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ABSTRACT

In this note we present a geometric formulation of Maxwell’s equa-
tions in Carnot groups in the setting of the intrinsic complex of dif-
ferential forms defined by M. Rumin. Restricting ourselves to the first
Heisenberg group H!, we show that these equations are invariant under
the action of suitably defined Lorentz transformations, and we prove
the equivalence of these equations with different equations “in coor-
dinates”. Moreover, we analyze the notion of “vector potential”, and
we show that it satisfies a new class of 4th order evolution differential
equations.
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This is joint work with Bruno Franchi, see [9], [10].

1. MULTILINEAR ALGEBRA IN CARNOT GROUPS

Let (G, -) be a Carnot group of step r identified to R™ through expo-
nential coordinates (see [4] for details). By definition, the Lie algebra

g of G admits a step k stratification, i.e. there exist linear subspaces
Vi, ..., V.. such that

() g=Vio..eV,, [WV,Vi]=Vin, Vi#{0}, Vi={0}ifi>x,

where [V7, V] is the subspace of g generated by the commutators [ X, Y]
with X € V} and Y € V;. Choose a basis e, ..., e, of g adapted to the
stratification, i.e. such that

€1,...,€Em, is a basis of V}
and, accordling,
€m; 1415 - -+ Em, 18 a basis of V; for each j =2,... &.

Let X = {Xj,...,X,} be the family of left invariant vector fields
such that that is also an orthonormal basis of 1, = R™! at the origin,
X;(0) = e;. The Lie algebra g can be endowed with a scalar product
(-,-), making {X;,..., X, } an orthonormal basis.

We can write the elements of G in exponential coordinates, identifying
p with the n-tuple (pi,...,p,) € R™ and we identify G with (R",-),
where the explicit expression of the group operation - is determined
by the Campbell-Hausdorff formula. If p € G and 7 = 1,... K, we
put p' = (pn,_y41,---,Pn,) € R™, so that we can also identify p with
(p',...,pf) ER™ x ... x R™ =R

Two important families of automorphism of G are given by left trans-
lations p — 7,p := ¢ - p group dilations d, for A > 0. For any = € G,
the (left) translation 7, : G — G is defined as

2 TpZ =X 2.
For any A > 0, the dilation 6 : G — G, is defined as
(2) Ox (21, oy ) = (A2y, . Ay,

where d; € N is called homogeneity of the variable x; in G (see [7]
Chapter 1) and is defined as

(3) dj =1 whenever h;_1 +1 < j <h,,
hence l =dy = ... =dp, <dp,y1=2<...<d, =K.

As customary, we fix a smooth homogeneous norm |- | in G such that
the gauge distance d(z,y) := |y 'z| is a left-invariant true distance,

equivalent to the Carnot-Carathéodory distance in G (see [15], p.638).
We set B(p,r) ={q € G; d(p,q) <r}.

The Haar measure of G = (R", -) is the Lebesgue measure £ in R™.
If A C G is L-measurable, we write also |A| := L(A).
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We denote by @) the homogeneous dimension of G, i.e. we set
Q=) idim(V;).
i=1

Since for any z € G |B(x,r)| = |B(e,r)| = r?|B(e, 1), Q is the Haus-
dorff dimension of the metric space (G, d).

By (1), the subset Xj,...,X,,, generates by commutations all the
other vector fields. Therefore, the subbundle of the tangent bundle TG
that is spanned by Xj, ..., X,,, plays a particularly important role in
the theory, and it is called the horizontal bundle HG; the fibers of HG
are

HG, = span {Xi(z),..., X\, (2)}, z € G.

From now on, for sake of simplicity, sometimes we set m := m;.

A subriemannian structure is defined on G, endowing each fiber of
HG with a scalar product (-, -), making the basis X;(z), ..., X;,(x) an
orthonormal basis. The sections of HG are called horizontal sections,
and a vector of HG,, is an horizontal vector.

