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In 1995 G. Lebeau and L. Robbiano proved a spectral inequality that led to
the first proof of the null controllability of parabolic linear equations. Let φj and
µj , j ∈ N∗, denote an orthonormal basis of eigenfunctions and the associated
eigenvalues for the elliptic operator A = −∇ · (γ(x)∇), with γ smooth, on
an open set Ω ⊂ Rn with homogeneous Dirichlet boundary conditions. The
spectral inequality reads∑

µj≤µ

|aj |2 ≤ CeC
√

µ

∫
ω

|
∑

µj≤µ

ajφj(x)|2 dx, ∀(aj)j∈N∗ ⊂ C, (1)

where ω is any non-empty open subset of Ω. It thus measures the loss of
orthogonality of the eigenfunctions when restricted to ω. This inequality can be
obtained through the derivation of a global Carleman estimate for the elliptic
operator −∂2

x0
+ A, where x0 is an additional variable.

Here, we shall consider a discrete version Ah of A, using finite differences or
finite volumes, for quasi-uniform meshes. We derive a global Carleman estimate
for the semi-discrete operator −∂2

x0
+ Ah, in which the size of the Carleman

large parameter is connected to the discretization step h. We can then prove
an inequality of the form of (1) for the lower portion of the spectrum of Ah,
µ ≤ C/h2. This in turn leads to the null controllability of that part of the
spectrum in the associated parabolic problem. The L2 norm of the remaining
of the spectrum can also be estimated by e−C/h‖u0‖L2 , where u0 is the initial
condition used in the parabolic control problem. This result can be considered
almost-sharp in view of the existing counterexamples that involve the higher
end of the discrete spectrum.

This is joint work with Franck Boyer and Florence Hubert (Universities of
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