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BOREL SUMMABILITY: APPLICATION TO THE ANHARMONIC DSCILLATOR

8. GRAFFI, V.GRECCHI
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We prove that the energy levels of an arbitrary anharmonio oscillator {:rzm and in any finite number
of dimensions) are detsrmined uniquely by their Raylelgh-Schrodinger series via a (generalized) Borel
summability method. To use this method for computations, one must make an anslytic uuntinmim
which we accomplish by (a rigorously unjustified) use of Padd approximants in the case of p2 + x2 + fxd,
The numerical reaulis appear to be better than with the direct use of Padé¢ approximants.
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Abstract: The canonieal quantization of any hyperhole sympleciomarphisim 4 of
the 2-torus vields a periodic unitary operator on a N-dimeusional Hidberd space,
N = 4. We prove that this quantom sysiem becomes ergodic and mixing at the
classical limit {N = oz, N prime) which can be interchanged with the time-average
e The recovery of the stochastic behaviour ont of a periodic one i baged on the
same moechanismn under which the umform distribuiion of the classical penodic
orbits reproduces the Lebesgue measure: the Wigner functions of the cigenstates,
sunporied on the classical periodic orbits, are indeed proved 1o become uniformly
spread in phase space.
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Polynomial 1D stationary Schrodinger problem
(an Ordinary Differential Equation)

N E(q) ¥ ? 1) wla) =0

{(+"+ v+ +oyqgy {-E}

Notations : U= (v1,,0n_1)

e Traditional view (in any dimension):

- N = 2 exactly solvable (harmonic oscillator),
- N # 2 are not:

e Airy equation for N =1 (more transcendental than N = 2)

e anharmonic oscillator for N > 3
(workhorse for perturbative, semiclassical ... methods).



Polynomial 1D stationary Schrodinger problem
(an Ordinary Differential Equation)

N E(q) ¥ ? 1) wla) =0

{(+"+ v+ +oyqgy {-E}

Notations : U= (v1,,0n_1)

e Traditional view (in any dimension):

- N = 2 exactly solvable (harmonic oscillator),
- N # 2 are not:

e Airy equation for N =1 (more transcendental than N = 2)

e anharmonic oscillator for N > 3
(workhorse for perturbative, semiclassical ... methods).

e Recent view (in 1 dimension):
AN EXACTLY SOLVABLE PROBLEM IN ANY DEGREE

by an exact WKB method (cf. Balian-Bloch, Zinn-Justin, Sibuya):
e semiclassical analysis using zeta-regularization

e exact, selfconsistent Bohr-Sommerfeld quantization conditions (~ Bethe Ansatz).



Polynomial 1D stationary Schrodinger problem

e Initial equation:

(-5 o+ E(q) + % ) wla) =0

{(+d"+vid" "+ 4 oo g} {-E}
Notations : U= (v, -+, on_1)
e Conjugate equations:

V[ﬂ(q) déf e—i&p V<e—i&p/2 q)’ )\[Z} déf e_w“o A

for ¢=0,1,---,L—1 (mod L) with

N + 2 generically

Number of distinct conjugates : L=< N

5 + 1 for even polynomials V(q)



Semiclassical tools (I): Spectral functions (parity-split)

Assume confining potential V(|q|) == discrete E-spectrum &={FEj}r—01.2.-

e [J — 400 expansions:
def 11

Classical action: % pd ~b,EY = o+ —

(growth order)
w2+ Vig=r} 27 2 N

Semiclassical quantization condition (Bohr-Sommerfeld expansion):
Zb E.” k—irl for integer k — 400 (a ! 2 )
o ~ a ri rR — =M AT VR
. k 9 g Hs B N H N

Y

e (Generalized) zeta functions

Z%(s,\) o Z (B +M)"° (convergent for Re s > )

even
k

odd
and Z=7"+27" (full), Z° =77 -7 (skew)
e Spectral determinants (zeta-regularized)

def

DF(\) =D\ | £1) = exp[—0,Z7 (5, \)]s—0

and D=D"D" (full), DY = D"/D~ (skew, meromorphic)

Example of the full determinant, D()\) = det(H+\) = “[] (A\+E})”:
k
D()) is an entire function, of order p in A.

log D(A) has a structure equation:

o8 DO = Jim 33 log(Ey ) + 3 loa(Bi+ )~ 3 bt s B~ 4]
k<K {a>0}
counterterms

and a canonical large-\ (generalized Stirling) expansion, of order y :

log D) ~ > aafA%}, {A}E A (@ ¢ N), {M}FE AlogA— 1), {\°} = log A

a

banned:  pure \" (n € N) terms, including additive constants (oc \°).



