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Abstract: We consider a non-linear perturbation of a symmetric double-well potential
as a model for molecular localization. In the semiclassical limit, we prove the existence of
a critical value of the perturbation parameter giving the destruction of the beating effect.
This value is twice the one corresponding to the first bifurcation of the fundamental state.
Here we make use of a particular projection operator introduced by G. Nenciu in order
to extend to an infinite dimensional space some known results for a two-level system.

1. Introduction

As it is well known, quantum double-well problems exhibit some caracteristic features
such as “splitting of the energy levels”, “delocalization” and “beating effect”. It is also
known that certain molecules, e.g. the ammonia one NH3, are such that one of the
nuclei (the nitrogen nucleus N in the case of ammonia), in the Born–Oppenheimer
approximation, moves according to a double-well effective potential. The beating effect
for such molecules, related to the periodic motion of a state passing from localization
at one of the wells to localization at the other one, appears as an “inversion line” on the
spectrum.

For non-isolated molecules we have the “red shift” of the “inversion line”, and, if the
ammonia gas is at a pressure large enough (about 2 atmospheres) the inversion line disap-
pears, theN nucleus becomes localized: the well known pyramidal shape of the molecule
(molecular structure) appears. Thus, we see classical behaviors of microscopical sys-
tems. The cause of this phenomenon should be the polarity of the pyramidal molecule
which polarizes the environement, so that the reaction field stabilizes the molecular
structure.

We consider a standard model for molecular structure: a symmetric double-well
potential with a non-linear perturbation [5]. In previous research [6,7] a critical value of
the perturbation parameter has been found giving a bifurcation of the fundamental state
and new asymmetrical states.
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The present research shows that for such a value of the parameter the dynamics is not
qualitatively changed with respect to the unperturbed case; in particular the beating effect
is unchanged. On the other side, here we found another critical value of the parameter
at which we have the destruction of the beating effect. In particular, beating motion
exists for any value of the parameter smaller than the critical one, at the limit of the
critical value, the period of this motion diverges, and for larger values of the parameter
the beating effect is absent (see Theorem 2 and Corollary 1). Curiously enough, this
second critical value of the parameter is nearly (exactly in the limit considered) twice
the previous one. The factor 2 between the critical values of the parameter is explained
by the similar role played by two different “energy” invariants belonging to the original
problem and to the linearized one respectively.

Our work is based on the reduction of the problem to a bi-dimensional space in the
semiclassical limit and it makes use of the known results about the dynamics of the
reduced two level problem [13,17]. The paper is organized in the following way. In
Sect. 2 we describe the model and we give the main results. In Sect. 3 we prove the
theorems. In particular in Sect. 3.2 the reduction of the time-dependent problem into
a bi-dimensional space in the semiclassical limit is given. In Sect. 3.3 we recall some
known results about the bi-dimensional problem, concerning the trajectories and the
frequencies of the motion for different values of the parameter. Finally, in Sect. 3.4 we
prove the stability result and the existence of the critical parameter in the full problem.

2. Description of the Model and Main Results

We consider here the time-dependent non-linear Schrödinger equation{
ih̄

∂ψ
∂t

= H0ψ + f (x, ψ)ψ, H0ψ = − h̄2

2m�ψ + V (x)ψ,

ψ(t, x)|t=0 = ψ0(x)
(1)

whereV (x), x ∈ Rn, is a double-well symmetric potential:

V (x′,−xn) = V (x), x = (x′, xn) ∈ Rn, x′ = (x1, . . . , xn−1),

and

f (x, ψ) = ε〈ψ,Wψ〉W(x), (2)

whereε is a real parameter andW ∈ C(Rn) is a given real-valued, bounded, odd function:

W(x′,−xn) = −W(x), x = (x′, xn). (3)

In such a caseW locally represents the position operatorxn and Eq. (1) would describe
the effect of the spontaneous symmetry breaking for a symmetric molecule [4–7,12].

It is well known [2] that when the nonlinear term has a form given by (2) then we
have the conservation of theenergy defined below:

H = 〈H0ψ,ψ〉 + 1

2
ε〈ψ,Wψ〉2 = 〈H0ψ

0, ψ0〉 + 1

2
ε〈ψ0,Wψ0〉2.

Hereafter,〈· , ·〉 and‖ · ‖ respectively denote the scalar product and the norm in the
Hilbert spaceL2(Rn).
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Remark 1. If we consider the locally linear problem defined as

ih̄
∂ψ

∂t
= H linψ,

where

H linψ = H0ψ + f (x, ψ0)ψ, f (x, ψ0) = ε〈ψ0,Wψ0〉W,

then we have the conservation of the energy defined as

E = 〈ψ0, H linψ0〉 = 〈H0ψ
0, ψ0〉 + ε〈ψ0,Wψ0〉2.

