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The identification problem
Determine two functions u: [0,T] x Q@ — R and k : [0,T] — R solutions to

Alu+kxu) = f,in (0,T) x €,

D?u + b(z)D,,u = g, on (0,T) x 09,
(P) 2 u(0,-) = up,on 01,

Du(0, ) = uy, on 0L,

Olu(t,-)] = 1(¢), t € [0,T],

where 2 is an open bounded domain in R" with a boundary 052 of class C?, A is a
linear uniformly elliptic operator of second order.

Moreover v4 denotes the conormal unit vector related to A and b € C?(Q), b(z) > 0
for all z € Q and D,,b > 0 on 9.

Additional information: ® € HY?*¢(90)*, ¢ € (0,1/2), e.g.,

| = [ oo(@)z(@)de+ [ (e, y)le —y|""[2(2) = 2(y)] dady,

¢ and ¢; being two given functions in L?(Q) and L?(Q x ), respectively.

A. Lorenzi, F. M.: A new identification problem with evolution on the
boundary, to appear in Advances in Differential Equations.




Assumptions on the operator A
Let A: H*(Q) — L*(Q) be a linear (uniformly) elliptic operator of the following
form:

A=) Dmi[ai,j(x)Darj] + > aj(x)Darj + ao(x),
ij=1 =1

where a;; € C*(Q), a; € C*(Q) i,j=1,...,n, a0 € C(Q) and

12 n _
CL()(LU) o 5 Z ijaj(x) S 07 T E Q7 Z az,](x)gzgj Z ’{|£|27 (3375) € QX Rn?
j=1 ij=1
for some positive constant x. According to Theorem 9.11 in

D.Gilbarg,N.S. Trudinger: Elliptic partial differential equations of
second order, Classics in Mathematics, Springer-Verlag, Berlin, 2001, ziv+517,

from our assumptions on the coefficients a;; and ay we can conclude that,
for any pair (f,w) € L?(Q) x H??(08), the Dirichlet problem

Av=f, in€Q, v=w ond, (1)

admits a unique solution v € H?(Q) satisfying the estimate

0]l m20) < CULf I z2(0) + 1wl g3200))-
Moreover, according to the fundamental result in

J. L. Lions, E. Magenes: Problemi ai limiti non omogenei (V), (in Italian)
Ann. Sc. Norm. Sup. Pisa, 16 (1962), 1-44,

the solution to the elliptic boundary value problem (1) admits the
representation

v = Low+ L1,
where
Lo € L(HV2(00Q); HA(Q)), 1/2<s5<2, s+#3/2,
Ly € L(H*(Q); H(Q)), 1/2<s5<2, 5#3/2.

We emphasize that Lyw stands for the solution to problem (1) with f = 0, while
L1 f stands for the solution to problem (1) with w = 0, i.e.

AL()’(U =0 in Q, ALlf = f in Q,
Low = w on 0f, Lif=0 on 0f).




Main result
To be able to state our fundamental result we need some notation.

9llempy = llgllemqogmoy, 820, [em = lllllenqog, — t€(0,T]
For Y € {09Q,Q} we set

ol 5y = [Juoll me vy, 5 >0,

To define in a precise way the admissible space for our data we need to introduce
the following non-standard vector space, where a € (0,1), 5 € (0,4+00), s € N:

Cal[0, T HA(Y)) = {v € C*([0, T]; H(Y)) -

|Didasy = sup | Dju(t) — Div(0)]loy < +oo}.
t€(0,77]

When endowed with the norm

[vlles o.rymovy) = vllrssy +1D{a sy

C3([0,T); H?(Y)) turns out to be a Banach space.
We can now introduce the space of admissible data:

D(e,a, Ry) := {d = (ug, w1, f,g,1) : ug € H**(09Q), uy; € H(09Q),
f € G0, T} HH (), g € Ca((0, T); H'**(09)), 1 € C3([0,T),
Idllse < Ro, |®[L1(bf(0,-))]| = m1 >0,
|P[Louo + L1 f(0,-)]| = ma > 0},
where € € [0,1/2) and
Idllee = lluollzieon + lluallieon + ([ fllezom:m=@) + 19lle.omy;mizreo0)
ez o).

