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Abstract

Consider in L2(R') the operator family H(c) := Py(h, w) + Qo. Po is the quantum
harmonic oscillator with diophantine frequency vector w, Qo a bounded pascudodif-
ferential operator with symbol holomorphic and deercasing to zero at infinity, and
¢ € R. Then there exdsts ¢ > 0 with the property that if |¢| < ¢* there is a diophan-
tine frequency w(c) such that all cigenvalues E, (A, ¢) of H(c) near 0 are given by the
quantization formula E,(h,¢) = £(h, ¢) + {w(c), e}k + [w()|h/2 + cO(ah)?, where «
s an I-multi-index.

1 Imtroduction and statement of the results

Denote by F,, the sct of all functions f(z,£) : R¥ — C with finite || f{|,» norm for some
g >0, 0 > 0 (scc Scction 2 for the definition and examples). Any f € F, , is analytic on
R¥ and cxtends to a complex analytic function in the region Sz < a;|Rz]| for suitable
a; > 0; morcover | f(z)| — 0 as 2| = +oo. Here 2 := (z,€).

Let @, , denote the class of semiclassical Weyl pscudodifferential operators Fin L2(RY)
with symbol f(z,£) in F, ,; namely, (notation as in [Ro])

(Fu){z) = OpY¥(f(z,))u(=z) (1.1)
_ % f fR o EEDIRL(a ty)/2,€)uly) dyde, u € SR,

It follows dircctly from the definition of || f||,,» in (2.5) that F € @, , cxtends to a conti-

nuous opcrator in L2(R'), with

[l 222 < (| £l (1.2)
Consider in L2{R") the opcrator family H{c) = Po(h, w) + Qo and assumec:
(A1) Pa(h,w) is the harmonic-oscillator Schrédinger operator with frequencies w € [0, 1]%

1
Pc,(ﬁ,w)n=—§ﬁ?m+[w§m§+...+w§m§]n, D(Py) = HX(RYNLIRY. (1.3)
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(A2) Qo € ®,,; its symbol go(z,¢) = qo(2) is real-valued for 2 = (z,¢) € R*R!, and
q@(2) = 0(2%) as z = 0.

3) There exist 7 > 1 — 1,4 >  such that
A3) Th -1, h th
(W, By > ~|k[77, Yhke ZIN{0), |k := k|4 . .+, wi= (w1, w). (14)

Denote Qg the sct of all w € [0,1] fulfilling (1.4), and |Qq| its measure. It is well
known that |Qqg| = 1.

Under the above assumptions the operator family H (¢) defined on D(Fy) is sclf-adjoint
with purc-point spectrum ¥ ¢ € R: Spoc (H(c)) = Spec, (H{(c)). Morcover {1.4) entails in
particular the rational independence of the components of w and henee the simplicity of
Spec( P) and its density in R4 = R+ U{0}. Clearly, P is a scmiclassical pscudodifferential

operator of order 2 with symbol

i
pol,€) = P+ wal?) = 3 3 wnli(z,€)y I, o= 5[]+l k=1,...,15)
k=1 Wk

Theorem 1.1 Let (A1-A3) be verified; let h* > 0. Then given n > 0 there ezist ¢* > 0
and, for all c € [—¢*, "], Q° C Q4 independent of (h € [0,A*], n) and w(h,) € Q°, such
that if |ah| < n the spectrum of H(c) is given by the quantization formula

E (b, =&(h0)+ (w(h,o),a)h + %|w(h, |+ cR{ah, By o). (1.6)

Here:

1. E(z;0) : [0, "] X [—¢*,¢*] = R is continuous in z and analytic in ¢, with £(z,0) = 0,
£(0;) =0;

2. w(z; [0, X [, *] = R is continuous in z and analytic in ¢ with w(z;0) = w.

3. R{z,y,0: ﬁi_ X [0,h"] x [—*, "] = R is continuous in (x,y;¢) and such that
|R($, (F ()l = O(|$|2)3 (1'7)

uniformly with respect to (y,c).
4. | — Qo] > 0 as c— 0.

