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2 M.C. Tesi
ABSTRACT
In this Part II, the results of Part I are applied, as in a joint paper with Annalisa Baldi,

Bruno Franchi and Nicoletta Tchou, to prove a compensated compactness theorem in

Carnot groups.
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In the sequel, we follow the notations of the first part of this seminar.

1. FUNCTION SPACES

Let {X1,...,X,,} be the fixed basis of the horizontal layer g; of g. We denote by Ag

the nonnegative horizontal sublaplacian

AG = —iX;
j=1

If 1 <s<ooanda € C, wedefine A% in L*(G) following [5]. If in addition m > 0, again
as in [5], we denote by W¢i"*(G) the domain of the realization of Ag/ % in L*(G) endowed
with the graph norm. In fact, since s € (1,00) is fixed through all the paper, to avoid
cumbersome notations, we do not stress the explicit dependence on s of the fractional
powers Ag/ % and of its domain.

We remind that

Proposizione 1.1 ([5], Corollary 4.13). If 1 < s < oo and m € N, then the space
W (G) coincides with the space of all u € L*(G) such that

X'u e L¥(G)  for all multi-index I with d(I) = m,
endowed with the natural norm.

Proposizione 1.2 ([5], Corollary 4.14). If1 < s < oo andm > 0, then the space W¢"*(G)
15 independent of the choice of X1, ..., X,.

Proposizione 1.3. If 1 < s < 0o and m > 0, then S(G) and D(G) are dense subspaces
of W& (G).

Definizione 1.1. Let m > 0, 1 < s < 0o be fized indices. Let 2 C G be a given open
set with L"(02) = 0 (from now on, even if not explicitly stated, we shall assume this
reqularity property whenever an open set is meant to localize a statement). We denote by
V([)/'g’s(Q) the completion in W"*(G) of D(2). More precisely, denote by v — rqu the
restriction operator to §; we say that u belongs to I/?/gs(Q) if there exists a sequence of
test functions (uy)ren in D(Q) and U € WL"*(G), such that uwy, — U in Wi (G) and

u = rqU. On the other hand, since in particular up — U in L°(G), necessarily U = 0
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outside of 2. Therefore, if u = rqU; = rqUsy with Uy, Uy both belonging to the completion
in W (G) of D(), then Uy = Us, so that, without loss of generality, we can set

ol e gy = () e,
where po(u) denotes the continuation of u by zero outside of €.

It is well known that Wé:foc(G) is continuously imbedded in I/Vll/ (“H)(G); thus, by

ocC

classical Rellich theorem and interpolation arguments, we have:
Lemma 1.1. Let Q C G be a bounded open set. If s > 1, and m > 0, then
I/?/E’S(Q) is compactly embedded in  L*(Q).

Proposizione 1.4. I[fm >0, 1 <s < oo and Q2 C G is a bounded open set, then

m/2
el e gy = 188 Do) o)

when u € I/(Ij/gs(Q) and po(u) denotes its continuation by zero outside of .

To keep the seminar as much self-contained as possible, we remind some basic definitions

and results taken from [3] on pseudodifferential operators on homogeneous groups.

We set
So={ues: /xau(m) dz =0}
G
for all monomials z“.
Ifa e Rand o ¢ ZT := NU{0}, then we denote by K the set of the distributions in G

that are smooth away from the origin and homogeneous of degree o, whereas, if o € ZT,

we say that K € D'(G) belongs to K¢ if has the form
K = [N{ +p($) 1n|x|7

where K is smooth away from the origin and homogeneous of degree «, and p is a
homogeneous polynomial of degree .

Kernels of type a according to Folland [5] belong to K®~©. In particular, if 0 < a < Q,
and h(t,z) is the heat kernel associated with the sub-Laplacian Ag, then ([5], Proposition
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3.17) the kernel R, € L (G) defined by
1

Ru(z) := Fa/2) /OOO t@/D=In (2, t) dt

belongs to K*~¢.
If K € K, we denote by Oy(K) the operator defined on Sy by Op(K)u := u * K.

