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Null controllability

We consider the following linear parabolic problem

oy—V-yVy=1,v inQ=(0,T)xQ
(S)Sy=0 on X =(0,T) x 99
y(0) =yo in Q2

where T' > 0,  regular open subset of R", w € €, yo € L*(9).

Can we choose v € L*(Q) s.t. y(T) =0 ?
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Observability and control

The dual problem is given by

—0iq—V-4vVg=0 inQ
(5%)3q=0 ony
q(T) =qr in Q

We say that (5*) is observable at time 7' in w if

12(0) 132062y < Cons ]f gt )2 dt da.

0, T)xw

Theorem
(S*) observable inw at time T < (S) null-controllable

and there exists a control v € L?(Q) s.t. ||v]|2(q) < vV/Cobs llY0ll L2(0)
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Controllability: the method of Lebeau and Robbiano
Oy —=V-(7Vy) =xwv inQ,
y=20 on X,
y(0) = yo in Q,

Let 3 < ps < -+ < py ... be the eigenvalues of -V - (vV) and
(¢r)ren be orthonormal eigenfunctions in L2(£2) + Dirichlet.

Theorem (Lebeau-Robbiano, 95; Jerison-Lebeau, 96;
Lebeau-Zuazua, 98)
There exists C > 0 s.t. forall > 0

ol < Cecﬁf‘ > cii(x)

i <pr w  Hi<p

2
‘ dx, (a;); CC

This allows to ‘explicitely’ construct a control by using the parabolic
dissipation = observability but no time-dependent potential functions

Proof by local Carleman estimate for the augmented elliptic operator
L=-0?-V-4Von(0,7.) x  for some 7, > 0
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Controllability: the method of Lebeau and Robbiano

Let E; = span{oy; pr < 2%}
Partial control in E; on (a,a+7), 7 > 0:

Oy — Ay = g, (1,v) in(a,a+7) x Q,
y=20 on (a,a+7) x 09,
y(a) =yo € E; in €,

There exists v = Vj(yo,a,7), s.t. y(a + 7) = 0, that satisfies

_1 J
”Vj(ymavT)||L2((a,a+7)xg) <CT 2€C2J HZJOHLz(Q)
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Controllability: the method of Lebeau and Robbiano

We write [0, 7] = U, cnlaj, aj+1]
> ap =0, a541 =a; +21;,forj e N
» T; = K2797 with p € (0,1)
» Kissuchthat2} 72 7 =T

Control strategy:

null - diffusion:
control \|y(aj+_1,-)\|L2 ,
in £ < e Dy(a; + T, )|
| | —

The subsequent control is s.t. |[v]| ;2 7)x0) < Cllvoll12(0)
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Alternative proof of the L-R inequality

Let Q. = (0,7.) x Q. Choosing a weight function v in €2(Q., R)

|Vip| > cand ¢ > 0in Q., 0,,1(t,z) <0in (0,7,) x 09,
b > con {0} x (Q\w), Vv =0andd < —con{T.} xQ,
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Alternative proof of the L-R inequality

We set ¢ = e?. P=-0?-V-qV

Theorem (Global Carleman estimate)
For \ > 1 sufficiently large, there exist C > 0 and sy > 1 such that

2
e*?(0)9,u(0, )

o 112 , 2
33||ewUHL2(Q*) + 5[ Vul 2, + 5 L2(9)

+ SeQSW(T*)‘atu( )‘Lz(Q) + sPe2se(T- u(Zs, ')ﬁﬂ(Q)

2
Lz(w)) ’

<C (||e P2, + 50T

2
( *7')|L2(Q)

+ s(e*?()9,u(0, )

for s > sq, and for all v € H*(Q.),
satisfying u|(oyx0 = 0, u|(0,7.)xa0 = 0.
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Alternative proof of the L-R inequality

Choose u(t, ) =3, <, ; gmh(@ﬂ bj()

Pu=20
absorbed
if s2>Cu

/—/%
e25(T) 3 (T, )|L2(Q < Ce2*¢(T) 5|V u(T.,
\—,_./

2
s¢(0,.)
Mz +03 e 00,0,

2ssup<p(0 )‘ Z J¢j

l i <p

L2

eCVE
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The semi-discrete problem

In one space dimension: 2 = (0, 1)

0 1

l | | | [
o Ty T2 N ITN+1

N
1[ri7$i+1]vi+%'
=0

N
u = E 1[mi—%’$i+%]ui7 v =

i=1 i
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The semi-discrete problem

We consider the following linear parabolic problem

Oy — D(yDy) =1,v inQ=(0,T) x N
(S)Jvo=ynt1=0
y(0) =yo inQ

Can we choose v € L?(Q) s.t. y(T) =0 ?
With [|vl 12y < Cllvoll 2y uniformly in 2 ?