Theorem 2.1. Let d = (ug,uy, f,g9,1) € D(e,a, Ry). Then problem P)admits
a unique solution (u,k) € C([0,T]; H/**5(Q)) x C'([0,T]), such that D, u &
C([0,T]; H(092)) continuously depending on the data d with respect to the natu-
ral metrics of the spaces pointed out.




An equivalent differential problem
Assume that & € LP((0,7)). Then there exists a unique solution h € LP((0,7))
solving the convolution equation

h+k+h+xk=0 in (0,7).
Introduce the new unknown
v=u+k*xu << u=v+hxo.

Determine two functions v : [0,T] x Q — R and h : [0,T] — R solutions to
Av=f in (0,T) x Q,
D?v + Dih x Dyv + h(0) Dy + ugDih + bD,,,v +bh * D, ,v = g

n (0,7) x 09,
(P')
v(0,-) =wuy on (0,7) x 99,
Dw(0,-) =u; — h(0)ug on (0,7) x 012,

Qlu(t, )] + hxPlu(t, )] =1(t) tel0,T].
Indeed, v(0) = u(0) = uy on 02 and

u=v-+hx*xv,

Dy = Dy + h* Dy + hw(0), D*u = D*v + D;h x Dy + h(0)Dyw + D;hv(0).

We prove that problems (P) in (u, k) and (P’) in (v, h) are equivalent.




First equivalent boundary integrodifferential problem
v= Low+ L1 f

Introduce the new unknown
w=wv on .

Determine two functions w : [0,T] x 02 — R and h : [0,T] — R solutions to

D?w — Bw = [g — bD,,, L1 f] + [=h(0)Dyw — bh x D,,, L1 f — D;h x Dyw
+h x Bw] — ugDih =: Fy + Fy(w, Dyw, Bw, h, Dih) — ugDih on 052,
(P") w(0,-) = ug, on 08,

Dyw(0,-) = uy — h(0)ug, on OS2,

O[Low(t, ) + Lif(t, )] + h*x @[Low(t, ) + L1 f(t,-)] = 1(t) t€][0,T].
We denote
B :=-bD,, Ly.

We prove that problems (P’) in (v, h) and (P”) in (w, h) are equivalent.




Second equivalent boundary integrodifferential problem
Then, by differentiation, we obtain the following new problem:
Determine two functions w : [0,T] x 92 — R and h : [0,T] — R solutions to

D?w — Bw = [g — bD,,, L1 f] + [=h(0)Dyw — bh x D,,, L1 f — D;h x Dyw
+h * Bw|] — ugDih =: Fy + Fy(w, Dyw, Bw, h, Dih) — uyD:h on 0f),
w(0,-) = ug, on IS,

(P") Dyww(0, ) = uy — houg, on 08,

®[LoD2w(t, )] + ho®[LoDyw(t, )] + Deh * ®[LoDyw(t, )] + ®[LyD2f(t, )]
Do % S[LiDof (£, )] + ho®[L1 Dof (¢, )] + Deh(£){®[Louo] + ®[L1 (0, )]}
=1"(t), tel0,T].

We denote
h(0) = {®[Loug + L1 f(0, )]} H{I'(0) — ®[Lous + L D, f(0,-)]} =: hg.

We prove that problems (P”) and (P") are equivalent.




Then we observe that the first equation in (P"') is equivalent to the following system
for (w, Dyw)

D w _ 3 w n 0
"\ Daw |~ 77\ Duw Fy 4+ Fy(w, Dyw, Bw, h, D;h) — uoDyih
where

D(Bs) = H*Y2(0Q) x H?(99Q), Bsz = ( (1)9 (1) ) , B3>0.