Proposizione 1.5 (]3], Proposition 2.2). Oy(K) : S — Sp.
Teorema 1.1 (see [7], [8]). If K € K9, then Oy(K) : L*(G) — L*(G).

Teorema 1.2 (see [3], Theorem 5.11). If K € K9, and let the following Rockland
condition hold: for every nontrivial irreducible unitary representation @ of G, the operator

Tk is injective on C®(m), the space of smooth vectors of the representation w. Then the

operator Oy(K) : L*(G) — L*(G) is left invertible.

Obviously, if Oy(K) is formally self-adjoint, i.e. if K = VK, then Oy(K) is also right

invertible.

Proposizione 1.6 ([3], Proposition 2.3). If K; € K“, i = 1,2, then there ezists at least
one K € Ko1+2+Q sych that

O()(Kg) o) Oo(Kl) = OO(K)

It is possible to provide a standard procedure yielding such a K (see [3], p.42). Following
3], we write K = KoxKj.

We can give now a (simplified) definition of pseudodifferential operator on G, following

[3], Definition 2.4.

Definizione 1.2. If o € R, we say that K is a pseudodifferential operator of order o on
G with core K if

1) K eD(G xG).

2) Let B:= —Q — a. There exist K™ = K™ € K™ depending smoothly on x € G

such that for each N € N there exists M € Z+ such that, if we set

M
K, =Y KI':=Ey(z,-),

m=0
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then Ey € CN(G x G).
3) For some finite R > 0, supp K, C B(e, R) for all z € G.
4) If u € D(G) and z € G, then

We write K ~ > K™, K=0O(K), and r(K) = r(K) = inf{R > 0 such that 3) holds}.
We let
OCY(G) := {pseudodifferential operators of order o on G}.

Clearly, if K € OC*(G), then K : D(G) — E(G). Moreover, KC can be extended to an
operator K : £'(G) — D'(G).

Lemma 1.2. Ifsupp u C B(e, p), then supp Ku C B(e, p + r(K)).
Ify=(,...,7) € (ZT)", for any f € D'(G) we set
M, f=af,

and, if X = (X3,...,X,) is our fixed basis of g, we denote by o,(X) the coefficient of =7
in the expansion of (y!/]y|")(x - X)),

Teorema 1.3 ([3], Theorem 2.5). We have:
(a) If K := O(K) € OC*(G), then there exists a core K* such that O(K*) € OC*(G)

and
<U, ’CU>L2(G) = <O(K*)?}, u>L2(G)

for all u,v € D(G).
(b) If K € OC*(G), V C G is an open set, and u € E'(G) is smooth on V', then Ku is
smooth on V.
(c) If C; € OCHG), K; ~ > K", i=1,2, then K := K0 Ky (that is well defined
by Lemma 1.2) belongs to OC**™°2(G). Moreover K ~ Y K™, where
KP= Y MY (R« o (XK.
d(v)+j+t=m

where 0,(X) acts in the x-variable.
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Teorema 1.4 (see [3], p.63 (3)). If K € OC’(G), then O(K) : LI (G)

is continuous. In particular, by Lemma 1.2, O(K) : LP(G) N E'(B(e,p)) — L*(G)

(G) — Ly

loc

continuously.

We say that a convolution operator u — u* E(x,-) from & to D’ belongs to OC™*°(G)
if £ is smooth on G x G. We notice that, properly speaking, OC™>°(G) is not contained
in OC*(G) for a € R, since E(z,-) is not assumed to be compactly supported.

If 7,8 € OC*(G), we say that S =7 mod OC™> if S — T € OC~>(G).

A straightforward computation proves the following result

Lemma 1.3. If § € OC™™(G), ¢ € D(G), and O(K) € OC™(G) for m € R, then both
(pS) 0 O(K) and O(K) o (¢S) belong to OC™(G).