The uniformity in A of the cstimates needed to prove Theorem 1.1 yiclds in this particular

sctting a formulation of Kolmogorov’s theorem cquivalent to that of [BGGS):



Corollary 1.1 Let ¢*, Qf, E(x;¢), w(z;¢) be as above. Then Y there is an analytic
canonical transformation (z,&) = ¥.(I, $) of R¥ onto ﬁz_ x T* such that

(e o), 6) = £() + w (I, I) + RAT, 65 (1.8)
Here £(c) 1= £(0;0), w(c) :=w(0; Q) € Q; R, $;¢) = O(I?) as I — 0 uniformly in é.
Remarks

1. The form (1.8) of the Hamiltonian entails that a quasi periodic-motion with diophan-
tine perturbed frequency w(c) € Q° exists on the perturbed torus I = 0; equivalently,
a quasi periodic motion with frequency w(c) € Qf cxists on the unperturbed torus
with parametric cquations (z,&) = 1¥.(0,¢). Making I = ah (1.6) rcpresents the
quantization of the r.h.s. of (1.8). In the formulation of [BGGS] a quasi periodic
motion with the unperturbed frequency w € 2 exists on an unperturbed torus with
parametric cquations (z,&) = ¥.(0, ¢). The sclection of the diophantine frequency
within Q depends here on ¢ beecause of the isochrony of the Hamiltonian flow gene-

rated by pg.

2. KAM theory (sce c.g. Ko, [AA], [Mo]) was first introduced in quantum mechanics
in [DS] to deal with quasi-periodic Schrédinger operators. For its applications to the
Floquet spectrum of non-autonomous Schrédinger operators sce [BG] and references
therein. Its first application to gencrate quantization formulas for A fixed goes back
to [Bc] for operators in L2(T") and to [Co] for non-autonomous perturbations of
the harmonic oscillators. A uniform quantum version of the Arnold version has been
obtained by Popov[Po2], within a quantization different from the canonical one. The
rclated method of the quantum normal forms also yiclds (much less explicit) quan-
tization formulas with remainders of order O(2%°), O(e™2/"),0 < & < 1, O(e™/%)
(sec [Sj],[BGP],[Pol] respectively). These formulas hold for a much more general
class of symbols; however they apply only to perturbations of scmi-cxcited levels

([Sj, BGP)) or again requirc a quantization different from the canonical onc[Pol].

Acknowledgment We thank Dario Bambusi for many uscful comments and for pointing

out an crror in the first draft of this paper.



2 Proof of the results

Dcfine an analytic action ¥ of 77 into R through the flow of pg:
T:T xRY 5 R¥, 4,(2,§) = (2/,€) = Uy(z,),

where

£x

x} = oy sin ¢ + 2 cos ¢y, & 1= Excos ¢y — wrak sin Gr.

If z := (z,€), the flow of initial datum zg is indeed 2(t) = V,4(20), wt 1= (wrt, ..

If fe Ll (R?),the angular Fouricr cocfficient of order £ is defined by
1

F () —i{k,8) !
o) = gy [ S @l EP a6, ke 2.
If f € ! onc has, as is well known

FEs(2) = Y ful@)e* = f(2)= 3 ful2).

keZt keZt

Note furthermore that f = fi for some fixed % if and only if
F(Ws(2) = &% f(z).

Taking f € LY{R?¥), we will consider the space Fourier transform
o 1 .
- —i{s,z)

as well the space Fourier transforms of the fk a:

———

Ty 1 e ikt =if5:2) g6 dx
Fle) = gy [ [ S WalN e A6

Given p > 0,0 > 0, define the norm

. okl [ (7 (s)]e7®
po = 3 € .[;:2! | Fi(e)|e”* ds.

ke Zt

[1/1

Definition 2.1 Let p> 0,0 > 0. Then F,, == {f :R¥ = C|||f|

£ < +00} *

Remarks.

(2.2)

Lwit).

(2.3)

(2.4)

(2.5)

1. If f € 7, then fis analytic on R?, and cxtends to a complex analytic function on

a region B, » C C¥ of the form B, = |Sz]| < a;|Rz|, with suitable a;.

