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T he classical initial boundary value problem related with
the differential system of viscoelasticity is given in the
domain @ = 2 x (0,00) by

82

Sl ) = V- GoVu(z,1) (1)

(O O
+V - /O G(z,s)Vul(z, s)ds + f(x,t),
where u is the displacement, Vul(z,s) = Vu(z,t — s) is

the history of the strain Vu and G(z,-) € H1(0, c0).

To this equation we must associate the initial conditions

u(z,0) =ug(x), u(x,0)=r1g(xz), Vre, (2)
u =%z, s) = u(x,s) V(z, s) e x(0,00) (3)



together with the boundary conditions, which, for exam-
ple, can be expressed by

u(z, t)[gq =0 (4)

It is easy to show that the equation (1) can be written
in the form

t .
P (zt) = V- [Go(ac)Vu(x,t)—I— /O G(;r;,s)Vut(w,s)ds]
+V. /too G(z,s)Vul(z, s)ds + f(z, 1)

t .
- v. [Go(x)Vu(x,t)—I—/o G(:I:,S)Vut(a:,s)ds]
+V - F(z,t) + f(z,1) (5)



where we have put

F(x,t) = /tOOG(a:,S)Vut(a:,s)ds

/OOO G(z,t + s)Vul(z, s)ds. (6)

For the problem (5), the initial condition is
u(z,0) =ug(z), u(x,0)=nug(x), Ve, (7)

It is evident, by virtue of (6), that two different initial

histories u$(z,s) and u§(z,s) yield the same solution if
VT € [0, 00)

/OOO G(r + S)VU?_(S)CZS = /OOO G(r + S)Vug(s)ds, (8)

because they provide the same quantity F(x,1t).



Therefore, we arrive at the notion of equivalence be-
tween initial histories, which can be characterized by the
condition (8).

Consequently, it clearly appears that these different his-
tories must be considered as a unique state for the vis-
coelastic material.

T he concept of equivalence among states was introduced
by Noll in his axiomatic formulation of continuum me-
chanics W.Noll, Arch. Rational Mech. Anal. (1972), on
the ground of considerations related to the definition of
material, considered as a dynamic system.

In Noll's theory, in particular, denoting by P : [0,dp) —
Sym a process of duration dp, defined by P(7) = Vup(7)



Vr € [0,dp), two states o1 and oo are equivalent if for
any process P the response of the material, represented
by the stress tensor T, is such that

T(o1 % P) = T(oo * P), (9)
where (o * P) denotes the continuation of the state o
with the process P.

This requires, in the linear case, that two histories are
equivalent if the conditions (8) hold, i.e.

& O O oo, O
/O G(r + s)Vud(s)ds =/O G(r + s)vud(s)ds,
for every 7 € [0, 00).
T herefore, following Noll's view point, one attains the

same conclusions obtained by studying the differential
problem directly.



From these observations it appears natural to introduce
a new notion of state, called minimal state, defined by
o(t) =IL = (Vu(t),I!), where I' denotes the equivalence
class of the strain histories Vu!(s) defined by

It (1) =/OOO(';(T+5)Vut(s)ds, € [0, 00) (10)
while
IL(r) = /OOOG(TJFS)Vui(s)dS (11)
— G(r)Vu(t) +/O°O G(r 4 ) Vul(s)ds.

where Vul(s) = Vu(t) — Vu’(s) is the relative strain his-
tory. Of course
T(t) =1.(0)

Then, IL(7) is the stress response to a constant process



The reason why we use the name minimal state is con-
nected with the minimal information required to identify
the state.

Consider the kernel G(s) = Ae~ 95, a history Vu!(s) and
the function

I'(7)

/OOO Ae_o‘(T_I_S)Vut(s)ds

>0 t
= Ae_O‘T/O e~ *’Vu'(s)ds
= e T (T(Vu)) — GogVu(®))
Therefore, the state o(t) is given by

o(t) = (Vu(t), T(?))



o n
For a kernel G(s) = > A;e” % the state is

1 =1

o(t) = (Vu(t), T(t), TO @), ..., T (1))

The introduction of this notion of equivalence can have
meaningful improvements in the study of stability prob-
lems. In fact, the new notion of state influences the norm
of the state space and then the conditions for the stabil-
ity are remarkably affected by the the topology chosen
in that space.

Therefore, we shall refer to this formulation and we shall
try to express both the normed spaces and the free en-
ergies as functions of the minimal state.



Semi-group theory

The differential system (1) can be rewritten in the form

d
gu(-,t) = v(-,t)

%V(-,t) - V. GOOVu(-,t)+/OOOG(-,S)VH£(',S)CZS
Louil,s) = —Lvul(,s) = Vv(, ) (12)

ds
This system is supplemented by Dirichlet boundary con-
ditions

ulpo =10 (13)

The problem (12-13) can be studied using semi-group
theory, where the state is given by the triple

x = (u,v,Vul) € G = H}(Q) x L?2(Q2)xDg.



