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Abstract

We consider time-independent Schrédinger equations in one dimension with
both periodic and Stark potentials. By means of an iterative procedure we
obtain a formal power series for the Wannier—Stark ladders. In the case of
strongly singular periodic potentials we prove that such a formal power series
is of Gevrey type.

PACS numbers: 02.30.Tb, 03.65.Ge, 03.65.Nk

1. Introduction
The nature of the spectrum of the Wannier—Stark operator, formally defined on L*(R, dx) as
d
H.=p*+V +ex p=—i— eeR
dx

where V (x) is a real valued periodic function with period d, i.e. V(x) = V(x +d), is still an
object of analysis. In fact, even if it is well known that the spectrum of H, is purely absolutely
continuous when the periodic potential is a piecewise continuous function [5], it is not clear
what happens when the periodic potential is singular enough. Avron et al [3] introduced
Wannier—Stark operators with strongly singular periodic potential given by § interactions. In
their seminal paper they discussed the nature of the spectrum of such Wannier—Stark operators
suggesting that the absolutely continuous spectrum is empty; a few years later, this statement
was rigorously proved by Exner himself [8] and, by means of different techniques, by Maioli
and Sacchetti [9]. Thus, in such a case we expect to have eigenvalues

[He— Xy =0 ¥ € L*(R, dx) (1)

displaced on regular ladders, i.e. if X is an eigenvalue then A + €d is an eigenvalue too, usually
named Wannier—Stark ladders.

The problem of the computation of such Wannier—Stark ladders was posed by Wannier
in the sixties [12] where he introduced an iterative procedure which gives the formal power
series of the eigenvalues. This KAM-type method, later improved by [2, 7, 10, 11], consists in
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producing, at the mth step, an unitary transformation which makes the initial problem explicitly
solvable up to a small correction of order €”. Since such an unitary transformation is obtained
by means of the solution of an infinite-dimensional system of ordinary differential equations
it turns out that the explicit construction of the formal power series is, from a computational
point of view, very hard.

In this paper we propose a different iterative procedure which gives a formal power series
for the eigenvalues and eigenvectors of H, where the mth term of the series is directly computed
by means of the first m — 1 terms (theorem 1). Hence, our method turns out to be much more
computationally efficient than the previous one. Furthermore, we can prove that the formal
power series we obtain is of Gevrey type (theorem 2).

The paper is organized as follows. In section 2 we give the main notation and briefly
recall the crystal momentum representation (for more details see [11]). In section 3 we give
the main results: that is we give the formal power series for the solutions of the eigenvalue
equation (1) which is of Gevrey order y for any y > 1. In sections 4 and 5 we respectively
prove theorems 1 and 2.

2. Notation and crystal momentum representation

Here, we recall some well-known facts about the Bloch operator, formally defined on L2 (R, dx)
as

Hy=p*+V V) =Y e (x - jd) a 0.
jez
It is defined as the unique self-adjoint extension of p%, on C°(R — {jd, j € Z}), with the
conditions [1]
@(jd +0) = ¢(jd — 0) +a¢'(jd - 0) ¢'(jd+0) = ¢'(jd - 0) j €.
Hereafter, we assume, for the sake of definiteness, that
d=1 and «o=1.

2.1. Band functions

H, is a self-adjoint operator and its spectrum is given by bands
o(Hy) = U2\ [EL, EL] E’ =minE, (k) < E! = max E, (k) < E®
keB keB

n+l

where E, (k) denotes the nth band function and k is the crystal momentum variable which
belongs to the Brillouin zone B = [0, 27r). The band functions are periodic functions, with
period 27, and

Eb =

n

E,(m) n even B — E,(0) n even
E,(0) n odd " E, () n odd.

The associated wavefunctions, usually named Bloch functions, are denoted by ¢, (k, x)
and they are periodic functions, with respect to k, and such that

on(x, k) = ", (0, k)
where v, (x, k) is a periodic function with respect to x:
On(x, k+2m) = @, (x, k) v, (x + 1, k) = v, (x, k).
The band functions, implicitly defined by the equation [1]
cosk = cos K, (k) — 1K, (k) sin K,, (k) E,(k) = K2(k)
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are analytic functions on a strip containing the real axis with amplitude x which does not
depend on the band index

Sc ={keZ:Rek € B, |Imk| < «}.
In particular, it follows that

;relg kl?st |Eq(k) — Epr1 (k)| > 0 (2)
and they satisfy the asymptotic behaviour

E,(k) = [nm + O™ as n— 00 3)

uniformly for any & belonging to S,.

