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1. Introduction:
Problem 1:

Let 0<V e L} (RY), N> 3,
lim V(z) = .
xz—0

If V is "too singular” at the origin, can this
prevent the existence of positive solution to
the heat equation

9
a—?zAu—l-Vu, zcRY t > 07



Theorem 1 The equation
ou c
5 Au + Wu,
has many positive solutions
(e.g. one for u(x,0) = f(x) for each 0 < f €
L?(RN))
if c < C*(N) and no positive solutions at all if
c>C*(N).

a:ERN,t>O

Here

N—2)2

C*(N) := ( 5



Problem 2:

Replacing A by the Kolmogorov operator
V
Ly = Agp—|—7p-Vg0.

The Baras-Goldstein theorem still remain true?

Example:
Take

p(x) = e_%<Ax’x>, z e RY

for A a positive hermitian N x N matrix. One
obtains the Ornstein-Uhlenbeck operator

Lap:=Ap— Ax - V.



2. The Cabré-Martel approach:

Assume

(H) 0<pe HE RVINCRYN),0<V e Ll (RY)
(N > 3), and L generates a Cp-semigroup
on L2(u) with D(L) ¢ H(n) and C*(RY)

dense in Hi(w),

where L2(pn) := LQ(RN,p(a:)da:) and H1(p) =
WL2(RHN, p(z)dz).



Define the bottom of the spectrum of —(L+V)
by

Janv IV@l? dp — g V2 du)

M(L+V) = inf
1( ) ( fRNSOQdN

OFpeHL (1)



Consider the problems

{ oru(x,t) = Lu(z,t) + V(z)u(x,t),
(Kv) t>0,zeRN,

u(:,0) = ug € L (p) 4,

t>0,z € RV,
un(-,0) = ug € L? () 4,
where V,, = min(V,n).

Orun(x,t) = Lun(x,t) + Va(x)un(x,t),
(Ky;,)



Theorem 2 (i) If\{(L+V) > —o0o, then there
exists a positive weak solution
u € C([0,00), L2(1)) of (Ky) satisfying

luC |l L2¢,) < Mewt||uo||L2(M)7 t>0 (1)

for some constants M > 1 and w € R.

(ii) If \q(L+V) = —c0, then for any 0 < ug €
L?(w), ug # 0, there is no positive weak
solution of (Ky/) satisfying (1).



Idea of the proof:

(ii) Suppose there is a positive weak solution
u of (Ky ) satisfying (1). Let u, be the unique
positive solution of (Ky;). Then

Then, there is a positive weak solution u(t) =
liMn—oo un(t) of (Ky). Let ¢ € CX(RN) with
2
2 _ L ®
Jgy p“dp = 1. Multiplying (Ky,,) by e and
integrating we obtain

/RN Vip? dp < 9y (/RN(log Un)p? du) +/RN Veol? dp.

Integrating with respect to ¢t > 1, we get

(t—1) /RN Vap?dp < /RN log <§:((i))> p? dp

+(t=1) [, Vel du.




Letting n — oo,

2 2
Ve du—/RN|V90| dp

RN
< 1 0g(i(t)) 2 d
—_— u
< o Jan 109 = du
1
. log(@(1))e? dpu.
T Jp '09(a(1)) % dp

Using Jensen’'s and Ho&lder's inequalities, (1)
and letting t — o0,

2 2
ay VP du—/RNIVSOI dp < w.



3. Main result: (Ornstein-Uhlenbeck opera-
tors and weighted Hardy's inequalities)

1
Put pa(dx) := e~ 3 A%T) g2 Then,

>
%
/RN\lezduA — C*(N) RNWd,UA
> —[ AT W) [ e? dua.
1
In fact, define F(x) —w—Pe_§<‘4x’x>. Then
> (N —=2) (Az, x) —1(Az.x)
e # < 2 SRR )"
_ 2
_/Rng divF dx
:—20 ud - Vpdua
|fl?|2
1 2 %
<2 / Vo|2d )2 / ¥ 4
< C(RNI p|*dpa <RN|x|2 HA
2

</ Vol2d 2/ P g,
S o (VeI dpatc R o2 A
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Hence,

02
/RNW( (N —2) —02) dp 4

< [y Vel dua+ el Al [ ¢? dua.



Theorem 3 The following hold.

(i) If 0 < c < C*(N), then there exists a weak
solution u € C([0,00), L?(14)) of

[ Ouu(z,t) = Au(x,t) — Az - Vu(zx,t) + ﬁu(m,t),
\ t>0,zeRY,

| u(,0) = ug € L?(pa),

satisfying

lu)llr2¢,,) < MGMHUOHL%M)' (2)

(i) Ifc > C*(N), then for any 0 < ug € L?(u4), ug #
O, there is no positive weak solution satis-
fyving (2).
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Proof. (ii) Assumec > C*(IN) and take ¢(z) 1=

- N
|z|7 with v > 1 — . Then,

C
/RN <|V<P\2 - st?z) dpa

= (2—¢) /RN 220-D g,

Hence, \{ := A\ (—A + Az -V — ﬁ) satisfies

fan 122071 dpy

A1 < (7% =)
fRN |35|2’y dp A

Since
1
aplz)? < |A2z|? < as|z|?,

it follows

A
>
>
8
N
R
m|
N
QU
8

A
Q
-t
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Hence,

_ —(5+7-1)
Jav 2P0 Vdpy  ay

Jp ledpa G

(2v+ N —-2)
Now, ¢ > C*(N) = (%)2 implies

N‘I’ 1
2 —c)ag( =

— — Q.