The Euclidean space R™ endowed with the usual (commutative) sum
of vectors provides the simplest example of Carnot group. It is a trivial
example, since in this case the stratification of the algebra consists of
only one layer, i.e. the all the Lie algebra reduces to the horizontal
layer.

On the other hand, Heisenberg groups H" provide the simplest ex-
ample of noncommutative Carnot groups. In this note, we deal mainly
with the first Heisenberg group H', with variables (z,y,t). Set X :=
Oy +2y0;, Y := 0, — 220, T := 0,. The stratification of the algebra g
is given by g = V; @ Vi, where V; = span {X,Y} and V5 = span {T'}.
More generally, if n > 1 in H" we denote again by (z,y, t) the variables,
where z = (x1,...,2,) € R", and y = (y1,...,¥n) € R". A basis of the
horizontal layer of the Lie algebra is then provided by the vector fields
Xj =0y, +2y;0r and Y; := 0, — 21;0;, j =1,...,n.

Following [7], we also adopt the following multi-index notation for
higher-order derivatives. If I = (iy,...,4,) is a multi-index, we set
X! = X{"... Xin By the Poincaré Birkhoff-Witt theorem (see, e.g.
5], 1.2.7), the differential operators X’ form a basis for the algebra of
left invariant differential operators in G. Furthermore, we set |I| := i;+
-+ -+i, the order of the differential operator X!, and d(I) := dyi;+- - -+
dni, its degree of homogeneity with respect to group dilations. From
the Poincaré-Birkhoff-Witt theorem, it follows, in particular, that any
homogeneous linear differential operator in the horizontal derivatives
can be expressed as a linear combination of the operators X’ of the
special form above.

The dual space of g is denoted by A'g. The basis of \'g, dual
of the basis Xi, -+, X, is the family of covectors {6y, ---,0,}. We
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indicate by (-,-) also the inner product in /\1 g that makes 6y,---,6,
an orthonormal basis. We point out that, except for the trivial case of
the commutative group R", the forms 6y, - - - , 8, may have polynomial

(hence variable) coefficients.
Following Federer (see [6] 1.3), the exterior algebras of g and of \' g

are the graded algebras indicated as /\ g = @ /\hg and /\* g =
h=0

h
@/\ gwhere/\og:/\og:Rand,for1§h§n,
h=0

/\hg::span{Xil/\--J\Xih:1§i1<-~-<ih§n},
h
/\ g :=span{f;, A---N0;, 11 <i3 <---<ip <n}.

The elements of /\, g and /\h g are called h-vectors and h-covectors.
We denote by ©" the basis {6;, A---A6;, 11 <i3 <--- <iy <n}
of A" g. We remind that

dim/\hg:dim/\hg: (Z)

The dual space A'(A, g) of A\, @ can be naturally identified with
A" g. The action of a h-covector ¢ on a h-vector v is denoted as (¢|v).

The inner product (-,-) extends canonically to A, g and to N'g
making the bases X;, A--- A X, and 6;, A---A0;, orthonormal.

Definition 1.1. We define linear isomorphisms (Hodge duality: see [6]

1.7.8)
Ao A el Ne— AT

for 1 < h <mn, putting, for v=">_,v;X; and ¢ = >, p;0,

*U 1= ZI vi(xX7) and * = Z[ wr(x0r)
where

X = (—1)°DX; and 6 := (—1)"(1)91*
with I = {iy, - ,ip}, 1 <ig < - <@ <, X =X, A N X,
O =0, N---NO,, I*={i;<---<i&_,}={1,--- ,n}\ [ and o(]) is
the number of couples (iy, ij) with i, > ;.

The following properties of the % operator follow readily from the
definition: Vv, w € A, g and Vo, € N'g

* kU = (—1)h("’h)v =, * ok O = (—1)h(”’h)<p =,
(4) v A xw = (v, w) X1 .. n}s © A *x = (0, V)0 ... s
(xplxv) = (p|v).
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Notice that, if v = v; A--- Awvy, is a simple h-vector, then *v is a simple
(n — h)-vector.

