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Null controllability

We consider the following linear parabolic problem

(S)


∂ty −∇ · γ∇y = 1ω v in Q = (0, T )× Ω
y = 0 on Σ = (0, T )× ∂Ω
y(0) = y0 in Ω

where T > 0, Ω regular open subset of Rn, ω b Ω, y0 ∈ L2(Ω).

Can we choose v ∈ L2(Q) s.t. y(T ) = 0 ?
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Observability and control

The dual problem is given by

(S∗)


−∂tq −∇ · γ∇q = 0 in Q
q = 0 on Σ
q(T ) = qT in Ω

We say that (S∗) is observable at time T in ω if

‖q(0)‖2L2(Ω) ≤ Cobs

∫∫
(0,T )×ω

|q(t, x)|2 dt dx.

Theorem
(S∗) observable in ω at time T ⇔ (S) null-controllable

and there exists a control v ∈ L2(Q) s.t. ‖v‖L2(Q) ≤
√
Cobs ‖y0‖L2(Ω)
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Controllability: the method of Lebeau and Robbiano
∂ty −∇ · (γ∇y) = χωv in Q,
y = 0 on Σ,
y(0) = y0 in Ω,

Let µ1 ≤ µ2 ≤ · · · ≤ µk . . . be the eigenvalues of −∇ · (γ∇) and
(φk)k∈N be orthonormal eigenfunctions in L2(Ω) + Dirichlet.

Theorem (Lebeau-Robbiano, 95; Jerison-Lebeau, 96;
Lebeau-Zuazua, 98)
There exists C > 0 s.t. forall µ > 0∑

µi≤µ

|αi|2 ≤ CeC
√
µ

∫
ω

∣∣∣ ∑
µi≤µ

αiφi(x)
∣∣∣2 dx, (αi)i ⊂ C

This allows to ‘explicitely’ construct a control by using the parabolic
dissipation ⇒ observability but no time-dependent potential functions

Proof by local Carleman estimate for the augmented elliptic operator
L = −∂2

t −∇ · γ∇ on (0, T∗)× Ω for some T∗ > 0
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Controllability: the method of Lebeau and Robbiano

Let Ej = span{φk; µk ≤ 22j}

Partial control in Ej on (a, a+ T ), T > 0:
∂ty −∆y = ΠEj

(1ωv) in (a, a+ T )× Ω,
y = 0 on (a, a+ T )× ∂Ω,
y(a) = y0 ∈ Ej in Ω,

There exists v = Vj(y0, a, T ), s.t. y(a+ T ) = 0, that satisfies

‖Vj(y0, a, T )‖L2((a,a+T )×Ω) ≤ CT − 1
2 eC2j

‖y0‖L2(Ω)
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Controllability: the method of Lebeau and Robbiano

We write [0, T ] =
⋃
j∈N[aj , aj+1]

I a0 = 0, aj+1 = aj + 2Tj , for j ∈ N
I Tj = K2−jρ with ρ ∈ (0, 1)
I K is such that 2

∑∞
j=0 Tj = T

Control strategy:

≤ e−22jTj‖y(aj + Tj, .)‖L2

aj+1aj

null
control
in Ej

diffusion:

aj + Tj

‖y(aj+1, .)‖L2

The subsequent control is s.t. ‖v‖L2((0,T )×Ω) ≤ C‖y0‖L2(Ω)

6/ 20



Alternative proof of the L-R inequality

Let Q∗ = (0, T∗)× Ω. Choosing a weight function ψ in C 2(Q∗,R)

|∇ψ| ≥ c and ψ > 0 in Q∗, ∂nx
ψ(t, x) < 0 in (0, T∗)× ∂Ω,

∂tψ ≥ c on {0} × (Ω \ ω), ∇xψ = 0 and ∂tψ ≤ −c on {T∗} × Ω,

0

ω

x

T∗

Ω

ψ
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Alternative proof of the L-R inequality

We set ϕ = eλψ. P = −∂2
t −∇ · γ∇

Theorem (Global Carleman estimate)
For λ ≥ 1 sufficiently large, there exist C > 0 and s0 ≥ 1 such that

s3‖esϕu‖2L2(Q∗)
+ s‖esϕ∇u‖2L2(Q∗)

+ s
∣∣∣esϕ(0,.)∂tu(0, .)

∣∣∣2
L2(Ω)

+ se2sϕ(T∗)|∂tu(T∗, .)|2L2(Ω) + s3e2sϕ(T∗)|u(T∗, .)|2L2(Ω)

≤ C
(
‖esϕPu‖2L2(Q∗)

+ se2sϕ(T∗)|∇xu(T∗, .)|2L2(Ω)

+ s
∣∣∣esϕ(0,.)∂tu(0, .)

