DIFFERENTIAL FORMS IN CARNOT GROUPS: A
VARIATIONAL APPROACH

ANNALISA BALDI

ABSTRACT. Carnot groups (connected simply connected nilpotent strat-
ified Lie groups) can be endowed with a complex (Fg,d.) of “intrinsic”
differential forms. In this paper we want to provide an evidence of the
intrinsic character of Rumin’s complex, in the spirit of the Riemann-
ian approximation, like in [?] and [?]. More precisely, we want to show
that the intrinsic differential d. is a limit of suitably weighted usual first
order de Rham differentials d.. As an application, we prove that the L>-
energies associated to classical Maxwell’s equations in R™ T'-converges
to the L2-energies associated tp an ”intrinsic” Maxwell’s equation in a
free Carnot group.

1. INTRODUCTION
Classical Maxwell’s equations for time-harmonic vector fields
eiwsE_’7 eiwsﬁ’ 6iws§7 eiwsD_'
in R x R? read as follows:

L w4 o
curlH—gD: —WJ,
c c

curl E + EB’:O,
c

divD = 47p, divB = 0,
together with the constitutive relations
D=c¢E, B=puH,
where ¢, 1 : R®> — R3 are linear maps and the constant c is the speed light.
We denote by [e], [4] the matrices of € and p with respect to the Euclidean
canonical basis. Usually, [¢], [u] are called respectively the dielectric permit-

tivity and the magnetic permeability.
Suppose for sake of simplicity J = 0 and p = 0. Therefore

curl e 1D = ——uH,
c
and then
— w2 —
curl p~teurl e71D = —D.
c
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If (Q*,d) is the de Rham complex of differential forms in R3, classical
Maxwell’s equations can be formulated in their simplest form as follows.
We fix the standard volume form dV in R3. If o, 3 € Q" we denote by
(e, B)guc their Euclidean scalar product (i.e. the scalar product making the
basis {e1,e2,e3} and {dz1,dzs,dzr3} be orthonormal); we denote by * the
Hodge duality operator. Consider now the 2-form D := —(*D)? (recall that
if v is a vector field in R™, then its dual form v? acts as v#(w) = (v, w)Euc,
for all w € R™). We have

-1 DY — D)
curl p~curl e (xD)"* — 6—2(*D) =0.
We remind the following definition (see e.g. [?], Section 2.1).
Definition 1.1. If VW are finite dimensional linear vector spaces and
L:V — W is a linear map, we define

AL : /\h vV — /\h 1174

as the linear map defined by
(ApL)(vr A+ Awvp) = L(v1) A+ A L(vp,)

for any simple h-vector vi A--- Av, € A\, V, and

AL /\h W — /\h Vv
as the linear map defined by

(ALY (@)[or A -+« Avn) = (@l (AnL) (o1 A -+~ A vg)

for any a € /\h W and any simple h-vector v1 A--- Awvp € A\, V.

As it is proved in [?], we obtain that, eventually, *D satisfies the differ-
ential equation
w? - det u
—a
c
where M := A%u, N := A'(e")~! (see also Section 5 for more details).

It is well known that (31) makes perfectly sense in R™ for any n € N.
Therefore D is a stationary point of the functional

(1) SMdNa + =0,

w? - det

5 /n<Na,a)Euc av

@) 5 (a) = / (MdNa, dNa)pedV + <

where a € I/Vl})f (R™).

In this note we want to show that a I'-limit of functionals of the previous
type is related to an intinsic Maxwell equations in Carnot groups.

A Carnot group G (see below for precise definition and [?] for a general
survey), can be thought, roughly speaking, as the Lie group (R",-), where
- is a (non-commutative) multiplication such that its Lie algebra g is nilpo-
tent and admits a step x stratification. This means that there exist linear
subspaces Vi, ..., V,; (the layers of the stratification) such that

g=V1®..0V, [W,V]=Vin, Vi#{0}, Vi={0}ifi>xk,
where [V1,V;] is the subspace of g generated by the commutators [X,Y]

with X € V] and Y € V;. We refer to the first layer V7 as to the horizontal
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layer, which plays a key role in our theory, since it generates the all of g by
commutation.

The stratification of the Lie algebra induces a family of anisotropic dila-
tions d) (A > 0) on g and therefore, through exponential map, on G.

It is well known that the Lie algebra g of G can be identified with the
tangent space at the origin e of G, and hence the horizontal layer of g can be
identified with a subspace HG, of TG,. By left translation, HG, generates a
subbundle HG of the tangent bundle T'G and eventually a sub-Riemannian
structure on R".

From now on, we use the word “intrinsic” when we want to stress a
privileged role played by the horizontal layer and by group translations and
dilations.