Semiclassical tools (II): recessive WKB solutions (cf. Sibuya)

Exact solution 1, (q), recessive for ¢ — +oo (canonical WKB specification):

+oo
Ua(q) ~ TIy(q)~ Y2 exp/ I\(¢') dq’, ()& (V(q) + \)/? (classical momentum)
q

+0o0o
/ I1,(¢) dq : improper action integral — (IL,(¢") ~ ¢™/?).
q



Semiclassical tools (II): recessive WKB solutions (cf. Sibuya)

Exact solution 1, (q), recessive for ¢ — +oo (canonical WKB specification):

“+oo
¥alg) ~ Ta(g)™"? eXp/ Mi(¢)dg',  T(q)= (V(g)+\)Y? (classical momentum)
q
+o0o
/ I1,(¢) dq : improper action integral — (IL,(¢") ~ ¢™/?).
q

+00
Trick: = [ / (V(¢)+ N2 dg (convergent for Re s > p)
q

s~~0
- -
~

I,(s,\)

(analytical continuation in s), fine if I (s, A) is regular at s = 0. But in general,

V@ +N=2 ~ S 6,600 (p=2, Y1) (g— +o0)

27 2
qp-i-l—Ns
= L(s,\) ~ — ;ﬂp(s)m (singular expansion)
. ) 1
and I,(s,A\) has at most a simple pole at s = 0, of residue N B_1(s=0)
=0 : Normal case
(13 3 bh) 3
B-1(s) (“residual” polynomial) { 20 Anomaly case



Semiclassical interpretation of improper action integral

QUANTUM

zeta function

Z(s,\) = Tr <—%;+V(q)+A>_S

= Z (B +A)°°

k

determinant

formally
D) = “IT (A + Ej)”

k

D) = exp{—0,2(s,\)]a=o}



Semiclassical interpretation of improper action integral

QUANTUM CLASSICAL

correspondence

zeta function zeta function?

Z(s,\) = Tr <—%;+V(q)+A>_S

= Z (B +A)°°

k

determinant

formally
D) = “IT (A + Ej)”

k

D) = exp{—0,2(s,\)]a=o}



Semiclassical interpretation of improper action integral

QUANTUM CLASSICAL

correspondence

zeta function zeta function

d? —s o dgdp —s

= Z (B +A)°°

k

determinant

formally
D) = “IT(A+ Ek)”

k

D) ¥ exp {—8.Z(s,A)|s=0}



Semiclassical interpretation of improper action integral

QUANTUM CLASSICAL
Correspondence
zeta function zeta function
o (& - at [ dgdp ¢ , -
260 = T (~ga V@) Zas) [ L (v )
—s F(5_1/2)/+OO 1/2—s
_ B+ A = (g N2
> (Bt st | (V@ g
determinant determinant?
formally
D()\) — ccl;[ ()\‘I'Ek) )

D) ¥ exp {—0,Z(s,\)|s—o} Da(\) ¥

= exp {_83ZC1(S7 A)‘SZO}



Semiclassical interpretation of improper action integral

QUANTUM CLASSICAL
correspondence
zeta function zeta function
o (& - at [ dgdp ¢ , -
260 = T (~ga V@) Zas) [ L (v )
—s F(5_1/2)/+OO 1/2—s
- B+ A = U (N2
> B+ 5o | (VN g
determinant determinant
formally formally
D) = “TT A+ Ey)” Da(A) = exp “ [T (V(q)+N)"?dg”
k
D) ¥ exp {—0,Z(s,\)|s—o} Da(\) ¥

= exp {_83ZC1(S7 A)‘SZO}



CANONICAL normalization of recessive solution

+00
logDa(h) = [ (Vig) + 1) da
(Assuming N > 2 for simplicity :)
d oo
losDa) =4 [ (@) +

&
log Dg(A) ~ CANONICAL  for A — +o0

(<= without pure \° terms in large-\ expansion)

specify improper action integral completely:

+oo
/ I\ (q") dq’d:OfFPszo I,(s,\) +2(1—1log2)5_1(0)/N ,
q

consistently with additivity:

1

+o0 q +oo
/ I\(¢') dg’ = / I\(¢') dq’ + / I\(q') dq’ for finite ¢, ¢”
q q q’

(qu,”(V(q)%—)\)l/2 dgq ~ (¢"—¢)A\'/? + O(A~"/?) being canonical for ¢, ¢’ finite).

