized p-Laplace operator of the form

_div ( ‘ﬂ(f)vu HA(“E)W) = f, (3)

where A has a strongly anisotropic behavior, i.e. the ratio of the upper and the
lower eigenvalues is not bounded. When A = A\g > 0 and A = Ay < oo, i.e. when
the differential operator (2) is uniformly elliptic in €2, this problem has been largely
studied in the last few years. For a detailed survey about the subject (the so-called
homogenization theory), together with physical motivations and applications, the
reader can refer to [1], [18], [14], and to the recent monographies [2] and [7]. The
result we want to extend in this note states, roughly speaking, that the solutions
of Dirichlet problems associated with equations with rapidly oscillating periodic
coefficients (like (2)) converge to the solution of a new Dirichlet problem, the so-
called homogenized problem, that can be explicitly written. If A = A, then the
problem has been fully solved by De Arcangelis and Serra Cassano in [9] for A
belonging to the Muckenhoupt’s class A,. A precise definition of this condition is
given below, but for the moment we want to stress the fact that to check such a
condition we need a precise description of the local behavior of the coefficients at
any scale. Moreover, the assumption A = A implies that the equation describes
phenomena that are basically isotropic in all directions. However, the main feature
of the present result will consist of the fact that the weight functions A and A need
not to be either bounded or bounded away from zero, and that they can differ
each other, in the sense that the ratio A/\ can blow-up at some point. Think
for instance of an homogeneous material with inclusions producing a strongly
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anisotropic behavior; our model example will be provided by a, say linear, equation
in the plane of the form

8 Xr1 T2 6 8 r1 T2 6 _
e (22 ) a3 (A2 Ju = o

The key tool we shall use to prove our result will be a two-weight compensated
compactness theorem. We stress that the main difference between our result and
the classical one (see e.g. [17], [20]), or the weighted version of it proved in [9],
relies on the fact that the basic estimate and the dual estimate are assumed here
to hold with respect to different weight functions; in this way we keep into account
the anisotropy of our situation. In turn, our approach relies on an approxima-
tion argument based on Poincaré inequality ([12], [16], [19]) and on two-weights
Poincaré inequalities proved by S. Chanillo and R.L. Wheeden in [4]. In fact, our
approach has been largely inspired by [4, 5], where the authors study systemati-
cally linear anisotropic operators whose quadratic form is controlled in terms of a
couple of weights, like in assumption (1). Obviously, in this paper, to prove the
convergence to the homogenized problem we have to impose that the two weights,
that take into account our anisotropic behavior, are in a sense not “too bad” and
not “too different”. To state our assumptions in a concise way, we introduce some
notations that will be used throughout this paper. If w is a weight function and
FE is a measurable subset of R", we shall write

w(E) ::/Ew(x) iz, ]{Ew(x)dx ::‘fﬂ/Ew(x) dz,

where |E| is the Lebesgue measure of E.
We shall assume the following conditions are satisfied. The weight functions
A and A are not “too bad” in the sense that

I) A € A, (the Muckenhoupt’s class), i.e. A is a non-negative measurable func-
tion on R" such that
~1

P
K := supg <][ )\dy> . <][ Al/(pl)dy) < 00, (4)
Q Q

where the supremum is taken on all cubes Q = Q(z,7) = {y = (y1,...,Yn) €
R™; max; |z; —y;| <}, where z = (z1,...,2,) € R",r € (0,79],70 > 0. We
shall call z and r respectively the center and the radius of Q(x,r).

) A e LY*(Y), > 0, and it is a doubling weight, i.e.
Dy = supg A(2Q)/A(Q) < o,

where the supremum is taken on all cubes @ = Q(z,r),z € R",r € (0,7¢]
and 2Q = Q(z, 2r).

It is well known that condition (4) implies that also A is a doubling weight,
with doubling constant depending only on K (see [13]). The two weights
are not “too different” in the sense that
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III) there exist ¢ > p and C' > 0 such that, if I, J are cubes of radius r(I), r(J)
respectively, such that I C J and r(I),r(J) < rg, then

BGES) <G ®

The role of assumptions I), IT), and III) above will become clear in Proposition 4
below, since they will yield a scale-invariant two-weight Sobolev—Poincaré inequal-
ity that in turn will provide the key tool for a weighted compensated compactness
theorem (see Theorem 6).

Example 1 Suppose A =1 and let A satisfy (IT). Then (III) reads

() () < ®

that is satisfied for instance if

1
1- "4 Zlog, Dy > 0.
PP

Example 2 Suppose A = 1 and A(z) = |2|7%,0 < @ < n on Y, continued by
periodicity on all R". Assumption (II) is satisfied since A is an A;-weight. An
elementary computation shows that

=)

so that (6) holds provided there exists ¢ > p such that

1
1*24’*(71704)20;
p g

in particular, such a ¢ exists if
a < min{p,n}.