Let σ(H0) be the spectrum of the self-adjoint realization ofH0 on the Hilbert space
L2(Rn, dx). We assume that the discrete spectrum ofH0 is not empty and letE+ < E−
be the two lowest eigenvalues ofH0, with associated normalized eigenvectorsϕ+ and
ϕ−. It is well known [8,14,15] that, under very general conditions onV , the splitting
between the first two eigenvalues, defined as

ω = E− − E+,

satisfies to the following asymptotic behavior:

ω ∼ e−C/h̄, as h̄ → 0, (4)

for some positive constantC (hereafterC denotes any generic positive constant). In the
same limit we also have

ϕ±(x) ∼ 1√
2

[ϕ0(x)± ϕ0(−x)] , as h̄ → 0,

whereϕ0(x) is a function localized within one well, for instance the right-hand one
corresponding to positive values ofxn. We also assume that

dist
[{E+, E−}, σ (H0) \ {E+, E−}

] ∼ Ch̄, as h̄ → 0, (5)

for some positiveC.
Now, let

ϕR = 1√
2
(ϕ+ + ϕ−) and ϕL = 1√

2
(ϕ+ − ϕ−) ,

they are normalized functions such that

ϕR(x) ∼ ϕ0(x) and ϕL(x) ∼ ϕ0(−x), ash̄ → 0. (6)

That isϕR, the so-calledright-hand well wave-function, is localized within the right-
hand well andϕL, the so-calledleft-hand well wave-function, is localized within the
other well.

The solution of Eq. (1) can be written in the form

ψ(t, x) = aR(t)ϕR(x)+ aL(t)ϕL(x)+ ψc(t, x), aR,L(t) ∈ C, (7)

whereψc = !cψ is the projection ofψ on the eigenspace orthogonal to the two-
dimensional space spanned byϕR andϕL; that is:

!c = 1 − 〈· , ϕR〉ϕR − 〈· , ϕL〉ϕL.
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It is well known that when the perturbation termf is absent in Eq. (1) then a state,
initially prepared on the two lowest states, that isψ0

c ≡ 0, generically makes experience
of a beating motion between the two wells with period 4πh̄/ω and the expectation value

〈W 〉t = 〈ψ(t, ·),W(·)ψ(t, ·)〉
has an oscillating behavior within the interval[−|w|, |w|], w = 〈ϕR,WϕR〉.

Now, we are going to consider the effect of the perturbationf on these beating
motions in the semiclassical limit.

In the following we assume that the perturbation strength is of the same order of the
splitting and we introduce the non-linearity parameter defined as

µ = cε

ω
= O(1), as h̄ → 0, (8)

where

c = 2w2 = 2ρ2
0, w = 〈ϕR,WϕR〉 = 〈ϕ+,Wϕ−〉 = ρ0,

the choice ofϕ± can be made such thatρ0 ∈ R − {0}.
We state our main results:

Theorem 1. For any ψ0 ∈ H 2(Rn), Eq. (1) admits a unique solution ψ ∈ C1(
Rt ;L2(Rn)

) ∩ C0
(
Rt ;H 2(Rn)

)
such that ψ(0, x) = ψ0(x). Moreover, for all t ∈ R

we have that

‖ψ(t, ·)‖ = ‖ψ0(·)‖. (9)

Theorem 2. If ψ0
c = !cψ

0 ≡ 0 and if∣∣∣∣2|H−&|
ω

− 1

∣∣∣∣ > δ, & = 1

2
(E+ + E−),

for some δ > 0fixed and any h̄ small enough; then there exists τB and a positive constant
C independent of h̄ and ε such that for any α < 1∥∥∥∥ψ

(
t + 2τB

ω̃
, ·
)
− ψ(t, ·)

∥∥∥∥ = O(ω̃α), ∀t ∈ [0, t,],

for h̄ small enough, where

t, = τ ,

ω̃
ln

(
1

ω̃

)
and τ , = (α − 1)/C.

In particular, the expectation value 〈W 〉t is, up to an error of order O(ω̃α), a periodic
function with pseudo-period T = 2τB/ω̃ and:

(i) if

2|H−&|
ω

< 1− δ (10)

for some δ > 0 and any h̄ small enough, then there exists t0 > 0 such that for any
K ∈ N and η > 0 fixed then

〈W 〉t > 0, t0 + η + kT < t < t0 + (k + 1/2) T − η,
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and

〈W 〉t < 0, t0 + (k + 1/2) T + η < t < t0 + (k + 1)T − η

for any k = 0,1, . . . , K and h̄ small enough;
(ii) in contrast, if

2|H−&|
ω

> 1+ δ (11)

for some δ > 0 and any h̄ small enough, then

〈W 〉t �= 0, ∀t ∈ [0, t,].
Remark 2. Condition (10) implies thatH ∈ (E+, E−) and condition (11) implies that
H /∈ [E+, E−].
Remark 3. For an expression of the pseudo-period we refer to Sect. 3.3; in particular,τB
is given by Eq. (45) in the case (10) andτB is given by Eq. (46) in the case (11).

For what concerns the dynamics of a state initially prepared on one well, e.g. the
right-hand one, we have that:

Corollary 1 (Beating Destruction: The critical parameter). Let ψ0 = ψR and µ∞ �=
±2, where µ = µ∞+o(1), as h̄ → 0. Then the state returns near to the initial condition
after a pseudo-period T of order 1/ω̃; that is for any α < 1 and any K ∈ N fixed then:

‖ψ(kT , ·)− ψR(·)‖ = O(ω̃α), for any k = 1,2, . . . , K.