Starting from de Rham complex (2*,d) of differential forms in R", it is
possible to define a complex of differential forms that has to be “intrinsic”
for G in our sense. Such a complex, denoted by (£, d.) , with E§ C ¥, has
been defined and studied by M. Rumin in [?] and [?] ([?] for contact struc-
tures). Rumin’s theory needs a quite technical introduction that is sketched
in Section 3 to make this note self-consistent. For a more exhaustive pre-
sentation, we refer to original Rumin’s papers, as well as to the presentation
in [?]. The main properties of (E{,d.) can be summarized in the following
points:

i) Intrinsic 1-forms are horizontal 1-forms, i.e. forms that are dual of
horizontal vector fields, where by duality we mean that, if v is a
vector field in R”, then its dual form v acts as v%(w) = (v, w), for
all w e R™.

ii) The “intrinsic” exterior differential d. on a smooth function is its
horizontal differential (that is dual operator of the gradient along a
basis of the horizontal bundle).

iii) The complex (Ef,d.) is exact and self-dual under Hodge *-duality.

We want to show the intimate connection between the complex and the
Carnot group. More precisely, we want to show that the intrinsic differential
d. is a limit of suitably weighted usual first order de Rham differentials d..

For this purpose, we need to introduce the notion of weight of vectors in
g and, by duality, of covectors. Elements of the j-th layer of g are said to
have (pure) weight w = j; by duality, a 1-covector that is dual of a vector
of (pure) weight w = j will be said to have (pure) weight w = j.

This procedure can be extended to h-forms.

Then, the usual exterior differential d acting on a form « of pure weight
splits as

doa:dgoz—l—dla—i--'-—l—d,{a,

where dga does not increase the weight, di« increases the weight by 1, and,
more generally, d;a increases the weight by ¢ when ¢ = 0,1,...,k. Then,
we define a e-differential that weights the different terms of d according to
their different actions with respect to the stratification of the Lie algebra g.
Therefore we set

de = do +edy + - + £7d,..
3



The issue now is to specify in what sense the d. (that is a first order operator)
converges to d, that is, in general, a higher order differential operator (see
Theorem 3.7-vii) below).

The natural approach relies in the use of De Giorgi’s I'-convergence ([?],
[?], and see also Section 4 below for precise definitions in our setting) for
variational functionals. Indeed, we are able to prove that the L2-energies
associated with e7%d. on 1-forms I'-converge, as ¢ — 0, to the energy asso-
ciated with d..

The main theorem of this note reads as follows. If we denote by W*2(G, \' g)
the space of differential 1-forms on G with coefficients belonging to the
Folland-Stein space W*?2(G) (see Definition 2.2), we have:

Theorem 1.2. Let G be a free Carnot group of step k. Ifw € W52(G, \' g),
we set

1
Fw) = 5 [ el av.

where
de = dg +edy + - + "d,.
Then F. sequentially T'-coverges to F in the weak topology W*(G, /\1 9),
as € — 0, where

dew?dV  if w e Wo(G, E}
py 2 | L1 av o e W@, g

+o00 otherwise.

We remind that the group G is said to be free if its Lie algebra is free, i.e.
the commutators satisfy no linear relationships other than antisymmetry
and the Jacobi identity. This is a large and relevant class of Carnot groups.
We remind also that Carnot groups can always be “lifted” to free groups
(see [?] and [?], Chapter 17). For our purposes, the main property of free
Carnot groups relies on the fact that intrinsic 1-forms and 2-forms on free
groups have all the same weight (see Theorem 3.9). This helps at several
steps of the proofs (unfortunately, the same assertion fails to hold for higher
order forms (see Remark 3.11 in [?])).

As is proved in Section 5, the previous result can be applied to functionals
of the type of the equation (2) to derive a I'-convergence result to the L?-
energy associated with intrinsic Maxwell’s equations.

2. CARNOT GROUPS

Let (G, ) be a Carnot group of step k identified to R™ through exponential
coordinates (see [?] for details). By definition, the Lie algebra g has dimen-
sion n, and admits a step k stratification, i.e. there exist linear subspaces
Vi, ..., Vi (the layers of the stratification) such that

(3) g:‘/l@@vm [‘/17‘/;] :V;+1a VH#{O}W VVZZ{O} ifi>/{7

where [V, V;] is the subspace of g generated by the commutators [X, Y] with
X eViandY €V,. Set m; =dim(V;), fori =1,...,kand h; = mi+---+m;
with hg = 0. Clearly, h, = n. Choose now a basis ey, ..., e, of g adapted
to the stratification, i.e. such that
€h;_1+1s- - €h; is a basis of Vj for each j =1,..., k.
4



We refer to the first layer Vi as to the horizontal layer. It plays a key role
in our theory, since it generates the all of g by commutation.