Example 3 Suppose A =1 and R" = R} x R;™™, and let A(z,y) = [z[7%,0 <
a < m, continued by periodicity. Again we see that condition (III) is satisfied if
a < min{p, m} (condition (II) still holds since A € A;).

Example 4 If A = A, then condition (III) follows by doubling. Finally, let us list
precisely our (fairly standard) structure assumptions on the operator in (2). We
assume that
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H;) a(y, ) : R" x R" — Ris continuous for a.e. y € R",
Hs) a(-, &) is measurable and Y-periodic on R",V¢ € R",
Ha) ci{A(y)E, P71 < aly,€) < c2(A(y)§,E)P/*~" where c1 and ¢, are posi-

tive constants,

Hya) (a(y,&)Ay)é —aly, &2)A(y)ée, &1 —&2) > 0 for ae. y € R" and for every
51 and 52 in R™ with 51 7é 52.

The paper will be organized as follows: Section 2 will deal with function spaces
and will contain the statement of the main theorem. In Section 3 we shall prove
the two-weight compensated compactness theorem, and finally Section 4 contains
the proof of the convergence theorem.

2 Preliminaries

Let us start by proving that, by periodicity and by doubling, the local assumptions
I), II) and III) are in fact global, i.e. they hold for any r > 0.

Lemma 1 If A and A satisfy assumptions 1), II) and II1) for 0 < r < rq, then
they satisfy the same assumptions for any r > 0.

Proof. Write Y = U§V:(’1Qj, with 7(Q;) :=r1 < %ro for j =1,..., Ny. From now
on, 71 and Ny will be fized geometric constants. By doubling!, if Q; and Q; are
contiguous cubes, then A\(Q;) and A\(Q;) are equivalent?, as well as A(Q;) and
A(Qj ). Thus A(Q;) = Ao and A(Q,) = Ao, for j =1,..., Ny. By periodicity, all
the space can be covered by a countable family of congruent cubes {Q,;,j =1,...}
of radius r; enjoying the same property. In addition, again by doubling, if Q is
any cube with radius between 1 and 7, then A(Q) ~ Ao and A(Q) =~ Ag. Let now
Q@ = Q(z,r) be any cube with r > ro. If we denote by Q. and Q* respectively
the subfamily of cubes of {Q;} contained in @ and of cubes having nonempty
intersection with (Q, we have

o () wers([2] )

ANQ) ~ []n/\oa AQ) ~ [Z]nl\o, Q| ~ [%r

To

so that

1By saying ‘by doubling’ we shall mean that the assertion relies on the doubling property of
A specified in IT) and on the doubling property of A that follows from I), and that all constants
depend only on K, Dp and on other geometric constants.

2As above ‘equivalent’ (=) will mean that the ratio A(Q;)/A(Q;) is bounded and bounded
away from zero by positive constants that depend only on geometric constants.
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Thus, clearly, T) and II) hold for any r > 0, as well as III) when both r(I),
r(J) > ro. As for IIT), if r(I) < ro < r(J), we can argue as follows. Let J be the
cube with the same center as I and radius r9. By doubling, A(J) ~ [M]"A(J)

To
and A(J) ~ [M]”A(J), and then

N L

D <A(I) >1/q (A(I) >“” [%]”/”"/“ ¢

r(J) \A(J) A(T) ro
by III), since 7(I),7(J) < 7o, and we can always assume ¢ close to p such that
n/p—n/q—1<0 (keep in mind %0‘1)22). a

We now define some function spaces suitable to our problem. If s > 1
and w € A, we shall denote by L*(Q,w) = {u € L] (Q);w'/*u € L*(Q)}, and

loc

by Wh(Q,w) = {u € WLHQ);w/5u € L¥(Q),w/sVu € (L3())"}. Moreover,
W Ls(Q,w) is the closure of C§°() in W (Q,w).

Definition 1 If 1 < p < oo, we put

loc

WiP(Q) = {u € LP(Q, ) N WEH(Q); /Q<AVU, V)P ?dx < —i—oo} . (7

endowed with the norm

) 1/p 1/p
”u”Wi’p(Q) = </Q<AVU,VU>’7/ dx) + </Q |u|p)\dx> . (8)

We shall show below (Theorem 1) that Wj{p (Q) is continuously embedded in
W(Q). Thus we can define

W LP(Q) = WA Q)N WL (Q).

Remark 1 If A ~ A then W LP(Q) is the closure of C§°(2) in WyP(Q) (see [9],
Remark 3.6).