Moreover, if:

(i) |µ∞| < 2, then

‖ψ ((k + 1/2)T , ·)− ψL(·)‖ = O(ω̃α), k = 1,2, . . . , K,

and we have the beating motion between the two wells as in the unperturbed case;
(ii) |µ∞| > 2, then

〈W 〉t > 0, ∀t ∈ [0, t,],
that is the state ψ is localized within the right-hand well.

3. Proof of the Theorems

3.1. Proof of Theorem 1. We denote

ψ̃ = eitH0/h̄ψ and W̃ = eitH0/h̄We−itH0/h̄.

Then Eq. (1) is equivalent to:

ih̄
∂ψ̃

∂t
= F(ψ̃), (12)

where

F(ψ̃) = ε〈ψ̃, W̃ ψ̃〉W̃ ψ̃
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satisfies to the following Lipschitz-type estimate: for anyψ̃1, ψ̃2 ∈ L2(Rn) we have that

‖F(ψ̃1)− F(ψ̃2)‖ ≤ Cε
(
‖ψ̃1‖2 + ‖ψ̃2‖2

)
‖ψ̃1 − ψ̃2‖ (13)

for some positive constantC. Therefore, forε small enough, a local existence and unicity
result follows from Cauchy’s theorem. Moreover, for any solutionψ̃ of (12) we have
that

∂‖ψ̃‖2

∂t
= 2�

〈
∂ψ̃

∂t
, ψ̃

〉
= 2h̄−1�〈F(ψ̃), ψ̃〉 = 0;

hence,‖ψ̃‖ is constant with respect tot . As a consequence,
∥∥∥ ∂ψ̃

∂t

∥∥∥ remains uniformly

bounded on any open interval of time where it is defined and thus the global existence
in time follows from standard arguments. Finally, ifψ0 ∈ H 2(Rn) one also has that
ψ̃ ∈ C∞(Rt ;H 2(Rn)) and thusψ ∈ C1

(
Rt ;L2(Rn)

) ∩ C0
(
Rt ;H 2(Rn)

)
.

3.2. Reduction to a two-level system. Here, we prove a stability result which allows us
to reduce the analysis of Eq. (1) to a bi-dimensional space. To this purpose we make use
of some ideas contained in [10,11] and [16]. Now, let

ω̃ = ω

h̄
and H1 = 1

h̄
H0, (14)

where ε
ω̃h̄

= O(1) ash̄ → 0. We treatω̃ as a new semiclassical parameter. We have that:

Theorem 3. Let

ψ(t, x) = aR(t)ϕR(x)+ aL(t)ϕL(x)+ ψc(t, x), aR,L(t) ∈ C, ψc = !cψ,

be the solution of Eq. (1) satisfying the initial condition ψ0
c ≡ 0. Then there exists a

positive constant C such that

‖H0ψc‖ ≤ Cω̃eCω̃t , ‖ψc‖ ≤ Cω̃eCω̃t (15)

and ∣∣∣aR,L(t)− e−i(E++E−)t/2h̄AR,L(tω/2h̄)
∣∣∣ ≤ Cω̃eCω̃t (16)

for h̄ small enough and any t ∈ R+, where AR,L(τ) are the solutions of the non-linear
system {

iA′
R = −AL + 2ν0ρ0AR

iA′
L = −AR − 2ν0ρ0AL

,
AR,L(0) = aR,L(0)
|AR(τ)|2 + |AL(τ)|2 = 1

, (17)

where ′ means the derivative with respect to τ and

ν0 = ν0(τ ) = ε

h̄ω̃
ρ0(|AR(τ)|2 − |AL(τ)|2), ρ0 = 〈ϕ+,Wϕ−〉.

In particular, for any α ∈ (0,1), then

‖H0ψc‖ ≤ Cω̃α, ‖ψc‖ ≤ Cω̃α (18)
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and ∣∣∣aR,L(t)− e−i(E++E−)t/2h̄AR,L(tω/2h̄)
∣∣∣ ≤ Cω̃α

for any t ∈ [0, t,], t, = (τ ,/ω̃) ln(1/ω̃), τ , = (α − 1)/C.

Proof. In order to prove the theorem we investigate the solutionψ of (1) with initial
data:

ψ0 = a0+ϕ+ + a0−ϕ−, |a0+|2 + |a0−|2 = 1. (19)

In order to do that, we make the change of time scale:

t → τ = ωt

2h̄
= ω̃t

2

which transform (1) into (for the sake of simplicityψ still denotes the solution of the
new equation):

iω̃

2

∂ψ

∂τ
= H1ψ + ε

h̄
〈ψ,Wψ〉Wψ. (20)

Our first aim is to construct an approximation ofψ asω̃ → 0+. Let us define

‖χ‖0 = ‖χ‖, χ ∈ L2(Rn), and ‖χ‖1 = ‖H̃1χ‖, χ ∈ D(H̃1),

where

H̃1 = H1 + c11, c1 is such thatH̃1 ≥ 1, (21)

and therefore

‖χ‖0 ≤ ‖χ‖1 for any χ ∈ D(H̃1).

We start by proving the following lemma.

