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1. Statement of the problem

In a UMD Banach space F, consider a principally irreg-
ular boundary value problem in [0, 1] for the second order

elliptic differential-operator equation

L(D)u := —u" (z) + Au(z) + A1 (x)u(x) = f(z), (1.1)

Liu : = au'(0) + Bu' (1) + yu(0) + du(1)

N1
+ Tisu(x1s) = fi1,
; 1 1 1 (1.2)

N3
Lou : = au(0) — fu(l) + ZTzsU(ﬂﬁzs) = fa,
s=1

where «, B, v, 0 are complex numbers; zrs € [0,1]; A,

Ai(x), for z € [0,1], and Ty are, generally speaking, un-

bounded operators in F; D = %.
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Note that boundary conditions for equation (1.1), i.e.,

for
L(D)u := —u"(z) + Au(z) + Ay (z)u(z) = f(z),
with the principal part
Lo := aul™)(0) + Bpu™) (1), k=1,2,

where my, € {0, 1}, are called (Birkhoff)-regular boundary

conditions if the number

0 := (—1)m104162 — (—1)m204251 75 0.

Originally this definition was given for scalar equations, we
just adapted the definition to abstract settings. So, our
boundary conditions (1.2) are irregular for (1.1).

We find sufficient conditions for problem (1.1)—(1.2) to
have the Fredholm property and we establish a coercive

estimate with a defect with respect to the space variable

for a solution of problem (1.1)—(1.2) in L,((0,1); E).
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Furthermore, when instead of problem (1.1)—(1.2) we

consider the problem

LA\, D)u := du(x) — u" (z) + Au(z) + A1 (2)u(z) = f(x),

(1.3)
Liou : = au’(0) + Bu' (1) + ~yu(0) + du(l) = fi,

Loou : = au(0) — fu(l) = fo,

where A is the spectral parameter, the coerciveness with a

(1.4)

defect in A is also established.

Let us mention that for regular problems we have suc-
ceeded to prove maximal L,-regularity. For irregular prob-
lems we prove unique solvability theorems, but maximal L-
regularity does not follow from the theorems for problem
(1.3)—(1.4). Apparently, this is a phenomenon of irregular
problems. One does not have maximal L,-regularity for

irregular problems even in the framework of Hilbert spaces.
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2. Coerciveness with a defect on the

space variable and Fredholmness

Consider problem (1.1)-(1.2). It is convenient to formu-
late the theorem in terms of the Fredholmness of some un-
bounded operator, corresponding to the problem and which

acts from one Banach space into another. Let us set the

operator L from W72((0,1); E(A), E) into
Ly((0,1); E(A2))+(E(A%), E)
by the equalities

D(L): = {u | u e W2((0,1); E(A), E),
L(D)u € L,((0,1); E(A?)),
Liu € (E(A2)7E)%—|—ﬁ,p7

Lou € (E(A2),E)i+% p},

Lu: = (L(D)u, Lyu, Lou),

where L(D), L1, and Ly have been defined by equalities
(1.1)—(1.2).
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Theorem 1. Let the following conditions be satisfied:

(1) an operator A is closed, densely defined and invert-
wble in a UMD Banach space E;

(2) R{AR(N\, A) :arg\ =7} < 00;

(3) the embedding E(A) C E is compact;

(4)

(5)

5) for any € > 0 and for almost all x € [0, 1]

1A (@)ull 5 3y < ellAul + Cle)ull 5,3, w € DA);

for each uw € D(A) the function Ai(x)u is measur-
able on [0,1] in E(A2);

(6) fore >0 andu e (E(A),F) where p € (1,00),

1
2p P’

< ellulleay,m , , +CE)lull

2p

| Thsull(B(a2),B)

3_k 1
11 apP



Then,
(a) for any function u € D(IL) the following noncoercive

estimate holds

1w\ L, 0,0):8) + 1A% L, ((0,1); )

< C(HL(D)UHLP((O,l);E(A%))
2
+ Z HLkuH(E(A2),E)%_§+4L,p
k=1 ’

+ ”“”Lp«o,l);E(A%)));

(b) the operator L: u — Lu := (L(D)u, L u, Lgu) from
WZ((0,1); E(A), E) into

Ly((0,1); B(A2))4+(E(A?), E)

18 Fredholm.



A

3. Coerciveness with a defect of the

problem with a linear parameter

Consider now problem (1.3)-(1.4), i.e.,
L\, D)u := Au(z) — u"(z) + Au(z) + A1 (2)u(z) = f(z),