Simplest examples:

+oo
/0 (q4—|—vq2)1/2 dq — _%UB/Z N
N 1/2 -1 1 11y y\» def 11
; (¢" +XN)"dg = —(2vm) ' T(1+5) T(—5—%) A (N#2) |n=g5+5| N
“+oo
/ (> +N)Ydg = —2 Mlog A — 1) A
0

Even quartic oscillator (v, A > 0 for simplicity):

+oo
/ (¢* +vg® + \)?dg =
0

(02 2V%); = o+ 2V VKR 0B, k= (222)"
(v<2v): = INAVA K (D) - 2R, h= AT

2 )\1/4



Semiclassical interpretation of improper action integral

QUANTUM CLASSICAL
correspondence
zeta function zeta function
o (& - at [ dgdp ¢ , -
260 = T (~ga V@) Zas) [ L (v )
—s F(5_1/2)/+OO 1/2—s
- B+ A = U (N2
> B+ 5o | (VN g
determinant determinant
formally formally
D) = “TT A+ Ey)” Da(A) = exp “ [T (V(q)+N)"?dg”
k
D) ¥ exp {—0,Z(s,\)|s—o} Da(\) ¥

= exp {_83ZC1(S7 A)‘SZO}



Semiclassical interpretation of improper action integral

QUANTUM

zeta function

2

Z(s,\) = Tr (—(f—qu(q)H)_s Ze (s, \)

= Z (B +A)°°

k

determinant

formally
D) = “[T (A + Ey)”

k

D)) ¥

exp {—0sZ (s, \)|s=0}

CLASSICAL

correspondence

zeta function

def [ dgdp [ o -
B /Rz 2m (p +V(q)+)\)

_ [(s—1/2) i 1/2—s
. W/— (V(g)+N)'/*~*dq

[e.e]

determinant

formally

Da(A) = exp “ [T (V(q)+N)"?dg”

Da(\) ¥

€xp {_83201(57 >\) ‘s:O}

identities
+oo
DN = T,(0)2 exp / M (q) dg

= [Ualwks(0)

—+00
Di(N) = T0,(0)™/2 exp /

IIx(q) dg
0

= —[¥\Jwxs(0)



Semiclassical interpretation of improper action integral

QUANTUM CLASSICAL
Correspondence
zeta function zeta function
- d? —s def dgdp 7 , —s
260 = T (~ga V@) Zas) [ L (v )
—s F(5_1/2)/+OO 1/2—s
- B+ A = U (N2
> B+ st | (V@ g
determinant determinant
formally formally
D) = “TT A+ Ey)” Da(A) = exp “ [T (V(q)+N)"?dg”

k

D) ¥ exp {—0,Z(s,\)|s—o} Da(N) ¥ exp {=0,Za(s, \)]s0}

basic identities identities
+oo
i) = MO e [ M)
0
D= () = ¢\(0) = [a]wks(0)

+oo
Di(\) = IT,(0)*1/2 exp/ T\ (¢) dgq
0

DT (AN = —¢4(0) = —[U}]wxs(0)




The Wronskian identity

e Exact solution v, (q), recessive for ¢ — 400 (WKB specification):

—+o00
def

Ua(g) ~ TI(g) "2 exp / M(¢)dg, T(q)%

q

(V(g) + )\)1/ ? (classical momentum)

e Adjacent conjugate solution, recessive for ¢ — + e %/200 :

def i
Uy (g) = o (6972 g)

e ¢ — 400 expansions fully known, e.g.:

Ualg) ~eCq V@ exp {—Z By1 (V) %} C=+ [leogz Boa() + 0, G

{o>0} 0
= Explicit Wronskian (evaluated in ¢ — +oo limit):
V(@) Pa(g) — Pa(g)Ua(g) = 2i e/t el (/2
e Add basic exact identities:
DT(A) = =¢4(0) ) D=(X) = ¥x(0)