Lemma 1.4. IfQ C G is a bounded open set, m,m' € R, 1 < s < oo, andT € OC™*(G),
then, if ¢ € D(G), the map

oT : WE*(G) N E'(Q) — WE™(G)

18 compact.

From now on, let ) € D(G) be a fixed nonnegative function such that
1
supp ¥ C B(e,1) and ¢ =1 on Ble, 5)

We set
YR =1 00y

If K € K™, then Kp :=¢grK is a core satisfying 1), 2), 3) of Definition 1.2. In addition,
Kr ~ K, since we can write Kgp = K + (g — 1)K, with (¢p — 1)K € &£(G). Thus
O(Kg) € OC9(G).

Thus, if K is a Folland kernel of type a € R, then Ky is a core of a pseudodifferential
operator O(Kg) € OC™*(G). In particular, if 0 < o < @, then O((R,)r) belongs to
OC “(G) (see [5], Proposition 3.17).



8 M.C. Tesi

Lemma 1.5. If K € K™, and X' is a left invariant homogeneous differential operator,
then
XTO(Kyg) e 0c~mHD=Q(G).

Moreover, the core Kr of X'O(KRg) satisfies
Kpr~X'K,

and

X'O(KR) = O((X'K)r) modOC~.
Lemma 1.6. If u € £'(G) and supp u C B(0, p) then supp O(Kg)u C B(0,R + p)).
Moreover, if p= R, then
O(Ksp)u=ux*x K on B(0,R).
Proposizione 1.7. Let K; € K' be given cores for i = 1,2, and let R > 0 be fized. Then
O((K2xK1)r) = O((K1)r) © O((K2)r) mod OC™.
In particular, O((K1)g) o O((K2)r) = O(K) for a suitable core K with K ~ KyxKj.

Osservazione 1.1. Asin Remark 5 at p. 63 of [3], the previous calculus can be formulated
for matriz-valued operators and hence, once left invariant bases {th} of El' are chosen,
we obtain pseudodifferential operators acting on h-forms and h-currents, together with the

related calculus.

.....

j=1,...,M

Then K acts between So(G)N and So(G)M as follows: if T = (T, ..., Ty), then

In particular, let K = (Kij) i—1..~v 0 M x N matriz whose entries K;; belong to K™,

Oo(K)T =T+ K := (> Ti* Ky, ...,y TjxKyy).
J J

When K;; € K™ for all i, j, we write shortly that K € K™.

,,,,,, v and K' := (ng)izlw’M/, we write
=1,..., M’ j=1,....,M

K'sK = () KlxKy).
J4
Notice that

(1) Ou(K") 0 Op(K) = Op(K'xK).
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Finally, we prove that the fractional powers of Ag, when acting on suitable function
spaces, can be written as suitable convolution operators. This is more or less know (see
for instance [3], Section 6), though not explicitly stated in the form we need. Because of

that, we prefer to provide full proofs.

Teorema 1.5. If m € R and 1 < s < oo, then Sy(G) C Dom (Agﬂ), and there ezists
P, € K™ 9 such that

ARy = ux P, for all u € Sy(G).
Moreover, if R > 0 then
(2) O((Pn))r € OC™(G).
Coherently, in the sequel we shall write
(3) AZs = O((Pu))n

Lemma 1.7. We have
AR o AG? =1 mod OC™,
and

Ao AL = 1d mod OC™.

Proposizione 1.8. If Q@ C G is a bounded open set, m,a € R, 1 < s < 00, and
T € OC*(G), then

T WIS (G) N E/(Q) — WI(G)

continuously.