We note that Bs € L(H1/2(00Q) x HP(99Q); H?(09) x H~1/2(98)), for all 3 > 0.
Indeed, B € L(HPH/2(0Q); H5~12(0R)), B > 0, cf.

T. Hintermann: FEvolution equations with dynamic boundary conditions,
Proc. Roy. Soc. Edinburgh Sect. A 113 (1989), no. 1-2, 43-60.

Therefore B generates a continuous semigroup

_ [ Sult) Sw(l)
5t) = ( Sa1(t) Saa(l) )

of linear bounded operators from H+1/2(9Q) x H?(9Q) into itself, for all 3 > 0.




For 3 >0

So1(t)x = Sio(t)Bx, x € H™(0Q),
Saa(t)y = Su(t)y, ye H6+1/2(3Q)7
Syo(t)Bx = BSy (), x € H(09Q),

Sgl(t)y = BSlg(t)y, Y < H6+1/2(aﬂ).

BSy(t)z = S11(t)Bx = € H ™1 (09Q),

BSlg(t)y = Slg(t)By, S Hﬁ—H/Q(aQ).

Dt[Sll(t)I] = Su(t)BI, Dt[Sgl(t)I] = BSll(t).I', xr e Hﬁﬂ(@(l),

Dy[Sia(t)y] = Su(t)y, ye HM/2(09),

Dt[Sgg(t)y] = BSlg(t)y, S Hﬂ+1/2(aﬂ).

1S ()2l gori2on) < Me“ ||| govirpa), =€ HPTV2(0Q),
1S12(t)yl gorrrz00) < Me“ [yl msony, v € H’(0),
1521 ()| ooy < Me“ ||z oz, = € HPTV2(0Q),

||522(t)ZJHHﬁ(aQ) < MethyHHﬁ(aﬂ)a Yy e Hﬁ(ag)_
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According well-known results in Semigroup Theory, the first two equations in prob-
lem (P") are equivalent to the following fixed-point equation:

w(t) = g+ {[S1(t) = Ty + S1a(t) (1 — hoie) + [ Sralt — 5)Fi(s) ds)
+ /Ot Slg(t — S)FQ(’(U, Dyw, Bw, h, Dth) dS — / Dt Slg(t — S)UO ds

=:ug +wi(t) + Nl(w, Dyw, Bw, h, D:h)(t) / Dih(s)S12(t — s)ugds
=: ug + w(t) + Ny(w, Dyw, Bw, h, D;h)(t).

Differentiating the previous equation and using the relations on S;;(¢) and their
derivatives we get

Dyw(t) = {Sia(t) Bug + S () (s — howo) + [ St — 5)Fi(s) ds}
+ /Ot Si(t — s)Fy(w, Dyw, Bw, h, Dih)(s) ds — / Dih(s)S11(t — s)ugds
=y — oty + { S1a(t) Buo + [Su () = I](wn — houo) + / Su(t — 5)Fi(s) ds}
+ [ St — 8)Fa(w, Daw, Bw, h, Dyh)(s ds—/ Dih()Su(t — s)ug ds

=:uy — houg + wo(t) + Ng(w, Dyw, Bw, h, D;h) / Dih(s)S11(t — s)ugds
=:uy — houo + wa(t) + No(w, Dyw, Bw, h, Dth)( ).
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We need now to compute D?w. It seems more convenient to differentiate from
equation for D,w with respect to t. We get

wa(t) = Bug + Fl(O) — ho(u1 — h()U()) {[SH( ) ]BUO + Slg( )[Bu1 — hoBUO]
+/ 511 DtFl(t—S)dS-i-[Sn( ) ]Fl(O)
t
— hO/O Sll(S)bDVALlf(t - S) ds — ho[Sll(t) — I] (u1 - h()uO)}
+{ [ Sult = $)Fs(w, Daw, Dw, Buw, h, Dih)(s) ds
—/ Dt 512 t— S)BUO ds} h(t)uo
—: Bug + F1(0) — ho(u; — houg) + ws(t) + N3(w, Dyw, D*w, Bw, D;h)(t)
- Dth(t)U(),
where
Fs(w, Dyw, DXw, Bw, h, D;h)(t) =: DiFy(w, Dyw, Bw, h, Dih)(t) + hobD,,, L1 f (t)
= —hoD*w(t) — bD;h * D, L1 f(t) — D;h % D?w(t)