\ /

—e ®/ADN| &) De A | EM) +ete/ADe e A | EM) D(X | £2) = 2ietioB1()/2




Exact quantization condition?

e/ D(e N | E) DN | £2) — e WA D(N| £4) D(e7 A | E) = 21 etiv01 (/2



Exact quantization condition?

e/ D(e N | E) DN | £2) — e WA D(N| £4) D(e7 A | E) = 21 etiv01 (/2

Degenerate cases:

2
e N=2: —% + (¢* + )x)] P(q) =0 (harmonic oscillator)
q
p=m

Bor=)/2

e-i-i7r/4 D+(f/\) D_()\) . e—in/4 D+(/\) D_(—)\) = Qie+i7r)\/4



Exact quantization condition

e/ D(e N | E) DN | £2) — e WA D(N| £4) D(e7 A | E) = 21 etiv01 (/2

Degenerate cases:

2
e N=2: —% + (¢* + )x)] P(q) =0 (harmonic oscillator)
q
p=m

Bor=)/2

e-i-i7r/4 D+(f/\) D_()\) . e—in/4 D+(/\) D_(—)\) = Qie+i7r)\/4

unknowns real, splits:

cos /4 [DT(=N) D=(A) = DT(A\) D™ (=)\)] = —2 sin w\/4
sin /4 [DT(=X\) D™(A)+ D*(X\) D™ (=\)] = +2 cos A /4

DY(\) D™ (=)) = 2 cos T(A—1)/4
ZEeros : vy =9, =5, —1, 43, +7, +11,...
27N22\ /7 272\ /;
= DT(\) = ———— D-(\)="1Y"
L) L)

2

d
e Same for [—P + (¢V+A q%_l)] ¥(q) =0  (zero-energy generalized eigenvalue problem),
q

likewise exactly solvable (supersymmetric): with |v = ——

9—A/N (4V>V(A+1)+1/2 I(—2v)
T(v(A—1)+1/2)

2—A/N(4V)I/(A—1)+1/2 F(Ql/)
Mv(A+1)+1/2)

D(A) = - Dy(A) =

also for  det [—% + (¢V+A ¢2 1)) over the whole real line:

1
=D\ (A)Dy(A) if N=2 (mod 4); = cos rvA if N=0 (mod 4).

sin v




Exact quantization condition?

e/ D(e N | E) DN | £2) — e WA D(N| £4) D(e7 A | E) = 21 etiv01 (/2



Exact quantization condition?

et/ DN MDA EL) —e A DN EL) D(e A | ) = 2ietivi 1)/
MM DN &) D(e® A | EXTY —e ¥/ D(ev N | EXT) DN | £2) = 210719010/



Exact quantization condition?
For even spectrum &, : A= —F,,

et/ DN MDA EL) —e A DN EL) D(e? A | ) = 2ietivi 1)/
MM DN &) D(e® A | EXTY —e ¥/ D(ev N | EXT) DN | £2) = 210719010/



Exact quantization condition?
For even spectrum &, : A=—Fy, <= DA\|&)=0
et/ De N | MDA ) —e @/t DA | £L) D(e™ A | M) = 2ietived1(0)/2

e/ DN &) D(e¥ X | 7YY —e W D N | ) DA | £2) = 21790/



Exact quantization condition?
For even spectrum &, : A=—Fy, <= DA\|&)=0
e De ¥ N | EM) DN | £2) —e#AD(N | £,) D(e# A | EY)) = 2ietiel1(®)/2

etie/t DN | £,) D(ee A | EEY) —e /A D A | LY DV | £2) = 216791 @12



Exact quantization condition
For even spectrum &, : A=—Fy, <= DA\|&)=0
e De ¥ N | EM) DN | £2) —e#AD(N | £,) D(e# A | EY)) = 2ietiel1(®)/2

etie/t DN | £,) D(ee A | EEY) —e /A D A | LY DV | £2) = 216791 @12

—i [+1]
N D(e X[ &) — _ eile/24pBa(@)] < def 4T )

D(etie \ | €71

1 N-2
+7} for k=2n>0

—i 1 —»
2arg D(—e W E | M) —pB_1(0) = = k4 S N T D)