Lemma 1. Let ψ be the solution of Eq. (20) with initial data (19). Let j = 0 or j = 1,
ϕ ∈ C1(Rτ ;L2(Rn)) ∩ C0(Rτ ;H 2(Rn)) be such that ‖ϕ(τ, ·)‖ ≤ C for some C > 0
and any τ ,

‖ϕ(0, ·)− ψ0(·)‖j = O(ω̃)

and

φ =
(
− iω̃

2

∂

∂τ
+H1 + ε

h̄
〈ϕ,Wϕ〉W

)
ϕ (22)

be such that

‖φ(τ, ·)‖j = O(ω̃2) (23)

uniformly for τ ≥ 0 and ω̃ small enough. Then, there exists C > 0 such that:

‖ϕ(τ, ·)− ψ(τ, ·)‖j ≤ Cω̃eCτ , ∀τ ≥ 0. (24)
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Proof. In order to prove this lemma, first considerj = 0. Let us denote

ϕ̃ = e2iτH1/ω̃ϕ, ψ̃ = e2iτH1/ω̃ψ, φ̃ = e2iτH1/ω̃φ, u = ϕ̃ − ψ̃

and

W̃ = e2iτH1/ω̃We−2iτH1/ω̃.

We have

iω̃

2
u′ = ε

h̄

(
〈ϕ,Wϕ〉W̃ ϕ̃ − 〈ψ,Wψ〉W̃ ψ̃

)
− φ̃

and therefore∣∣∣∣∂‖u‖2

∂τ

∣∣∣∣ = 2|�〈u′, u〉|

= 4

∣∣∣∣�
〈

ε

h̄ω̃

(
〈ϕ,Wϕ〉W̃ ϕ̃ − 〈ψ,Wψ〉W̃ ψ̃

)
− 1

2ω̃
φ̃, u

〉∣∣∣∣
≤ C

(
‖u‖2 + ω̃‖u‖

)
≤ C

(
‖u‖2 + ω̃2

)
(25)

for anyτ ≥ 0 and for some constantC > 0 since (8), (23) andab ≤ 1
2a

2+ 1
2b

2 for any
a, b > 0. As a result it follows that

∂

∂τ

(
e−Cτ‖u‖2

)
≤ Ce−Cτ ω̃2,

and thus, sinceu|τ=0 = O(ω̃):

e−Cτ‖u‖2 ≤ Cω̃2 (26)

for someC > 0. Then (24) immediately follows.
Moreover, we have that (24) is still true when we replace the usual norm‖χ‖ by

‖χ‖1 = ‖H̃1χ‖, χ ∈ D(H1), whereH̃1 = H1+ c11 ≥ 1 for somec1. Indeed, letϕ̃, ψ̃ ,
W̃ andφ̃ as above and let now

u1 = H̃1(ϕ̃ − ψ̃).

Then

iω̃

2
u′1 =

ε

h̄

(
〈ϕ,Wϕ〉H̃1W̃ ϕ̃ − 〈ψ,Wψ〉H̃1W̃ ψ̃

)
− H̃1φ̃

and∣∣∣∣∂‖u1‖2

∂τ

∣∣∣∣ = 4

∣∣∣∣�
〈

ε

h̄ω̃

(
〈ϕ,Wϕ〉H̃1W̃ ϕ̃ − 〈ψ,Wψ〉H̃1W̃ ψ̃

)
− 1

2ω̃
H̃1φ̃, u1

〉∣∣∣∣
≤ C

(
‖u1‖2 + ω̃‖u1‖

)
≤ C

(
‖u1‖2 + ω̃2

)
for some constantC > 0 since (8), (23) and̃H1WH̃−1

1 andH̃−1
1 are bounded operators,

uniformly with respect toω̃. As above, it follows that (26) is true, from which (24)
follows.  !
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Now, in order to prove Theorem 3 we explicitly construct a solutionϕ satisfying the
assumptions of Lemma 1. We re-write Eq. (22) as:(

− iω̃

2

∂

∂τ
+H1 + ω̃νW

)
ϕ = φ, (27)

where

ν = ν(τ) = ε

h̄ω̃
〈ϕ,Wϕ〉, ε

h̄ω̃
= O(1), as h̄ → 0,

and whereϕ andφ must satisfy the conditions

‖ϕ(0, ·)− ψ0(·)‖1 ≤ Cω̃,

‖ϕ(τ, ·)‖ ≤ C, ∀τ ≥ 0,

‖φ(τ, ·)‖1 ≤ Cω̃2, ∀τ ≥ 0,

(28)

for someC > 0,ψ0 is given by (19).
We denote by!0 = 1 −!c the orthogonal projection ontoCϕ+ ⊕ Cϕ−, that is:

!0 = 1

2πi

∮
γ

(ζ −H1)
−1 dζ,

whereγ is a simple complex loop encircling
{

1
h̄
E+, 1

h̄
E−
}
, leaving the rest ofσ(H1)

in its exterior and such that (see (5))

dist(γ, σ (H1)) ≥ C,

for some constantC > 0. We also set:

!1 = 1

2πi

∮
γ

(ζ −H1)
−1 W (ζ −H1)

−1 dζ (29)

and, for anyν ∈ C1(R),

!ν(τ) = !0 + ω̃ν(τ )!1. (30)