2. F:=0p)Y W(f)is a tracc-class, sclf-adjoint %-pscudodiffcrential operator in LZ(R')

if e F,o. Let f(s) be the Fourier transform of f. Since ||/l < ||/

it

1Flzes < [ 1F@Ido= 1Al IFlzpae < IS

.0y We have

(2.6)



3. v We introducc also the space F, of all functions f: R¥ — € such that

- = 7 |s|
lolle = [, 1g(s)]el*! ds < too.
Obviously if f € ¥, then f is analytic on R, and extends to a complex analytic
function in the multi-strip 8§ = {z € C¥| S| < 7).
4. Example of f € F, 5 f(2,&) = P(m,{)e'(|mlz+|5|2), P{z,£) any polynomial.

The starting point of the proof is represented by the first step of the Kolmogorov iteration,

and is summarized in the following

Proposition 2.1 Let w € Q5. Then, forany 0<d < p, 0< 8§ < 0:
1. There ezists a unitary transformation Ulw, ¢, k) = Mt L2 o LY, Wy = W and

wi1(c) € [0, 1) such that:
UH(QU™ = Po(h, w1 () + &I + EQ1{c, B) + cRa{c, B). (2.7)

Here: & = Go; Wy = Op)Y (w1) € ®peu s, @i, B) = Op)Y (1) € Bpey s with

lwillo-a.o-s € d77Mlgolloe  Ngrllo-s.0-s < 6727 o7, (2.8)

2. Ri(c) is a self-adjoint semiclassical pseudodifferential operator of order 4 such that
[R1(c), Po] = 0; 3 D4 > 0 such that, for any eigenvector 1, of Pa(w):

(e, B1() )| < Dafle|h)’. (2.9)

q/

VYK >0with (1+4K7) <
dlgolloo

that

3@ C Qg closed and dy > 1 independent of K such

|90 — ] <4(1+ 1/KT). (2.10)
Moreover if wy, € Qy then (1.4) holds with v replaced by
M =7~ (lgllp0 (1 + K7). (2.11)
Proof To prove Assertion 1 we first recall some relevant results of [BGP).
Lemma 2.1 (Lemma 3.6 of [BGP]) Let g € F,,. Then the homological equation,
{po,w}+N =9, {peN}=0 (2.12)

admits the analytic solutions

. G
N = gg; W= - , (2.13)
2% )
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with the property N o ¥y, = N. Fquivalently, N depends only on I,..., I;. Moreover, for
any d < p:

Il Al
Wloo <lolos Nellmsr €eo92% o= (5) - 1)

Given (g,¢") € F,», let {g,¢"}ar be their Moyal bracket, defined as

{9,600 = g#te’ — o'#4,

where # is the composition of ¢, ¢’ considered as Weyl symbols. We recall that in Fourier
transform representation, used throughout the paper, the Moyal bracket is (sec ¢.g. [Fol,
3.4):

(0,606 = 2 [ G0 —sin [a(s - DA sl /2] dt, 21

where, given two vectors s = (v, w) and &' = (v!,w!), s A i= (w,v,) — (v, ).

We also recall that {g,¢'}ar = {g,¢'} if cither g or ¢’ is quadratic in (z,&).

Lemma 2.2 {Lemmas 3.1 and 3.3 of [BGP]) Let ¢ € F;, ¢' € Fy_s. Then:
1L.Y0< & <o—6:

1
P = ! . .
||{g?g’}M||0'—5—5 = 825"(54— 5;)”9”0'”9 ||G"—ts (2 16)
2. Letge F,, and ¢' € F, -—s. Then, for any positive §' < ¢ — &:

1
[He: ¢ 2l p o550 < mllgllm 4]

pr—b (2.17)

Asg a gimple corollary of Lemmas 2.1 and 2.2, we find:

Lemma 2.3 (Lemma 3.4 of [BGP]) Letgc F,,, w€ F,,.
1. Define

1
gr 1= ;{w,gr—l]M, r>1; go=g.

Then g, € F, o5 for any 0 < & < 0, and the following estimate holds

oe) gl

2. Letg € F, o, and w be the solution of the homological equation (2.12). Define the

pio—s < (67%|w|

4] po (2.18)

sequence pyo:7 =0,1,... as follows:
1
P =po;  Pro= _{w,proro}m, 7 2 1.
Then, for any 0 < d < p,0 < § < 0, Pro € Fp—do—6 and fulfills the following estimate

=1
lprollp=d.o-s <2 (% wllmac)  llgllpmdor k2 1.



