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Generator

State space
Ω finite (or countably infinite) set, η ∈ Ω configuration

Continuous time Markov process

(ηt )t≥0 with generator L acting on f : Ω→ R

(Lf )(η) =
∑
η′∈Ω

c(η, η′)[f (η′)− f (η)]

L(η, η′) =

{
c(η, η′) if η 6= η′

−
∑

η′′ 6=η c(η, η′′) if η = η′

Evolution

L evolves expectation values d
dt Eη(f (ηt )) = (Lf )(η)

LT evolves the probability measures d
dt pt (η) = (LT pt )(η)
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Hamiltonian

Quantum-like formalism
Ω 3 η → |η〉, base for an Hilbert space

Probability state

|p(t)〉 =
∑

η∈Ω pt (η)|η〉 encodes the probability distribution

Master equation

d
dt
|p(t)〉 = −H|p(t)〉 H = −LT

d
dt

pt (η) =
d
dt
〈η|p(t)〉 = −〈η|H|p(t)〉 = −

∑
η′

〈η|H|η′〉〈η′|p(t)〉

= −(Hpt )(η)
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Duality

Definition
(ηt )t≥0 process on Ω with generator L,
(ξt )t≥0 process on Ωdual with generator Ldual

ηt is dual to ξt with duality function D : Ω× Ωdual → R if

Eη(D(ηt , ξ)) = Eξ(D(η, ξt )) ∀(η, ξ) ∈ Ω× Ωdual

More explicitely∑
η′∈Ω

D(η′, ξ)e−tL(η, η′) =
∑

ξ′∈Ωdual

D(η, ξ′)e−tLdual (ξ, ξ′)

LD = DLT
dual
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Duality

Quantum-like notation

|η(t)〉 = e−tH |η〉 prob. state at time t started from a localized state

Duality:
〈η(t)|D|ξ〉 = 〈η|D|ξ(t)〉

Indeed
〈η|e−tHT

D|ξ〉 = 〈η|De−tHdual |ξ〉

∑
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Self-duality

Definition
(ηt )t≥0 process on Ω with generator L,
(ξt )t≥0 process on Ω, indep. copy of ηt

ηt is self-dual with duality function D : Ω× Ω→ R if

Eη(D(ηt , ξ)) = Eξ(D(η, ξt )) ∀(η, ξ) ∈ Ω× Ω

Equivalent to:

LD = DLT

HT D = DH
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Self-Duality and Symmetry

Theorem (I)

Suppose H is the Hamiltonian of (ηt )t≥0 and HT = Q−1HQ.

If [H,S] = 0 then ηt is self-dual with self-duality fct. D = Q−1S.
If D is a self-duality fct. then S = QD is a symmetry of H.

Proof.

〈η(t)|D|ξ〉 = 〈η|e−tHT
D|ξ〉 = 〈η|e−tHT

Q−1S|ξ〉
= 〈η|Q−1e−tHQQ−1S|ξ〉 = 〈η|Q−1Se−tH |ξ〉
= 〈η|D|ξ(t)〉

�
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C. Giardinà (TU/e-EURANDOM)



Introduction Set-up Results Exclusion processes Brownian energy processes Consequences of duality Conclusions

Self-Duality and Symmetry

Theorem (I)

Suppose H is the Hamiltonian of (ηt )t≥0 and HT = Q−1HQ.
If [H,S] = 0 then ηt is self-dual with self-duality fct. D = Q−1S.
If D is a self-duality fct. then S = QD is a symmetry of H.

Proof.

〈η(t)|D|ξ〉 = 〈η|e−tHT
D|ξ〉

= 〈η|e−tHT
Q−1S|ξ〉

= 〈η|Q−1e−tHQQ−1S|ξ〉 = 〈η|Q−1Se−tH |ξ〉
= 〈η|D|ξ(t)〉

�
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Remarks on similarity

In finite state space context, H and HT are always similar.