2.2. Crystal momentum representation
Here, we define a unitary transformation U; such as

Y e L*(R,dx) - a=U;y e H= 0 ,L*B)
where [6]

a = (ay(k))nen keB a, € L*(B)
are periodic functions defined as

an(k)=fR¢n(x,k)1ﬂ(x)dx

such that

l [e.¢]
1V 1o a0 = 5 D lan )72y
n=1
In such a representation the operator H, takes the form
1 . d
H, =UHU, = 16@ +E+eX

where E = diag (E,(k)) is a diagonal matrix, whose diagonal elements are the band functions
E,(k), and where X = X (k) is the coupling term

(Ea), (k) = E,(k)a, (k) and (Xa),(k) = Z Xn,p(k)ay (k).
p=1

The functions X, , (k) are defined by means of the Bloch functions as

1/2 9 k
X, (k) = i/ 5 (e k) XK

1/2 ok
In such a representation the eigenvalue equation (1) takes the form
[H' —=X]a=0 a € H. 4)

We collect now some useful results.

Lemma 1. The coupling term X is such that

(l) Xn,p(k) = Xp,n(k);
(ii) X, (k) is constant,
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(iii) Xup(k) = X p + R, (k) + RZ_, (k) where

1
2 n=r
Xpp = 0 n+ p even n#p
2 | sin[(n+p)m/2] | sin[(n—p)m/2]
_; [9111 Yll‘l+[;)7'[ +§1I‘l l’;l_[;’ﬂ ] n+p0dd
and where
R, ,(ky=0ln—p)71  and R, ,()=0lg'(n—p)~'1 ¢ =min(n,p)

(&)

uniformly with respect to k € S,..

Proof. Property (i) is an immediate consequence of the derivation, with respect to &, of the
normalization condition

1/2
/ Uy (x, k)vp(x, k) dx = 87,
—172

In order to prove the second statement we observe that the Bloch functions are defined up
to a gauge choice v,(x, k) — v, (x, k) ei® where w, (k) is a periodic real valued function.
Hence, it follows that

Xn,n(k) - Xn,n(k) - 0),/1 (k) = <Xn,n>

is constant by choosing w, (k) = fok Xnn(q)dg — (X, n)k, here (X, ,) denotes the mean value
of the function X, , (k) (see equation (7)). Finally, property (iii) has already been proved in
[9] for any k € B. The same arguments give the extension of estimate (5) to the complex strip
S O

Lemma 2. For any positive integer m there exists a positive constant C independent of n, p
and k € B such that

d En(k) < CnZ
dkm
and
den k 1 1 .
,P( )‘ < C |: 5 + j| q = mm(n, p). (6)
dkm n—plc+1 gqln— p|+1]]

Proof. These estimates are a consequence of the behaviour (3) and (5), the analyticity of the
band and Bloch functions on S,., and the Cauchy theorem. O

Furthermore:

Lemma 3. Let X" be the operator formally defined as

d" X, (k)

[e.¢]
(X(m)a)n = Z Xl'jln,pap X:‘:l,p = dkm

p=1

then X" is a bounded operator for any m > 0.

Proof. The boundedness of X has already been proved in [9]; the same arguments apply to
X™ by (6). |
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2.3. Notation

We denote by P, the projection operator on the first band defined on H as

(Plu)n = 8?”1 u= (un)n € H.
In the following we denote
ul = Piu and ut = (1—Pu.

The scalar product and the norm on the Hilbert space H are denoted as
o 2w
1
o) =3 [ mon @kl = .
n=1 T Jo

Given a function f € L*(B, dk) we denote by (f) the mean value

1 2
(fy= 7 S (k) dk. @)
T Jo

3. Gevrey power series for the Wannier-Stark ladder

3.1. Preliminary result

In order to obtain the formal power series let us give the following preliminary results.
Following Wannier [12] we expect that the eigenvalue equation (4) has solutions displaced on
infinitely many regular ladders and that any eigenvector of a given ladder, say the ladder with
index r, has the same phase factor 6, (k) depending on € given by

1 k
6, (k) = ——f [E, (r) — (E.)]de
€ Jo

where

1 2w
(m:_J‘amM
2 0

is the mean value of the band function E, (k). In order to look for the formal expansion of the
rth ladder of solutions of equation (4) we have to factorize such a phase factor by means of a
unitary transformation defined as

a€H—-u=U,aeH
where U, is defined as

U, = U, = exp(i6, (k)1

ok
= diag <exp (_é/o [E (T) — (Erﬂdf))

with fixed r; in the following we choose

r=1
and we consider the formal power series for the first Wannier—Stark ladder.