The space Dy is the domain of definition of Graffi-
Volterra free energy g, D.Graffi, Rend. Sem. Mat.
Univ. Padova (1968)

be(Vul) = %GooVu(t)-Vu(t) (14)
1 [ . l [
+2 /O G(s)Vul(s) - Vul.(s)ds.
given by
Do = {ut(s) - Hé(Q), s c RT

/OOO G(s)Vul(s) - Vul (s)ds < oo}

The functional (14) is a free energy under the following
restrictions on the kernel G



o for all (z,s) € Q2 xRT

G(z,8) <0, G(z,s)>0, (15)

e there exists a € RT1 such that

G(z,s) + aG(x,s) >0, forall (z,s) € Q xRT (16)

Theorem. (M.F. & B. Lazzari, Arch. Rational Mech.
Anal. (1992). Under the hypotheses (15), (16), for

any initial condition xg € G , there exists a solution x =
(u,v,I!) such that

I v(®) |2 +a(Vah) < Me M| v(0) |2 +1a(Vu®)]
(17)
where M and p are suitable constants.



It is easy to prove that the norm related to the Graffi-
Volterra free energy (14) introduces a non-natural sepa-
ration between histories. In fact, two equivalent histories
have a not zero distance, in contrast with the impossibil-

ity of distinguishing the future effects of the two initial
histories.

When we use the function IL(-,7), the system (12) can
be reduced to the following problem

d
%u('at) V('7t)

Ev(.t) = V- [Gu(IVu(, 0] - V-I.(,0) (18)

—It( ) = —It( ) — G(r)Vv(-,t)



with the boundary condition (13), while the initial con-
ditions are given by

u(z,0)
Iizo(x, T)

ug(z) , v(z,0) = vo(z) , (19)
19(z,7), 7 e RT. (20)

For this problem, the state is given by the triple x
(u,v,It), which is an element of the Hilbert space F :
H3(2) x L?2(Q)xDy.

The problem now is to find the domain Dy on which is
defined the function IL. Let me remember that in the
previous system the domain of definition of the relative
history is given by the domain of the Graffi free energy.



Also in this problem the domain Dy will be related with
the free energy connected with the function IL. There-
fore, it is crucial to find a new free energy.

In order to obtain such a free energy, let me remember
its definition. The free energy is a function that must
satisfy the inequality

(o) < T(o)E (21)
In the papers M.F.,Wave and Stability (2004), L.Deseri,

M.F., M.Golden, Arch. Rational Mech. Anal. (2006)
we have proved that

1
V(o) =3 /Q Goo(z)Vu(z, t) - Vu(z, t)de

1 roo ‘1 ; ; (22)
- 5/0 /Q G (z, ") (x,7) - I (%, 7)dzdT



is a free energy. In the following the domain of the free
energy ¥7(IL) will be denoted by D;. Then, the Hilbert
space F := H3(2) x L?( Q)xDy is well defined.

Theorem. Under the hypotheses (15), (16), for any

initial condition xg € F , there exists a solution x =
(u,v,Il) such that

V()2 + W) < Me #([[v(0)|| 2 + W (7)) (23)
where M and p are suitable constants.

Proof. Consider the functional total energy (¢ defined by

CV 1) = V2 (e, t) + Wy () (24)



which satisfies the equality

((x,t) —v(z,t) -v(z,t) — T(x,t) - Vv(z,t)
= G @O (5,0) I (z,0)

1 roo 1 . 1 4 ¢
- 5| G EnG @ NG @ (2, 7) - T (e, mdr,

By means of hypotheses (15), (16) and relation (19) we
obtain

/Q é(x’t)dx = %/Q /OOO G_l(m’T)If“T(va)‘If“T(maT)dex
< 0 (25)

Thus, if we introduce the total energy

£(t) = /Q (z,t)da (26)



then
0 <&() <&(0). (27)

Moreover integrating (25) on (0,00) , we have

Jﬂ/m/m/ Gz, NI (z,7) It (z, 7)dadrdt < £(0).
2 0 0 O ) rT ’ rT ) —

(28)
By Theorem 9.1 of L.Deseri, M.F., M.Golden, Arch. Ra-
tional Mech. Anal. (2006), we have that the solution u

3
is an element of H2(RT; L?2(2)) N L?(RT; HA(R)) and

/Oooci’(t)dt = /OOO /Q {%V2($,t> 4+ W[(ib,lt)} Jdt
— %/OOO /Q {(VQ(ZB,t) + Goo(2)Vu(z,t) - Vu(z,t))

oo, 1
_A G_ (CC,T)IZ,ET(QZ',T) . If,T(CL‘, T)dT} dxdt < Q. (29)



Now, we write the system (18) in the form

x(t) = Ax(t) (30)

where A denotes the operator represented by the right-
hand side of (18), which is defined on the domain

F(A) = {X = (u,v,IL) € HI(R) x L2(Q) x LA(R)

_/OOO /Q G (e, P2, 7) - T(z, 7)dzdr < OO}.

Lemma. Under the hypotheses (15) and (16), the op-
erator A : D;j(A) — F is a maximal dissipative operator
on F , i.e.

a. (Ax,x) <0, for any x € D;(A);



b. the range of A — 1 is F, where I is the identity
operator.