If µ is a reversible measure

µ(η)H(η′, η) = µ(η′)H(η, η′)

then
Q(η, η′) = µ(η)δη,η′

If µ is a stationary measure (⇔ Hµ = 0) then

H̃(η, η′) = H(η′, η)
µ(η)

µ(η′)

is the Hamiltonian of the time reversed process.

Similarity of H and HT ≡ Similarity of H and H̃.
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C. Giardinà (TU/e-EURANDOM)



Introduction Set-up Results Exclusion processes Brownian energy processes Consequences of duality Conclusions

(General) Duality and Symmetry

Theorem (II)

Suppose H is the Hamiltonian of (ηt )t≥0 and Hdual is the Hamiltonian
of (ξt )t≥0. Assume

1 HT = Q−1HQ (similarity)
2 HC = CHdual (conjugacy)

If [Hdual ,S] = 0 then ηt is dual to ξt with duality fct. D = Q−1CS.
If D is a duality fct. then S = C̃QD is a symmetry of Hdual .

Proof.

〈η(t)|D|ξ〉 = 〈η|e−tHT
D|ξ〉 = 〈η|e−tHT

Q−1CS|ξ〉
= 〈η|Q−1e−tHQQ−1CS|ξ〉 = 〈η|Q−1Ce−tHdual S|ξ〉
= 〈η|Q−1CSe−tHdual |ξ〉 = 〈η|D|ξ(t)〉
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Exclusion processes j-SEP

State space

For j ∈ N/2 Ω = ×N
i=1Ωi = {0,1, . . . ,2j}N

3 η = (η1, . . . , ηN)

ηi,l = config. obtained by removing a particle at i and adding at l

Generator

L = L1 +
N−1∑
i=1

Li,i+1 + LN

(Li,i+1f )(η) = ηi(2j − ηi+1)[f (ηi,i+1)− f (η)] Bulk

+ (2j − ηi)ηi+1[f (ηi+1,i)− f (η)]

(L1f )(η) = 2jρ1(2j − η1)[f (η0,1)− f (η)] Reservoir

+ (2j − 2jρ1)η1[f (η1,0)− f (η)]
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Remarks

If j = 1/2 then (ηt )t≥0 is the standard boundary driven symmetric
exclusion process (SEP).

If j > 1/2 then (ηt )t≥0 can be seen as the boundary driven
SEP on a ladder lattice with 2j levels at each site

ηi(t) =

2j∑
α=1

η̃α,i(t) with η̃α,i(t) standard SEP

If j →∞ and ρ→ 0 (with ρj finite) then ηt/2j → ηirw
t system of

independent random walkers.
If ρ1 = ρN = ρ then the invariant measure is

νj,ρ = ⊗N
i=1Bin(2j , ρ)
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C. Giardinà (TU/e-EURANDOM)



Introduction Set-up Results Exclusion processes Brownian energy processes Consequences of duality Conclusions

Remarks

If j = 1/2 then (ηt )t≥0 is the standard boundary driven symmetric
exclusion process (SEP).
If j > 1/2 then (ηt )t≥0 can be seen as the boundary driven
SEP on a ladder lattice with 2j levels at each site

ηi(t) =

2j∑
α=1

η̃α,i(t) with η̃α,i(t) standard SEP

If j →∞ and ρ→ 0 (with ρj finite) then ηt/2j → ηirw
t system of

independent random walkers.

If ρ1 = ρN = ρ then the invariant measure is

νj,ρ = ⊗N
i=1Bin(2j , ρ)
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SU(2) structure

SU(2) group

[Jo
i , J

±
i ] = ±J±i [J−i , J

+
i ] = −2Jo

i

Representation

J+
i |ηi〉 = (2j − ηi)|ηi + 1〉

J−i |ηi〉 = ηi |ηi − 1〉
Jo

i |ηi〉 = (ηi − j)|ηi〉

In a base {|0〉i , |1〉i , . . . , |2j〉i} we have

J+
i =



0

2j
. . .

