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Statement of the problem




Statement of the problem

Let X and Y be Hilbert spaces, A: D(A) — X et C € L(X,Y).
w(t) = Aw(t), w(0) =

y(t) = Cw(t).

Assume that A generates a C¥ semigroup, denoted T, in X and that the pair

(A, C) is exactly observable in time 7. Then the map x — v has a bounded
left-inverse.

Practical question: How to compute efficiently = from 7
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A naive solution: inverting the gramian

Solve in the sense of mean squares, i.e., consider the equation

Qe = [ TiCy(s)ds,
0
where Q, = [, T;C*CT,dt is the observability gramian.

Note that ), > 0 since (A, C') observable.

The condition number is generally high and the method Is very expensive
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A solution In one shot




Basic assumptions

A = —A", (A,C) exactly observable in time 7 and there exists a “time

reversal” operator f1. € £ (L2([O, T]; X )) satisfying

g2 =1,
d d

— A, Tz = —5,—T; 2, \v4 X
p 20 7t 20 20 €

A Tizo + S, AT 29 = 0, Vzo € X
C*CA,. f=58,.C*Cf Ve C(o, 7], X),
(- H)O) = [F (Dl VfeC(0,7],X).

Examples:
(A,v)(s) =v(r — s) for the Schréodinger equation.

(511221 ) 9= | 217 °) | for the wave equation

—vo(T — )
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A reversed Luenberger observer

0(t) = (A —C*Chu(t) + (A,.C*CTx)(¢), t e (0,7)
( .

() 0\ — O
/
Denote
e(t) =v(t) — A, Tz
UlllllJlU valuulanu

XX7T +L\ f\+
LIidu

é(t) = (A—C*Ce(t),
so that [[e(7)]| < Me=“7||e(0)]].

This means that v(7) is a good (and cheap) approximation of x, provided
that 7 is large.




An iterative method
(abstract version of Phung and Zhang, 2008)




The algorithm

For v > 0, we define the sequences (v,) and (e,) by:

o 1 — 0):

{ 0o(t) = (A = yC* C)uo(t) + y(A,C*CTyz)(t),  te€(0,7)
v(0) = 0,

eg = vo — A, Tix.




Proposition. The sequences (vy,) and (e,) satisfy :
1. én(t) = (A —~C*Cen(t), (n >0).

2. Nleo(O) | = llzll,  llen(O)| = llen—1 ()| for all n > 1.
3. For every N > 1 we have :

N N
ean (1) = (Z van(t) — Z(ﬂmn—l)(t)) — (A Te)(t). (1)

Lemma. Let S be the semigroup generated by A — vC*C' and assume that
(A, C) is exactly observable in time 7. Then ||S;|| < 1.
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Theorem. Assume that (A, C') is exactly observable in time T.

| - i(ﬂwznxmﬂ < IS IPV]all (N eN),

n=0
Proof. By the Lemma we have
len(m)ll < IS7I" lleo(O)[| = [[S- 1" [l=]|  (n > 1).
On the other hand

N

> (rv2)(0) — 2|

n=0

lean (7)) = [[(Hrean)(0)]] =
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Simulations




The wave equation with
distributed observation

(w(x,t) — Aw(zx,t) =0, rell, te(0,7),
< w(x,t) =0, x e, te(0,7),
w(z,0) = wo(z), z € (Y,
\ “lU(LE,O) — ?,Ul(CL'), (S Qa
with the output
Yy = ’bi)|c),

where O C () satisfies the geometric optics condition.
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First simulation in one space dimension
Q=(0,1), O= @%) r=2 =1,
wo(x) = sin (27x), wi(x) = 0.
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Second simulation in one space dimension
Q=(01), 0= (é%) F—1, =10,
wo(x) = sin (27x), wi(z) = 0.
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Extensions and comments




Extensions and comments

The boundedness of C Is clearly not necessary, but some weaker
assumption on the observation operator are necessary

Exact observability is not necessary for the convergence
The choice of the damping coefficient plays a crucial role

The method can be coupled to a solver of VVolterra equations to
solve inverse source problems (see Alvez, Silvestre, Takahashi and
M.T., 2008)

It seems possible to generalize the method for operators A with
spectrum in a vertical strip

For a self-adjoint A the problem is strongly ill-posed. Similar
algorithms could be interesting to compute the final state.
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