Let X = {Xy,...,X,} be the family of left invariant vector fields such
that X;(0) = e;. Given (3), the subset X1,...,X,,, generates by commu-
tations all the other vector fields; we will refer to Xi,..., Xy, as to the
generating vector fields of the algebra, or as to the horizontal derivatives of
the group.

The Lie algebra g can be endowed with a scalar product (-,-), making
{X1,...,X,} be an orthonormal basis.

We can write the elements of G in exponential coordinates, identifying p
with the n-tuple (p1,...,pn) € R” and we identify G with (R", -), where the
explicit expression of the group operation - is determined by the Campbell-
Hausdorff formula.

For any x € G, the (left) translation 7, : G — G is defined as

2o TpZ =T 2
For any A > 0, the dilation 0y : G — G, is defined as

(4) OA(T1y ooy ) = ANy, o ATy,

where d; € N is called homogeneity of the variable x; in G (see [?] Chapter
1) and is defined as

(5) dj =i whenever h;_1 +1<j <h;,

hencel =dy = ... =dm;, <dm+1=2<...<d, =K.
The Haar measure of G = (R",-) is the Lebesgue measure £" in R".
We denote also by @ the homogeneous dimension of G, i.e. we set

Q= Zidim(%).
i=1

The Euclidean space R™ endowed with the usual (commutative) sum of
vectors provides the simplest example of Carnot group. It is a trivial exam-
ple, since in this case the stratification of the algebra consists of only one
layer, i.e. the Lie algebra reduces to the horizontal layer.

Definition 2.1. Let m > 2 and x > 1 be fixed integers. We say that f,, .

is the free Lie algebra with m generators x1, ..., Z, and nilpotent of step s
if:
i) fm,x is a Lie algebra generated by its elements x1, ..., Ty, 1.€. fmx =
Lie(z1,...,%Tm);

ii) fm is nilpotent of step k;

iii) for every Lie algebra n nilpotent of step x and for every map ¢ from
the set {x1,..., 2} to n, there exists a (unique) homomorphism of
Lie algebras ® from f,, . to n which extends ¢.

The Carnot group G is said free if its Lie algebra g is isomorphic to a free
Lie algebra.

When G is a free group, we can assume { X1, ..., X,,} a Grayson-Grossman-
Hall basis of g (see [?], [?], Theorem 14.1.10). This makes several computa-
tions much simpler. In particular, {[X;, X;], X;, X; € V1,4 < j} provides an
orthonormal basis of V5.
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From now on, following [?], we also adopt the following multi-index no-
tation for higher-order derivatives. If I = (i1,...,4,) is a multi-index, we
set X! = X{l .-+ Xin. By the Poincaré-Birkhoff-Witt theorem (see, e.g.
[?], 1.2.7), the differential operators X! form a basis for the algebra of left
invariant differential operators in G. Furthermore, we set |I| := i1+ -+,
the order of the differential operator X7, and d(I) := dyiy + - - - + dyin its
degree of homogeneity with respect to group dilations. From the Poincaré—
Birkhoff-Witt theorem, it follows, in particular, that any homogeneous lin-
ear differential operator in the horizontal derivatives can be expressed as a
linear combination of the operators X! of the special form above.

Since here we are dealing only with integer order Folland-Stein function
spaces, we can give this simpler definition (for a general presentation, see

e.g. [?7]).

Definition 2.2. If 1 < s < co and m € N, then the space W"*(G) is the
space of all u € L*(G) such that

X'u e L*(G) for all multi-index I with d(I) = m,
endowed with the natural norm.
We remind that

Proposition 2.3 ([?], Corollary 4.14). If 1 < s < co and m > 0, then the
space W*(G) is independent of the choice of X1,..., Xm,.

Proposition 2.4. If1 < s < oo and m > 0, then S(G) and D(G) are dense
subspaces of W™*(G).

The dual space of g is denoted by /\1 g. The basis of /\1 g, dual of the basis
X1, -, Xp, is the family of covectors {6, -- ,6,}. We indicate by (-, ) also
the inner product in /\1 g that makes 61, --- , 60, an orthonormal basis. We
point out that, except for the trivial case of the commutative group R”, the
forms 6y, --- , 0, may have polynomial (hence variable) coefficients.

Following Federer (see [?] 1.3), the exterior algebras of g and of \'g are

n n
s * h
the graded algebras indicated as /\*g = @/\hg and /\ g = @/\ g
h=0 h=0
Where/\og:/\og:Rand,forlShgn,
N, 8= span{Xi, A+ A X 1< < < <n)y
h
/\ g:=span{f;, N---AN0;, 11 <i3 <---<ip<n}.

The elements of A, g and A" g are called h-vectors and h-covectors.

We denote by ©" the basis {0;, A---A6;, 1 <i; < <iy <n}of
A" g. We remind that dim A" g = dim A, g = (7).