—Dth(t) (Ul — hoUo) + Dth * Bw(t) + hon(t)

Then we replace the expression of D?w into the last equation of (P/!) and we obtain
the following fixed-point equation for D;h, t € [0, T]:

Dih(t) = x~{ = ®[LoBug] — ®[LoF1(0)] + ®[Loho(ur — houo)] — (L1 DF (0, -)]

— ho®[Ly Dy f(0, )] +1"(0)} + x{ = ®{LL D7[f(t,-) — f(0,)]}

— ho®{L1[Dy f(t,-) — D f(0, )]} + 1"(t) — 1"(0) — [Lows(t)]}
X {ho®[LoSi1 * Diw(t)] + ®[LoDyh x Sy # bD,,, L1 f(t)] + ®[LoDih * Sy1 * Diw(t)]
B[ LoDyl % Sy (s — hots)] — B[LoDsh # Siy + Bu(t)] — ho®[LoSuy + Buw(t)]]
— Dy @[ LoDyw(t,-)] — Dihox @[L1 Dy f(E, )]} — ho®[LoDyw(t, -)]
= X = ®[LoBuo] — ®[LoF1(0)] + ®[Loho(ur — houo)] — (L1 D f(0, -)]
—ho®[Ly D f(0,-)] +1"(0)} + h(t) + Na(w, Dyw, Diw, Bw, Dih)(t) — ho®[LoDyw(t, )]
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Up to now we have proved that the sixtuple (w, Dyw, D?w, Bw, h, D;h) satisfies the
equivalent new system:

w(t) = ug + wi(t) + Ni(w, Dyw, Bw, h, Dih)(t),
Diyw(t) = uy — houg + wo(t) + No(w, Dyw, Bw, h, D:h)(t),
D?w(t) + Dih(t)ug = Bug + F1(0) — ho(u1 — houg) + ws(t)
+ Ns(w, Dyw, D2;w, Bw, Dyh)(t),
Bw(t) — hoDyw(t) = Bug — ho(u; — houo) + Bwy(t) + ws(t)
+ Ns(Dyw, D¥w, Bw, h, D;h)(t),
h(t) = ho + 1 % D;h(t),
Dyh(t) + ho®[LoDaw(t, )] = x{ — ®[LoBug] — ®[LoFy(0)]
[ Loho(ur — houo)] — ®[Ly D2F(0, )] — ho®[Li Dy f(0, )] + 1"(0)} + h(t)
+N,(w, Dyw, D¥w, Bw, D;h)(t).

Let us now consider the auxiliary system
Dyw(t) = fi(¢),
Diw(t) + Dih(t)ug = folt),
Buw(t) — hoDww(t) = f3(t),
Dih(t) + hox ™' ®[LoDyw(t,-)] = fu(t).
The solution of such a system is given by
Dyw(t) = fi(t), Diw(t) = fa(t) + hox ™ ®[Lofi(t)]uo — fa(t)uo,

Bw(t) = f3(t) + hofi(t), Dih(t) = —hox *®[Lofi(t)] + fu(t).
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Consequently, system (P!V) is equivalent to the following one, where we have sep-
arated the values at ¢ = 0 of the right-hand sides - which are independent of the
unknowns - from the terms vanishing at ¢ = 0:

w(t) = 291 +wi(t) + Ni(w, Dyw, Bw, h, D;h)(t),

Dyw(t) = 22 + wa(t) + No(w, Dyw, Bw, h, D;h)(t),

D?w(t) = 293 + w3(t) + N3(w, Dyw, D?w, Bw, h, Dih)(t),

Bw(t) = 294 + wy(t) + Ny(w, Dyw, D?w, Bw, h, Dih)(t),

h(t) = z05 + N5(Dh)(t),

Dih(t) = 206 + we(t) + Ng(w, Dyw, D?w, Bw, h, D;h)(t),

Now we the following abstract system for z

21(t) = zp1(d) +wi(d)(t) + Ni(z,d)(t),

29(t) = 2zp2(d) + wa(d)(t) + Nao(z,d)(t),
(PV) 23(t) = 203(d) +ws(d)(?) + N3(z,d)(1),

