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We consider the existence and uniqueness of solutions
to Cauchy problem for Schrodinger Evolution Equations:

\u(w, 0) = ug(x).

Here V (x,t) is a time-dependent real-valued potential.



Plan of the talk

1. Abstract results — a modified Kato’s theory

2. Proof of main theorems (outline)

3. Applications to Schrodinger evolution equations



1. Abstract result

X— a separable complex Hilbert space.
{A(t);0 <t < T} — a family of closed linear operators in X.
We are concerned with linear evolution equations of the form

(E) Sult) + A(yu(t) = £(t) on  (0,T),

S — selfadjoint in X, with (u, Su) > ||u||? VY u € D(S).
Then we introduce the second Hilbert space

Y := D(S'/2) —— the space of initial values

1/2

with (u,v)y := (51/2u, 51/2,0) Vu,v €Y and ||v||y := (v,v)Y :

note that Y — X : dense and continuous.



Assumption of Theorem 1 (Main Theorem).

Let X, Y and {A(t), S} be as above. Then we assume
1) 0<3aeL0,T);

|Re(A(t)v,v)| < a(t)||v||* Vv e D(A(t)), a.a.t e (0,T).
1) Y = D(SY2?) Cc D(A(t)), a.a. t € (0,T).

() a<3pBeLl0,T);

| Re(A(t)u, Su)| < B(t)||SY2u|* Vue D(S), aa.te (0,T).
(IV) A(-) € L2(0,T; L(Y, X))

(more precisely, A(t) is strongly measurable in t

with values in L(Y, X) and HA(t)HL(Y,X) c L2(O,T)).



Remark 1.

Conditions (I), (II) and (III) with t = ty fixed

—> me-accretivity of «(tg) = A(tg),

i.e. A(tg) cannot be an analytic generator.

This is the meaning of “hyperbolic” in the title.
Therefore, the term “hyperbolic’” may be replaced

with “non-parabolic”.



Remark 2.

Condition (III) is a consequence of conditions (I), (II)
and “commutator type relation”:

(K) 3 B(:) € LF®(0,T; L(X))

(i.e. B(-) is strongly measurable in ¢t with values in L(X)

and ||B(¢)|/r(x) is essentially bounded in t), and

S1/2A(4)8~1/2 = A(t) + B(t), a.a.te (0,T),

in which the domain relation is exact.



Theorem 1. Under conditions (I)—(1V)

31 {U(¢,s); (t,s) € A}

evolution operators,

where A := {(t,s5);0 < s <t < T}, having the properties:
(i) U(-,+) : strongly continuous on A to L(X),

|U (¢, S)HL(X) < exp(/:a(r) dr), (t,s) € A.

(i) U(t,m)U(r,s) =U(t,s) on A and U(s,s) =1 (the identity).
(i) U(t,s)Y C Y and
U(t,s) : strongly continuous on A to L(Y),

HU(tvs)HL(Y) < eXP(/:B(T) d’l“), (t,s) € A.

Furthermore, v € Y = U(-,-)v € H(A; X), with
(iv) (8/0t)U(t,s)v = —A()U(t,s)v, a.a.t € (s,T).
(v) (0/0s)U(t,s)v =U(t,s)A(s)v, a.a. s € (0,1).



T heorem 2 (Inhomogeneous Equation).
Let {U(¢,s); (t,s) € A} be as in Theorem 1.
Let ug €Y and f(-) € L?(0,T; X) N LY (0,T;Y). Put

t
u(t) := U(t,0)ug —I—/O U(t,s)f(s)ds

— u(-) € Hl(O,T;X) NC(0,TY)
IS a unique strong solution to

i

d
(IVP) < au(t) + A(t)u(t) = f(t) a.e.on (0,7),

\u(O) = ug.



2. Proof of main theorems

2.1. Proof of Theorem 1

2.2. Proof of Theorem 2
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2.1. Proof of Theorem 1.
Approximation of A(-) € L2(0,T; B(Y, X))

Definition 1 [Modified Yosida approximation (S. Ishii, 1982)].

an(t)A(t))_l —va®[1- (14 an(t)Aa))‘l:,

where 0 < vn(t) :=28(t) +n € L1(0,T) Vn € N.