If v € A\, g we define v € A" g by the identity (v%|w) := (v, w), and
analogously we define ¢* € A, g for ¢ € N'g.

To fix our notations, we remind the following definition (see e.g. [11],
Section 2.1).

Definition 1.2. If V, W are finite dimensional linear vector spaces and
L :V — W is a linear map, we define

ALL : /\h V — /\h w
as the linear map defined by
(ARL)(vy A=+ Awvp) = L(vy) A=+ A L(vp)
for any simple h-vector v A --- Av, € A, V By duality, we define
AL N w o A"
as the linear map defined by
(A"L)(a)oy A~ Avg) = (e (ALY (vg A -+ Awy))
for any o € A" W and any simple h-vector v; A--- Aw, € A, V.

Proposition 1.3. If V.W are finite dimensional linear vector spaces
endowed with a scalar product and L -V — W 1s a linear map, then

i) ifve A,V and o € N'W, then Ayv = Lo and (A'L)a)? =

L(a%);

i) if oo e N°W and 6 € N'W, then (A"*"L)(a A B) = (A*L)a A
(A“L)B:

iii) if v € A,V and w € N\, V, then (AppnLl)(v Aw = (AgL)v A

iV) tAhL = Ah(tL) and tAhL = Ah(tL),'

v) if H is another finite dimensional linear vector spaces and G :
H — V is a linear map, then Ay(L o G) = (ALL) o (AyG) and
AMLoG) = (A"L) o (A"G);

vi) if L : V — V is a unitary linear operator, then AL and A"L
are linear isometries.

We can define now two families of vector bundles (still denoted by
A, g and A" g over G), by putting

/\h,ph = (Athp)(/\hﬁeg)

/\Zh = (Athpﬂ)(/\Z 9)

for any p € G and h =1,...,n, where we have chosen

h7egz/\hg and /\:gz/\hg.

and, respectively,



Maxwell’s equations in the Heisenberg group 7

The inner products (-,-) on A, g and A" g induce inner products on
each fiber A\, g and /\Z g by the identity

(Apdry(v), Apdr,(w)), = (v, w)

and
(Mdr,-1 (), A'd7,-1(B)), == (o, B).
Lemma 1.4. If p,q € G, then

Apdry /\h,pg - /\h,qu

Adry -1 /\Zg — /\Zpg

and

are isometries onto.

In general, a subbuondle A of A, g is said to be left-invariant if
Ny = (Andry) (N)

for all p € G. Analogously, a subbundle N of /\h g is said to be left-
invariant if

N, = (Atdr,-1) (M)
for all p € G.

From now on, if Y C G is an open set and h = 0,1,...,n we denote
by Qu(U) and Q"(U) the sets of all (smooth) sections of A, g and A" g,
respectively. If Y = G we write only Q, and Q. We refer to elements
of Q, as to fields of h-vectors and to elements of Q" as to h-forms.

A h-form « on G is said left-invariant if Tfa =« for any p € G.

Notice that h-covectors can be identified with left-invariant h-forms.

If X is a vector field and « is a h-form, we denote by ix« the contrac-
tion of o with X given by (ixa)(vi A+ Avp_1) == (X Av A+ -Avp_q).

If d is the usual De Rham’s exterior differential, we denote by § = d*
its formal adjoint in L*(G, 2*).

As customary, if f : G — G is a continuously differentiable map,
then the pull-back f#w of a form w € Q" is defined by

fro(e) == (AM(df,))w(f(@)).
Let G and M be two Carnot groups, and let g = &;*,g; and m =
@72, m; be their Lie algebras (respectively n-dimensional and N-dimensional).
We denote by é1,...,éyx an adapted basis of m, and by X;,..., Xy
the corresponding family of vector fields.

Definition 1.5. A map L : G — M is said to H-linear (and we write
L e HL(G,M)) if

i) is a group homeomorphism;

ii) is homogeneous, i.e. d,(Lz) = L(d,z) for all r > 0.
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A H-linear map induces an algebra homomorphism (that we still denote
by L) between g and m by taking In oL oexp. In particular the induced
map L is linear.