Lemma 1.8. If m > 0 let P,, € K™™ 9 be the kernel defined in Theorem 1.5. If Q CC G
is an open set, R > Ry(s,G,m, Q) is sufficiently large, and u € D(L)), then

m/2
Ls(G) = HAG,/RU

[ullwg@) = 1O((Pm)r)u L+(6),

with equivalence constants depending on s, G, m, ().
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Definizione 1.3. Let Q2 C G be an open set. If m >0 and 1 < s < oo, W "™*(2) is the
dual space of ﬁ/gs’<9); where 1/s +1/s" = 1. It is well known that, if m € N and Q is
bounded, then
W™ () ={ Y X'f1, fr € L*(Q) for any I such that d(I) = k},
d(I)=k

and

||U||W(Gfm’s(9) ~ inf{z | fillzs@); d(I) =k, Z X'fr= u}.
I

d(I)=k

Proposizione 1.9. If 1 < s < oo and m,m’' >0, m' < m, then
Wg(G) = Wg™*(G) and W"*(G) — Wz"*(G)

algebraically and topologically.

In addition, if Q) is a bounded open set, 1 < s < oo and m,m’' >0, m' < m, then
IX/@’S(Q) is compactly embedded in ng’s(Q)

and

W(Gfml’S(Q) is compactly embedded in Wg™*(82).

We need a few definitions. For all our notations related to Rumin’s complex, we refer

to Part I of this seminar. We set
(4) Iy =A{p; I}, #0} and |I}}| = card 1.

Let
m - (mN}rlnin, . ,mN;Lnax>

be a |Z}|-dimensional vector where the components are indexed by the elements of Z
(i.e. by the possible weights) taken in increasing order. We stress that, since weights
p such that I&p = () can exist, then some consecutive indices in m can be missed. In
the sequel we shall say that m is a h-vector weight. We say that m > 0 if m, > 0 for
pE Ig, and that m > n if m, > n, for all p € Ig. We say also that m > n if m, > n,
for all p € Z}'. Finally, if mg is a real number, we identify mg with the h—vector weight

mo = (Mo, ..., mg). In particular, we set m — mg := (lellnin — Mg, ..., Mymax — Mo).
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Definizione 1.4. A special h—vector weight that we shall use in the sequel is the h-vector

weight Ny, = (Mpmn, . ..., mymex) with
my,=p forallpe Ig.

If all h-forms have pure weight Ny, i.e. if N = Nmx .= N, then a h-vector weight

has only one component, i.e. m = (my, ).

Definizione 1.5. If m > 0 is a h-vector weight, 0 < h < n, and s > 1, we say that
a measurable section o of B, o := Zp Zjelg,p oz]f;l belongs to Wg**(G, E}) if, for all
p eIy, ie forallp, Ny™ < p < N, such that I}, # 0,

Q; € ngs(G)
forall j € I(’}’p, endowed with the natural norm.

The spaces WZ"* (2, E}), where Q is an open set in G, as well as the local spaces
Wgie (2, Ef) are defined in the obvious way.
Since
WE(Q, El)  is isometric to H (Wg‘”s(G))cardIg’p,
pEILL
then
o WZ"(Q, E}) is a reflexive Banach space (remember s > 1);
o C®(Q, EI NWE(Q, El) is dense in WE"*(Q, ED).
The spaces IX/%’S(Q, E}) are defined in the obvious way.

We can define and characterize the dual spaces of Sobolev spaces of forms.

Proposizione 1.10. [f1 < s< oo, 1/s+ 1/ =1,0 < h <mn, m is a h-vector weight,
and Q C G is a bounded open set, then the dual space (IX/%’SI(Q, E(’}))* coincides with the
set of all currents T € D'(Q, EY) of the form

() T=3% > TiL()

b e,
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with T; € Wg"*(Q) for all j € I&p and for p € I'. The action of T on the form
a=y Zjezg ;e I/i)/%’sl(fl, El) is given by the identity

(6) T(a)=) > (Tjlay).

P jell,
In particular, it 1s natural to set
W™ (Bl = (WE™ (Q, EN)".

