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REMARKS ON THE CAYLEY-VAN DER WAERDEN-CHOW
FORM

BY RUDIGER ACHILLES AND JURGEN STUCKRAD

Abstract. It is known that a variety in projective space is uniquely de-
termined by its Cayley—van der Waerden—Chow form. An algebraic formu-
lation and a proof (for an arbitrary base field) of this classical result are
given in view of applications to the Stiickrad—Vogel intersection cycle.

1. Introduction. It is well-known that, given a k-dimensional projective
variety X C P%, all (n — k — 1)-dimensional projective subspaces meeting X
form a hypersurface in the Grassmannian of (n — k — 1)-dimensional projective
subspaces in P" from which X can be recovered. The homogeneous form in
the Pliicker coordinates defining this hypersurface is known as the (Cayley—van
der Waerden—) Chow form of X. It was introduced by Cayley [2], [3] and later
generalized by Chow and van der Waerden [4]. Since then there has appeared
a vast literature on the subject, see for example [5], [7], and the references
given there.

In this note we present some results on generic hyperplane sections of affine
or projective varieties and an algebraic formulation and proof of the classical
result that a variety X C P?., where K is an arbitrary field, is determined by
its Cayley—van der Waerden—Chow form. These algebraic results, for which
we could not find any suitable reference, are very useful in order to study
movable components of the intersection cycle (and its intersection numbers)
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in the algebraic approach to intersection theory of Stiickrad and Vogel [8], [6],
see our forthcoming paper [1J.

In Section [2| we will establish a 1-1 correspondence between components of
the closure of the difference of two varieties and the components of a generic
residual intersection, see Proposition[2.5] This result is important in the study
of the Stiickrad—Vogel intersection algorithm in order to control components
outside the intersection, see [1].

In Section [3] using Lemma we shall prove the result on the Cayley—
van der Waerden—Chow form (Proposition and give an example that in
positive characteristic the degree of the Chow form can be smaller than the
degree of the variety.

2. Some algebraic preliminaries. Let R be a commutative noetherian
ring with identity element. Further let xi,...,2, € R and let ui,...,u, be
indeterminates over R, where r € NT. If M is an R-module, N a submodule
of M and J an ideal in R, let

Ny (J):={meM|J  -mCN for some t € N}.
We will assume that not all of the elements z1,...,z, are nilpotent and set
S:=Rluy,...,u], I:=(x1,...,2:)R,

T
F = leul €S and R :=S/FS:5(IS).
i=1
We note that R’ is an S-algebra which is not the zero ring because of our
assumption.

In this section we will establish a 1-1 correspondence between the associated
prime ideals of R and R’ and we will prove that the corresponding primary
ideals have the same length. We note that the geometric background of these
investigations is the study of generic hyperplane sections of affine or projective
varieties.

For this we will use a more general approach. First of all it is easy to see
that the definition of R’ can be extended to R-modules: For an R-module M
let

M':= (M ®rS)/F(M ®rS) :mags (IS).
M’ is an S-module which may be considered as an R'- and an R-module as
well.

If f: M — N is an R-linear map (M, N R-modules), then f®rS: M ®rS
— N ®pg S induces a homomorphism f’: M’ — N’ which is S-; R'- and
R-linear.

It is clear, that this defines an additive covariant functor from the category
of R-modules to the category of S-modules (R’-, R-modules, resp.). We will
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denote it by Br(z1,...,x,) and write & if no confusion is possible. (By defi-
nition &(M) = M’ and &(f) = f’ for all R-modules M and all R-linear maps
f.) & commutes with localizations, i. e., if T C R is multiplicatively closed
then (M')r = (M) for all R-modules M if we consider M’ as an R- or an
S-module.

Furthermore, let @p;: M — M’ be the composition of the embedding

M C Mlug,...... yup) =M Qg S

and the canonical epimorphism M®pS — M’ It is clear that ker opr = 0 :ps (I).
By ¢};: Spec R' — Spec R we denote the morphism induced by ¢g.
Finally, we note that the map

V(FS)\ V(IS) — Spec R’
given by P — P/FS :g (IS) for all P € V(FS)\ V(IS) C Spec S, is injective.

LEMMA 2.1. With the preceding notation, it holds
(a) &r(x1,...,z,) respects monomorphisms and epimorphisms.
(b) For all R-modules M,N and all R-linear maps f: M — N there is a
commutative diagram
M M M'

I
N 2, N,

Moreover, f' is a monomorphism (isomorphism) if Supp(ker f) C V(I)
(and f is an epimorphism,).

REMARK 2.2. The commutative diagram in (b) says that the ¢y, M an R-
module, provide a natural transformation of the identity functor of the category
of R-modules into &(z1,...,x,) considered as a functor from the category of
R-modules to itself.