Proof. We have, from (22), (24), (26) and (30),

£ =5 (Dx®),  LED = (Ax®,x®). (31)
Integrating (31) over 2, we obtain
(XD x () = [ G O (2,0) - I, (2, 0)dz

1 o0 =1 os 1 ¢ ¢
S| LG @G @G @ D (2, 7) - (2, T)dr
< 0.

Moreover, under the hypotheses (16), we have from (25)



that
(Ax(t), x(t))

VAN

a1 oo .o
3/0 /QG L, DI (x, 7) - T (x, 7)dadr
< 0 (32)

for any solution .

The proof of point b. is analogous to the case considered
by C.M. Dafermos, Arch. Rational Mech. Anal. (1970).

Hence, by means of the Lumer-Phillips Theorem (see:
A. Pazy, Lect. Notes in Math., 10. Univ. Maryland.
1974.) the operator A generates a strongly continuous
semigroup of linear contraction operators S(t) on F, soO
that the solutions of the system (18), (19) have the form

x(t) = S(t)xo-



Moreover, from (29) we obtain that the total energy

1
£(t) = = (S()xo, S()xo)
satisfies the restriction
@)
|~ (8(x0. S(Dxo) dt < o0 (33)
for any xg € . Then D(A) is dense in F.

Now we recall the following Lemma proved by R. Datko,
J. Math. Anal. Appl (1970).

Lemma. Given a strongly continuous semigroup of lin-
ear operators S(t) on a Hilbert space F, then for anyxg €
F, there exist two constants C,~ such that

(S(t)x0, S(E)x0) < Ce " (x0, x0) (34)



if and only if the integral

| (5o, S(t)xo) dt

s convergent for any xo € F.

Indeed, for any initial condition xg such that

- (X0, X0) = £(0) < ox

we have from (33) that

|7 (8®x0, S(x0) dt <

and the inequality (34) follows.



What of two theorems is more convenient or
suitable?

REMARK. The domain of definition of the initial states
Dy is larger compared to the domain Dg.

In order to obtain such a proposition, it is crucial to prove
that

V(o) <WVg(o), o€ Dg (35)
Proof.

oW (I = GooVu(t)-Vu(t) — /O > [(';—1(5)

./Oooé(s +7)Vub(r) dry - /Oooé(s + 75) Vil () d72] ds



< GooVu(t)-Vu(t) + /OOO G (o) ‘/OOO Gi(s + 7)EL(r) dr ° ds
< GooVu(t)-Vu(t)

+/OOO ‘G_l(s)‘ '/OOOG(S + 7)) dr

/OOOG(S + 7)Vul(r)-Vul(r) dr ds
— GooVu(t)-Vu(t) — /O TGPVl (r) Vb (7) dr = 2W o(Vub).

Of course from this inequality it follows
DG C DI

From this proposition, you can see as the Theorem 2
may be applied to a larger set of the initial states.

In order to understangj that Dy is bigger than Dg let me
consider as a kernel G(s) = Gpe™ 4.



The stress T at the fixed time tg, is given
oo .
T(Vulo) = GoVu(tg)+ /O G(s)Vu(ty — s) ds
- ©e)
= GoVu(ty) — alyq / e~ Vu(ty — ) ds

0
This integral converges if

Vu(tg — s) = Vug(tg — s)e~*to—s)
Vug(tg — s)e~ “oe?s: Vug(r) € L (g, 00)

Vu'o(s)

So that

T(Vulo) = GoVu(ty) — alge— 0 /O " Vug(to — s) ds



Moreover, if we consider the Graffi free energy, we have
Vg = GoVu(tg)-Vu(tp)
O Ol
4 /O aGoe~®Vu(ty — s)-Vu(ty — s) dr
This integral converges if

Vug(tg — S)e_%(to_s)
Vug(to — s)e 2'0e3*: Vug(r) € L%(tg, 00)

Vu(tg — s)

So that

Vg = GoVu(lp)-Vulio)
—I—aGOe_O‘tO /OOOVU.O(tO — 8)-Vug(tg — s) ds

then Dg C Dr.



Instead, the W; free energy
1 o0 .
W(I'0) = SGoVulto)-Vu(to) +T(I0) - Vu(to) — [~ G~1(s)
X .. (O, G
: /O G(s+ m)Vu(tg—71) drq - /O G(s+ ™)Vu(tg—7o) drp ds

- %Govu(to)VU(to)-l-T(Ito) - Vu(io)

+a2Gge ([ wu (tg — s) d °
0 0 o\t0 §)as

converges if

Vu(tg — ) Vug(tg — s)e (to—s)

Vug(ty — s)e~*og?s: Vug(r) € L1 (tg, 00)

Then in such a case we have

DGCszDT.



Conclusions

There are three reasons for which it is more convenient
to use the W free energy.

The former is that the state IL = (Vu(t),I!) is the mini-
mal state.

The second reason is that the topology connected with
W~ considers two equivalent histories as separate states.

The last reason is that the domain D; of the W; free
energy is larger than the domain of W4, This result
provides a stability theorem in a wider domain of pertur-
pbations.