Exact quantization condition

For odd spectrum &_: A=—Fy1 <<= DWA|E)=
et/ De ¥ )\ | ENY DA [ E2) — e A D(N| E,) D(e A | M) = 21 etied1(/2

MM DN E.) D(e¥ A | EEY) —e A D X | ELN DA | £2) = 2ie7 912

i [+1]
. DEFAET) | enresa ) (so det 47 )
D(etie x| €M) N +2
| 1 N2
D= 8| @) = 7|kt gy | fork=anes

Complete set of exact quantization conditions

even

(for all conjugate, "} spectra 5 )

1 : ; — -
- [mg D(—e ¥ B | £f) —log D(— e E | £ ”)] — (1) B1(v)

1 N -2

g —+7
Wlk+2 ~ 2N +2)

} for k=927 ¢=0,1,---,L—1 (mod L)

1,3,5,--

+ structure equations:

log DO\ | €Yy = lim {Zlog EY 4+ 0) + Llog(EY + )

K—+o00
k<K

(k. o) = > L[] (log Y, —1/a>}

{a>0}

altogether define a formally complete set of fixed-point conditions

(MELEY = LN for some mappings MT).



Im &

The three conjugate (odd, and rotated) spectra for V(q) = ¢* + v2¢*.

o ‘ ;

3 F T - 10+
L , /Z)2f* i
| 1 |
| } |

o - 00000 O 0 0 of
L 2 B
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| ) |

o
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Homogeneous case V(q) = ¢V

- All conjugate spectra identical: 5@ =&y

- Residue polynomial f_i(s;\)|;_g =0 [except N =2: [_i(s;A) = A(—s+ 3) ]
- Wronskian identity (W.IL.):

. . . : 47
MDY (e A) DT(N) — e ¥/ DT (N) D (e )) = 21 =
e D) DN — e DTN DTN =2 o= s
¢ Exact quantization condition:
1 &k
1 &
2 (Ey) = = —= =1 e
(Ey) k + 5 73 k , 3,0,
N +2
o 1 .
So(B) € = Y arg(Bn—e¥E)  (N>2)
n ovon\ h d
odd Cbm(E)

1
+ boundary condition b El' ~ k+ 5 for k — +o0

<= fixed-point equations M*{E;} = {€:}
(mappings M7 proved globally contractive for N > 2, by A. Avila).




Numerical tests

Ex. r_(120) ~ 0.9980

Horizontal scale rq = = N2 k4 (400) & 0.99975
1—1/2 0 1/2 1
T T i —
| o
| 7
|
| +
| +
|
| +
|
12 | -
|
|
|
|
Ki : +
|
|
| cl
|
o  RREEE .

|
|
|
|
|
|

@ |
|

_1/2 | : | | | | |
1 2 6 810 20 500



Exact wave-function analysis

(- + V(@) + ) wla) =0

and, e.g., 1(q) recessive for ¢ — +oo (A arbitrary, input).

Restrict to half-line [@Q, +00) (@ a parameter):

Volg) = [Vi(g) =V(Q)]  forgqe[Q,+o0)
+ def d2 t Neumann iy
Do(A) = det <_d—q2 + Vo(q) + )x) [Diriehlot boundary conditions at ¢ = @

Translated basic identities:

(@) = Dy(A+V(Q)), Q) = —DH(A+V(Q))

hence ¥, (Q) follows by solving a parametric fixed-point problem

Matel) 1= ()

for the Dirichlet spectrum &g _ of the potential V.



Ground-state eigenfunction 1(q) for the potential V (q) = ¢* — 5¢°.

5

+20
+15
+10
\Y,
+5
0
7777777 \ \,,,,,,,,,,/,j;i,,,,,,,,,,,,,),\L,,,,,,,,,,/4,,,150, ~ -3.41014
\ P - N // i _5

Non-square-integrable solution t(q) for the potential V(q) = ¢* — 2¢q at energy E = 0.

10

W,
10

10

V(g) = g~
I y 3 @=9-2 |10
Wy(q) =2 "exp(-q/3) E=0
W,
I 110
‘ ‘ ‘ 10"
-2 -1 0 1 2



“ODE/IM correspondence”

(Dorey—Tateo, Suzuki, Bazhanov—Lukyanov-Zamolodchikov,...)