Liou : = au’(0) + Bu' (1) + ~yu(0) + du(l) = fi,

Loou : = au(0) — fu(l) = fo,

Theorem 2. Let the following conditions be satisfied:

(1) an operator A is closed, densely defined and invert-
wble in a UMD Banach space E;

(2) R{AR(MNA) @ JargA| > m — ¢} < 0o for some 0 <
e <

(3) the embedding E(A) C E is compact;

(4) ad + By # 0;

(5) for any e > 0 and for almost all x € [0,1]

1AL (z)ul] < el|Aul| + C(e)]|ull u € D(A),

E(A%) E(A2)’

N

1AL (z)ull < ellAzull + C(e)[Jull, ue D(A2);



the function Ai(x)u, for u € D(A), is measurable
on [0,1] in E(A2) and, for u € D(A?), is measur-
able on [0,1] in E.

1

Then, problem (3.1)—(3.2), for f € L,((0,1); E(A?)),

fr € (E(A2),E)%_%+4L’p, where 1 < p < oo, and |arg A\| <
@, |A| is sufficiently large, has a unique solution that belongs
to the space W7} ((0,1); E(A), E) and, for these A, the fol-

lowing noncoercive estimates hold for the solution of prob-

lem (3.1)—(3.2) :

Al 0,18 + 1w lL,0,1):8) + 1 AUl L, (0,1);E)

2
< ClIFl, onymeaty + > (1l cecanmy s,
=1

@ap

+INE )

and

A2 Nlulln,0,0):8) + 14| L, 0,1):8) + 1AZull L, 0,1):5)

2
< C[HfHLp«o,l);E) + (”ka(E(A%E)
k=1

_k, 1
1 2+2p,p

+NEE £l
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4. Principally irregular boundary value problems

for elliptic equations of the second order

Let ©2:=(0,1) x G, where G C R", r > 2 be a bounded
open domain with an (r — 1)-dimensional boundary 90G

which locally admits rectification. Denote by
By 4(G) = (W;°(G), W5 (G))s,q,

where 0 < sg,s1 are integers, 0 < 6 < 1, 1 < p < o0,
1 <g<ooands=(1-0)sy+ sy, and

Wya () == W,((0,1); Wi(G), Ly(G)),

where 0 < [, s are integers, ]l <p < oo, 1 <g< 0. If p=gq
and | = s then W) (Q) = W,(Q). Finally, Ly ,(Q) :=
WOO(Q) = L,((0,1); Ly(G)).

We consider in {2 a principally irregular boundary value
problem for an elliptic differential-integral equation of the

second order with differential-operator boundary conditions
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L(z,y,Dy, Dy)u := —D3u(x,y) — Z as;(y)DsDju(z,y)

+Zb )Dju(z,y) + bo(x, y)u(z, y)

+/ c(z,y, 2)u(z, z)dz = f(x,y), (x,y) €,
G (4.1)
( Liu = aDyu(0,y) + 8D,u(l,y) +yu(0,y) + du(l,y)
+ Zi\r:ll Tisu(xas, )|y = fiy), y€G,
Lou := au(0,y) — Pu(l,y) + Zi\zl Tosu(x2s, )|y
\ = f2(y), y€EG,

(4.2)
Lu =" ¢;(y)Dyule.y') + colyJulz,y') = 0.
j=1
(z,y") € (0,1) x G, (4.3)
where D, := 2, D; := —z% D, :=(Dy,...,D.); a,p,
v, 0 are complex numbers, y := (y1,...,Yr), Tgs € [0,1],

Tys are, generally speaking, unbounded operators in L,(G),

1 < g < oo. Let m :=ordL for (4.3).
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Theorem 3. Let the following conditions be satisfied:

(1) (smoothness condition) ay; € W2 (Q), |as;(y) —
as;i(z)| < Cly — 2|7 for some C >0 and v € (0,1),
Vy,z € 6; bOa%_l?yo € Loo(ﬁ); bj S Loo(é); C,% S
Loo(Q X G); ¢j,co € C*~™(0G); G € C%;

(2) (ellipticity condition for A) fory € G, 0 € R",

arg A =7, |o] + Al # 0,

A+ Z as;(y)oso; # 0;

5,j=1

(3) (Lopatinskii-Shapiro condition for A) vy’ is any
point on OG, the vector o’ is tangent and o is a
normal vector to OG at the point y' € 0G. Consider

the following ordinary differential problem:

[)\—i— Z as;(y ( wsi) (0’ — chiﬂu(t) =0,

s,J=1

t>0, A<0, (4.4)
T . d
c;(y') (Jj — 10 a)u(t) = h, form=1, )
7j=1



it is required that for m = 1 problem (4.4), (4.5)
(for m = 0 problem (4.4), (4.6)) has one and only
one solution, including all its derivatives, tending
to zero as t — oo for any numbers h € C,;

(4) ad + By #0;

(5) Ve >0, Vu € Byp” (G;Lu=0if m<2—1 1)

Thsu 1 <elul|l o1 +C(e)||u :
|| ks HB;:;k ;’(G) >~ H HB;p’l)(G) ()H HLq(G)

where p #+ q%l and p,q € (1,00), orp = ﬁ and
m # 1.

Then,

(a) Yu € Wr2(Q; Lu = 0), such that L(x,y, Dy, Dy)u €
W (Q;Lu=0if m=0), Liu € Bs,;%(G; Lu=0
if m < 2 — % — %), and Lou € BS,;%(G;LUJ = 0;
L(=>4 j—1 asj(y)DsDju + Xou) = 0 if m < 1 —

% — %), the following noncoercive estimate holds:

[ullwz 0y < C(IL(, Y, Do, Dy)ullyyo o

2
+ Liu 1 + ||u : ),
kzzzl H k HB;;k ;’(G) H HW]S,(}(Q)

where L(z,y,D;,D,), Lk, and L are defined by
(4.1) — (4.3).



(b) there exists Ao > 0 such that the operator L : u —
Lu := (L(z,y, Dy, Dy)u, Liu, Lau) from WI?,’qQ(Q;
Lu = 0) into W3y (Q;Lu =0 if m = 0)—}—33,;5(63;

_ e
Lu = 0 ifm < 2— > — ) +Bgp" (G Lu = 0;

L(=>% j=1 asj(y)DsDju + Xou) = 0 if m < 1 —
) is Fredholm.

1_1
P q
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Let us now consider in the same cylindrical domain €2 :=
(0,1) x G a principally regular boundary value problem for
an elliptic differential-integral equation of the second order

with differential-operator boundary conditions and with a

linear parameter A

L(x,y, Dy, Dy)u := Au(z,y) — Diu(m,y)

Lyu = aDu(0,y) + BDu(l,y)
+yu(0,y) + ou(l,y) = f1(y), y € G, (4.8)
Lou == au(0,y) — Bu(l,y) = f2(y), y € G,

Lu := ch )Dju(z,y') + co(y )u(z,y’) = 0,

(z,y") € (0,1) x OG. (4.9)

Let m :=ordL for (4.9).
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Theorem 4. Let conditions (1)—(4) of Theorem 3 be
satisfied; moreover, conditions (2) and (3) hold in the angle
larg A| > 7™ — ¢, where 0 < p < 7.
Then, problem (4.7) — (4.9) for
FEW) (QLu=0 if m=0),
fi1 € B;;%(G;Lu =0ifm< 2—%—%), and fo €
Byy (G Lu = 0; L(— X" ., as;(y) DsDyu + Aou) = 0 if

m < 1—%—%), where 1 < q,p < 0o and |arg | < ¢, |A|

18 sufficiently large, has a unique solution that belongs to
the space Wp2,’q2(Q;Lu = 0) and, for these X\, the following

noncoercive estimates hold for the solution

Al o + lellw22ay < € (1 lwo o

p,

2
Z k41 1
D e VAT

and

AEulz, g0 + lelwpi@ < C (Il q0)

2
k 1
+ ( 1 AT ))
321: kaHij,pp(G) A2 72 [ frllL, )
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Examples of Ty (at least for 0G € C'*°) satisfying condi-
tion (6) of Theorem 3:

0
(Thsu)(y) : / Z Thse(z,y) 81| |U(gl?{r dx,
where Tye¢ € Ly (G x G), & + 1 = 1, t = min(q,¢), , +
% = 1; Tise(x,y) are twice continuously differentiable with
respect to y variable and Tlsg € Ly (GXG), 500 ay ~2 T €
Ly (G x G). For TQSg(az,y) we increase the smoothness
by one and claim also that mTzsg € Ly (G x G).

So, we consider, in particular, differential-integral boundary

conditions.