Proof of Proposition 2.1

With U4 = eécwl‘m, W1 continuous and sclf-adjoint, we have in gencral:

Ul(P(] + CQG)U]__I =FRt+PA+ (le, (2.19)
P = Qg +[Wy, Ry/éh, (2.20)
Qqi=c? (Ul(Po +Qo)Ur " — Py — c(Qo + [Wlapo]/ih)) - (2.21)

We start by looking for Wy € F,, such that the first order term yiclds an operator
N, € F,, commuting with Fy:

QG"’[W'DPG]/%-E:NI} [NDPG]:U- (222)

Denoting by 1wy, A the (Weyl) semiclassical symbols of Wy, Ny, respectively, oq.(2.22) is

oquivalent to a classical homological cquation in F, ,

{pa, w1} + M = @0, {pa, M1} = 0. (2.23)

However pg is quadratic in (x,€). Thercfore the Moyal bracket {pg, w1 }ar coincides with

the Poisson bracket {pg,w:} and the above cquation becomes

{po, w1} + M = qo, {pa, M1} = 0. (2.24)

The cxistence of wy € Fy—y o, N1 € F, » with the stated propertics now follows by direct
application of Lemma 2.1,

Wo now prove the second cstimate in (2.8). We have:
@ = folf: et WM [Py + Qo, W], Wile™*1¥1/* dsy ds,
and we can cstimate
[[[Fo+ Qo) W1, Wi]| 2222 < [{{Po + g0, w1}r, w1} r]|p—d,o—5-
It follows, by Lemma 2.3 and Lemma 2.1, that
[@1llz20r2 < [H{Po + cqo, wa)ar, w1}as[l—do—s < E72d™ | goll% .-

This proves the second cstimate of (2.8).

To prove the Assertion 2 sct:

&1 = M(0); wi(d) =w+(ViM)(0), (2.25)
Rl(Ia() = M(I)—((Vﬂ\ﬁ)(ﬂ),”—&, (2'26)
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and define
Ri(¢) == Op) (R1(I, ). (2.27)

Then clearly R;(¢) is a self-adjoint semiclassical, tempered pscudodifferential operator of
order 4, vanishing to 4-th order at the origin, and with the property [Ry(¢), Py = 0.
Thercfore formula (2.9) follows directly by Proposition A.1.

As far as Asscrtion 3 is concerned, sct:

Tu(e) = {wel0, 1]k t[{w, BY] € o}, (2.28)
O = - | (X)), 2.29

As in [BG], Lemma 5.6, we have:
|Tile)] <

[4'8

EIN

Henee if 7 > 1 — 1 we can write

! 1 "
U E(W)‘S E |k|r+1<ﬁ‘

&[> K &[> &

Since [{wyi(€), kY| > v1/|%|” by construction when |k| € K, the proposition is proved.

3 Iteration

The above result represents the starting point for the iteration. To cnsure convergenee, we
firat preassign the values of the parameters involved in the iterative cstimates. Keeping c,

K, ~, p and o fixed define, for p > 1:

o
o, = 7 Sp 1= Sp_1 — Op, fpi= pret Pp 1= Tpe1 — Py, (3.1
- _ 4C¥> K. =aK 3.2
Yo = Y1 1+ K7’ p = PiL. { )
P

where ¢, is defined in (3.15) below. The initial values of the paramecter soquences arc

chosen as follows:
Yo:=7%; Si=0; roi=p ¢=0. (3.3)
We then have:

Proposition 3.1 let w € Qq. There exist *(7y) > 0 and, Vp > 1, a closed set Q] C Qo
such that, if || < *{(¥) > 0 and w,(h;c) € Q):



1. One can construct two sequences of unitary transformations {X,}, {Y,} in L2(R}) with

the property

Xy(Pofw) + Qo)X =
Py(wy(B39) + (B QT +7°Q, +
P
F R, (b)) +¢ EnRs_l(h)Ys'lc?—z.

5=2

2. X, and Y, have the form

Xp = U1Uz v 'Up;
Y_g —_ UpUp—l " 'U_g-.