From the definition, from (5) and (21) and since

H1!1 = −W!0 + 1

2πi

∮
γ

ζ(ζ −H1)
−1W(ζ −H1)

−1dζ,

then it follows that

‖!1χ‖1 ≤ C‖χ‖1, (31)

for anyχ ∈ D(H1).
We look for a solutionϕ of the linear equation (27) of the form

ϕ(τ) = !ν(τ)

[
b+(τ )ϕ+ + b−(τ )ϕ−

]
. (32)

For such a choice ofϕ and from the definition ofν we have

ν(τ) = ε

h̄ω̃
〈ϕ,Wϕ〉 = ε

h̄ω̃

{
ν0 + ω̃α(τ )ν(τ )+ ω̃2β(τ)ν2(τ )

}
, (33)



200 V. Grecchi, A. Martinez, A. Sacchetti

where

ν0 =
2∑

>, >′=1

b̄s(>)bs(>′)〈ϕs(>′),Wϕs(>)〉 = 2� (b+b̄−ρ0
)
,

s(1) = + ands(2) = −, since (3), andα(τ) andβ(τ) are functions independent ofω̃
given by:

α =
2∑

>, >′=1

bs(>′)b̄s(>)αs(>′),s(>), β =
2∑

>, >′=1

bs(>′)b̄s(>)βs(>′),s(>),

where

α±,± = [〈ϕ±,W!1ϕ±〉 + 〈!1ϕ±,Wϕ±〉
]
, β±,± = 〈!1ϕ±,W!1ϕ±〉.

From this fact and sinceε
h̄ω̃

= O(1), it follows that‖ϕ(τ, ·)‖ ≤ C andν satisfies the
following behavior:

ν, ν′ = O(1), uniformly w.r. to ω̃ > 0 small enough andτ ≥ 0, (34)

provided that the unknown functionsb± and their first derivative are bounded uniformly
with respect toτ andω̃.

Now, observing that:[
− iω̃

2

∂

∂τ
+H1 + ω̃νW,!ν

]
= K,

where

K = − iω̃2

2
ν′!1 + ω̃ν ([H1,!1] + [W,!0])+ ω̃2ν2[W,!1]

is such that

‖Kχ‖1 ≤ Cω̃2‖χ‖1

since (34),

[H1,!1] + [W,!0] = 0,

by definition of!1, and sinceH̃1WH̃−1
1 is a bounded operator. By inserting (32) into

(27) we obtain thatb+(τ ) andb−(τ ) must satisfy to the following equation:

!ν(τ) {c+ϕ+ + c−ϕ−} = φ, c± = − iω̃

2
b′± +

(
E±
h̄

+ ω̃νW

)
b±, (35)

where {
b±(0) = a± +O(ω),

φ = −K(b+ϕ+ + b−ϕ−), ‖φ(τ, ·)‖1 ≤ Cω̃2, ∀τ ≥ 0,

andν = ε
h̄ω̃
〈ϕ,Wϕ〉 = ν0 +O(ω̃) has to satisfy (34).
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Now, we have that

!ν(τ) (Wϕ±) = !0Wϕ± + ω̃ν(τ )!1Wϕ±,

where

!0Wϕ± = 〈ϕ+,Wϕ±〉ϕ+ + 〈ϕ−,Wϕ±〉ϕ−
and

‖ω̃ν(τ )!1Wϕ±‖1 ≤ Cω̃‖Wϕ±‖1 ≤ Cω̃,

since (31). Moreover, let

(ζ −H1)
−1 K1

= (ζ −H1 − ω̃νW)−1 − (ζ −H1)
−1 − (ζ −H1)

−1 ω̃νW (ζ −H1)
−1

where

K1 =
[
1 − ω̃νW (ζ −H1)

−1
]−1 − 1 − ω̃νW (ζ −H1)

−1

= ω̃2ν2 (ζ −H1)
−1 W (ζ −H1)

−1 W
[
1 − ω̃νW (ζ −H1)

−1
]−1

is such that for anyζ ∈ γ then

‖K1χ‖1 ≤ Cω̃2‖χ‖1.

From this it follows that

!ν(τ) = 1

2πi

∮
γ

(ζ −H1 − ω̃νW)−1 dζ +K2,

where‖K2χ‖1 ≤ Cω̃2‖χ‖1; hence we can write that:

!2
ν(τ) = !ν(τ) +K3, ‖K3χ‖1 ≤ Cω̃2‖χ‖1.