The dual space \'( A1, 8) of A\, g can be naturally identified with A'g.
The action of a h-covector ¢ on a h-vector v is denoted as (p|v).

The inner product (-, -) extends canonically to A, g and to /\h g making
the bases X;, A--- A X;, and 0;; A--- A 6;, orthonormal.

We set also X{lw-,n} =Xi1A---ANX, and 9{17...771} =01 N NO,,.

6



Starting from A, g and A" g, by left translation, we can define now two
families of vector bundles (still denoted by A, g and A\ g) over G (see [?] for
details). Sections of these vector bundles are said respectively vector fields
and differential forms.

Definition 2.5. If 0 < h < n, 1 < s < oo and m > 0, we denote by
Wms(G, /\h g) the space of all sections of /\h g such that their components
with respect to the basis ©" belong to W"*(G), endowed with its natural

norm. Clearly, this definition is independent of the choice of the basis itself.
Sobolev spaces of vector fields are defined in the same way.

We conclude this section recalling the classical definition of Hodge duality:
see [?7] 1.7.8.

Definition 2.6. We define linear isomorphisms

*:/\hg<—>/\n7hg and *:/\hg<—>/\n_hg,

for 1 < h <n, putting, for v =) ; v; X7 and p =) _; @10y,
XV 1= ZIUI(*XI) and = ZI or(x07)

where
#X7 = (-1)°DXp and  #6;:= (—1)°Do.

with I = {iy,---,in}, 1 < 41 < - <ip, < n, X = X3, A AKX,
Or=0i, NNy, I* ={i] <---<i'_,} ={1,---,n} \ I and o(]) is the
number of couples (iy, 7}) with i, > i}.

We refer to dV := 6y, ... ) as to the canonical volume form of G.

If v € A\, g we define v¥ € /\hg by the identity (v*|w) := (v, w), for all
w € A\, g, and analogously we define % € A\, g for ¢ € A'g.

3. DIFFERENTIAL FORMS IN CARNOT GROUPS

The notion of intrinsic form in Carnot groups is due to M. Rumin ([?],
[?]). A more extended presentation of the results of this section can be found
in [?], [?].

The notion of weight of a differential form plays a key role.

Definition 3.1. If a € /\1 g, a # 0, we say that a has pure weight p, and
we write w(a) = p, if of € Vp. More generally, if o € /\h g, we say that «
has pure weight p if « is a linear combination of covectors 6;, A---A6;, with
w(eil) + 4+ w(eih) =p-

In particular, the canonical volume form dV has weight @ (the homoge-
neous dimension of the group).

Remark 3.2. If o, f € A" g and w(a) # w(3), then (a, 8) = 0.

If we denote by QP the vector space of all smooth h—forms in G of pure
weight p, i.e. the space of all smooth sections of /\h’p g, by prevoius remark

it follows that
M}l;ﬂax

(6) o= P ot
p:M;Lnin
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Definition 3.3. Let now o = > gncgnp @ 0" € QP be a (say) smooth form
of pure weight p. Then we can write

da:dga—i-dloc—i--“—i-dna,

where
h
da= > db)]
6reehr

does not increase the weight,

dio = Z i(Xjai)Gj A 9?

orcohr j=1

increases the weight of 1, and, more generally,

dio= Y > (Xj0;)0; A6},

gheonr X;€Vi
when ¢ = 0,1,..., k. In particular, dy is an algebraic operator.
Definition 3.4 (M. Rumin). If 0 < h < n we set
El := ker dy Nker 6y = ker dy N (Im do)*~ € Q"

In the sequel, we refer to the elements of Eg as to intrinsic h-forms on
G. Since the construction of E{} is left invariant, this space of forms can be
seen as the space of sections of a fiber subbundle of /\h g, generated by left
translation and still denoted by Eg. In particular E{} inherits from /\h g the
scalar product on the fibers.

Moreover, there exists a left invariant orthonormal basis = = {¢;} of Ef!
that is adapted to the filtration (?7).

Since it is easy to see that Ej = span {61, .., 0}, where the 6;’s are dual
of the elements of the basis of Vi, without loss of generality, we can take
§=0jforj=1,...,m.

Finally, we denote by N ;Lnin and N;"* respectively the lowest and highest
weight of forms in Eg.

Definition 3.5. If 0 < h < n, 1 < s < oo and m > 0, we denote by
W™3(G, E}) the space of all sections of E} such that their components
with respect to the basis = belong to W™ *(G), endowed with its natural
norm. Clearly, this definition is independent of the choice of the basis itself.

Moreover, as in Proposition 2.4, D(G, E}') and S(G, E}) are dense in
Wms(G).