Ap(t) := A(t) (1 i

Then (a) An(-) € L2(0,T; L(Y, X)), (B) An(-) € L:(0,T; L(X)):

(a) VyeY A,(t)y is strongly measurable in ¢t and

lAR(®)]l Loy, x) < 2 1A®) Ly, x) € L*(0,T);

(b) V x € X A,(t)x is strongly measurable in t and
1 AR ()]l L(x) < va(t) € L'(0,T).
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Lemma 1. Let {A,(t)} be the modified Yosida approximation.
Let s € [0,T). Then the approximate problem:

y

d
(AP) ) aun(t) + An(t)un(t) =0 a.e. on (S,T),

\un(s) = w

has a unique strong solution u, € H'(s,T; X) C C([s,T]; X).
e (d/dt)un(t): strong derivative.

Proof. Define the mapping ® : C([s,T]; X) — C([s,T]; X) as
t
(Pu)(t) :=w —/S Ap(r)u(r)dr, a.a.te (s,T).

Then ||®u — dov||p < [1 — e—ll'/nllLl(s,T)} |u — v|| g, where

B = {ue C(ls, T X)s Jullg = sup_Jlu@)le= i r < o). m
s<t<T
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We define the “solution operator” of (AP) by

Un(t,s)w := un(t) for (t,s) € A.

The main properties of Upy(t, s) :

{Un(t,s)} — bounded linear operators on X, with
t

o HUn(t,s)HL(X) < exp[/S a(r)(1 — Vn(r)_la(r))_l dr} on A.

e Up(t,r)Up(r,s) = Up(t,s) on A and Up(s,s) = 1.
e Uy(t,s)Y CY and

|Un(t, S)HL(Y) < exp / B(r)(1 —vn(r)” 1,8(r)) } on A.

Furthermore, V w €Y

0
o aUn(t,s)w = —An(t)Upn(t,s)w, a.e. on A.

0
o 8—Un(t,s)w = Up(t,s)An(s)w, a.e. on A.
S
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Lemma 2. Let {U,(t,s)} be as above. Then
F{U(¢t,s); (t,s) € A} in B(X);
U(t,s) := %—ll)g Un(t, s)

(convergence is uniform on A).

Proof. It suffices to show that
#)  Un(t, s)v — Unm(t, s)v]|?
t
< anmll A B0 ron v, P[4 [ {alr) + 2800} dr] o]}
S
where (we have used HA(t)HL(YX) € L?(0,T) and)
1 1 1 1 \2
= 42— L2y L2
n m

vn o /m
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Put unm(r, s) := Up(r,s)v — Up(r, s)v. Then
0

— ||unm(r, s) ||2

or
- —2 Re(An(’r)Un('r, s)v — A () U (7, 8)v, unm)

1 1
<da(r)|[unm(r, s)||* + |~ = | max | 4(r)U(r, )]
n mll=n,m

t o (=l An () Un(r, )0 + =l A (1)U (r, )01

2\\v/n 'V
1
< da(r)||unm(r, 8)||* + ~anm max || Ay(r)U(r, s)vl|*.
4 l=n,m

Integrating this inequality, we obtain (#). =
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2.2. Proof of Theorem 2.

(1) Homogeneous case: f = 0.

In Theorem 1 (iv) it is proved that Vug €Y,

d
aU(t, 0ug + AR)U(t,0)ug =0, a.a.te (0,T).

(2) Inhomogeneous term: f(-) € L?*(0,T; X) N LY (0,T;Y)

t
v(t) :2/0 U(t,s)f(s)ds

— %fv(t) +A@)w(t) = f(t), aa. te(0,T).

Proof is based on the approximation:
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e First we replace v(-) with

t
on(t) = /0 Un(t, s)£(s) ds,

where {U,(t,s)} is the approximate evolution operators.
Then

d
avn(t) + An(t)on(t) = f(1).

e Second we show the convergence of {v,(:)} to v(-).
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3. Applications to Schrodinger evolution equations

Put X(n) := H*(RY) n D(|z|™) for n € N, where
D(|z|") := {u € L*®R"); |z|"uv € L*(R™Y)}.