Hence, the operator H/ takes the form
2 11 d

H =UH U, = 16& +F+eX
where F is the diagonal matrix given by

F =FE —(E, — (E\))] = diag(E, — E\ + (E1)).
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In such a representation the eigenvalue equation takes the form
[H? = A]u=0. ®)
Lemma 4. Let Py be the projection operator on the first band and let Lo = (E/), then
(, Fu) > [ho + Gilllul®  Vue[l— PiH
and
ILF = a0l '[1 = Pyl < [Gy]7
where
Gy = min[E3(k) — E1(k)]
is the width of the first gap.

Proof. By definition it follows that for any u € [1 — P;]H then

S 1 2
(u, Fu) = Z E/o [Ea(k) — 1K) + (E)luy ()] dk

> (G + (E})] [Z f |u,,(k)|2dkj|

n=2
=[G+ (E))]|lu]?

proving the first estimate. Furthermore, the second estimate will follow from the previous
estimate and the self-adjointness of F. (]
3.2. Main results

We give now a formal power series for the solution of the eigenvalue equation (8).

Theorem 1. Let

AN =N = Zem,\ )
and
uV =uN(e) = Ze Uy, (10)
m=0

be two power series with terms recursively defined for any m > 1 as

Up = U +ul uy = (1 — P)uy, ul = P, (11)
Wt (k) = [ro — F1™! LTI (1 = P)Xuy g — Z,\ ut (12)
m 0 dk 1 m—1 ry,

M=X1) A = [(Plxa — Ppus) - <Z Aru,'l,+1,>] (13)

and

m+1

k
ul (k) :i/ |:P1X(1 — P ut Z)\ ul } (14)
0
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where
o = (E1) and uo = (8,), - (15)

n

Then AN (€) and v" (¢) satisfy the eigenvalue equation [HE2 - A]u = 0 at any order. That is,
for any N > 1 there exists a positive constant Cy, independent of €, such that

|[HZ =2 ]u" | < Cye™*. (16)

Furthermore, such a formal power series is of Gevrey type [4]; that is

Theorem 2. The formal power series (9) and (10) are of Gevrey order y for any y > 1;
that is

Al < f(m) and lwmll < 4f(m) Vm > 1 a7)
where

f(m)=CK"T'(1+my)
for some positive constants C and K independent of m, here I'(-) denotes the Gamma function.

Remark 1. As appears in the proof of theorem 2 we are not able to obtain estimate (17) with
y = 1, however (17) could be improved in order to have

f(m) — CKmm' eZm In(ln(m))'

3.3. Explicit computation of the first two orders

Here, we explicitly compute the first two terms of the formal power series (13). It turns out that
this result agrees with that previously given in [11] by means of a different method. Indeed,
from (13) it follows that

A= (PX(1— P)uy)
= (P X(1 — P)[ro— F17'(1 — P1)Xuo)

_ _i o /2” X1 (0 X1 (0
o Jo E,)—Ek)
4. Proof of theorem 1

We split the proof in several steps. Initially we obtain the formal power series, then we show
that the vectors u,, defined by (11) belongs to H. Finally, we prove the estimate (16).
4.1. Formal power series

By inserting the formal power series

o0 o0
u=y €"u, and A= €"hn (18)
m=0 m=0

into the eigenvalue equation [He2 — A]u = 0 then the eigenvalue equation takes the form

o0

dl,{ o0 o0 o0
Z jet! d—: + Z €"Fu,, + Z " Xu,, — Z M Aty = 0. (19)
m=0 m=0

m=0 r,m=0
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For a moment we assume that u,, is such that
du,,
“dk
By comparing the terms of the same order, with respect to €, it follows that

u, €H eH Xu,, e H and Fu,, e H forany m > 1. (20)

Order 0. The zeroth order term in equation (19) is given by
Fuy— Aoug =0
which has solution given by
ro = (Ey)
and
uy = (S?M(H))

where ug(k) is a function belonging to L?(B, dk) that will be defined later.

n

Order 1. The first order term in equation (19) is given by

.dug
1@ + Fuy + Xug — (Aouy + Aqug) = 0.