Lemma 3.6 ([?], Lemma 2.11). If 3 € N"™' g, then there exists a unique
ae N'gn (kerdo)t such that
didoa = dj3.  We set «:=dy'p.

Here djj /\thl g— /\hg is the adjoint of dy with respect to our firzed scalar
product. In particular

a=dy'B if and only if doa — B € R(do)*.

Moreover



i) (kerdo)t =R(dy");

ii) dy'dy = Id on (kerdo)*;

iii) dody! —Id: N"™ g — R(do)*.

The following theorem summarizes the construction of the intrinsic dif-
ferential d. (for details, see [?] and [?], Section 2) .
Theorem 3.7. The de Rham complex (2*,d) splits in the direct sum of two
sub-complezes (E*,d) and (F*,d), with
E :=kerdy' Nker(dy'd) and F :=R(dy")+R(ddy").

We have:

i) Let Il be the projection on E along F (that is not an orthogonal
projection). Then for any o € Eg’p, if we denote by (Ilga); the
component of llpa of weight j, then

(Iga), =«
(7) (Mpa)prrer = —dg ' (D> de(pa)pspa—r)-
1<0<k+1

Notice that o — (I1ga)pti41 s an homogeneous differential operator
of order k + 1 in the horizontal derivatives.
i) g is a chain map, i.e.

dllg = Ilgd.
iii) Let Ilg, be the orthogonal projection from Q* on Ej, then
(8) U, = Id —dy'dy — dody ', gy = dy*do + dody ™.
Notice that, since do and dal are algebraic, then formulas (8) hold

also for covectors.
iV) HEOHEHEO = HEO and HEHEOHE = HE.

Set now
de. =g, dlg: B} — BV h=0,...,n—1.
We have:
v) d? = 0;

vi) the complex Ey = (Ef,d.) is exact;

vii) with respect to the bases = the intrinsic differential d. can be seen
as a matriz-valued operator such that, if o has weight p, then the
component of weight q of d.a is given by an homogeneous differential
operator in the horizontal derivatives of order ¢ — p > 1, acting on
the components of .

Remark 3.8. Let us give a gist of the construction of £. The map d Lq
induces an isomorphism from R(dg 1) to itself. Thus, since dy Ydy = Id on
R(dy'), we can write dy'd = Id+ D, where D is a differential operator that
increases the weight. Clearly, D : R(dy"') — R(dy'). As a consequence
of the nilpotency of G, D¥ = 0 for k large enough, and therefore the Neu-

mann series of d, 'd reduces to a finite sum on R(dy 1), Hence there exist a
9



differential operator

N
P= Z(—l)ka, N € N suitable,
=1
such that
-1 -1
Pdy d=d, dP = IdR(dal).

We set @) := Pdal. Then Ilg is given by
g =1d—-Qd—dQ.

From now on, we restrict ourselves to assume G is a free group of step &
(see Definition 2.1 above). The technical reason for this choice relies in the
following property.

Theorem 3.9 ([?], Theorem 5.9). Let G be a free group of step k. Then all
forms in E} have weight 1 and all forms in E3 have weight r + 1.

In particular, the differential d. : E& — Eg can be identified, with re-
spect to the adapted bases E(l) and E%, with a homogeneous matriz-valued
differential operator of degree k in the horizontal derivatives.

Moreover, if £ € /\2’pg with p # k + 1, then llg,& = 0. Indeed, 11, & has
weight p, and therefore has to be zero, since Ilg,€ € /\2"iJrl g.

Lemma 3.10. If G is a free group of step k > 2, then

N g cdo(\" 8) € Rdo),

or, equivalently,
022 C dp(QM?) C do(QY).

Proof. See Lemma 3.12 in [?].

4. INTRINSIC DIFFERENTIAL AS A I'-LIMIT
Definition 4.1. Let X be a separated topological space, and let
F., F: X — [—00,+00]
with € > 0 be functionals on X. We say that {F.}.~0 sequentially I'-
converges to ' on X as e goes to zero if the following two conditions hold:
1) for every v € X and for every sequence {u., }reny with e — 0 as

k — o0, which converges to u in X, there holds

9) liminf F;, (ue, ) > F(u);
k—oo
2) for every u € X and for every sequence {ej}reny with e — 0 as
k — oo there exists a subsequence (still denoted by {ex}ren) such
that {u., }ren converges to u in X and

(10) limsup F;, (ue,) < F(u)

k—o0

10



For a deep and detailed survey on I'-convergence, we refer to the mono-
graph [?].

We recall the following reduction Lemma. The proof is only a minor
variant of the one given in [?], Lemma I'V (see also [?]), hence we shall omit
such a proof.