Moreover, if T is as in (5)

HT”W«SE’S(Q%) ~ Z Z HTJ'HW«;’”P’S(Q)

P jelf,
Definizione 1.6. Let T € £'(G, E}) be a compactly supported h-current on G of the form

T = Z Z TJI_(*ﬁ'Jh) with Ty € £'(G) for j =1,...,dim E}.
p jelg;p
Let m be a h—vector weight, and let R > 0 be fized. We set (with the notation of (3))

m/2T Z Z mp/2 *gh)

p ]EIO,

In particular, if T can be identified with a compactly supported h-form a = Zp Zjelg a]f]h,
P

then our previous definition becomes

Mg =3 D (% (Pn, )R

p ]GI&
Osservazione 1.2. If m is a h-vector weight, we define the operator
Oo(Pn) : So(G, Ey) — So(G, Ey)

as follows: if a =73 Zjefg o &l with a; € So(G), then

a—zz *Pmpfh

p ]EI&

In other words, P, can be identified with the matriz ((Pn)i;), where

(Pn)ij =0 ifi #j and (Py);; =m, if j € [&p.
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We can write

m/2
AG7R ~s Pm.
2. HODGE DECOMPOSITION

In this section we state and we prove our main results, i.e. a Hodge decomposition
theorem for forms in £} and — as a consequence — our compensated compactness theorem
in Ej. Through this section, we assume that h, the degree of the forms we are dealing
with, is fixed once and for all, 1 < h < n, even if it is not mentioned explicitly in the
statements.

From now on, we always assume that an ortonormal left invariant basis {f’f} of Ef
has been fixed for all £ = 1,...,n, and therefore pseudodifferential operators acting on
intrinsic forms or current and matrix-valued pseudodifferential operators can be identified.

We use this identification without referring explicitly to it.

Teorema 2.1. Let s > 1 and h=1,...,n be fired, and suppose h-forms have pure weight
Ny. Let Q cC G a given open set, and let of € L*(G, E}) N E'(Q, EL) be compactly
supported differential h-forms such that

o ~a ase— 0 weakly in L} (G, E})

loc

and

{d.a"} s pre-compact in W(;(ﬁh“_]vh)’s((}, El.

loc

Then there exist h-forms w® € El' and (h — 1)—forms ¢° € E'™" such that

i) w® — w strongly in L (G, E}) ;

loc
i) 4 — 4 strongly in Lo (G, EL ) ;
i) af = w® + d.°.
In addition, we can choose w® and ° supported in a fized suitable neigborhood of 2, which

are smooth forms if the o are also smooth.

Osservazione 2.1. We stress that d. : L*(G, E}) — W(;(ﬂh“_Nh)’s(G, EM).  Indeed,
if @« = Zjeh’iwh ozjé"]h € L*(G,EY) and (d.o); is a component of weight q of d.c, then
(keeping in mind that h-forms have pure weight Ny) (dec); = 3 ; szaj, where Lffj is a
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homogeneous differential operator in the horizontal vector fields of order g — Ny > 1, so
that (d.ov); € W(;(q_Nh)’S(G). On the other hand (N, — Np)g = ¢— Ny, and the assertion

follows.
The proof of Theorem 2.1 entails several preliminary statements.

Definizione 2.1. Let R > 0 be fixed. If 0 < h < n, following Rumin we define the “0-

order differential” acting on compactly supported h-currents belonging to £'(B(e, R), EY)

by

CZC = A(E’%}H—I/Q dc A%,%2’

where N, is defined in Definition 1.4. By Lemma 1.6, the definition is well posed, and
d.: E'(B(e,R), E") — £'(B(e,3R), EN).

Analogously, we define the following “0-order codifferential” acting on compactly supported

(h + 1)-currents belonging to £'(B(e, R), Eg“);
5. Ny, /2 -N 1/2
56 = AG,’}-{ 50 AGyR}H_ .

Again the definition is well posed, and

6. : E'(B(e,R), E}™) — £'(B(e,3R), EY).

By Theorem 1.3(a),

Notice also that
=0, =0 (modOC™™).