Therefore:

!ν(τ)c+ϕ+ = !ν(τ)

[
− iω̃

2
b′+ +

(
E+
h̄

+ ω̃νW

)
b+
]
ϕ+

= !2
ν(τ)

[
− iω̃

2
b′+ +

(
E+
h̄

+ ω̃νW

)
b+
]
ϕ+ + φ1

= !ν(τ)

[(
− iω̃

2
b′+ +

1

h̄
E+b+

)
ϕ+ + ω̃νb+〈ϕ−,Wϕ+〉ϕ−

]
+ φ2,

where‖φ>‖1 ≤ Cω̃2, > = 1,2, and〈ϕ+,Wϕ+〉 = 0. Therefore, (35) can be re-written
as:

!ν(τ) {d+ϕ+ + d−ϕ−} = φ3, d± = − iω̃

2
b′± +

1

h̄
E±b± + ω̃νρ0b∓,

where

b±(0) = a0± +O(ω̃), ‖φ3(τ, ·)‖1 = O(ω̃2), ∀τ ≥ 0,
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with ρ0 = 〈ϕ+,Wϕ−〉 ∈ R. As a result it is enough to findb±, bounded together with
their first derivative for anyτ , such that


− iω̃

2 b′+ + 1
h̄
E+b+ + ω̃ν0ρ0b− = 0

− iω̃
2 b′− + 1

h̄
E−b− + ω̃ν0ρ0b+ = 0

b±(0) = a0±, ν0 = 2 ε
h̄ω̃
�(b+b̄−ρ0)

. (36)

Setting:

aR = 1√
2
(b+ + b−) and aL = 1√

2
(b+ − b−)

the system (36) becomes


− iω̃
2 a′R = −E−+E+

2h̄ aR + 1
2ω̃aL − ω̃ν0ρ0aR

− iω̃
2 a′L = −E−+E+

2h̄ aL + 1
2ω̃aR + ω̃ν0ρ0aL

ν0 = ε
h̄ω̃

ρ0(|aR|2 − |aL|2)
aR(0) = 1√

2
(a0+ + a0−) and aL(0) = 1√

2
(a0+ − a0−)

, (37)

and we look for a solution of the form:

aR(τ) = AR(τ)e
−i(E++E−)τ/h̄ω̃, aL(τ ) = AL(τ)e

−i(E++E−)τ/h̄ω̃

with AR andAL independent ofω. Then (37) is transformed into the correspondent
system: {

iA′
R = −AL + 2ν0ρ0AR

iA′
L = −AR − 2ν0ρ0AL

, (38)

where

ν0 = ε

h̄ω̃
ρ0(|AR|2 − |AL|2), AR,L(0) = aR,L(0).

It easy to verify that|AL(τ)|2+|AR(τ)|2 = 1 sinceρ0 ∈ R; hence, the solutionsAR,L(τ)

exist for anyτ and they are bounded, together with their first derivative, uniformly with
respect toτ andω̃ small enough sinceε

h̄ω̃
= O(1). Then (34) will be satisfied uniformly

with respect toω̃ (actually (38) is independent of̃ω). From these facts and by (30),
(32) and Lemma 1 then the solution of (19)–(20) satisfies the estimates (15) and (16).
Theorem 3 is proved.  !

3.3. Dynamics of the two-level system. In order to study the system of Eqs. (17) we
re-write it in the form{

iA′
R = −AL + 2µ|AR|2AR

iA′
L = −AR + 2µ|AL|2AL

,
AR,L(0) = aR,L(0)
|AR(τ)|2 + |AL(τ)|2 = 1

, (39)

where ′ denotes the derivative with respect toτ , c = 2ρ2
0, µ = cε

ω
plays the role

of the parameter of non-linearity and we re-defineAR,L(τ) up to a phase factor, i.e.
AR,L(τ) → AR,L(τ)e

i2cτ .
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Remark 4 (Gross–Pitaevskii equation). If the perturbation term has the form

f (x, ψ) = ε|ψ(x)|2W(x), (40)

whereW(x) is a given real-valued even function:W(x′,−xn) = W(x), then Eq. (1)
takes the form of the Gross–Pitaevskii equation [1] and we have the conservation of the
energy defined below:

H = 〈H0ψ,ψ〉 + 1

2
ε〈ψ2,Wψ2〉.

In particular, the same arguments given above prove that the two-level system for the
Gross–Pitaevskii equation takes the form (39), wherec = 〈ϕR,W |ϕR|2ϕR〉 and where
the functionW is such that this scalar product is defined.

In discussing two-level systems we have characterized the states in terms of

AR(τ) = p(τ)eiα(τ) and AL(τ) = q(τ)eiβ(τ), (41)

wherep, q, α andβ are real-valued functions, 0≤ p ≤ 1 and 0≤ q ≤ 1. From the
redundancy of the common phase factor we have that the state can be described now by
means of a vector in an abstract Euclidean three-dimensional space with components
(p, q cos(β−α), q sin(β−α)). In particular, from the normalization conditionp2+q2 =
1, it belongs, in such an Euclidean space, to the surface of the sphere. Hence, in order to
study the solution of the two-level system (39) we represent the surface of the sphere by
means of aMercator-type chart; that is by means of two real coordinates(P, z), where
P = p2 ∈ [0,1] is the square of the modulus ofAR andz = α − β ∈ T = R/2πZ =
[0,2π) belongs to the one-dimensional torus and represents the difference between the
phases ofAR andAL (see Ch. 13, [9]). We underline that this representation is singular
at P = 0 andP = 1; in fact, forP = 0 (respectivelyP = 1) and anyz we have
localization on the left-hand (respectively right-hand) well.

If the non-linear term is absent in Eq. (39), thenP(τ) is a periodic function with
periodπ and, if initially P(0) = 0 or P(0) = 1, thenP(τ) periodically assumes the
values 0 and 1.