. . .
. . .
1 0

 J−i =



0 1

. . .
. . .

. . . 2j
0

 Jo
i =



−j

. . .

. . .
j


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SEP and SU(2) ferromagnet

Quantum spin chain
The j-SEP generator can be read as the SU(2) ferromagnet:

−LT = H = H1 +
N−1∑
i=1

Hi,i+1 + HN

1 Bulk
−Hi,i+1 = 2~Ji � ~Ji+1 − 2j2

= J+
i J−i+1 + J−i J+

i+1 + 2Jo
i Jo

i+1 − 2j2

Note: from the group structure we deduce symmetries
[Hbulk , Jo] = 0 [Hbulk , J+] = 0 [Hbulk , J−] = 0

2 Reservoir

−H1 = 2jρ1(J+
1 + Jo

1 − j) + (2j − 2jρ1)(J−1 − Jo
1 − j)
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Self-Duality for j-SEP

Theorem
1 The bulk j-SEP is self-dual with self-duality fct.

D(η, ξ) =
N∏

i=1

Di(ηi , ξi) =

N∏
i=1

(
ηi
ξi

)(2j
ξi

) =
N∏

i=1

ηi(ηi − 1) · · · (ηi − ξi + 1)

2j(2j − 1) · · · (2j − ξi + 1)

2 The boundary driven j-SEP is dual to the process
~ξ(t) = (ξ0(t), ξ(t), ξN+1(t)) with generator
L = L1 +

∑
i Li,i+1 + LN

(L1f )(~ξ) = ξ1(f (ξ1,0)− f (ξ)) D(η, ~ξ) = ρξ0
1

N∏
i=1

Di(ηi , ξi) ρ
ξN+1
N
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Proof.
1 By theorem (I), Di = Q−1

i Si

Similarity HT = Q−1HQ: detailed balance

Qi (ηi , η
′
i ) = µ(ηi )δηi ,η

′
i

=

(
2j
ηi

)
δηi ,η

′
i

Symmetry [Hbulk ,S] = 0: group structure

Si = eJ+
i ⇒ Si (ηi , ξi ) =

(
2j − ξi

ηi − ξi

)
Combining

Di (ηi , ξi ) = Q−1
i (ηi , ηi )Si (ηi , ξi ) =

(
ηi
ξi

)(2j
ξi

)
2 Follows from a direct computation: L1D = DLT

1
Remark: Boundaries ξ0 and ξN+1 are absorbing!

�
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Brownian energy process

Definition

For two sites i and j consider the generator Li,j : C∞(R2)→ C∞(R2)

(Li,j f )(xi , xj) =

(
xi
∂

∂xj
− xj

∂

∂xi

)2

f (xi , xj)

If we think of (xi , xj) as velocities, then

polar coordinates Li,j =
∂2

∂θ2
ij

generates a Brownian motion of the angle θi,j = arctan(xj/xi)

conserves the total (kinetic) energy r2
i,j = x2

i + x2
j
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Brownian energy process

State space

Ω = ×N
i=1Ωi = RN

3 x = (x1, . . . , xN)

Generator

L = L1 +
N−1∑
i=1

Li,i+1 + LN

(Li,i+1f )(x) =

(
xi

∂

∂xi+1
− xi+1

∂

∂xi

)2

f (x) Bulk

(L1f )(x) =

(
T1

∂2

∂x2
1
− x1

∂

∂x1

)
f (x) Reservoir

Equilibrium

If T1 = TN = T then the stationary measure is νT = ⊗N
i=1N (0,T )
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SU(1,1) structure

Definition

K +
i =

1
2

x2
i K−i =

1
2
∂2

∂x2
i

K o
i =

1
4

(
xi
∂

∂xi
+

∂

∂xi
xi

)