Letu,, = u,‘l, +ul, where ul',, = Pyu,,, ui = (1 — Py)u,,, and let us project the above equation

m?

onto the spaces PjH and (1 — P;)H. We obtain the two equations
I

dug I e I —

iqp TP+ PiXug (Aouy + Aiug) =0 (1)
and

duy 1 . _ 1 1y _

i+ Fur + (L= P)Xug (Muy +roui) = 0. (22)

Recalling that F P, = (E|)P; = Ao P; and ué‘ = 0 then the first equation takes the form

I
1% + X IM(H) —Alug =0
dk '

whose solution is given by
k
Mg(k) = coexp [1/ (X110 — A1) dCI]
0

where ¢y is a multiplicative factor and where A; is such that ug(k) is a periodic function with
period 27, i.e.

M =(X11)+] J €L (23)
In particular, choosing j = 0 for the sake of definiteness, we have that

A= (X11) = X1

since X 1(k) = const and ug (k) = co. In the following let us choose ¢y = 1, hence u(H)(k) = 1.
The second equation (22) takes the form

Fui + (1 — P)Xug— houi =0
which has solution given by
ui = [ho— F17'(1 = P)Xuo.

At present the function u! is not defined, it will be given in the following step.
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Order 2. The second order term in equation (19) is given by
d
1% + Fuy + Xuy — (Aouy + Auy + Aoug) = 0.
Let us project the above equation onto the spaces PiH and (1 — P;)H. We obtain the two
equations
I

d

l_dl;(l +Fug+P1Xu1 —(kou!+klu‘l‘+kzug) =0 (24)
and

-d"‘lL 1 1 1 1

T + Fuy + (1 — P)Xuy — (houy + Auy + Aoug) = 0. (25)

As above, and recalling also that P X P, = A1, then equation (24) takes the form

!
id—k‘ + PIX (1 — P)ut — hqul = 0.

By multiplying this equation by ug then it follows that
(g, PIX (1 — Put)
|
0
I

since uy = c¢o = 1. Furthermore, the above equation has a periodic solution

) = =(PIX (1 — P)uy)

k
ul (k) = [1/0 (PIX(1 — P)ui — 1) dq:| .

Equation (25) takes the form

duit
i—L + Fuy + (1 — P)Xuy — (houy +hui) =0

dk
which has solution given by
1 y (((dut i
U, =[)\.0—F] IE-F(l—Pl)XM]—)\.]ul .

Order m. The mth order term, m > 1, in equation (19) is given by

d B m
i ud"]; Ly Fu, +Xu,_| — Z)L,um_, =0
r=0
where all the terms A, and u, are recursively defined forr =0, ..., m — 1, but uﬁn_l. Let us
project the above equation onto the spaces PiH and (1 — P;)H. We obtain the two equations
du I m
i#‘l + Ful, + Py Xy — Y Al =0 (26)
r=0
and
-d”anfl 1 “ 1
i Fug o+ (1= PO Xty = > iy, =0.
r=>0

As above, and recalling that ' P; = AgP; and P; X Py = A1, then equation (26) takes the form

du, L - I
i+ PX (= P, — ;A,um,, =0
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from which it follows that A, is given by
ug PIXA = PO ) = (ug Y0 du, )

Jud]?
=(PX(1 — Put_,) <ZA ul >

k m
)= [1/ (P,X(l — P)ut_, — ZA,;AL_,) dqj|
0 r=2

is a periodic solution. Equation (26) has solution given by

and that

L

du
Uy =[ho— F17! (1 A L (1= P) Xty — Z,\,uj,;_,> :
=1

4.2. Regularity of the functions u,,

Now we have to prove that u,, satisfies conditions (20) for any m > 0. By induction let us
assume that (20) hold for some m (they are certainly true for m = 0) and then we prove that
they hold for m + 1. Indeed u,,+; € H and Xu,,.; € H since X and [Ag — F17'(1 — P)) are
bounded operators (lemmas 3 and 4). Furthermore % € Hsince X is a bounded operator

(lemma 3) and
d[rg — F17! E| —E|
— =diag| —/————
dk (En - E1)2

is bounded too since ~ 1 asn — oo (lemma 3).

(E E)’

4.3. Estimate (16)

Now, we have to prove the estimate (16). Indeed, by definition, it follows that

[HG2 — )\.N]MN =eVtlyy

where
2N m
duy
vy =1—— ak + Xuy — Z Em_(N+l) Z)\rum_r
m=N+1 r=0

is such that |[vy| < Cy for some positive constant Cy independent of € since u,, € H,m =

O,1,...,N,doesnotdependone, G e Hand Xuy € H.