(& c

Let nowT =) E].elgyp le_(*fjh) € &1 (Ble, R)) be given.

The differential d. acting on h-forms can be identified with a matrix-valued differential
operator L := (L;"j), where the Lﬁj’s are homogeneous left invariant differential operator

of order ¢ — p if j € I} and i € I}'}*. Thus, by Definition 1.6, we have

—_—

d.T=>"3" 3" S (A Ly AVRT) L(xl ).

q iezg;rl r<q jefgp



Forme differenziali nei gruppi di Carnot 15

Analogously, if T'= )" Zjelg“ T; L(xI"") € E'(B(e, R), Ey™), then

T=3 SN S (MY Lk AT (D).

¢ iel}, <P jerh !
Proposizione 2.1. Both d, and 3; are matriz-valued pseudodifferential operators of the
CGGP-calculus, acting respectively on E'(G, E?) and £(G, EM?Y). Moreover d, ~ P :=
(Ph) where

vy

(7) Pl =P x(L};P,) ifie I}t andje I,
andéNCNQh ::( h) where

)

(8) Lo=Px("LhP.,) ifiell, andje I

Osservazione 2.2. With Rumin’s notations (see [9]), when acting on So(G, E}),
Oy(P") = dY.

An analogous assertion hold for Oy(Q").

We set
AGR —5d +d6

The following assertion is a straightforward consequence of Theorem 1.3 and Proposition

2.1.

Proposizione 2.2. Agi)R 15 a matriz-valued 0-order pseudodifferential operator of the
CGGP-calculus acting on E'(G, EY), and
(0) 0) ._ (A
AG,R ~Ag’ = (AG,z‘j>7

where

ALYy = D (QlexPly + Pl xQp).

L

Osservazione 2.3. As in Remark 2.2, with the notations of [9], when acting on So(G, EY),
Oy(AG) = On(Q")  d.Oy(P") + Ou(P"") 0 5.00(Q"")

=6y dy +dY6Y =g,
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Teorema 2.2. For any R > 0 there ezists a (matriz-valued) CGGP-pseudodifferential
operator (Agvg)*l such that

(9) (AP TAY, =1 on E(G,E}) (mod OC™),
and
(10) ADLAD) ™ =1 on E(G,E) (mod OC™™).

Osservazione 2.4. If a € £'(B(e,r), EY), then, by Lemma 1.6, both
supp (Agz)*lAg’)Ra and supp (Ag}Ag}z)*la

are contained in a fized ball B depending only on r, R. Thus, we can multiply the identities
(9) and (10) by a suitable test function ¢ that is identically one on B, and then we can

replace the smoothing operators S appearing in (9) and (10) by operators of the form ¢S,
that maps E'(G, E}) in D(G, EY).

Proposizione 2.3. For any R >0

(11) (AR e = d(ATR) ™" on E(G,EY)  (mod OC™),
and
(12) (ATR) 10 = 0(ATR) ™ on E(G,E}) (mod OC™).

Proof of Theorem 2.1. In the sequel, S will always denote a smoothing operator belonging
to OC™° that may change from formula to formula, and, with the same convention, we
shall denote by Sy an operator of the form ¢S, with S € OC™* and ¢ € D(G). Moreover,
without loss of generality, we may assume o € D(Q, E). Take now R > 0 such that
2 C B(e, R); by Lemma 1.6, Aé%hﬂaa € D(B(e,2R), El') and therefore, by (10),

(13) AY AT T ATR af — AR Paf = SAT P,

with S € OC™™. Since supp Ag’)}%(Agg)*lAé%h/Qae C B(e,4R), we can multiply the
previous identity by a cut-off function ¢; = 1 on B(e,4R) without affecting the left hand
side of the identity. Thus, we can write (13) as

(14) ADRAD) AGR ot = AZR 0 = pSATR 0" = Sya,
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by Lemma 1.3. From (14), it follows easily that

(15) NG AGR(AGR) " Ag*a® = AGRAGR ot + AG Y Sea’,
so that, arguing as above,

(16) AFEAD AT ) TAGTR s = of + Spa.