Theorem 1 Suppose A satisfies hypothesis 1) in the Introduction. Then we have:
i) WLP(Q) is a reflezive Banach space;

ii) WYP(Q) is continuously embedded in WYP(Q,\) and hence continuously
embedded in W(Q). Moreover W LP(Q) s continuously embedded in
W@, N);
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iii) [u]gvlwp(ﬂ) = [o(AVu, Vu)P/2dz is a norm on W LP(9). More precisely,
A

lulle@n) < Clulyrr(q), where the constant C is a geometric constant
A
depending only on K, the A, constant of X in (4);

iv) (WAP(Q)* = {u € D(Q),u = goA'? + div(v/Ag), with (go,g) € (L
()™ 1/p+1/p’ = 1}, and the action of u on ¢ € Wj"p(Q) is given by

/Q [9080/\1/p + <\/Zg,V<p)] dx;

W) W (@) = {u € DIQ),u = div(vAg), with g € (¥ ()", 1/p +
1/p' = 1}, and the action of u on o €W LP(Q) is given by

/Q (VAg, V)da.

Proof. The first statement in ii) follows straightforwardly from (1) and from well
known properties of A,-weights. Moreover, by [9], Remark 3.6,

W Q) = WiH@n W @) = W) n W@ )0 w (@)
= WAIP@)N W P (Q,0) < W P(@,))

To prove i), let us show that W}l’p (Q) is linearly isometric to a closed subspace of
(LP(€))"'. Indeed, consider the map T : Wy () — (LP(Q))*+! defined by

Tu = (APu, VAVu).

Clearly, T is a linear isometry, and we have only to show that its range is closed.
Thus, take (fo, f) = (fo, f1, .-, fx) such that there exist uy € W4 () such that
APy and AV converge in LP(Q) to fo and f respectively. By ii), there
exists ug € WH1(Q) such that uj, — ug in WH1(Q); moreover it is easy to see that
A/Pyy = fo and up — ug in L?(Q, \) as k — oo. To achieve the proof, let us notice
that, without loss of generality we may assume that Vup — Vug a.e. in ), and
that there exists h € LP(Q2) such that [v/AVuy| < h a.e. in Q. Thus, by dominate
convergence theorem, vV AVuy, — v/ AVug, that implies that f = v/ AVug, so that
(fo, f) € T(Wj"p(Q)), and we are done. We can prove now iv) by noticing that,
thanks to Hahn-Banach theorem, a functional F € (W ?(€))* can be written as

Flg) = /Q (90, 9), T(0)) d,
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where (go,g) € (LP (Q))"t' , 1/p +1/p’ = 1. To prove iii) holds, it is enough

to show that the LP(Q, A)-norm of u €W %P(€) can be controlled by [u]ivlyp(m.
A

But this follows straightforwardly thanks to (1) and ii), by known Poincaré type

inequalities for A, weights (see [10]), since u belongs to W LP(Q,\) and then

can be approximated in this last norm by smooth functions supported in € to

whom Poincaré inequality applies. Finally, v) can be proved as iv), keeping in

mind iii). |
Let us now recall the following result ([15], III Corollary 1.8, page 87):

Theorem 2 Let X be a Banach space, K C X be a nonempty closed convex subset
and let A: K — X* be monotone, coercive and continuous on finite dimensional
subspaces. Then there exists u € K such that

(Au,v —u)x=x >0 for any v € K. 9)

A (z) = A(‘f).

Theorem 3 If f € L™°(Q) then there exists a unique u. €W LP(Q) such that

/Q<a (f,we),w> da::/Qfgodx (10)

If € > 0 we put

for all ¢ ew 114”((2)

Proof. Consider the operator A W i‘p(ﬂ) — (V(E/ i‘p(ﬂ))* defined by A(u) =

div (a(-, Vu)) — f. It can be easily verified that A(u) € (W 1141’(9))* by using (H3).
Moreover A is monotone, coercive and weakly continuous, so that Theorem 2 can
be applied. O

We shall denote by W/lﬁ;&(Y) the set of real functions u € W.L!(R"),
u Y-periodic, u € WyP(Y).

Theorem 4 If £ € R", then there exists a unique function v € (§,-) + Wi’;&(Y)
with [, vdy = 0 such that

/Y (aly, Vo), Va(y))dy =0 Vuw € WAT,(Y) (11)
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Proof. The existence of the solution is a consequence of Theorem 2, with
X = WyP(YV),K = {u = (£ +i,0 € Wyh(Y), [, ady = 0} and Au =
div(a(-,Vu)). Indeed Theorem 2 implies that

/Y<a(% Vu(y)), Ve(y) — Vo(y))dy > 0

for any ¢ € K. Thus, if w € W,}f,# and v = (§,-) + 0 with ¥ € WA’ZL, to obtain
(11) it is enough to choose ¢ = tw + 0 + (£,) F [, wdy. Uniqueness is due to
the strict monotonicity of a, see property Hy. O

Arguing as in [9], if £ € R" we put

b(e) = /Y a(y, Vo(y))dy, (12)

where v is the solution of (11). In fact b will define our homogenized operator.
We have:

Proposition 1 Let b be defined by (12), then
i) [b(§)] < erl€P~t V€ € R

ii) (b(§),€) > calé|P VE € R™;
iil) (b(&1) —b(&2),&1 — &) >0 Vé,& € R™, & # &

iv) bis continuous on R".