∣∣∣2
L2(ω)

)
,

for s ≥ s0, and for all u ∈ H2(Q∗),
satisfying u|{0}×Ω = 0, u|(0,T∗)×∂Ω = 0.
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Alternative proof of the L-R inequality

Choose u(t, x) =
∑
µj≤µ αj

sinh(
√
µjt)√

µj
φj(x)

Pu = 0

e2sϕ(T∗)
︷ ︸︸ ︷
s3|u(T∗, .)|2L2(Ω)︸ ︷︷ ︸ ≤ Ce2sϕ(T∗)

︷ ︸︸ ︷
s|∇xu(T∗, .)|2L2(Ω) +Cs

∣∣∣esϕ(0,.)∂tu(0, .)
∣∣∣2
L2(ω)︸ ︷︷ ︸

?∑
µj≤µ

|αj |2

?

if s2 ≥ Cµ
absorbed

?

e2s supϕ(0,.)︸ ︷︷ ︸ ∣∣∣ ∑
µj≤µ

αjφj

∣∣∣2
L2(ω)

?

eC
√
µ
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The semi-discrete problem

In one space dimension: Ω = (0, 1)

xN

10

x0 x1 x2 xN+1

u =
N∑
i=1

1[x
i− 1

2
,x

i+ 1
2
]ui, v =

N∑
i=0

1[xi,xi+1]vi+ 1
2
.

(Du)i+ 1
2

=
1
h

(ui+1 − ui), (Dv)i =
1
h

(vi+ 1
2
− vi− 1

2
)
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The semi-discrete problem

We consider the following linear parabolic problem

(S)


∂ty −D(γDy) = 1ω v in Q = (0, T )× Ω
y0 = yN+1 = 0
y(0) = y0 in Ω

Can we choose v ∈ L2(Q) s.t. y(T ) = 0 ?
With ‖v‖L2(Q) ≤ C‖y0‖L2(Ω) uniformly in h ?

Existing results:

I Lopez-Zuazua, 98. Dimension 1, constant coefficient, uniform
mesh size h.
Explicit form of the eigenvectors. Sum of exponentials

I Zuazua, ICM 06. Dimension 2, counter-example to approximate
controllability
Localized eigenmodes at the end of the discrete spectrum

I Labbé-Trélat, 06. Abstract result for approximate h-controllability.
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A semi-discrete elliptic Carleman estimate

We set ϕ = eλψ. P = −
(
ξ1∂

2
t +D(ξ2dD)

)
0 < ξmin ≤ ξ1, ξ2 ≤ ξmax <∞, |Dξ1|, |Dξ2| ≤ L <∞.

Theorem
For the parameter λ ≥ 1 sufficiently large, there exist C, s0 ≥ 1,
h0 > 0, ε0 > 0, all depending on ω, T∗, ξmin, ξmax and L, such that

s3‖esϕu‖2L2(Q∗)
+s‖esϕ∂tu‖2L2(Q∗)

+s‖esϕdDu‖2L2(Q∗)
+s
∣∣∣esϕ(0,.)∂tu(0, .)

∣∣∣2
L2(Ω)

+ se2sϕ(T∗)|∂tu(T∗, .)|2L2(Ω) + s3e2sϕ(T∗)|u(T∗, .)|2L2(Ω)

≤ C
(
‖esϕPu‖2L2(Q∗)

+se2sϕ(T∗)|Du(T∗, .)|2L2(Ω)+s
∣∣∣esϕ(0,.)∂tu(0, .)

∣∣∣2
L2(ω)

)
,

for all s ≥ s0, 0 < h ≤ h0 and sh ≤ ε0, and u satisfying u|{0}×Ω = 0,
u|(0,T∗)×∂Ω = 0.
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The specialist corner

We set ρ = e−sϕ, v = esϕu and esϕPe−sϕv = esϕf .
We obtain Av +Bv = g

Av = ξ1∂
2
t v + ρ−1ρ̃ D(ξ2dDv)︸ ︷︷ ︸

A1v

+ ξ1ρ
−1(∂2

t ρ) v + ξ2ρ
−1(DDρ) ṽ︸ ︷︷ ︸

A2v

,

Bv = 2ξ1ρ−1(∂tρ)∂tv + 2ρ−1Dρξ2Dv︸ ︷︷ ︸
B1v

−2s(∆ξϕ)v︸ ︷︷ ︸
B2v

,

g = ρ−1f − h

4
ρ−1Dρ(Dξ2d)(τ

+Dv − τ−Dv)− h2

4
(Dξ2d)ρ

−1(DDρ)Dv

− hO(1)ρ−1DρDv −
(
ρ−1(Dξ2d)Dρ+ hO(1)ρ−1(DDρ)

)
ṽ − 2s(∆ξϕ)v

with ∆ξf = ξ1∂
2
t f + ξ2∂

2
xf

‖Av‖2L2(Q∗)
+ ‖Bv‖2L2(Q∗)

+ 2Re(Av,Bv)L2(Q∗) = ‖g‖2L2(Q∗)
.
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Reminder: proof of the L-R inequality

Choose u(t, x) =
∑
µj≤µ αj

sinh(
√
µjt)√

µj
φj(x)

Pu = 0

e2sϕ(T∗)
︷ ︸︸ ︷
s3|u(T∗, .)|2L2(Ω)︸ ︷︷ ︸ ≤ Ce2sϕ(T∗)