Since we are using exponential coordinates in G and M, the map L
itself from G to M can be written as N X n real matrix, and we still
denote by HL(G,M) the set of associated matrices.

Example 1.6. In H!, H-linear are associated with 3 x 3 real matrices
of the form (see [13], [12])

11 Q12 0
. aix a2
o1 A929 0 s with QAqq4 = det .
a21 A2
0 0 44,

with
ail a2
agq = det .
“ ( Q21 Q22 )
Example 1.7. Later on, we have to deal with a space-time group like

H' x R. In this case case, a H-linear map L : H' x R — H! x R has
the two following possible structures:

i) either the associated matrix L has the form

0
Ly, 0
L= 0 |
0 0 0 \ 0
where Ly, is a 3 x 3 real matrix with the first two row linearly
dependent,
ii) or the associated matrix L has the form
a;n a0 0
I — az azg 0 0
az1 a3z as3 0

0 0 0 anaz — apan

Theorem 1.8. Let L : G — M be a H-linear map. Then L enjoys the
contact property

(5) L(gz) cm; ’izl,...,fﬁl.
2. SPACE-TIME CARNOT GROUPS

From now on, we denote by x a “space” point in the Carnot group
G, and by s € R the “time”, and we choose in R x G the canonical
volume form ds A dV', where dV is the canonical volume form in G.
Moreover, we denote by (Ejg,d.c) and (E§g.g,derxc) the intrinsic
forms on G and on R x G, respectively. For sake of brevity, we shall
write R

de :==d.c and d.:=d.rxc-
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Denote by S the vector field %. The Lie group R x G is a Carnot
group; its Lie algebra g admits the stratification

(6) g=Viehe- oV,

where V; = span {S,V1}. Since the adapted basis {X7,..., X, } has
been already fixed once and for all, the associated fixed basis for g will
be

{S,Xl,...,Xml,...,Xn} = {X07---7Xn}7

where we have set Xy := S. Coherently, we write also 0y := ds. Con-
sider the Lie derivative Lg along S. If f0;, A---6;, is a h-form in G,
1<iy <+ <ip <n,wehave Lg(fO, N---NO;, ) = (Sf)Oi, N---NO;, .
Indeed

o if f is ascalar function, by definition Lsf = isdf = > 7 ((X;f)0;(Xo) =
ST
o if f0; A---0; is a h-form in G, then Lg(f0, N---N0;,) =
is a sum of terms of the form 6;, A--- A Lgb;, A---NO;, =0,
since Lg0;, = 0.
Thus, when acting on h-forms « in G, without risk of misunderstand-
ings, we write Sa for Lga.

We point out that S commutes with d, the exterior differential in G.
Indeed, if =7, a;607, then

Sda = f: En:(sxgozj)eZ NG = f: zn:(xgsaj)eg AO) = d(Sa).

j=1 ¢=1 j=1 ¢=1

Let us state preliminarily a structure lemma for intrinsic forms in

R x G (see [3]).

Lemma 2.1. If1 < h < n, then a h-form « belongs to E&RxG of and
only if it can be written as

(7) a=dsNG+7,

where 3 € E&él and vy € E&G are respectively intrinsic (h — 1)-forms
and h-forms in G with coefficients depending on x and s.

Proposition 2.2 ([9)). If1 < h <mn, anda =dsA B+ € Elp.q,
then

(8) decv = ds A (S — dof3) + d.y.

Definition 2.3. We denote by HOg the group of all (n+1) x (n+1
matrices L such that ‘LGL = G, where G = (gij)i j0 =

.....
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-1 0 00
0 1 00
0 0
0 0 10
0 0 0 1
G = 1 0
0 0
0 1
0 0

We refer to HOg as to the contact Lorentzian group of G. If L €
HOg, then det L = +1.