The Cauchy problem for Schrodinger evolution equations:

([ Ou B N
se) ot (—Az + V(z,t))u(z,t) =0, (z,t) € RN x Ry,
\u(w,O) = up(x) € X(n)

in X := L2(RY). Put

A(t) :=i(=Az + V(z,1)),

N 2n
Si=1+> ((—1)" 0
k=1

5,2n + a:in), n > 2.
k
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Then S is selfadjoint on D(S) := 3(2n),

and Y = D(S'/2) = ¥(n) is equipped with norm
fully = [} 82/ 2ul® = flull? + Z(HWH +[legul?)-
k=

Theorem 3.
(SE) with ug € 3(n) has a unique strong solution

u(-) € HL.([0,00); L2RN)) N C([0, 00); Z(n))

under the following conditions on V (x,t):
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V(x,t) : RY x R — R — measurable
(VO) V(-,t) € C*(RN), a.a. t € R.
(V1) V € (LPn(RN) 4 (z)"L>°RN)) x L?(0,T) V T > 0.

(V2)VFieEN (j<n), VT >0

N 1 giy

> |—

k=1 ami
Here (z) := (1 + |z|?)1/2,

e (LPi(RY) 4+ (2) L>®°RYN)) x L1(0,T).

(@) LX(RY) i= {u € Ljo(RN); (z) Ju € L2(RY)},

and p; (1 <j <n)is a constant such that

(2, o0) (j < N/2),
Pj € 4 (2,00) (1 = N/2),
([N/j,00) (5 > N/2).
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Before verifying conditions (I)—(IV) in Theorem 1,
we need to show that S is selfadjoint.

Lemma 3 [Ok (1975)]

A, B — linear m-accretive operators in H.
D — core of B invariant under (1 + %A)_l (n € N).

da>0,3bc0,1]; Vu€ Dgy:=(1+A)"'D,
0 < Re(Au, Bu) + a|lu||? + b||Au|?.

T hen
e b<1l— A+ B is m-accretive.
e b=1— A+ B is m-accretive.
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Lemma 4. For n € N let

N 92"y

Au = (—1)" Z aw—in’ Bu := Z 7" u.

k=1
Then S :=1+ A + B is selfadjoint in X.

Proof. Since A+ B > 0 is symmetric,
it remains to prove the m-accretivity of A + B.
It suffices by Lemma 3 to show that 4 C > 0;

827?,
O 2n

N
(%) Re(Au, Bu) = (—1)" Re Z ( ,winu

J,k=1
2
> — Cllul|

N—

for all u € Dy = D := S(RY) = Schwartz’s space.
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Integration by parts gives that Re (Au, Bu) is equal to

3 [etgnl” + 2 3o renlet
J#k
> (- 1>nNcno||u||2+CnnZH e el
N n—1 . k k;—u
1 ;
+;;( ) ‘ Jawj

where c,, ;. > 0 are constants (0 < k£ < n).
IF1<k<n-—1andn—kis odd, then we have that

52 = Il

o S garl

Choosing c, € < 2cp,n, We obtain (x). =

9 2
< C¢l|lul —|—€H:13 Y



Verification of conditions (I)—(IV) in Theorem 1.

Given

2n

N ]
A(t) = 1(—Ax + V(x,t)), S=1 —1)"
(1) = i(= Az + V(x,1)) =3 (1"
assume that (V0)—(\V2) are satisfied. Then VT > 0
(I) Re(A(t)v,v) =0, v € D(A(t)), a.a. t € (0,T).
(1) Y = D(S8'/2) c D(A(t)), a.a. t € (0,T).
(I 0 < 3B € LY(0,T); V u € D(S)

— win),

| Re(A(t)u, Su)| < B(1)||SY?ul?, a.a.te (0,T).
(IV) A(-) € L?(0,T; B(Y, L2(RY))).

e (I) is clear by symmetry of A(t) = —A + V (x,t).
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e (II) and (IV) follows from the measurability

of V(x,t) and (\V1).
To see this put (V(t)v)(xz) := V(z,t)v(x) Vv €Y.
Then A(t) =i«(—A + V(t)) and we have

Lemma 5. Y C D(A(t)), a.a. t € (0,T),
A(t) is strongly measurable with values in L(Y, X),
and 3 v € L?(0,T); Vv €Y = X(n)

(k) [A(@)v]| < ~v@)]lvlly, a.a.te (0,T).