︷ ︸︸ ︷
s|∇xu(T∗, .)|2L2(Ω) +Cs

∣∣∣esϕ(0,.)∂tu(0, .)
∣∣∣2
L2(ω)︸ ︷︷ ︸

?∑
µj≤µ

|αj |2

?

if s2 ≥ Cµ
absorbed

?

e2s supϕ(0,.)︸ ︷︷ ︸ ∣∣∣ ∑
µj≤µ

αjφj

∣∣∣2
L2(ω)

?

eC
√
µ
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A partial L-R inequality

In the proof we need s2 ≥ Cµ.
Yet we have sh ≤ ε0

The inequality can only be achieved for µ ≤ ε1/h
2 ∼ ε1N

2

Theorem
There exist C > 0, ε1 > 0 and h0 such that, for any mesh with h ≤ h0,
for all 0 < µ ≤ ε1/h

2, we have∑
µk≤µ

|αk|2 =
∫
Ω

∣∣∣∑
µk≤µ

αkφk

∣∣∣2 ≤ CeC
√
µ

∫
ω

∣∣∣∑
µk≤µ

αkφk

∣∣∣2 , ∀(αk)1≤k≤N ⊂ C.

Remark
We have Ck2 ≤ µk ≤ C ′k2, 1 ≤ k ≤ N

We are dealing with a constant portion of the discrete spectrum:

1 ≤ k ≤ ε2N
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Uniform null-controllability of the lower part of the spectrum

We set µmax = ε1/h
2 and jmax = max{j; 22j ≤ µmax}

Ej = Span{φk; 1 ≤ µk ≤ 22j}, j ∈ N,

Lemma
There exists C ≥ 0 such that, for j ≤ jmax and T > 0, the
semi-discrete solution q in C∞([0, T ], Ej) to the adjoint parabolic
system 

−∂tq −D(γDq) = 0 in (0, T )× Ω,
q0 = qN+1 = 0,
q(T ) = qf ∈ Ej ,

satisfies the following observability estimate

‖q(0)‖2L2(Ω) ≤
CeC2j

T

T∫
0

∫
ω

|q(t)|2 dt.
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Uniform controllability of the lower part of the spectrum

Partial control in Ej on (a, a+ T∗), j ≤ jmax and T∗ > 0:
∂ty −D(γDy) = ΠEj

(1ωv) in (a, a+ T∗)× Ω,
y0 = yN+1 = 0,
y(a) = y0 ∈ Ej in Ω,

There exists v = Vj(y0, a, T∗), s.t. y(a+ T∗) = 0, that satisfies

‖Vj(y0, a, T∗)‖L2((a,a+T∗)×Ω) ≤ CT −
1
2

∗ eC2j

‖y0‖L2(Ω)

Control strategy for j ≤ jmax:

≤ e−22jTj‖y(aj + Tj, .)‖L2

aj+1aj

null
control
in Ej

diffusion:

aj + Tj

‖y(aj+1, .)‖L2
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Uniform controllability of the lower part of the spectrum

Analysis of the L-R control strategy yields:

‖v‖L2((0,T )×Ω) ≤ C‖y0‖L2(Ω),

‖y(aj+1)‖L2(Ω) ≤ Ce−C2j(2−ρ)
‖y0‖L2(Ω), 0 ≤ j ≤ jmax.

with ρ ∈ (0, 1).

It follows that at time T we have:

ΠEjmax
y(T ) = 0, and ‖y(T )‖L2(Ω) ≤ Ce−(C/h)(2−ρ)

‖y0‖L2(Ω)
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Observability

The observability estimate we obtain is

‖q(0)‖2L2(Ω) ≤ Cobs

∫∫
(0,T )×ω

|q(t, x)|2 dt dx+ Ce−(C/h)(2−ρ)
‖qT ‖2L2(Ω),

for a solution to the adjoint problem

(S∗)


−∂tq −D(γDq) = 0 in Q
q0 = qN+1 = 0
q(T ) = qT in Ω

→ constructive algorithm.
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Non uniform meshes

We address quasi-uniform meshes

Let 0 = x0 < x1 < · · · < xN < xN+1 = 1: primal mesh

Set hi+ 1
2

= xi+1 − xi and xi+ 1
2

= (xi+1 + xi)/2
M := {xi+ 1

2
; i = 0, . . . , N} dual mesh

h = max0≤i≤N hi+ 1
2

Assumption:

reg(M) = max

(
sup

1≤i≤N

(
h

hi+ 1
2

)
, sup
1≤i≤N

(
|hi+ 1

2
− hi− 1

2
|

hi− 1
2
hi+ 1

2

))
,

remains bounded when the mesh size h tends to 0.

Change of variable in space: the operator D(γD) can be put in the
form 1

ξ1
D(ξ2D) on a uniform mesh

0 < ξmin(reg(M)) ≤ ξ1, ξ2 ≤ ξmax(reg(M)) <∞,

|Dξ1|, |Dξ2| ≤ L(reg(M)) <∞.
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