If we write explicitly AG » in (16), we get

Of::Ag%2Ag%25 A Nh+1/2A(_}]]\;h+l/2d AN}L/2(A ) )™ lA Nh/2 €

Nh 1/2 Nh 1/2

(17) +ASAGTR P d AL PG R, A(;J;h/Q(AgR) LAGR a8

+ S()Oée = ]1 + ]2 + S()O./E.

In addition

Nh 1/2 Nh 1/2

Ly=d, Ay A 6. AR (A TIAGR Pl + Seat

(18)
= da)® + Spa”.

Thus (17) becomes

af = AN AR 5, AP A d ARHAD ) AR 0t
(19)
+ Spaf + da)f = w + dt.

We want to show that (). and (w®).~q converge strongly in L{ (G, EY™') and L{ (G, Eb),

loc
respectively. As for (¢%).so, (AGZI\;/ af)eso converges weakly in W(Gjh’ (G,El). On
the other hand, by Proposition 1.8, also ((Ag}R)*A(—;]}Y{h/ *af ) >o converges weakly in
Wgh’S(G,Eg). Thus, again by Proposition 1.8, also (A(_;JI\;*L/Q(A )~ Aé]}g’ﬂa ) .o COn-
verges weakly in WQN’“ (G, El). We remind that all intrinsic h-forms have the same
weight Ny, so that all the components of a form in E belonging to Wéﬂ"’s(@, E!) belong
to the same Sobolev space Wg""*(G, E}).

For sake of simplicity, denote now by 37, j € I(’)f N,» & generic component of
AGJJ\L;h/Q(A(O ) 1A((;%h/2oé€

that converges weakly in W2""*(G, EFY). If i € Ié’;l (¢ < Np), then the i-th compo-

nent of 0,05 is given by tLjﬂﬂj. . Keeping in mind that L;; is a homogeneous differential
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operator in the horizontal vector fields of order N, — ¢, then (tLj,zﬂj)Do converges wea-
kly in WNh+q’ (G), so that, eventually, the i-th component of (1°).~¢ converges weakly
in WNh ?%(G). Then the assertion follows by Rellich theorem (Proposition 1.9); since
supp ¥° is contained is a fixed neighborhood of €2, and g < N,.

Let us consider now (w®).s¢. By Lemma 1.4, we can forget the smoothing operator Sy.

By Proposition 2.3, we can write
Ag%}{ANh/25 A Nh+1/2A(;];h+l/2d ANh/Q(A ) IA_Nh/2 c
(20) = A h/QANh/Q(S A Nh+1/2(A(0 ) 1A((;%h+1/2 dc Oég—l-S()CYE

= AR AL AT 5, AP AT d, of + Spat.
Moreover

AG]}\;}‘“/ZAEJ\;}Z“/Q d. o is pre-compact in Wg; ﬁ:gﬁNh’ (G, EM.

Ithl

Arguing as above, denote now by 35, j € Iy, a generic component of

“Npi1/2 =Ny /2
g . “LTh+1 Lh+1 15
B = Ag R Agr d. af.

We know that 5 is pre-compact in Wéfgh’ (G, Eg“). Moreover notice that 6.5; is a

h-form, and therefore, by assumption, has pure weight N,. If i € I& ~, (Nn <p), then the

i-th component of 0.5 is given by tLjﬂﬂj. Keeping in mind that L, ; is a homogeneous dif-

ferential operator in the horizontal vector fields of order j—i = p— Ny, then (6.35); is pre-

compact in Wé];@c’s (G). Thus, 56Aé%+1/ QAQ_}%L“/ ?d. o is pre-compact in Wé%g’s(([}, EM).