Here Up(w, ¢, h) = cxp [ic® W,/h] 1 L? & L2, W, = W,

W;’ = Op?(w?) € (I)*'pv"‘p? QF((? h) = Opw(q?) € (I)*'pvsp’

21-”9'@—1”1';,—1,5;,-1 ”%”rp,sp < P;zT";z”%—l”Ep_l,sp_la

Ep(hs ) = D_NalB),  Nu(h) = (@)o(h).

s=0

”wp”rp,sp <P,

(3.4)

3. R,(¢) is a self-adjoint semiclassical pseudodifferential operator of order 4; [Rs(c), Py] =

0; there ezist Dy, > 0, D, > 0 such that, for any eigenvector v, of Po(w):

(s B Padl £ Dp(laefh)?,

¥
[(¥ey 3 YsRom1 Y1 E 7 00| < Dy(|afh)?

5=2
4. YK,_1 > 0 such that
V-1
C||qp_1||rp—l$5p—1
1 Q, C Q,_1 closed and d, > 1 independent of K, such that

(1+ K;_l) <

?

Yp-1

Q, -9, 4| < .
1 =l S %

Moreover if w,(¢) € Q, then (1.{) holds with v replaced by

Yo = V-1 — {1+ K;—l)

-1
(P = Cgp ||qp_1||rp—173p—l

Proof

(3.10)
(3.11)

(3.12)

(3.13)

(3.14)
(3.15)



We proceed by induction. For p = 1 the assertion is truc because we can take Wi, @1, R,

wy, 21, K1 as in Proposgition 2.1. To go from step p— 1 to step p we congider the operator

Xp-1(Po(w) + Qo) X; 7y =
Polwp-1 (b5 ) + cpmn (B T + ¥ Qyey

p=1
-I—czp_lRp_l(ﬁ; +¢ Z Y}Rs_l(h)Y_:lczs_z.

s=2
We have to determine and cstimate the unitary map U, transforming it into the form (3.4)
via the definitions (3.5). With U, = ¢*"*/* W, continuous and sdf-adjoint, we have at
the p-th iteration step

Up(Polwp—1 + &7 Quon) Ut = Polwp) + & By + FQy,
By = Q1 + Wy, Bol/ih,
Q=" (Up(Pﬂ(wp—l) + Qo) Ur — Polwp-1) — ((Qp-1 + [Wy, Fh]/e'h)) .

(the cxplicit dependence of the frequencies on (R, ¢) has been omitted). We will look

thercfore for W, € @ and an opcrator N, € @ such that

FpiSp FpiSp

Q,+ [W,, By]/ih=N,, [N, F]=0. (3.16)

Denoting w,, N, the (Weyl) semiclassical symbols of W, N, respectively, cq.(3.16) is

again cquivalent to the classical homological equation in F, ,

{pos ol + Mo =y {0, Aplar =0

which once more becomes

{Pﬂa wp] +Np =y, {P@,Np} =10

The existence of w, € F, N, € F,, s, with the stated propertics now follows by dircct

pSp?
application of Lemma 2.1. Expanding A, as in the proof of Proposition 2.1 and taking
into account the definitions (3.5) we immediately check that X, X, 1 (Po(w) —I—CQG)X;_llXp
has the form (38.4). The cstimate of @, and the small denominator cstimates follow by
cxactly the same argument of Proposition 2.1. The cstimate (3.10) is proved cxactly as

(2.9). It remains to prove the cstimate (3.11). By the inductive assumption, it is cnough

to prove the existence of D) > 0 such that

(e Up Bp—1Uy ') < D ([ B)*.
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We only have to prove that the operator U, Rp—1 U, ! is an A-pscudodifferential operator of
order 4 fulfilling the hypothcescs of Proposition A.1, assuming by the inductive argument
the validity of these propertics for R,_y. On the other hand, U, = exp (z'c?p_lW'p/ﬁ), and
W, is an A-pscudodiffcrential operator of order 0. We can thercfore apply the semiclassical
Egorov theorem (scc c.g. [Ro], Chapter 4) to assert that UpRp_lU;1 is again an A-pacudo-
differential operator. Denote o (2, &; ;A) the Weyl symbol of U, R,_, U, and consider its

cxpansion

o(z,&Gh) = ogz, &5 ¢ +Zh‘* ) +ORMT).
It is clearly cnough to prove that the pnnmpal symbol oq(z,&; ¢) has order 4. Denote by