Proof. Just repeat more or less verbatim the proofs of Lemmas 3.3, 3.4 and 3.5
in [9]. O

We can state now the desired convergence result:

Theorem 5 Leta: R" xR" — R" be a function satisfying the following structure
properties:

i) a(y,-): R" — R" is continuous Vy € R",

i) a(-, &) is measurable and 'Y periodic on R",V¢ € R™,

iii) a(y,§) is of the form a(y,&) = a(y,§)A(y)E, (51)
where a(y,§) € R, A(y) € M™*"(R),y,£ € R,
and moreover A = A', a(y,€) ~ (A(y)¢, P71

NP(y)lEl* < (A(y)€, €) < AP (y)l¢f? (52)
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where the weights X\ and A are Y-periodic and satisfies conditions 1), 1) and III)
in the Introduction;

(a(y, &) A(y)61 —aly, §2) A(y)ée, 61 —&2) > 0 (S3)

for a.e. y € R" and for every & and & in R™ with & # &. Let € > 0, be
a bounded open set of R" and f € L*°(Q). Let u. be the weak solution of the
Dirichlet problem (P,):

—div(a(Z, Vu)A(Z)Vu) = f  on Q
0 P.
ueW 4P(Q) (F)
where Ac(z) = A(%), and let ug be the solution of the Dirichlet problem (Pp):
—div(b(Vu))=f onQ
{ o (Fo)
u €W “P(Q)

Then, for e — 0, we have

Ue — Ug in W bY(Q) — weak
(2, Vue)A(2)Vue — b(Vug) in (L))" — weak.

Remark 2 We recall that every problem (P:).>¢ has a unique weak solution, see
Theorem 3.

The proof of the above theorem will be the content of Section 4.

3 Compensated compactness

Our compensated compactness result (that is the main result of the present paper)
reads as follows.

Theorem 6 Let Q be a bounded open subset of R", and let v be an A, weight in
R™. Moreover let {\.} and {A.} be two families of weight functions defined in R"
satisfying the following conditions:

1. there exists ¢ > p > 1 and C > 0 such that, if I,J are cubes of radius
respectively r(I) and r(J) and such that I C J, then

A <eGiR) a

where C' > 0 is independent of € € (0,1).
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2. {A.} is uniformly doubling and {\¢} is uniformly A,, i.e. there exist D, K >
0 such that

p—1
Ac(2I) < DA(I), ][/\eda:<][)\;1/(”_1)dx> <K (14)
I I

for all cubes I and for all € € (0,1).

Let now {u.} be a family of functions such that

ue € WHP(Q, ) (a)
uellwir@ary < aa for all e € (0,1) (b)
there exists u € WHP(Q,v);  ue — u in L1(Q). (c)

Moreover, let {ac} be a family of vector-valued functions such that

{ae, Vuc) € L) for all e € (0,1) (d)
Jo |a€\pIAE_1/(p_1)d:1: < agl for all e € (0,1) (e)
div(ac) = f € L™ on C}(Q) for alle € (0,1 (f)
there exists a € (LY (Q,v=Y®=D)n: g — q in (LY(Q))" — weak.  (g)

Then
{ae, Vue) — (a, Vu) in D' (). (15)

Remark 3 Note that the limit (a, Vu) € L1(Q), by (c) and (g).

Remark 4 As we shall see, assumptions 1) and 2) in Theorem 6 are in fact
stronger than we really need. Indeed, we might restrict ourselves to assume
1) and 2) hold not globally, but locally, in the sense that the result would follow
by assuming that for any open set Q' CC Q 1) and 2) hold for cubes I,J C
with constants depending on €)'.

Remark 5 In is easy to see that assumption 1) and 2) of the above theorem are
satisfied by choosing

Ae(z) = A("T) Ad(z) = A(”) (16)

This choice of A\ and A, will be used to prove later the main convergence theorem.

Let us state now a preliminary result. The first part is well known, whereas the
last statement is basically contained in [21].

Proposition 2 Suppose A satisfies hypothesis I1) in the Introduction. If 1 is any
cube and t € (0,1), then

1
A(tD) > =52 DA ().
e(t)_Dt (1)
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Moreover, if we put D=1+ %5_1"%2 D > 1 we have
Ac(21) > DA((I)
for any cube I, and hence
Al(tT) < D=2 P (1)
for allt € (0,1) and € € (0,1).

The following result will be crucial in the proof of Theorem 6.

Proposition 3 With the notations of Theorem 6, for any n > 0 there exists
r(n, Q) > 0 such that, for any cube Q = Q(z,r),r < r(n, Q) we have

(38) " < )

for all e € (0,1).