Example 2.4. As in Example 1.7, consider the first Heisenberg group.
A matrix as in i) does not belong to HOg, since it has zero determinant.
Thus, a matrix L belongs to HOg if and only if it has the form

+1 0 0 0
i 0 ajlr Q12 0
L= 0 an ax 0 ’

0 0 0 ajraz — ajpan
with
a11022 — Q12091 = *=1.
If 1 <7 < n, by Lemma 2.1, keeping in mind again that forms in

E&RX(G are orthogonal to forms of the form ds A o with o € ES ¢, we
can define a new (Minkowskian) scalar product (-, ) in Eflp, g as

(ds A B~+v,ds A3 + Y = (v,7) = (8, 3).
Notice that
<Oé, O/>M = <(AhG)O[, O/>'

In particular, the bilinear form (-, -),; is nondegenerate.

Definition 2.5. We denote by *,; the associated Hodge operator such
that a Ay 0 = (o, B)ydsAdV . If a« = dsAF+ € E&RX@, 1<h<n,
we have ([3])

s = (—1)ds A sy + *[.

Lemma 2.6. If L € HOg and a € Ejy, g, then
s (L) = L# (xp0)  ifdet L =1

and
su(L¥a) = —L% (xpa)  if det L= —1.
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Let now J be a fixed closed intrinsic n-form in R x G (a source
form). By Lemma 2.1, J = %J A ds — p, where p(-,s) = po(-,s)dV is
a volume form on G for any fixed s € R.

If F € Efg,q, we call Mazwell equations in G the system in Egp, ¢

(9) d.F=0 and d.(xyF)=J

(for sake of simplicity, we assume all “physical” constants to be 1).
This this system corresponds to a particular choice of the so-called
“constitutive relations”.

Theorem 2.7 ([9]). Equations (9) are invariant under the action of
HOg, i.e., if L € HOg and F satisfies (9), then
(10) do(L*F) =0 and d,(+,,L*F)=L*7.
This is a consequence of the following result.

Theorem 2.8 ([9]). If L € HOg and 0 < h <n+ 1, then

i) {/# : E(})Z,RXGA_) E(})L,IRX(G;

i) d.L* = L#d,;

iii) *,, L% = (det L) - L#(x,,).

3. MAXWELL EQUATIONS IN H!

Let us consider now the specific case G = H' = R3, the first Heisen-
berg group, with variables z,y,t. For sake of simplicity, in some
parts of this Section, we use the following customary notation: we
set Xy : X =0, +2y0, Xo:Y =0, —220;, X3 :=T = 0;. The stratifi-
cation of the algebra g is given by g = V1 ® V5, where V; = span {X, Y}
and V = span {T'}. We have X! = dw, Y% = dy, T* = 0 (the contact
form of H'). In this case

Ej g = span {dz, dy};

Eg g = span {dz A0, dy A0}

Egw = span {dz A dy A 6}
The action of d. on Ey, is given by the following indentities ([14], [8],
[2])-
Proposition 3.1. If o = aydz + aady € Ej g, then

1
d.o = —Z(XQO./Q —2XYa; +YXay)dz N0

1
(11) — £(2Y Xy = Yy = XYaz)dy A9
= Pi(aq, a0)dx N0+ Pa(ay, as)dy N 6.

On the other hand, the action of d. on a = a13dx N0+ aw3dyNd € Eng,
s given by

(12) dc(algdl’ A0 + Oéggdy A 9) = (XOézg — YO(13) dr A\ dy NG,
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Moreover,
(13) de(ardr + asdy) = —X oy — Yas,
and
(14) 0c(izdx N 6 + aozdy A 0) = Py(ans, —ans)dr — Py(aws, —ag3)dy.
Coherently, if V = (V1, V4) is a horizontal vector field, following [8],
2], [1], we set
curly V = (xd (V)
or, in explicit form
curly V = (Py(V4, V), —P1(Vi, V).
As usual, we put also
diveV = XVi + YVs.
The following identity follows from Proposition 2.2
Lemma 3.2. If o = aydz + aady + azds € Ejp 1, then

deov = (Soy — Xavg)ds A dx + (Soy — Yag)ds A dy
+ Pi(oq, a)dx A O+ Poaq, ag)dy A 6.
If
o = aggde A ds + agdy A ds + ayde A0+ agdy A0 € Ef g g1,
then
d.o = (Xags —Youg)de Ndy N6

(15) + (Sagy — Pi(aqs, aes))ds Adx A O

+ (Sagy — Pa(ays, agg)) ds A dy N 6.