$(z,&5¢) = oxp [* L, ](2,€)

the Hamiltonian flow on R* gencrated by the Hamiltonian vector ficld Ly, at time &
here wy(,&) is the principal symbol of W,. Then oo(2,&;¢) = Ro_; (¢(x, & <)) where

RI_1(x, &) is in turn the principal symbol of R,_1. Now

o650 = (ot [ ewlo&n) dn— [ owy(a,&in) o)

By Assumption A2 and the inductive hypothesis we know that w,(2) = O{|2|?) as |2] — 0.
Henee we can write ¢(z) = 2 + ¢r(2) where r(2) = O(z), 2 — 0. This concludes the proof
of Proposition 3.1.

Proof of Theorem 1.1

Applying the cstimates on ¢, in Propositions 2.1 and 3.1 iteratively, we have
27p 2p
4P2 4P2 op
pllrrs, < (?) - (7 2llZ, (3.17)

|l 1@pll 2z < | (4p7) T+ P67 g0 — 0 asp — oo, (3.18)

whence

for all |¢| € ¢* provided ¢* > 0 is small cnough. At the p-th iteration the frequency is
given by
P
wp(hs Q) =w+ Y VIN,(R)E . (3.19)

s5=1

Since ||V, f(2)| p-do—s < d5||f {(2)]|p,0» by (3.17) we have

23(1’+1) —21'.5 —2s

ZIV:N )eF| < p

(3.20)

s=1

11



Henee the series (3.19) converges as p — oo for |¢| < ¢* if ¢* is small cnough, uniformly
with respect to ) € [0, 2*]. In the same way, the cstimate (8.17) entails, by the dcfinition
(8.14), the existence of p]er;o7p = Yoor Let w(h;c) := lim, o wy(h ). Then w(h;c) is
diophantinc with constant #., by Proposition 3.1. In the same way:

Eh; ) =Y _M(B)F, | <.

s=1

Finally, let R(ah, ¢) be an asymptotic sum of the power serics iYsRs_1K_1c25_2. Then
the validity of (1.7) follows by its validity term by term. Tfli=82 concludes the proof of
Theorem 1.1.

Proof of Corollary 1.1

It is cnough to illustrate the specialization of the argument of Propositions 2.1 and 3.1

to the A = 0 case. Denoting by e**: the canonical flow at time ¢ gencrated by the

Hamiltonian vector ficld gencrated by the symbol w,, we have:

e (po + o) (2,€) = (po + 1 + 1) (2,9), (3.21)
= go + {w1, pal, (3.22)
¢f == 2 (e (o + cg0) (2, €) — po — clgo + {w1,p0})) (3.23)

Remark that e (pg 4 ¢go)(z, &) is the principal symbol of Ui(Ps 4+ cQo)Ur ! by the
semiclassical Egorov theorem; py is the full, and hence principal, symbol of P; because pg
is quadratic. Likewise, ¢¥ is the prineipal symbol of ;. Hence the classical definitions
(3.21,3.22,3.23) correspond to the principal symbols of the semiclassical pscudodifferential
operators Uy (By+ <o) UTY, P, @ defined in (2.19,2.20,2.21). Therefore we can take over
the homological cquation (2.24) and apply Lemma 2.1 once more. This yiclds the same

wy and A of Proposition 2.1. To prove the cstimate (2.8) for ¢f we write

1
q(l} = j(; ESCEW1 {{pﬂ + o, wl]? wl} ds

Now as in [BGGS], Lemma 1, note that if | < ¢* and 2z = (,8) € By—d,0—s then

ez € B,, for 0 € ¢ € 1 because (Lemma 2.1) (||Vwy||—ae <€ (7/e)epd™"||go]

a7

Therefore we can apply Lemma 2.3, valid a fortiori for the Poisson bracket, and, as in the

proof of Proposition 2.1, get the ecstimate corresponding to the sccond onc of (2.8):

”qgnp—d,o’—é < ”{{Pﬂ + (qoawl}awl]”p—d,c—é < S_Qd_%”q(}”f;,a- (3-24)

Now, writing:

fi(@,€) = e“1(2,8), & =M0); (3.25)



wi{) = w4+ (ViA)(0), (3.26)
Rl(IaC) = Nl([})_«Vl’NI)(O)aI)_Sh (3'27)

we can sum up the above argument by writing (compare with (2.7))
b o (po+ ¢qo) = &1+ (w1(0;0), I) + En (I, 6) + R (I, ) (3.28)

where RY is the principal symbol of R;. Morover, Assertion 3 of Proposition 2.1 holds
without change.