Existing results:

» Lopez-Zuazua, 98. Dimension 1, constant coefficient, uniform
mesh size h.
Explicit form of the eigenvectors. Sum of exponentials

» Zuazua, ICM 06. Dimension 2, counter-example to approximate
controllability
Localized eigenmodes at the end of the discrete spectrum

» Labbé-Trélat, 06. Abstract result for approximate h-controllability.
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A semi-discrete elliptic Carleman estimate

We set p = Y. P = —(&0} + D(&4D))

0<£min§£11£2§£max<ooa |D£1|7|E§2|§L<OO

Theorem
For the parameter A > 1 sufficiently large, there exist C, sqg > 1,
ho >0, g9 > 0, all depending on w, T, {min, Emax @nd L, such that

2
es¢(0")8tu(0, )

s 2 2 2
s°[le ull 2.y Tslle*Ouull2q, ) +slle®* Dul| 72 g, ) +s 2@

+ 5e25°(T) | 9,u(Ts, ~)\iz ) T5°€ u(Z, ')@2(9)

(T )32y +5]e™ O Dpu0, )

(||e “’Pu||L2 Q. tse”’

2
LQ(w)) ’

forall s > s9, 0 < h < hg and sh < ¢, and u satisfying u|;o} xo = 0,
ul(0,7.yx00 = 0.
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The specialist corner

We set p = e %%, v = e*Pu and e’? Pe™ 5Py = e5¢ f.
We obtain Av+ Bv =g

Av = &07v+ p ' 5 D(&a4Dv) + E1p” (07 p) v+ &op™ (D Dp) 7,

Aiv Aszv
Bv =2&p" 1 (0,p)0v +2p ' Dp&a Dv —25(Agp)v,
Biv Bswv

hoe h? o
g=p""f = 3p" ' Dp(Désg)(r" Dv = 7~ Dv) = —=(D&2q)p~ ' (DDp) Dy
— hO(1)p~"DpDv — (p~ ' (Dé24)Dp + hO(1)p~ (DDp)) T — 25(Acp)v

with Ag f = & 02 f + &02 f

[|Av

2 2
L2(Q*) + HBUHLZ(Q*) + 2Re(A/U,BU)L2(Q*> = Hg

2
L2(Q+)
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Reminder: proof of the L-R inequality

Choose u(t, ) =3, <, ; gmh(@ﬂ bj()

Pu=20
absorbed
if s2>Cu

/—/%
e25(T) 3 (T, )|L2(Q < Ce2*¢(T) 5|V u(T.,
\—,_./

2
s¢(0,.)
Mz +03 e 00,0,

2ssup<p(0 )‘ Z J¢j

l i <p

L2

eCVE
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A partial L-R inequality

In the proof we need s > Cp.
Yet we have sh < gq

The inequality can only be achieved for ;1 < &1 /h? ~ ;N

Theorem
There exist C > 0, e; > 0 and hq such that, for any mesh with h < hy,
for all 0 < p < e1/h?, we have

D ol = f ‘Z Oékcbk < Cecff ‘Z ak¢k

Kk </t PeS<p

R V(ak)lngN cC.

Remark
We have Ck? < pu, < C'k%, 1<k<N

We are dealing with a constant portion of the discrete spectrum:

1§]€§52N
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Uniform null-controllability of the lower part of the spectrum

We set imax = €1/h% and jmax = max{j; 2% < pimax}
E; = Span{ey; 1 < pp <2%}, j€EN,

Lemma

There exists C > 0 such that, for j < jnmax andT > 0, the
semi-discrete solution q in € ([0, T, E;) to the adjoint parabolic
system

—0yq — D(vDq) =0 in(0,7) x Q,
do =qn+1 =0,
q(T) = qf € Ej7

satisfies the following observability estimate

T

CeC2J
la(0) 0y < =5 [ [ laco) at.
0w
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Uniform controllability of the lower part of the spectrum

Partial control in E; on (a,a + 7..), j < jmax @and 7, > 0:

oy — D(vDy) =g, (1,v) in (a,a+7,) x Q,

Yo =yn+1 =0,
y(a) =yo € E;
There exists v = V;(yo, a, 7), s.t. y(a + 7,.) = 0, that satisfies

in €,

_1 j
||Vj(3/0»aaIr)HL’z((a,aJrT*)xQ) < OT 7 e HyO||L2(Q)

Control strategy for j < jnax:

-

null - diffusion:
control \|y(aj+_1,-)\|L2
in £ < e ly(a; + T, )| 12
| | |
aj +Tj @j+1
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Uniform controllability of the lower part of the spectrum

Analysis of the L-R control strategy yields:

||U||L2((0,T)XQ) < C||y0||L2(Q)a

_9i(2=p)
o p||y0||L2(Q),

ly(aj+1)llz2(@) < Ce
with p € (0,1).
It follows that at time 7" we have:

g, y(T) =0, and [y(T)|L2@q) < Ce”

0§j§jmax~

(C/h) (2 P)

||y0||L2(Q)
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Observability

The observability estimate we obtain is
_ (2—p)
la(O)IZ2 ) < Cobs jf lg(t, 2)[2 dt dz + Ce=CM g2,
(0, T)xw

for a solution to the adjoint problem

0~ D(rDy) =0 inQ
(S*) S 9 =qn41 =0
q(T) = qr in Q

— constructive algorithm.
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Non uniform meshes

We address quasi-uniform meshes

Let0=op <21 <+ <zy <zyy1 =1: primal mesh
iet hi-&-% =x;11 — z; and Tipl = (xi-&-l +.%‘l)/2
M:={x;y1;1=0,...,N} dual mesh

h = maxo<j<ny h; 1
- = 2

Assumption:

h i1 — h-_;
reg(M) = max ( sup <> , sup <M>> ,
1<ish \ iyt ) a<isv 0 hiothigr

remains bounded when the mesh size h tends to 0.

Change of variable in space: the operator D(yD) can be put in the
form éD(&D) on a uniform mesh

0< fmin(reg(im)) S 517 52 < fmax(reg(gﬁ)) < 00,
|D&1, |Dés| < L(reg(9M)) < oo.
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