The system of equations (39) has been recently studied [13]. Here, we recall the most
relevant results.

Lemma 2. et P(τ) = p2(τ ) and z(τ ) = α(τ) − β(τ); then P(τ) and z(τ ) satisfy the
following system of ordinary differential equations:{

P ′ = 2
√
P
√

1− P sinz

z′ = (1− 2P)
[
2µ+ 1√

P
√

1−P
cosz

]
. (42)

Equations (42) have four stationary solutions

(I) (P = 1/2, z = 0) ,

(II ) (P = 1/2, z = π) ,

(III )

(
P = 1+√1− 1/µ2

2
, z = π

2

[
1+ |µ|

µ

])
, if |µ| ≥ 1,

(IV )

(
P = 1−√1− 1/µ2

2
, z = π

2

[
1+ |µ|

µ

])
, if |µ| ≥ 1,
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where, for|µ| < 1, (I) and (II) arecenter points while, forµ > 1 (respectivelyµ < −1),
the stationary solutions (I) (respectively (II)), (III) and (IV) arecenter points and the
stationary solution (II) (respectively (I)) is asaddle point.

Moreover, the function

I = I (P, z, µ) = √
P
√

1− P
[
µ
√
P
√

1− P + cosz
]

(43)

is an integral of motion and the dynamics of the two-level system, with initial condition
(P0, z0), could be described by means of the integral path defined by the implicit equation
I (P, z, µ) = I (P0, z0, µ). In particular, we consider the following two behaviors:

[C1] P(τ) is a periodic continuous function, with given periodτB , such thatP(τ) = 1
2,

for τ = τ̃ , τ̃ + 1
2τB , for someτ̃ , andP(τ) < 1

2 andP(τ + 1
2τB) > 1

2 for any
τ ∈ (τ̃ , τ̃ + 1

2τB).
[C2] P(τ) is a periodic continuous function such thatP(τ) �= 1

2 for anyτ .

We have that:

Lemma 3. Let (P0, z0) ∈ [0,1] × T be the initial state in the two-level representation.
We have:

(i) if |µ| ≤ 1, thenP(τ) has a time behavior of type C1 for any initial condition (P0, z0),
but the ones corresponding to the stationary solutions (I) and (II) (see Fig. 1);

0

0.2

0.4

0.6

0.8

1

P

-3 -2 -1 0 1 2 3
z

Fig. 1. Integral paths of the equationI (P, z, µ) = Ĩ for some values of̃I and forµ = − 1
2 fixed. The bold

line represents the integral path of the beating motion, that is the transition from localization on a well to
localization on the other one. Localization on the right-hand (respectively left-hand) well occurs atP = 1
(respectivelyP = 0) for anyz
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0

0.2

0.4

0.6

0.8

1

P

-3 -2 -1 0 1 2 3

Fig. 2. Integral paths of equationI (P, z, µ) = Ĩ for some values of̃I and forµ = − 3
2 fixed. We observe the

stability of the beating motion (bold line) despite the appearance of the bifurcation of one fixed point. Broken
lines represent the two sepratrices; inside the region enclosed by these lines we have closed paths, around the
asymmetrical stationary state originated from the bifurcation of the fundamentals state, representing periodic
oscillations within only one well

(ii) if |µ| > 1, let D = D(µ) be the bounded open set enclosed by the path with equation

z = π

2

[
1+ |µ|

µ

]
± arccos

[
1+ 2µP(1− P)− µ/2

2
√
P
√

1− P

]
(44)

and containing the stationary solutions (III) and (IV) ; then for any (P0, z0) ∈ D,
(P0, z0) different from the stationary solutions (III) and (IV) , P(τ) has a behavior of
type C2; in contrast, if (P0, z0) /∈ D̄, where D̄ denotes the closure of D, and (P0, z0)

is different from the stationary solution (I), then P(τ) has a behavior of type C1 (see
Figs. 2 and 3).

Remark 5. Let (P0, z0) be such thatP0 = 0 or P0 = 1. ThenI (P0, z0, µ) = 0 and
(P0, z0) ∈ D, if |µ| > 2, and(P0, z0) /∈ D̄, if |µ| < 2. Hence, for|µ| < 2 we observe
the beating motion, such thatP(τ) periodically assumes the values 0 and 1 (see the bold
line in Fig. 2). The beating motion corresponds to the path with equationI (P, z, µ) = 0;
that is:

zf b = π

2

[
1− |µ|

µ

]
± arccos

[
|µ|√P

√
1− P

]
.

In contrast, for 2< |µ| we have that the beating motion between the two wells is not
possible (see the bold line in Fig. 3, whereµ = −5

2); in particular, if initiallyP(0) = 1
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0

0.2

0.4

0.6

0.8

1

P

-3 -2 -1 0 1 2 3
z

Fig. 3. Integral paths of equationI (P, z, µ) = Ĩ for some values of̃I and forµ = − 5
2 fixed. We observe the

destruction of the beating motion. The trajectory (bold line) starting from the localization point corresponding
to P = 1 (respectivelyP = 0) stays in the regionP > 1

2 (respectivelyP < 1
2) and it encircles one

asymmetrical stationary state originated from the bifurcation of the fundamental state

(respectivelyP(0) = 0) then during the motion we have thatP(τ) > 1
2 (respectively

P(τ) < 1
2) for anyτ .