A dictionary between some 2D exactly solvable models and some 1D Schrodinger equations: e.g.,

Ordinary Differential Equations — Integrable Models
1D Schrodinger equation with 2D 6-vertex model with
homogeneous potential ¢*" twist ¢ = 7/(2M + 2)
Spectral parameter A Spectral parameter v
Degree of potential 2M e2mi/(M+2) — _ o=2in Anisotropy 7
Stokes multiplier C'()\) Transfer matrix 7'(v)
D=(X) = ¢,(0) Q(v) operator
Exact quantization conditions Bethe Ansatz equations

(transposed from Dorey-Dunning-Tateo, The ODE/IM correspondence [hep-th/0703066])

That 2D 6-vertex model is also connected with the 1D quantum XXZ chain, of Hamiltonian

N
_ 1 T __x Yy Yy _ z __z
H(n) = —5 E (0j0f,, + 050, —cos2noioi,,)
=1
with twisted boundary condition
T Ly _ A2ip/ _x Ly z =z
ong Tioy, =e (o] oY), ON4l = 01

Extension to PT-symmetric potentials:

Specific potentials V(¢)  Specific integrable models

—(iq) N =2 SUSY point of sine-Gordon
—(iq)? free-fermion point

—(ig)? Yang-Lee

—(ig)* Z, parafermions

—(iq)® 4-state Potts

(Dorey-Dunning—Tateo, Ordinary Differential Equations and Integrable Models [hep-th/0010148])



Open issues

e Inhomogeneous polynomial potentials:
- contractivity of fixed-point mapping? (Numerically OK near ¢ = 0)
- correspondence with integrable models (generalized Bethe Ansatz).

e More general problems:
- rational potentials (e.g., centrifugal term)
- all Heun equations

- higher-order equations/systems, higher-dimensional Schrodinger equations, ...

e Consistency with perturbative regime.



Toward singular quantum perturbation theory
(here N > M > 0)

H(v) = —d?/d¢® + ¢" + v¢™ (coupled problem) = v M+2) [—dQ/dq2 + " + gqN}

Ho(v) = —d?/d¢® + vg™  (uncoupled problem) ~ v¥M+2 [—dz/dq2 + qM]

hence: relate det™ (H(v) +A) to det™(Hy+ ) forv— 400 & g— 07 7

g — 0: a most singular limit! E.g., in exact quantization condition
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] for k = 2n,

e the degree, hence the angle ¢ as well, jump (N — M);
e the anomaly type, hence 5_;(¥) as well, may jump (e.g., N — A for ¢° + gq*).

Main theoretical estimate
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Practical implication

There only remains to compute two improper actions,
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(N>M >0)

Binomial 11(¢)? = ug” + vg¥

e Exact evaluation of improper action integral:
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when the RHS factor is finite, i.e., in Normal case: m ¢ N.

Trinomial I1(¢)? = ¢" + vg™ + X

e Asymptotic evaluation of improper action integral for v — 4-oc0:
N M 1/2 N My1/2 S Tars
/ (" +vg™ + N2 dg ~ / (" +vg™)? dgq <: CN v v2N=M) [N])
0 0
+o0o
_'_/ (/UqM + )\)1/2 dq (: ng{
0

+ o X (C’K, Av_%(logv + 2log 2))

VoA AE T M # 2
v zA(1=logA) M =2

e Exactly computable case: N =4 (in complete elliptic integrals, & = modulus)
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Samples of end results (¢ — 0" limit, £ fixed)

det(—d?/d¢* + ¢ + g9¢" — E)
det(—d?/d¢? + ¢M — E)

~ g—mﬁfl(o) % [A]

“+oo
exp 2/ (" +vg™)?dg x
0

exp {51\,172 N5 [log g — N log 2] E}
(with f0+00(qN + ,UqM)l/2 dg o g—(M+2)/2(N—M))‘
Basic example: N =4, M =2
det(—d—2 + ¢+ g9q" — E) ~ exp {—3 + [l log g — 2log2}E} det(—d—2 +q* — E)
dg? 39 2 dg? g
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ng—E ~ —[%logg—2log2] - %[log?%—zﬂ(%(l —E))}

dof oem 1
O )AJ—%bgg+%C7+5bg% (g — 07).

g
10° 10" 10°