In fact, (V1) implies that Y C D(A(t)) (a.e.) with (xx).
Since V (t) is w-measurable and Y is separable,
V (t) is s-measurable and ||V (¢)||(y,x) is measurable.
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Proof of (III). Let A(t) and S as above.
We shall prove that 3 3, € L'(0,7); V u € D(S)

(%) Tm(—Au + V(£)u, Su)| < B,(1) S 2|’
To this end we start with
(—Au + V(t)u, Su) —HVUH2

N
:’;[Hvawku + (— Aua: "u)

2n

(V(t)u,( 1)"8 / V(x,t)(1 4 27™)|u(zx)|? dz|.
k

Here 1st and 4th terms on RHS are real.
We estimate 2nd and 3rd terms using Lin’s lemma.

26



Lemma 6 [C.S. Lin (1986)] (Interpolation inequality)
Y € 3(m)

— 0<Vj<m
> le™ D%y < Clm) Y D[l

la|=3 |B|=m
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2nd term = (—Awu, z3"u)

N ou
- 2(87 2nwkn 15 u) + (Vu, 23" Vu)
j=1 ~"J
o
= 2n (2}~ 13;’“"«“) + [P v 2.

The second term on RHS is real. Now Lemma 6 yvields

ou
| Im(—Aw, 27"u)| < 2nH o 1 HHmkuH
anu l/n 1—1
<2nC(1,n) 3—513’,;& T LU /nHwZuH
0" u1/n 2-1/n
By Young’s inequality we obtain

N
Z | Im(—Aw, 27"u)| < (2n — 1)C(1, 2n)HSl/2uH2.
k=1
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92"y on om

o 2n) (G (VW5 “)

_/RNV(t)|W‘d"” z::<J)(aav(t)an Ju "u )

awk Oz, n—j’ awk

3rd term = (V(t)u, (—1)™

The first term is real. For every j (1 <35 <n) by (V2):

‘(ajV(t) " Iy 8"11,)
8m{c 8mZ’_J Oxy,
<(

where Vjq(-,-) € LPi(RY) x LL (RT),
Via(s,+) € (&) L°(RYN) x LL (RT).

dIV (t) 8™
<[5 o=l

n—j
EEREA

n—j
8a:k

L

loc
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e For the function with V}-l(t) we have

| Vit

IA

cy ||Vji(t)

IA

c1 || Vj1(t)
i || Vi)

where g, satisfies 1/p; +1/q; =1/2
and constants cq, c’1 depend on 3.

IA

Dy H

" Tu

awz—] qu

on =iy

n—j HHJ‘
8a:k

u|| g
Sl/QuH,
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e For the function with V;5(t) we have

Om Iy : i L I} H

Vi)~ || < 1) Via(®)]| | ()~ =

foes)

< eal@) V20 (| n;,H ZH

< eal|[(m) TIVj(t) ( ul |+ Z Cn = g,n)llzgull )H

< (=) IVja(t) OOHS”%H,

where constants cp, ¢, depend on j.

Combining those mentioned above, we obtain (¥).

31



4. Resumeé

The Cauchy problem for Schrodinger evolution equations:

i0u/0t — (—A+ V(z,t))u =0, aa.té€ Ry,
(SE)

u(z,0) = ug(x) € H*(RN) N D(|z|™)
in X = L?(RYY). (SE) has a unique strong solution

u(-) € HL.([0,00); L2RN)) N C([0, 00); Z(n))

under the following conditions on V (x,t):

o V(z,t) : RV x Ry — R — measurable.

(VO) V(-,t) € C*RN), a.a. t € Ry.

(V1) V € (LP»(RNY) + ()" L>®(RN)) x L3(0,T) ¥V T > 0.
(V2) ForgjeN (1<3<n),VT >0

N

2.

k=1

IV

J
amk

e (LPi(RN) + (z) L°(RY)) x L1(0,T).
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