Let us now specialize the iterative argument of Proposition 3.1. First, the paramcters
defined in (3.1,3.2,3.3) remain unchanged. Then:

1. The construction of the two sequences of canonical transformations

X = floy?-our, p=12,.. (3.29)
¢ o= Yoyt toyf, p=12,.. (3.30)
s el
'*r“r;c(m?g) = &€ wﬂ(m?g) (331)
guch that
PF 0 (o + <) = (3.32)

P
{wp (0, C)J) + 5?9(() + 32??3 + CQPRg +¢ E UM ORg—lfzs ?
s=2
follows as in the above argument valid for p = 1. Here w, ¢f, RJ arc the principal symbols

of the semiclassical pscudodifferential operators W, €, and R,, once reexpressed on the

(z,&) canonical variables via, with w, in place of wi. Morover:

£(Q) = 1 MO, No(0) = (@)o(0). (3.33)
wy(() =w + z_:ws(o)c?‘, ws(0) = V 1A(0) (3.34)

2. The cstimates (3.8) arc a fortiori valid with w3, ¢ in place of w,, w,; as a consequence,
(8.13) holds unchanged togcther with the definitions (3.12,3.14,3.15). Hence the uniform
cstimate (3.17) allows us to sct =0 in (3.19,3.20).

3. Finally, remark that RY(I) = O(I?),s =1,...,p. Now the estimate ¥R, (1) = O(I?)
as I — 0 follows by cxactly the same argument of Proposition 3.1 after rexpression on the

canonical variables (z,€).
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Appendix

To cstablish the remainder estimate (1.7) the key fact is that vanishing of a symbel at the
origin (z,£) = 0 implics bounds on harmonic oscillator matrix clements that are uniform
in . No analyticity of the symbol is required for this result, so we will state and prove it
in somewhat greater gencrality, using the following semiclassical symbol class defined in

Shubin [Sh]:
£t = {f € OF(R¥ x (0,d) : |01f(zh)| < Oy~ "4},

where 2 = (z,£), hete considered a real variable, and () = /1 + |2|2. For future reference
we notc that Proposition A.2.3 of [Sh] gives the result:

ViexM,  [op (Dl < CUHR, (A1)

for all A € (0,¢].

The matrix clements in question are most cagily computed in Bargmann space, with
the remainder operator written as a Toeplitz operator. Sinee these arc anti-Wick ordered,
we first must consider the translation from Weyl symbols to anti-Wick (for these notions,
scc ¢.g. [BS]). Denoting by Opt™ (f) the anti- Wick quantization of a symbol f € T™#,

the correspondence is given by the action of the heat kernel on the symbol:
Opi™ () = Opf (414 ), (A4.2)

where A=A, = 0,+0,+09; - 0. To begin, we show that the Weyl symbol of an anti-Wick
opcrator is given by formal cxpansion of the heat kernel up to a remainder.
Lemma A1l For f,g € 3™, suppose that OpiW (¢) = OpYV (f). Then for all n > 1,

n—1 1

B O\® 2
— Y =21, At
f g:; ol (4A) geEN .

Proof. According to (A.2),

flz,h) = (;ﬁ)g _/e_|z_w|2fﬁg(w)dw-

In this expression we will expand ¢g{w) in a Taylor scrics centered at w = 22

o(w,h) = Y —07g(z, B)(w — )7 +r(w,2, B),

ler|<2n

where

rw,2)= 3. cw— z)“fol(l — )2 19% (2 + t{w — 2)) dt.