Lemma 4.2. Let X be a separated topological space, let Fy, F : M —
[—00, +00] with h € N; consider D C M and x € M. Let us suppose that

1) for every y € D there exists a sequence (yp)hen C M such that
yn — y in M and limsup Fj,(yn) < F(y);

h—o0
2) there exists a sequence (xp)neny C D such that v, — x and limsup F(x) <

h—o0
F(x);
then there exists a sequence (ZTp)pen C M such that limsup Fp,(Zp,) < F(x).

h—o0

To avoid cumbersome notations, from now on we write systematically
lim._, 0 to mean a limit with e = &, where {ej}ren is any sequence with
e — 0 as k — oo.

Let € > 0 be given. If w € W52(G, \' g), we set

1
Fw) = 5 [ el av.
where
de =dg +edy + -+ &"d,.

We stress that F.(w) is always finite, since the coefficients of d;w contain
horizontal derivatives of order ¢ < x of the coeflicients of w.

Theorem 4.3. Let G be a free Carnot group of step k. Then
F. sequentially T'-coverges to F in the weak topology W*?(G, /\1 g),

as € — 0, where

dew|*dV  if w e W2(G, EL
py = | L1dsav o e W@, B

+o00 otherwise.

Proof. A detailed proof of this theorem can be found in [?]. Here we repeat
only the main steps of that proof.
Let w® — w as € — 0 weakly in W52(G, A' g). We want to show that

(11) Fw) < limiélf F.(w°).
In particular, it follows that w € W*%(G, E}) provided liminf._ Fr(w®) <

0.
Keeping in mind (6), we write

w6:w§++wi7
11



with wf € Qb i =1,..., k. Reordering the terms of d.w. according to their
weights, as in (6), we have the following orthogonal decomposition:

p—1
15 7 €
dew® = E g € diwp,i

2<p<k =0
(12) + (ediws + -+ + e"dw5)

K
+ Z Z f-:idiw;_i.

Kk2<p<2K i=p—K

Therefore we can write

p—1
R = 30 [ 5 et fav
=0

2<p<k
(13) 4+ 2(1=K) /G Hdlwi S 5”*1d,€wifH2 dv
K
+ Z 62(17—25)/ H Z Ei—P'i‘Hdiw;_iHQ dV.
rk+2<p<2k G 1=p—K

Without loss of generality, we may assume liminf._,g Fr(w:) < oo. This
implies that, if 2 < p < k, then, if € € (0, 1),
p—1
(14) e " Zsidiw;_i is uniformly bounded in L2(G, A”g)).
1=0
In particular,

p—1

(15) > cldiwy ; — 0 in L*(G,A\g))
=0

as € — 0, since we can write (15) as
p—1
(16) dows +€ Y e dwfy ; — 0
i=1
as € — 0. On the other hand, we know that wj — w, weakly in L2(G, \' g)
for p > 1, and therefore

(17) dows, — dow, in L2(G, A\? g),

since dy is algebraic.
Combining (16) with the boundedness of {w} in W52(G, A’ g) and with
(17), it follows that

18) dowp =0 forp=2,...,k

(
(obviously, (18) holds also for p = 1 since do(A"' g) = {0}). Hence w €
ker dy = E}, and therefore w = w;.

Moreover, again if € € (0, 1),

(19) =" (diwy + -+ + 5“_1d,€w§) is uniformly bounded in L2(G, A g)).
12



Recall now that, by definition, d.w = Ilg,dlIgw. But, by Theorem 3.9,
I1g, vanishes on all 2-forms of weight p # k+41. Therefore, the full expression
of d.w reduces to

(20) do(w) = g, ( y dg(nEw)nH_g).

/=1
As is proved in [?], it holds that

(21) diMpw)kr1—¢ = hme Tdjws 1
in the sense of distributions for £ =1,...,x, j =0,...,4, i.e.
@ [ eV @) v

for{=1,...,k,j=0,...,¢ and for any ¢ € D(G, A*g).

So far, we have used the equiboundedness of the first sum in (13) for
close to zero. We proceed now to estimate the liminf of the second term in
(13).

To this end, we take j = £ in (21) and we sum up for £ = 1,..., k. We
obtain

1 B K
(23) g (s 4 e ) — Y el
=1
as € — 0 in the sense of distributions. On the other hand, the limit
S do(TTpw),e1_¢ belongs to L2(G, \?g) (since dp(TTpw),s1_¢ is an ho-
mogeneous differential operator in the horizontal derivatives of order x, by
Theorem 3.7, i) and Definition 3.3), and

1
(24) {Eﬁ—_l(dw}fi +-F Eﬁfldnwf)} . is equibounded in L2(G, \? g),
£>

as ¢ — 0, by (19). Combining (24) and (23) we obtain that the limit in
(23) is in fact a weak limit in L2(G, A*g) (see, e.g., [?], Ch. V, Theorem
3). Thus, by (20), (13) and taking into account that IIg, is an orthogonal
projection, we obtain eventually

- / 1MLy (3 ()1 o) 2V
G =1
</ I3 itz

<hm1nf€ (1-x / Hdlw + - 6"‘71d,€wiH2dVSlimiélfFE(we).
E—

This proves (11).
We prove now that, if w € W"2(G, E}), then there exists a sequence
(we)es0 in WH2(G, A\ g) such that
i) we — w weakly in W52(G, A\' g);
i) F.(we) = F(w) as e — 0.
13



By Lemma 4.2, without loss of generality we may assume w € D(G, E&)
We choose
(25) we =w+e(Tlpw)e 4 - + " 1 (ITpw)s,.