SU(1,1) group

[K o
i ,K

±
i ] = ±K±i [K−i ,K

+
i ] = 2K o

i

Representation

~K 2
i =

1
2

(K +
i K−i +K−i K +

i )−(K o
i )2 ~K 2

i |k , kz >i= k(k−1)|k , kz〉i

In our case ~K 2
i |−〉i = 1

4

(1
4 − 1

)
|−〉i ⇒ k = 1

4
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BEP and SU(1,1) ferromagnet

Quantum spin chain
The BEP generator can be read as the SU(1,1) ferromagnet:

−L† = H = H1 +
N−1∑
i=1

Hi,i+1 + HN

1 Bulk

Hi,i+1 = −4
(

2~Ki � ~Ki+1 +
1
8

)
= −4

(
K +

i K−i+1 + K−i K +
i+1 − 2K o

i K o
i+1 +

1
8

)

2 Reservoir
H1 = 2

(
T1K−1 + K o

1 +
1
4

)
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Origin of duality for BEP

Discrete representation

K+
i |ξi〉 = (ξi +

1
2

)|ξi + 1〉

K−i |ξi〉 = ξi |ξi − 1〉

Ko
i |ξi〉 = (ξi +

1
4

)|ξi〉

In a base {|0〉i , |1〉i , . . .} we have

K+
i =



0

1
2

. . .

3
2

. . .

. . .
. . .


K−i =



0 1

. . . 2

. . .
. . .

. . .


K0

i =



1
4 0

5
4

. . .

9
4

. . .

. . .


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Dual process of BEP

State space

Ωdual = ×N
i=1Ωdual

i = {0,1,2, . . .}N

3 ξ = (ξ1, . . . , ξN)

Hamiltonian

Hdual
i,i+1 = −4

(
K+

i K
−
i+1 +K−i K

+
i+1 − 2Ko

i K
o
i+1 +

1
8

)
Generator

(Ldual
i,i+1f )(ξ) = 2ξi(2ξi+1 + 1)[f (ξi,i+1)− f (ξ)]

+ (2ξi + 1)2ξi+1[f (ξi+1,i)− f (ξ)]
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Duality for BEP

Theorem
1 The bulk BEP (x(t))t≥0 with generator L = −H† is dual to to the

process (ξ(t))t≥0 with generator Ldual = −HT
dual with duality fct.

D(x , ξ) =
N∏

i=1

x2ξi
i

(2ξi − 1)!!

2 The boundary driven BEP is dual to the process
~ξ(t) = (ξ0(t), ξ(t), ξN+1(t)) with generator
Ldual = L1 +

∑
i Li,i+1 + LN

(L1f )(~ξ) = 2ξ1(f (ξ1,0)− f (ξ)) D(x , ~ξ) = T ξ0
1 D(x , ξ)T ξN+1

N
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Proof.
1 By theorem (II), D = Q−1CS

Similarity H† = Q−1HQ: H is self-adjoint⇒ Q = Id
Conjugancy HC = CHdual
It is enough conjugancy of the K a

i and Ka
i with a ∈ {+,−, o}

〈xi |K +
i Ci |ξi〉 = 〈xi |CiK+

i |ξi〉∫
dy〈xi |K +

i |yi〉〈yi |Ci |ξi〉 =
∑
ξ′i

〈xi |Ci |ξ′i 〉〈ξ′i |K+
i |ξi〉

x2
i
2

C(xi , ξi ) = (ξi +
1
2

)C(xi , ξi +1) ⇒ C(xi , ξi ) =
x2ξi

i
(2ξi − 1)!!