24(t) = 2p4(d) + wa(d)(t) + Ny(z,d)(t),

25(t) = 205(d) + N5(z,d)(1),

z6(1) = 20,6(d) + we(d)(t) + No(z,d)(?),

where we have replaced (w, Dyw, Bw, D?w, h, D;h) with z.

Theorem 4.1. Let d = (ug,u1, f,9,1) € D(e,a, Ry). Then the fixed-point system
(PV1Y admits a unique solution z € [C([0,T); H*(dQ)]* x [C([0,T))]* such that z €
C([0,T]; H'**(09)]. z continuously depends on the data d with respect to the
metrics of the spaces pointed out.
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Main result

Theorem 0.

Let (f,ug, 1, g) satisfy assumptions H1-H5 and consistency conditions (??), (7?7) and
(7?) for some a € (0,1/2). Then there exists a unique pair

(u, k) € CTH([0, T]; W*P(Q)) x ¢([0,T]),

solving problem (P).
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Auxiliary theorems

Theorem 1. Let (f,ug,l,g) satisfy assumptions H1-H5 and consistency conditions
(??), (7?) and (??). Then problems (P) and (P™) are equivalent and their solutions

(u, k) € CT([0, T]; W*P(Q)) x € ([0,T7) (2)
and
(2,q) € C([0,T); W 1P#(6Q)) x C*([0,T)) (3)

are related by formulae (?77)-(?7).

Theorem 2. Let (f,uo,!l,g) satisfy assumptions HI-H5 and set
Z(00) x Q" = [CT([0, T|; W=YP2(9Q)) N C*([0, T); WP+ (0))]
xC([0,T7).
Then there exists a unique pair
(2,9) € Z2%(90) x Q° (4)

solving problem (P™).
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Sketch of the proof of Theorem 1.

We make use of
i) consistency conditions (77), (?77) and (?7);
i1) well-known properties concerning convolutions;
i11) well-known properties of the Dirichlet problem for elliptic operators;

iv) well-known results for abstract semigroups.
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Sketch of the proof of Theorem 2.

We consider the following fixed point problem
q(t) =: w(t) — Na(z, q)(¢)-

(P")

Recalling that
Z%(09) == [CM ([0, T); W12 (9Q)) N C*([0, T); W22 (9)),
Q" == C([0,T)),
we endow the vector spaces Z*(0€)) and Q* with the following weighted norms:
12| ze = lle™" 2| caqo,rx) + le™” Dizllcagomyx) + le” Bz cao.11;0(8))s
lqllga = lle™qllcao,r
where we denote them by Z7(0€) and Q.

The following formulae hold true
D, [ St~ s)h(s)ds = [ §'(t — s)[h(s) — h(t)] ds + S(t)h(). (5)
B[St~ s)h(s)ds = [ 5'(t - s)[h(s) — h(t)] ds + S(t)h(t) = h(t),  (6)

see, for example,

E. Sinetrari: On the abtract Cauchy problem of parabolic type in spaces of continuous
funtions, J. Math. Anal. Appl., 107 1985, 16-66.

Making use of (5) and (6) we estimate

IN1(2, ) zo, IN1(21, q1) — Ni(z2, @2) | zo, [|N2(2, @)l Qs [|N2(21, q1) — Na(22, g2) |-

Consequently we prove that Ny maps Z) x @ into Z7 and Ny maps Z7 x ()7 into
Q.

Moreover the vector operator (N7, Ny) is a contraction mapping from Z3 X ()7 into
itself.