Proof. Let {Ji,...,Js} be afixed covering of Q, where J, = Q(xp,1), k=1,...,¢.
Let now Q = Q(z,7) be any cube with z € Q and r < 1, and let k& be such that
x € Ji, so that @ C 2J, and we can apply (13) with J = 2J; and I = Q. After
few elementary computations we get

()" <) ()
A\/P 1/p—1/q
o (355) (R

- (Aﬁéﬁ;ﬁ))l/p”q'

IN

On the other hand, Q(z,1) C Q(zk,2) = 2J, so that Ac(2Jx) > A(Q(x,1)).
Hence, by Proposition 2,
AMQ) _ AdQ(r) :

r..logs D
AR - AQ@) S PTT

and the assertion follows, since 1/p —1/¢ > 0. O

The proof of Theorem 6 relies on the following two-weight Sobolev—Poincaré
inequality. This result is basically proved in [4].
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Proposition 4 Under the assumptions of Theorem 6, if B is an Fuclidean ball,
B CQ, andu € WHP(Q,)\.), then for any s € [p, q]

(AzB) /B u—uB|sAedx)1/S§Cs7’(B) (MlB) /B |Vu|PAedx)l/p7 (18)

where up = {5 u(x)dx is the (Lebesgue) average of u on B, and the constant
Cs > 0 is a geometric constant depending only on n, s, and on the constants of
assumptions 1) and 2) of Theorem 6. In particular, C is independent of € € (0,1).

Moreover, if u €W LP(Q,\,), then

<AiB) /B |U|SAed$)1/S < Cyr(B) (/\E(IB) /B Vup/\ed:c>1/p, (19)

where again Cy is independent of € € (0,1).

Proof. By [4], (18) holds when u € Lipje(Q). If now u € WHP(Q, \.) there
exists a sequence up € C*(Q) N WHP(Q, ), ux — u in WHP(Q,\,.), by [6]. In
particular, uy — u in L}, (Q) and a.e. in Q, so that (ux)p — up and the we can
conclude by Fatou’s lemma. The proof of the second statement is analogous. O

Remark 6 Through a covering argument it follows easily from (19) that, if Q' CC
Q, then for every u € WP(, \.)

[ullze@r,a0) < Carllullwrr @ (20)
where Cq is independent of € € (0, 1).

In order to prove the theorem we need the following approximation lemma:

Lemma 2 Let A\, A, u and uc be as in Theorem 6. Then for any Q' CC Q and
foranyn >0

o for any e € (0,1) there exists u.,, € C*°(Q2) such that
/ [tte — Ue n|PAcdx < np/ |Vue|P Acd; (21)
o Q

o there exist u, € C*(§) such that

[u — up|Prde < r]p/ |VulPrdz. (22)
ol Q
Moreover for any n > 0
Uey — uy as €— 0T (23)

in L ().
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Proof. Arguing as in [12], if § € (0,1/10) there exist a countable family {B} = B

(m?, r5),7 € N} of balls, a countable family of smooth functions {(pg,j € N}, and
a geometric constant ¢ > 0 such that:

L U;3B) =Q3B)N 3B =0, i#j;
ris = 6dist(%B?ﬁQ);

2 XBs = €XQ;

if BY N B # 0, then 3ri5 <155 < 2ris;
] € C2(R");

2. ¥ =1on Qand ¢} >0 for j € N;
suppga? C B}s for j € N;

|V<p?\ < ¢/rjs for j € N.

® NS g W

Now we put
ey = clue, B))g]
J

where § = d(n) will be fixed later, and

c(ue,Bf): ][ Uedx
B?
J

(note that ue,u € L}, (2)). Let us prove for instance that (21) holds. Arguing as

in [12], page 108 and keeping in mind that, by (3), for any x € Q gp? (x) # 0 for at
most ¢ values of j, we have

p

/ Z(ue—][ uedx> <p§ Acdx
i Bj

/ [tte — Ue [P Acdz
Q/

P
< C Z / us—][ ucdr| Acdr
BINQ#0 BInQY B
A(B?)
< C Z : r’?&/ |Vue [P Aed
BINQ#0 Ad(Bj) Bj

where C'is a geometric constant and the last inequality follows from Proposition 4.
Thus, since by (2) rjs < 6 diam(Q2), if ¢ is sufficiently small, then r;5 < r(n,),
where r(n,?) is defined in Proposition 3, so that the last sum is bounded by

CP > /B |VuePAedz < CnP /Q |Ve [P Aedaz, (24)
BinQ/#) " 7
J



Vol. 0, 2001 Homogenization for strongly anisotropic nonlinear elliptic equations 15

again by property (3) of our covering. On the other hand, to prove (22) it is
enough to repeat the same argument keeping in mind that v € A,. Hence

P
/|u—un|pyd:c < Z/ u—][ udx| vdz
& Bona 7 B Bj
j
P P
< C Z Tjé/Bé |Vue|Prde
BInQY J
<