By Proposition 4.2 in [3], Maxwell system (9) in H' can be written
as follows.

Theorem 3.3. Suppose G =H'. If F = EAds+ B € Eygym, let us
set
E = FEidx+ Exdy and B = Bydy N6 — Bydxz N0
(in classical electrodynamics we refer to F as to Faraday’s form). In
addition, let
J=JdyNOANds— Jodr NONds—pde Ndy N0 (e ES’,RXW)

be a closed form. Put now E = E* = (Ey, Ey), B = (xB)" = (By, By),
and J = (J1,J2), Then the system (9) is equivalent to

B . .

(16) 68_3 +curly E = 0, divg B=0,
E . .

(17) 88_3 —curly B = —J, divg F = p,

!
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If, in particular, p = 0 and J = 0, i.e. in absence of charges and
currents, equations (16) and (17) become

(18) %—f +ewly E = 0, divg B=0,

(19) %—f —cwlg B = 0, divyg E=0.
Replacing (19) in (18) and then (18) in (19), we get

(20) 8;_5 — —curly (curly B)

(21) a;—fz — —curly (curly E).

Keeping in mind that 0 = —divg B = 6,(B)*, we have
(curly (curly é))u = sd,(+do(B)") = 6.d.(B)*

(22)
= (0cd. T 16 (d5))( 5)" = A (B),

where Ay ; is the (4th order) Rumm s Laplacian on intrinsic 1-forms
(see Theorem ?? below). Accordingly, we can define Ay ; acting on
horizontal vector fields as AHJé = (AH71<§)h)u. We stress that this is
a positive operator and that, unlike the usual Laplacian on forms, it is

not diagonal. Notice the factor in (22) comes from the commutation
rule [X, Y] = —4T we adopt in thls paper, unlike the commutation rule
[X,Y] =T adopted in [14]. Thus, equations (18) in (19) yield
0°B .
23 — = —Ay,B
(23) 957 Bl
O°E .
24 — —Ap . E.
(24) 557 H,1

[44

We want now to write our system (9) in terms of the “vector poten-
tial” A. By Lemma 2.1, we can write A = Ay + ¢ds, with Ay € E}
and ¢ is a (say smooth) scalar function.

Theorem 3.4 ([9]). Suppose ' € Ejp i satisfies (9). Then F = d.A
with A = Aydr + Asdy + ¢ ds := Ax + ¢ds € Ejp, 1, where

0%A
(25) as—f = —Amds +J
0% 1 1
(26) 22— 16 H¢+16 H0,

where Ay = X? + Y?(= —Ay) is the usual subelliptic Laplacian in
H, provided the followmg gauge condition holds:

(27) L rdaras+ 22

=0.
16 ¢ Os
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In addition, (27) is always satisfied if we replace A by A+ d,f, with f
satisfying

0*f 1 1 0p

9 azf- (—d*dcd*A —).

g2~ 160 T (qpedede A F
Theorem 3.5 ([9]). Let Ax € Ejy and ¢ satisfy (27), (25) and
(26) and assume all their horizontal second derivatives are bounded
(remember S is a horizontal derivative). Suppose also po is bounded.
Then there exist gi1,92 € R such that, if we set G = G(z,s) =
s(grxdx + gaydy), then

F = d.A = d,(As + G + ¢ ds)

satisfies (9).
In addition, if

(28) (SdiAs + Ap¢ + po) (z,5) =0

for some point (z,5) € G x R, then we can choose G = 0.
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