As a result of Lemma 3, it follows that we generically observe a periodic motion
with periodτB that depends on the parameterµ and on the initial condition(P0, z0). In
particular:

Lemma 4. If (P0, z0) /∈ D̄, where the set D is defined in Lemma 3, then the beating
motion between the two wells has period given by

τB = τB(I, µ) = 4
EK

(
µ
√
(µ−4I+2)(µ−4I−2)
µ2−(1+√1+4µI)2

)
√
(1+√

1+ 4µI)2 − µ2
, (45)

where I = I (P0, z0;µ) and EK is the complete elliptic integral of the first kind.

We close this section with the following remarks.

Remark 6. If (P0, z0) ∈ D then we have a periodic motion within one well with period:

τB = −2i
√
x2

µ
√
x1

[
EF

(
µ
√
x1

x2
,

x2

µ
√
x1

)
− EK

(
x2

µ
√
x1

)]
, (46)

whereEF denotes the incomplete elliptic integral of the first kind and where

x1 = µ2 − 4− 8µI + 16I2 and x2 = µ2 − (1+√4µI + 1)2.
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Remark 7. The frequencyνf b = 1/τf b of the beating motion, corresponding to the
valueI = 0 of the integral of motion, depends on|µ| and monotonically decreases and
vanishes at|µ| = 2; indeed, we have that

νf b =
√

4− µ2

4EK

(
iµ/

√
4− µ2

)
which is a monotone decreasing function asµ ∈ [0,2). From formulas (106.02) and
(112.01) [3], it follows that

νf b ∼ 1

2

1

ln(8/
√

4− µ2)
as |µ| → 2−.

We remark also that the range of frequencies is given by(νmin, νmax], where

νmin =
{

1
π

√
1− |µ|, if |µ| < 1

0, if |µ| ≥ 1

and

νmax= 1

π

√
1+ |µ|, for any µ.

In particular we observe that the interval(νmin, νmax] broadens asµ increase.

3.4. Beating destruction for large non-linearity. Now, we complete the proof of Theo-
rem 2 and of the corollary. To this end we remark that theenergy has the form

H = 〈ψ,H0ψ〉 + 1

2
ε〈ψ,Wψ〉2,

where, in order to take into account the contribution due to the termψc, we observe that

〈W 〉t = 〈ψ,Wψ〉 =
(
|aR|2 − |aL|2

)
〈ϕR,WϕR〉 + R1 + R2,

where

R1 = aRāL〈ϕR,WϕL〉 + āRaL〈ϕL,WϕR〉
+|aL|2 (〈ϕL,WϕL〉 + 〈ϕR,WϕR〉) ,

R2 = 〈ψc,Wψc〉 + aR〈ϕR,Wψc〉 + āR〈ψc,WϕR〉
+aL〈ϕL,Wψc〉 + āL〈ψc,WϕL〉,

and

〈ψ,H0ψ〉 = &(|aR|2 + |aL|2)− 1

2
ω(aRāL + aLāR)+ R3,

where

R3 = 〈ψc,H0ψc〉.
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From Theorem 3 we have thataR(t) andaL(t) are such that for anyα < 1,

1−
(
|aR(t)|2 + |aL(t)|2

)
= ‖ψc(t, ·)‖2 = O(ω̃2α)

for anyt ∈ [0, (τ ,/ω̃) ln(1/ω̃)], for some fixedτ ,, and

sup
t∈[0,(τ ,/ω̃) ln(1/ω̃)]

∣∣∣|aR,L(t)| − |AR,L(tω̃/2)|
∣∣∣ = O(ω̃α),

whereAR,L(τ) are computed in Sects. 3.3. From (3) and since the wave-functionsϕR,L

are localized on just one well [8], it follows that

R1 = O(ω), ash̄ → 0, (47)

for anyt ≥ 0. Moreover, making use of Theorem 3, we have that

R2 = O(ω̃α) and R3 = O(ω̃2α) (48)

for anyτ ∈ [0, (τ ,/ω̃) ln(1/ω̃)] and for someτ , > 0. From these facts and from (41)
then it follows that for anyt ∈ [0, (τ ,/ω̃) ln(1/ω̃)] we have that

〈W 〉t = (2P − 1) 〈ϕR,WϕR〉 +O(ω̃α),

whereP = |AR|2 is the periodic solution given in Lemma 3. Then〈W 〉t is, up to an
error of orderO(ω̃α), a periodic function with periodT given in Lemma 4. If we remark
that

H = &+ 1

4
ωµ− ωI (P, z, µ)+O(ω̃2α),

where we chooseα > 1
2, then we have that (11) implies that(P0, z0) /∈ D̄. From this

fact and from the stability result the beating motion between the two wells follows. In
contrast, (10) implies that(P0, z0) ∈ D; hence, the beating motion disappears.

In particular, we observe that theenergy corresponding to the beating motion with
initial conditionP0 = 0 (orP0 = 1) is such thatHf b ≈ &+ 1

4µω. Hence, the beating
motion disappears for|µ| > 2. Theorem 2 and the corollary are proved.
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