Symmetry: S = Id
Combining: Di (xi , ξi ) = Ci (xi , ξi )

�
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Generalization of BEP

For k ∈ N/4 we consider the BEP on a ladder lattice with 4k levels

Generator

L = L1 +
N−1∑
i=1

1
4k

4k∑
α,β=1

L(i,α),(i+1,β) + LN

(L(i,α),(i+1,β)f )(x) =

(
xi,α

∂

∂xi+1,β
− xi+1,β

∂

∂xi,α

)2

f (x) Bulk

(L1f )(x) =
4k∑
α=1

(
T1

∂2

∂x2
1,α
− x1,α

∂

∂x1,α

)
f (x) Reservoir

Define new process (z(t))t≥0 as zi(t) =
∑4k

α=1 x2
i,α(t)

If T1 = TN = T then invariant measure is νk ,T = ⊗N
i=1χ

2
4k (T )
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Brownian energy processes k -BEP

State space

Ω = ⊗N
i=1Ωi = RN

+

3 z = (z1, . . . , zN)

Generator

L = L1 +
N−1∑
i=1

Li,i+1 + LN

Li,i+1 =
1
k

zizj

(
∂

∂zi
− ∂

∂zi+1

)2

− 2(zi − zi+1)

(
∂

∂zi
− ∂

∂zi+1

)
Bulk

L1 = 2T1

(
k
∂

∂z1
+ 2z1

∂2

∂z2
1

)
− 2z1

∂

∂z1
Reservoir
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Hamiltonian k -BEP

H =
∑

i

1
k

(
K +

i K−i+1 + K−i K +
i+1 − 2K o

i K o
i+1 + 2k2

)

K +
i =

∑
α

K +
i,α =

1
2

zi

K−i =
∑
α

K−i,α = zi
∂2

∂z2
i

+ 4k
∂

∂zi

K o
i =

∑
α

K o
i,α = zi

∂

∂zi
+ 4k

Hdual =
∑

i

1
k

(
K+

i K
−
i+1 +K−i K

+
i+1 − 2Ko

i K
o
i+1 + 2k2

)
K+

i |ξi 〉 = (ξi + 2k)|ξi + 1〉

K−i |ξi 〉 = ξi |ξi − 1〉

Ko
i |ξi 〉 = (ξi + k)|ξi 〉
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i,α =

1
2

zi

K−i =
∑
α

K−i,α = zi
∂2

∂z2
i

+ 4k
∂

∂zi

K o
i =

∑
α

K o
i,α = zi

∂

∂zi
+ 4k

Hdual =
∑

i

1
k

(
K+

i K
−
i+1 +K−i K

+
i+1 − 2Ko

i K
o
i+1 + 2k2

)

K+
i |ξi 〉 = (ξi + 2k)|ξi + 1〉

K−i |ξi 〉 = ξi |ξi − 1〉

Ko
i |ξi 〉 = (ξi + k)|ξi 〉
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Duality for k -BEP

Theorem
1 The bulk k-BEP (z(t))t≥0 with generator L = −H† is dual to to

the process (ξ(t))t≥0 with generator Ldual = −HT
dual with duality

fct.

D(z, ξ) =
N∏

i=1

zξi
i

Γ(2k)

2ξi Γ(2k + ξi)

2 The boundary driven k-BEP is dual to the process
~ξ(t) = (ξ0(t), ξ(t), ξN+1(t)) with generator
Ldual = L1 +

∑
i Li,i+1 + LN

(L1f )(~ξ) = 8kξ1(f (ξ1,0)− f (ξ)) D(x , ~ξ) = T ξ0
1 D(x , ξ)T ξN+1

N
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The KMP limit

KMP model

Observables: Energies at each site ε = (ε1, . . . , εN) ∈ RN
+

Dynamics: Select a pair of lattices (i , j) and uniformly redistribute the
energy under the constraint of conserving εi + εj .