If we write the identity d?> = 0 gathering all terms of the same weight, we

get
K P
0=> "> dp jd;.

p=0j=0
and therefore
P

(26) de_jdj:O forp=0,...,k,
§=0

since these terms are mutually orthogonal when applied to a form of pure
weight. In particular,

(27) 3 =0, dody = —didy, dody = —dady— d3,
Thus,

_ 1 ~ i 12
Rl = 5 [[1a(E e W) av
1 S
(28) = = < [G HHEO(dg(;g Y(Mpw);))||* dV

+/GHHEOL (dg(;a‘il(HEw)i))HQdV>.

Arguing as in (12), we can write

de ( Z Eiil (HEOJ)Z)
=1

p—1
= Z €p_12di(HEw)p_i
=0

2<p<k
+ E'{(dl(HEQJ),ﬁ —+ .-+ d,.;(HEw)l)

+ Z S Z di(Ilgw)p—;

rk+2<p<2k 1=p—K
=1+ I+ Is.
Now, by Theorem 3.9,
g1y = 0.

As it is proved in [?]

p—1
(29) Zdi(ﬂEw)p,i €E} for2<p<k+1.

i=0
and hence
(30) Iz, =g, I, =0.

14



Recalling (28) we get,
1 2 1 2
Rwd) = 5 [ I sav+ 5 [ )61

_ / I, (e (g + - + d(Tpw) ) 2 AV
G

1 3 K
vz 1Y Y dlp)-dPav;

K+2<p<2k 1=p—K
observing that the second term in previous expression goes to zero as € — 0,
we get lim._ Fr(w:) = F(w) in D(G, E}). This achieves the proof of the
theorem.
O

5. MAXWELL’S EQUATIONS

IfL:A,6— AyoorL:A\"g— A"g, we denote by [L] the matrix of L
with respect to the Euclidean canonical basis {e;} and {dz'}.

As pointed out in the introduction, classical Maxwell’s equations for time-
harmonic vector fields in R*R3

eith_v" eiwtﬁ7 eith’, eiwtl_j ,

where we denote by s € R the time variable and by z € R? the space
variable, read as follows:
i

&

curl H — 13:0,
c

curl E + Zﬁé:o,
c

divD =0, divB =0,
together with the constitutive relations
D=cE, B=uH,
where ¢ = ¢(z), 0 = p(r) : R® — R3 are linear maps depending (say)
smoothly on x.
Considering the 2-form D := —(*D)h the previous equations can be stated

in terms of de Rham differential forms. As it is proved in [?] it holds the
following Lemma.

Lemma 5.1. If o € Q", then
*(A"Lya = (=1)P=1) . (det L) - (A" (LY * .
Hence
F(AT ()™ )x = o (det )~ (A%p) = (det )~ (A%p).
Thus, eventually, xD satisfies the differential equation

2. det
(31) SMdNa + 0o — o,
c
where M := A%y, N := Al(e')~!. Obviously (31) makes perfectly sense in
R™ for any n € N.

15



Hence %D is a stationary point of the functional
w? - det
c

JHE () ::/ (MdN o, dNa)pyc dV + / (Na, a)gyc dV,

where a € W]})CQ (R™).

The identification of /\h g and /\Z g yields a corresponding identification of
the basis ©" of A" g and ©" of /\]gg Then ©) := A"(dr,-1)O" is a basis of
/\’; g. Analogously, if we replace the group translation 7,-1 by the Euclidean
translation y — y—x := t_,(y), we obtain a new basis O/ .= A (dt_,)er
of Az -

In particular,

O .= A" (dr,-1)A"(dt,)OmEve,
i.e., the elements of ©" can be viewed as differential forms in the Euclidean
coordinates. Thus, the elements of ©" can be identified with the elements
of ©" evaluated at the point z. Through all this paper, we make systematic
use of these identifications, interchanging the roles of left invariant vector
fields and elements of A, g.

Denote by [T, = (Tij(z));; the matrix of the identity map in R™ with
respect to the bases {e1,...,e,} and {X1,..., X, }, i.e.