Again, Ag’}%ﬂé A Nh“/2A(_;%h“/2 d. af is pre-compact in @ﬁ)’c (G, El). As above, we can
N /2

rely now on the fact that all components of Ag}}%/ %5, Ag Nh“/ 2AG, R d. o have the same

weight and hence belong to the same Sobolev space, to conclude that
(A ) 1Ag;}2/25 A NhH/QA([_;]]\th/Qd of

is pre-compact in WS G, E). Then, the proof of the assertion follows.
G,loc 0

Finally, the last statement follows by Lemma 1.6 and Theorem 1.3, (b).
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3. COMPENSATED COMPACTNESS

Lemma 3.1. If o € £(G, E}) with 2 < h <n and § € £(G, E}~"7%), then
dd,a A (I1p53) = 0.

Teorema 3.1. If 1 < s; <00, 0< h; <n fori=1,2, and 0 < € < 1, assume that
af € Ly (G, EM) fori=1,2, where i + i =1 and hy + hy = n. Suppose hy-forms have
pure weight Ny, (by Hodge duality, this implies that also he-forms have pure weight Ny, ).

Assume that, for any open set Qy CC G,

(21) of — ay weakly in L* (Qy, ES),
and that
(22) {d.a5} is pre-compact in Waﬁhi+1_Nhi)7si(G, Eb)
fori=1,2.
Then

(23) /gpa‘i/\agﬂ/wal/\ag
G G

for any ¢ € D(G).

Dimostrazione. By Remark 2.1, without loss of generality we can assume that both af
and a5 are smooth forms. In addition, let us prove that, if {2 is an open neighborhood of

supp ¢, then

ﬂhiJrl_Nhi)ySl
ocC

(24) d.(paf) is pre-compact in Wa (G, EM.

An analogous argument can be repeat for 1)a§, where ¢ € D(€2) is identically 1 on supp .

Thus, without loss of generality, we could restrict ourselves to prove that

(25) /CM?/\O&;H/OQ/\OQ
G G

when (21) and (22) hold and o; € D(Q, El) for i = 1,2.
In order to prove (24), set 3% := d.(paf), with 5 =37 >+ Beghtt,
0,9
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e __ e\ .¢ch : h1+1
Ifaj=>", Zjel&(al)] 2, then, when i € Iy}, we have

DI

p<q jelh
—SOE E L al +§ E E 790 Qval))
p<q jeIl p<q jerp 1<|v|<q-p

+ZZ Z Pyo)(Q~ (1)),

p<dq jerh 1<py|<q—p

where P, and (), are homogeneous left invariant differential operators of order || and
q — p — ||, respectively, in the horizontal derivatives. By (22), ¢(d.(a5)); is compact in
W5 “*(Q). On the other hand Q. (a$); is bounded in Wg “”""*(Q), and therefore
compact in Wg “"”*(Q) by Proposition 1.9, since |y| > 0. This proves (24).

We can proceed now to prove (25). By Theorem 2.1 we can write
o =da; +wi, i=1,2,

with ¢ and wf supported in a suitable neighborhood € of 2 and converging strongly in
L% (Qo, EJ). Thus the integral of a5 A a5 in (25) splits into the sum of 4 terms. Clearly,
3 of them are easy to deal with, since they are the integral of the wedge product of two
sequences of forms, at least one of them converging strongly. Thus, we are left with the

term

/ Ao A dus,
G
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with ¥ € D(Qo, Eft) for i = 1,2. We have

/ A A dol§ = / (g, d 115 45 A (dot)
G G
- /G (ATLp %) A (dot)
- / 4 (T ) A (dot)) + (—1)' / (M%) A d(dot)
G G
— (—1)h1 /(;(HE Vi) Ad(d.s5)  (by Stokes theorem)
— (—1)m /G ¥ A (Tp d(dot)
— (—1)m / 05 A (dTT(dots))

_ (_ 1\ € 5
— (1) /G ¥ A (do(du)
0

I

since d> = 0. This achieves the proof of the theorem. U
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