C5p(diamQ)p/ |Vul|Prde,
Q
by [10], Theorem 45. Thus we have only to prove that u., — u, as ¢ — 0

in L>°('). Note now that, if we put Js(Q') = {j € N; B} N Q" # (0}, then
#J5(V) < 0o (arguing as in [12], page 108). We have for x € Q' and § = §(n):
Juen(@) —uy(2)] < Y0 @)

][ (ue —u)dx
JETS () 5]

< #J5() max ][ lue — uldz — 0
7€J5 () JB2

as € — 0 since uc — u in L(Q). O
Proof of Theorem 6. We must show that for any ¢ € D(£2) we have

(ae, Vue)(p) — (a, Vu) () (25)

as € — 0. Let ® € D(Q) be such that ® = 1 in a neighborhood U, of supp ¢, and
put @, = u.®,u = u®; U, and U can be considered continued by zero on all of R".
Now for n > 0 we have

/<ae,V<p>“edf” = / (ac, VOYAMP (e — T ) A Pde
Q supp ¢

—I—/ (ae, VO)le pdr = I + 13,
supp &

where, for sake of simplicity, we write @, , instead of (@.),. By Holder inequality
and Lemma 2 we now have:

1/p'
110 ([ 10 A28l ) iVl < Comraan, (20)
Q

provided e is sufficiently small. Hence

‘ / (ac, Vo)ucdr — / (a, Vo)udzx
Q Q

= ‘ / (ae, Vo)Yucdx — {a, V)udz
Q

< Cooiaon + ‘ / (ae, VO)le ndx — (a, Vo)udx
Q
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Now, by Lemma 2, since @, — @ in L*(), U, — @, on L>(supp®) as e — 0.
On the other hand, supp (ae, V) C U,, where ® = 1, and hence, if 7 is sufficiently

small, u, = u, on supp ¢, so that, keeping in mind that a. — a weakly in
(L))",
o+
/(ae,vwﬂemda& 29 (a, Vo)u,dr = /(a,Vgp)undm. (27)
Q Q Q
Therefore
limsup‘/<ae,V<p>uedm—/<a, Vp)udx
e—0t Q Q
< CT] + /<aa V(p>und$ - <a7 VQO>Udl‘ < Cnv
Q
since

, 1/p’ 1/p
<C, (/ lal? V_l/(p_l)dm) (/ |Vu|puda:> n. (28)
Q Q

/Q (ae, Vp)ueds — /Q (a, V)udz. (29)

‘ /Q (0, Vo) (uy — w)da

Hence

On the other hand

/(div ae)ucpdr = / fuepdr — / fupdx (30)
Q Q Q
since fo € L*°(N) and u, — u in L'(R2). Thus we get

(ae, Vue) — {a, Vu) (31)

in D'(Q), as required.

4 Convergence to the homogenized problem
To prove convergence to the homogenized problem we need the following results:

Theorem 7 Suppose \ satisfies hypothesis I) in the Introduction. Then there exist
two positive constants § = §(n,p, K) and C = C(n,p, K) such that

1/(1436)
<][ A1+5dx) 0][ Mz,
Q Q

1/(143)
<][ /\‘(1+5)/(”‘1)d1;> c][ \-1/-1) gy
Q Q

for every cube Q with faces parallel to the coordinate planes.

IN

IN
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Proof. See [3], [8] and [13]. O
Lemma 3 Let f € L] (R"),1 <p < +oo be Y-periodic. Then, if f(x) = f(2),

fe— /Y fdy in L} (R") — weak. (32)
Proof. See [14] page 5. |

Lemma 4 1) The functions u. defined in Theorem 5, Problem (P.), satisfy
(a), (b), (¢) of Theorem 5 with v =1 and u = uf suitable. Moreover, the
functions a. defined by ac(x) = a(%, Vu,), where u. is defined in Theorem
6, Problem (P.), satisfy (e), (f), (g) of Theorem 6 with v = 1,f = f and
a = aqg suitable;

2) Analogously, the functions ve defined by v = ev(2) := (£, z) +€v(%) (where
v is defined in Theorem 4 as the solution of Problem (11) and © is defined in
the proof of Theorem 4) satisfy (a), (b) and (c) of Theorem 6 withv =1 and
u = (§,-). Moreover, the functions a. defined by ac(x) = a(%, Vv.), where
ve 18 defined in 2) above, satisfy (e), (f), (g) of Theorem 6 withv =1, f =0
and a(z) = b(&);

3) If ac and u. are defined by one of the choices 1) or 2) independently (i.e.
the choice for instance of ue as in 1) and ac as in 2) is allowed), then
(ae, Vue) € LY(Q) for all e € (0,1) ((d) of Theorem 6).

Remark 7 In fact, what will be proved below is not precisely 1), but, as for the
convergence, a slightly weaker statement, i.e. the convergence of a subsequence
to a suitable limit ug that might depend on the subsequence itself. However,
it will be proved at the end of the proof of Theorem 5 that ug is a solution of
Problem (Py) that in turn admits a unique solution, by Remark 2 after Theorem 5.
Thus, the statement 1) will be fully proved. However, we keep this formulation
to avoid cumbersome arguments. Notice the same difficulty does not arise as for
the statement 2).