5. Proof of theorem 2
In order to prove theorem 2 let us introduce the following notation. Let p € [0, x] be given

and let u € H be analytic on the strip S,, thatis u = (u,), is such that the functions u, (k) are
analytic on the same strip S,. We denote

1/2
[ul, = {Zsupmn(kn } :

nlep
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It immediately follows that
lull < Tulp Vo =0 and [ulp < Tulp, p1 < p2.

From (15) it follows that u is analytic on S, for any p > 0 and [ug], = 1.
We now prove theorem 2 by induction; we assume that u,, is analytic on a strip S, and
that for any y > 1 fixed there exist C and K such that

[Am| < CmK)™ and ], <A4C(MK)™ 27

where
K

© 2(m +2)[In(e +m)]?

The estimates (27) are clearly true form = 0 and m = 1.
In particular we assume that K is large enough and C is small enough; that is

Po =K Pm+1 = Pm

1=y 112
16m" =7 In“(m) P

1 8
<k and <K Vm > 1

< - <
4(1 +2%) e KC
(28)

where ¢; > || X|| will be defined later (see equation (30)) and
= 1nf{1,k1£1ka |Ey(k) — El(k)|} > 0.

Now, we prove that u,,,; is analytic on the strip S, . and the estimates (27) hold when
we replace m by m + 1. Indeed, from (13) we have that

m

er] < (P = POl + > 1] ul |
r=2

m
SAX - Nt + Y 1A - lttmr— |
r=2

m
SAXI - Ttmlp, + D ol Ttmer—Tpr,
r=2

<IXI4CKmY™ + 3" CKr) T ACIK (m + 1 — 1)] 1=

r=2
m—1
< 4| X||C(Km)™ +4C?K Dy {mmV +Y 1 - r)<m+1’>y}
r=2

CK(m+l)ymmy +4C2K(m+1)y(1 +22y)mmy
CK(m+l)y(m + 1)(m+l)y

NN

where m > 2 and since K and C satisfy (28).
Concerning the estimate of u,,,; from (14) it immediately follows that u,,,; is analytic on
the same strip S, and the same arguments as above give that

[l )] S CK(Km)™ +4C7(1+ 27 ym™ KDY 4 |

m+1 {p,.,
< 2C[K (m + 1)+,

1

In order to treat the last term u;,,

we introduce the following lemma:
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Lemma 5. Let u be analytic on a given strip S, for some p < k. Then the vectors
[ho — F1 'u, Xu and g—z are analytic on the same strip. Furthermore the following estimates
hold:

Mo = F17'ul, < ¢3'Mul, (29)
|—XM—|p < 1 fbﬂp (30)
for some positive constant ¢; > || X||, and
Pﬂ < —ful 31
— | < —Ju w>p.
dk |, “pu—p "

Proof. The above estimate immediately follows from the analyticity of the band and Bloch
functions on S, . Indeed, by definition it follows that

gy, = B
(o = FI"wn = 50— E. 00
and so
_ —1 2 _ = Lt,,(k) ? [-u—|i
[Tk = F1 uh—;,fgspp - E®| @
since

inf |E (k) — E, (k)| > inf [E (k) — Ex(k)| = c2
kESp kESp

for any n. In order to prove estimate (30) let

(Xu)y =Y X p(k)u, (k)
p=1
where X, ,(k) are given by lemma 1. Then, the same arguments as [9] prove that
[o¢]

[Xul < Y supl|X, (k) fu, (k)]

n,p=1 keS,

< [ sup X, (0] - [f”_? lup (k)17

0]
n,p=1 keS,

< clul P
for some positive constant c¢; independent of p < k. Finally, estimate (31) follows from the
analyticity of the function « and from the Cauchy theorem. (|

Finally, from (12) we have that

duJ‘ m+1
(U],  <e! Ud—]ﬂ + [ Xt 1p, + D ] fumﬂ_n,,mﬂ}
Pm+1

r=1

1 m+1
—1
< Cy S EE— meTpm +Cp |—um—|pm+1 + Z [Ar| |—um+17r—|pm+17,
Pm — Pm+1

r=1

1 m
<ol {[m + cl} [ulp, + Y _ CrK)74C[K(m —r + 1)]<'"’+1>V}
m m+

r=1

<c

5 ”2 (m +2) In*(m +e)
: k

< 2C[K (m + 1)) "D
which completes the proof of theorem 2.

+ 01:| 4C(Km)™ +4C*K™DY (1 + 22 )ym™ }
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