Instantaneous thermalization limit
Let (zi(t), zj(t)) be the process with generator

Li,j = zizj
(
∂i − ∂j

)2 − 2k(zi − zj)
(
∂i − ∂j

)
Define (LIT

i,j f )(zi , zj) = lim
t→∞

(etLi,j f )(zi , zj)− f (zi , zj)

= lim
t→∞

E(zi ,zj )(f (xi(t), xj(t)))− f (zi , zj)

Claim: LIT
i,j = LKMP

i,j for k = 1/2
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The KMP limit

Lemma (stationary measure)

Let (zi(t), zj(t)) be the Markov process with generator

Li,j = zizj
(
∂i − ∂j

)2 − 2k(zi − zj)
(
∂i − ∂j

)
and initial condition zi(0) + zj(0) = E. Then in the limit t →∞ we

have (zi(t), zj(t))
D→ (E+e

2 , E−e
2 ) where

f (e) = Ck (E2 − e2)2k−1 for − E ≤ e ≤ E

Proof.
Define (E(t),e(t)) = (zi(t) + zj(t), zi(t)− zj(t)). Then

Li,j = (E2 − e2)
∂2

∂e2 − 4k e
∂

∂e
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How to use duality

Duality reduces the computation of n-point correlation functions for a
boundary driven process to the computation of absorbtion probabilities
for n (interacting) dual random walkers.

Proposition

Let |ξ| =
∑N

i=1 ξi be the total number of dual walkers.
1 For the boundary driven j-SEP

E(D(η, ~ξ )) =
∑

a,b:a+b=|ξ|

ρa
1ρ

b
N P(ξ0(∞) = a, ξN+1(∞) = b)

2 For the boundary driven k -BEP

E(D(x , ~ξ )) =
∑

a,b:a+b=|ξ|

T a
1 T b

N P(ξ0(∞) = a, ξN+1(∞) = b)
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Proof.
Let νρ1,ρN = ν the stationary measure of the j-SEP (ηt )t≥0.

E(D(η, ~ξ ))

= lim
t→∞

∑
η∈Ω

Eη(D(ηt , ~ξ )) ν(η)

=
∑
η∈Ω

lim
t→∞

Eξ(D(η, ~ξt )) ν(η)

(
Use D(η, ~ξ) = ρξ0

1

N∏
i=1

ηi(ηi − 1) · · · (ηi − ξi + 1)

2j(2j − 1) · · · (2j − ξi + 1)
ρ
ξN+1
N

)
=
∑
η∈Ω

∑
a,b:a+b=|ξ|

ρa
1ρ

b
N P(ξ0(∞) = a, ξN+1(∞) = b) ν(η)

=
∑

a,b:a+b=|ξ|

ρa
1ρ

b
N P(ξ0(∞) = a, ξN+1(∞) = b)

�
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Density/Energy profile

If ~ξ = (0, . . . ,0,1,0, . . . ,0) ⇒ 1 walker (Xt )t≥0 with X0 = i
site i ↗

1 For j-SEP D(η, ~ξ ) = ηi
2j

E
(
ηi

2j

)
= ρ1 Pi(X∞ = 0) + ρN Pi(X∞ = N + 1)

= ρ1

(
1− i

N + 1

)
+ ρN

(
i

N + 1

)

2 For k -BEP D(x , ~ξ ) =
x2

i
4k

E

(
x2

i
4k

)
= T1

(
1− i

N + 1

)
+ TN

(
i

N + 1

)
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Density/Energy correlation

If ~ξ = (0, . . . , 0, 1, 0, . . . , 0, 1, 0, . . . , 0) ⇒ 2 walkers (Xt ,Yt )t≥0 with (X0,Y0) = (i, l)

site i ↗ site l ↗

1 For j-SEP D(η, ~ξ ) = ηi
2j
ηl
2j

E
(
ηi

2j
ηl

2j

)
= ρ2

1 Pi,l (X∞ = 0,Y∞ = 0) + ρ2
N Pi,l (X∞ = N + 1,Y∞ = N + 1)

= ρ1ρN (Pi,l (X∞ = 0,Y∞ = N + 1) + Pi,l (X∞ = N + 1,Y∞ = 0))

E
(
ηi

2j
;
ηl

2j

)
= −2i(N − l)

N3 (ρ1 − ρN)2

2 For k -BEP D(x , ~ξ ) = x2
i x2

l

E

(
x2

i
4k

;
x2

l
4k

)
=

2i(N − l)
N3 (T1 − TN)2
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