Proof of Lemma 4. Let K > 1 be such that A € A,(K). For ¢ > 0, we put
Ae(x) = A(%), x € R"; we have A\, € A,(K),¥e > 0. To prove 1), we want to
verify that there exists a positive constant C; = C1(n,p, K, Q, f) such that

/(|u6|p + [VueP)Aedx < C1 Ve>0 (33)
Q

First of all we notice that, thanks to a Poincaré type inequality (see [10]), we have,
for K > 1 and © bounded

/Iuel”)\edx < C/ |Vue|P Aedz (34)
Q Q
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where C' = C(n,p, K, ). Hence
/ (Juel? + |VaeeP)Aedas < © / VP2 dz. (35)
Q Q
The variational formulation of problem (P.) gives that

/Q<a(f,VuE)A<f)Vue7Vue>dx:/qued;m (36)

and hence, by assumption (.S7), iii),

/2
/<A<x)Vue,Vu€>p dxgc/ | Fue|de. (37)
Q € Q

By using (35) and (37) we then have:

p/2
/<A<x>we,we> deC(n,p,K,Q)/ [ fl]e|da
Q € Q

— Cln.p. K. Q) /Q FIAS VPP | de

1/p , 1/p’
scm,p,K,m( |u€|wx) (/ |f|PA;”<p—”dx) .
Q Q

Clearly, since f € L>(Q),

, 1/p’ 1/p’
( / P AEW“dz) < fllo= ( / Ael/@”dx) LB
Q Q

To estimate [, Ac(z) /P~ dz we put £ = ¢ and we notice that, being 2 bounded,
the dilated cube §2/€ can be covered by a number of unit cubes @) proportional to
(1)". We then have

2\ "Y1
/A() de = / M)~/ =D en gt
Q € 10
(1) e”/ M)~V PN gt
€ Q

Thus, by Theorem 1, iv), we can conclude that

/Q <A(i>Vu€, Vu€>p/2dx <c (39)

IN

C
< C.
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and then (33) follows from (35), (39) and (S3). This proves (a) and (b). To prove
(e) holds we want to verify that there exists a positive constant Cy, independent

of €, such that:
p/
a(x, VUE)A<$)VU€
€ €

J

We begin by estimating |A(%)Vuc|. By definition we have

= VA(E)A(2)
Az

A7V Ddyr <y Ve > 0. (40)

<
1/2
= sup f() >‘<A<x>Vue,Vu5>
€l,Inl1<1 €
1/2
< sup \/Z< )5‘ A( >Vue,Vu€>
l€1<1

r 1/2 " 1/2
S ICODRCOLES
l€1<1 € €
1/ 1/2
A(2) () vver)
€ €

where in the last inequality we have used (S2). Moreover, since by (57),iii)
a (%2,Vu) < C(A(Z )V, Vue) 21, we have:

p
/a(z,Vm)A(x)VuE
Q € €
p'(p/2=1)+p"/2
<C/< ( )Vue,Vu€> AP /2= (0=1) gy
T p/2
§/ <A<>VUG,VUE> dx
[¢) €

< C by (39).

IN

A=Y gy

To prove the convergence of (u.). and (ac). let us prove now that there exists
o > 0 such that (u¢). is bounded in W LIt (Q) and (o2, Vue) A(2)Vue) is
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bounded in (L'*9(Q))", uniformly with respect to ¢ € (0,1). Indeed (keep in
mind Theorem 1, ii)), by Holder inequality we get

/ (lue] + Ve 7 da
Q

HTU 140 171+T°r
< (/(|u5 + |Vu6|)p)\ed;1;> </ )\Ep(lwdx)
@ Q
140 1—1te
< C(/ Ae"(”")dx>
Q
by (33). We can choose o > 0 such that pfl(“l‘j'ra) = ;%‘i, where § is defined in

Theorem 7. Now, putting { = %,

/ N (@) = e [ A (©de
Q

A
g
S
]
™
~—r
U
AN

by periodicity since %Q can be covered by N copies of Y, with N < C(%)"
Analogously, by (39)

[ 5ol

Without loss of generality we can assume

140 1+o 1*1:/0
- [ p—
dm<C</Aé” RICES )dx> )
Q

(p,l_ﬁ‘ig) = 1+ p (see condition II))
and then we can conclude as above. By reflexivity, it is then possible to find
ufy €W H1T9(Q) such that ue — uf in W 2149 (Q) — weak, and hence

ue —ufy in o LYT(Q), (41)

and ag € (L**7(Q))"™ such that
£ € : 140 n
al =, Vue |Al = |Vue = ag in € (L777(02))" — weak. (42)
€ €

Thus u, satisty (a), (b) (by (33) and (c) (by (41)). Moreover a. satisty (e) (by
40), (f) by definition and (g) (by (42)). Let us prove now 2).
To prove that (a) holds, let us show for instance that I = [, [VA(%)Vo.