14



Thus,
f(zaﬁ) = Z Cﬂaag(zah) + r(z,ﬁ)?

|ee| < 2

where
1 1 2
- ap—lwl?/h
€. (wh) ol jw e dw,
and
1
r(z,h)= > h // (w— z)“e_""_w|2fﬁ'(1 —1)¥"719% (2 + t{w — 2)) dt dw.
|ee|=2n 0
Note that ¢, = 0 for |&| odd, and for any integer &
N 1 (h \*
Z €. 0%g = i (ZA) g.
|ee| =2k

The lemma is thus reduced to the claim that r(z, &) € T 2ms+n,
To sce this, we change variables by w' = (w — 2) /v to write

rzh) = S ohm f f [ (1 — 1)219% (2 + tw/R) dt duw.

||2n

We must cstimate the derivatives:

1
r(z,h) = E c’;h“-/.f woe~ 1’ (1 -8 19Pg(z + twV'h) dt dw,
o

|ex|=2n

where 8] = 2n + |y|. This intcgral for 8"r we then split into two picces according to
the domain of the w-integral, I} 4 : |w| < |2(/2 and I} 4 : |w| > |2|/2. The assumption

g € ™ implics an cstimate
T, 5| < Clzym—2nlrlpnte, (A.3)
The sceond term is taken care of by the exponential factor in |w]:
|4 5| < Cib'(z)~", VL.

Thercfore 37r satisfics an cstimate of the form (A.3) for any 4, and henee r € 204+,

O
Our application of Lemma A.1 will be specifically to operators of order 4:

Lemma A.2 For g ¢ £49
h
Opy (9) = Opi” (9) — Op” (Ag) + R{B),

15



where ||R(A)|| 2 < CR* .

Proof. Let o(A) denote the Weyl symbol of the A-pscudodifferential operator A. Applying

Lemma A1 with n = 2 gives
AW h
o(Opr™ (9)) =Q‘|‘ZAQ+”‘1a

and

h h
1900m" (Ag)) = JAg +

where 71, r; € £%2. Noting that
k
Opi (9) = Op™ (9) + 10 (O™ (Ag)) = Op (r1 —72),
the bound on R(#) follows from (A.1). |

The point of introducing anti-Wick symbols is to exploit the Bargmann space repre-

sentation of the harmonic oscillator. The Bargmann space is (sce c.g. [BS])
Hp = L2,(C, e 1% dzdz).

The Bargmann transform is an isomorphism B : L2(R') — Hy, defined so as to intertwine

anti-Wick opcrators with Tocplitz opcrators:

BoOp™ (f)o B~ = To(f).

The Tocplitz operator T3(f) : Hy — Hy is defined for f € X+ by

Tu(f) = UaM(f),

where M (f) denotes the multiplication operator on L2 (C‘E, e~ /R dzdz) (identifying RY =
Ct by z = z + i), and IIy, : L2(C!, e 1**/* dadz) — H is orthogonal projection onto the
holomorphic subspace.

The main result of this Appendix is the following matrix clement catimate:

Proposition A.1 Let {1} be the normalized eigenstates of the standard harmonic oscil-
lator on L2(R"). Suppose f ¢ £ satisfies

f(z,ﬁ) = Z z’rg,r(z?ﬁ)?

|v|=4

where sup |0Pg,| < M for all |8] < 2. Then
(% Opi (F)a}] < CM(Jo])?
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for all a, b, where C' depends only on the dimension.

Proof. Under the Bargmann transform the harmonic oscillator cigenstates have a partic-

ularly convenient form:
(B~10.)(2) = (x'nlolHgn) =12, 5=,
Using Lemma A.1 we write

08" () = Op™ () - HOpi™ (AS) + B(W), (A)

where |[(R(A)}| < CR2.
Consider the matrix clement of the first term on the right-hand side of (A.4). In

Bargmann space this becomes

(o, O (o) = f 7 f{z, B) 2% PP dadz.

Pt AalaaV
Writing f as a sum over 27g., with |y| = 4, the cstimate for a particular « is straightforward:

1 cr — 22 =
|<"xbmof’§.lw(z?g’r)¢a>| S m/lz |2 |Z|48 | | f?i dzdz

= ME{|e|+1) (o] +1+1).

The sccond term on the right in (A.4) is handled in a similar way. By assumption
we can write Af = 37, _5 #"hy (2, k), where sup |hy| € 12M. The cstimate then proceeds

cxactly as above (noting that there is an extra factor of A in front of this term). |
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