Xi(x) =) Tij(z)ej, j=1,...,n.
J

Hence [T, coincides with [d7,-1], the matrix of d7,-1 with respect to the
canonical bases of A\; , g and A, , g. More generally, if o € /\h g, we denote

by [A"T], the matrix associated with the identity map from A" g to A" g.
We stress that [AMT), = [Ahdr,-1].

Remark 5.2. We keep in mind that the two bases {e1,...,e,} and {X1,..., Xy}
(as well as the associated bases for vectors and covectors) coincide at = = e.
Therefore, there is no ambiguity if we identify, say, a h-covector at the origin
with a h-covector of the Euclidean space R™.

Lemma 5.3. If o, € /\;L g, then
(@, B)z = (AT~ Yo, [A"T]B) pn -
Proof. Keeping in mind Remark 5.2, we have
(@, B)0 = ((Adry)a, (Adry)B)e = ((N'dry)a, [N'd7y)B) g gn
= ((A"dry ), (A"d72) B)Buce = (A"dre)a, (M d7e) B)puc.a-

O

If I = (i1,...,1p), the I-component of a € /\Z’g with respect to ©F
equal the I-component of (A"T)a with respect to ©FF°. Indeed (a,#) =
(o] X1) = (al(AWT)X1) = (A"T)aler) = (A"T)a, da’)puc.

Finally, if r > 0, we denote by C, the linear map on g defined by
(32) Cr(Xy) :=11X, if X, €V
Notice (A2C,)0; A 0; = rv@+w0)g; A9, if w(i), w(j) are the weights of the

0;,0; € /\1 g, respectively.
16



Lemma 5.4. Ifr > 0 and
d, = dy+rdy + -+ 7%,

then
dra = (A*C)d(A'C7 Yo

for any o € Q.
Proof. Choose a@ = «;6;. Then

dra =Y ridj(aify) =Y 10 (rmDagb;) = (ACr)d(A Cr o
j=0 j=0

Proposition 5.5. Let r > 0 be given. If we choose
[uy] = =2/ =D (=L, Ty T CL T

and
[Er] — 74(1+n/~cf2Q)/(nfl) [Tﬁlch]t,

then, if o € Wg’z(G, /\1 g)( C VVli’CZ(G, /\1 9));

(33> T_2H’d7’a‘2 = <M'f’dN7'a7dN'r04>Euc
and
(34) r_(l"'””_QQ)/(”_l)(Cr_la,a) = (N, o, @)Euc,

where M, = A%p,, N, = A(el)~t.
Proof. We have:
|dral = ((A*Cr)d(ATC e, (A2Cr)d(A' Cr ) ar),
= ((A%*(d7,C,))d(A'C; Y e, (A (7 C))d(ATC H ) Buc o
= (A (T7'CDUT O AN T O ) ey, dIANT T C T)]a) g2 o

Then the assertion follows since (A%20L) = ¢?(AL) for any linear map L
and for any o € R, and

7,2(1-1—/@—2@)/(71—1) . r(2Q—nn—1)/(n—l) . ,r,(QQ—nfi—l)/(n—l) _ 7,,—25.
This proves (33). Identity (34) follows analogously. O

Theorem 5.6. With the notations of Proposition 5.5, if r > 0, we denote by
Jy the functional JF° () in WS’Q(G, A' @) Then J, sequentially T-coverges
to J in the weak topology W"?(G, /\1 g), as r — 0, where

2

deal?d W/ 2 . &2(G. FL

J(a) = /G| o V+C2 G\a| Vv if o« € W(G, Ey)
+ oo otherwise.

Proof. A proof of this theorem is given in [?]. Here we sketch briefly only
the liminf part.
First of all, we notice that

17



Keeping also in mind Proposition 5.5, if « € W(S’Q(G, Alg) and J,. (o) < o0,
writing « with respect to the basis 01, ...,0,, we have

)=r" /|d a]ZdV+/<Crloz,a>dV.

Let now a” — « as r — 0 weakly in W52(G, \' g). We want to show that
(35) J(a) < lim iélf Jr(a").
r—

As usual, without loss of generality, we may assume liminf, o J,(a") <
oco. Thus, by Theorem 4.3, « € W*2(G, E}) and

(36) / |d.af? dV < liminf 2% / |dya|? dV.
G r—0 G

On the other hand, if we split a” gathering the terms by their weights (i.e.
of =af + -+ o, with of € Qb)) keeping in mind that of — a; weakly
in L?, we have

liminf/ r{(C, aa)dV—hmlnf /|a1\ dV+Z 1= 3/|ar|2dV
r—0 G

2liminf/ |a71“|2dvz/ |a1|2dV:/ la|?dV,
=0 Jg G G

since a € E}. Summing this inequality with inequality (36) we get the liminf
inequality (35) O
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