(2)|Pdx < C' < +oo (remember v, € Wl{)’cl(ﬂ@”), and hence its gradient belongs
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to L},.). Indeed, since v(y) = (£, y) + 9(y), with 0(y) € W}"@(Y), we have

1= [ WVamvewra
10

€

IN

¢ [ Vawvemrdy
6 ([ Vaweray+ [ Wawviwra)

ColeP [ AWy + [olhy1, = s
Y

IN

IA

by definition of Wi”i. An analogous estimate holds for J = [, [ve(z)[PAc(x)d.
Since these estimates do not depend on ¢, (b) follows. By Lemma 3, v, — (£,-)
weakly in W11(Q), and then, by Rellich’s theorem, v, — (£,-) in L'(2). Thus,
(c) is proved. To prove (e), it is enough to repeat the argument yielding (40)
and replacing (39) by the estimates of I and J above. Assertion (f) (with f = 0)
can be proved arguing as in Lemma 1.6 of [9]. Eventually, (g) follows from the
very definition of b(£) and Lemma 3. As for 3), by (a) both (a(%, Vuc), Vu,) and
(a(%,Vv.), Vo) € L'(Q). Moreover (for instance)

/Q<a<::7Vue>,Vve>dm

§C’/ VAV [P~2(AVu,, Vo )dz
Q

< C’/ VAV [P~V AV, |dx
Q

1/p 1/p
<c ( / |\/ZVue|pd:U> ( / |\/Zv06|pdx> < 400
Q Q

Proof of Theorem 5. To get the thesis we need only, with the notations of Lemma 4,
to prove that

wh €W 'P(Q),  ao(z) = b(Vui(z)) ae. in Q. (43)

Indeed, suppose (43) holds; then a limit argument shows that wg is a variational
solution of (F), and then, by uniqueness (Remark 2), it follows that

u=uy a.. in .

Let us prove now that (43) holds. To prove that uj ew LP(Q) it is sufficient to
prove that

Vuj € (L/(Q)" (44)
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since 2 is a regular bounded open set. For any ¢ € C{(), using Holder inequality,
for j =1,...,n we have:

’ / Djucpdr| < / |0j1e[ APA NP |l da
Q Q
1/p , 1/p’
< < / |8jue|pAed:c) ( / A =Dl dw)
Q Q
’ 1/p/
< Cll/”(/ ATV =D da:) (45)
Q
where in the last inequality we have used (33). Since by Lemma 3 we have
//\ =1 gfp dx—>/ AL/ 1>dy/ lol? de, (46)

defining C5 = Cll/p(fQ A~V @=Dgy)1/P" and taking the weak limit in (45) we

obtain:
’ / Ojuppdz
Q

that implies (44). We prove now that ag(z) = b(Vug(x)) a.e. in Q. Using inequality(40)
we have, for any ¢ € (CJ(Q))":

‘/ < Vu€><A<w>Vue,<p>dz
€

S/ oz(x,Vug)A(x>Vue AZYPAYP| ol da

Q € €
T T ' 1/p’ 1/p

< (/ oz(,Vue>A<)Vu5 Asl/(pl)dm> (/ A€|g0|pdx) (49)

Q € € Q
1/p

< (/ Aelsapdx) : (50)

Q

and arguing as in (46) and (47) we obtain that

< Gsllellpr) Ve € Co (), (47)

(48)

ag € (LP ()™ (51)

Let £ € R", and let v be the solution of problem (11) and set v. = ev(z/€). For
every ¢ € D(Q), with ¢ > 0 in Q, by the monotonicity of a(y,§) = a(y, £)A(y)E
(property (S3)) it follows that

0< /Q<a(x/e, Vue) — a(z/e, Vue), Vue — Ve )pde. (52)
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Now by the compensated compactness theorem and Lemma 4 we can pass to the
limit in inequality (52) and we finally obtain:

0< /Q (ao(x) — b(E), Vi (x) — E)pde VE € R" Vo € D), 0> 0. (53)

From the last inequality we deduce that there exists a subset N of €2, of measure
zero, such that

(ao(z) = b(§), Vug(z) =€) >0 Vo e Q\N,VE e Q™. (54)
Then by the continuity of b (Proposition 1, iv) we have that
(ap(z) — b(&), Vuy(z) —€) >0 V€ Q\N,VE € R™. (55)

Now, for a.e. x € Q,n € R" and t > 0 we set £ = Vug(x) — tn. Writing (55) with
this & an letting ¢ — 0 we obtain (using again the continuity of b)

(ap(z) = b(Vugs(x)),n) >0, for a.e. z € Q\N,Vn € R". (56)

from which (43) follows.
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