Before embarking on the proof of Lemma [2.1] we introduce the following
notion: A prime ideal P8 € Spec S is called R-rational if there is a prime ideal
p € Spec R such that P = p - S. In this situation we have p = P N R and
hts(P) = htr(p), where ht(7) denotes the height of an ideal I. If M is an
R-module, then all prime ideals of Assg(M ®p S) are R-rational, for R C S is
a special case of a flat extension of rings.

ProOOF. We set R
X =X ®rS/F(X®grAS),
X an R-module. It is enough to show the following: For any exact sequence

(1) 0o—-MLNLP 0
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of R-modules f’ is a monomorphism and ¢’ an epimorphism. If, moreover,
Supp M C V(I) then ¢’ is an isomorphism. Tensoring with S/FS we
obtain an exact sequence

(2) 0-C—-M-—=N-—=P—0

with a suitably defined S-module C. Since C'=coker(0 :ng,s F' — 0 :pgps F)
we have Suppg(C') C Suppg(0 :pgrs F).

On the other hand, Assg(P®pg.S) consists only of R-rational primes. There-
fore 0 :pgrs F C 0 :pgLs (15), i. e.,

Suppg(C) € Suppg(0 :pgrs F) € V(IS).

Hence HY4(C) = C, Hi4(C) = 0 for all i > 0 and from (2) we obtain a
commutative diagram with exact rows

0— C —_— M —_— N R P — 0
Therefore, passing to cokernels, we get a monomorphism
M’ = coker p L, cokera = N’

and an epimorphism

!
g
N’ = cokero = cokerT = P’

as claimed. If Supp M C V(I) then g is an epimorphism, p = id and therefore
¢’ is an isomorphism. O

We note that the following result can be obtained by analyzing the proofs
in [9]. For the convenience of the reader we will give here an independent
proof. We begin with two lemmata.

LEMMA 2.3. Let M be an R-module. Then we have for B € Assg M' and
p:=PNR:
(a) p € Assp(M)\ V(I),
(b) % = (pS + FS) 5 (IS).
PROOF. Since
Asss M = Assg(M ®@g S)/F(M ®@r S)\ V(IS)

we have P € V(FS5)\ V(IS) and therefore I Z p, i. e., p ¢ V(I). Without loss
of generality we assume x; ¢ p.
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Considering M’ as an R-module, we have
(M/)p = (Mp)/
= Myplui, ..., u;]/FMyuq,...,u] (since IS, = Sy)
= Mplua, ..., uy],
where the last isomorphism is induced by the inclusion
Mylug, ... uy] C Mplui, ..., uy]

(note that the image of 1 in Ry is a unit). Because R\p C S\'P and I Z p this
isomorphism gives rise to the following isomorphisms (note that /.Sp = Sg)

(M) = (M)p)qps, = Mp[uz, ..., urlyr

where P’ denotes the image of PBS, in Rplug, ..., u,] under the map given by
the composition of the canonical epimorphism S, — S,/FS, = (R'), and the
isomorphism Sy, /F'Sy = Rp[ua, . .., u,]. Therefore we have

PSp/F Sy = (P'Sp + FSy)/F Sy,
i. e, PSp = P'Sp + F'Sy. Since P € Assg M’ we have PSyp € Assg,, (M')g and
consequently
PB'Rplug, ..., urlgy € Assp, [uz,ertir s Mylug, ... upgy.
Therefore
pUlls ASSR, [ug,.ur] MyplUz, - - ur] = {qRy[ug, ... ur] | q € Ass My},

i. e., there is some q € Ass M, with P’ = qRp[ua, ..., u,]. For this prime ideal
q we have
Therefore pR, € Assp, My and thus p € Assg M, which shows (a).
For proving (b) we note that q = pR, implies P’ = pRy[ug, ..., u,] and
therefore we get with p* := (pS + F'S) :s (IS) (note that I Z p):
mSp:m/Sp‘i‘FSp:pSp‘i‘FSp:p*Sp.
Let P € Assg S/p*. Since S/p* = (R/p)', (a) implies (B/pS) N (R/p) =0,
i. e, PN R = p and therefore we have R\ p C S\ P. Now PS5, = p*S,, implies
L = p*. O
LEMMA 2.4. For p € Spec R we set p* := (pS + FS) :s (IS). Then the
following conditions are equivalent:
(i) p* € Spec S,
(i) p & V(I),
(iii) p* N R = p.
In this case p* € V(FS)\ V(IS) and hts(p*) = 1 + htr(p).
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PRrROOF. (ii) = (i), (iii): Passing from R to R/p, we can assume without
loss of generality that R is an integral domain and that p = 0. Then S/p* = R'.
Since

(FS:s(I)) NR=kerpor=0: (I) =0,

it is sufficient to show that F'S :g (I) is a prime ideal in S.

Let P € AssgR. Then PN R € AssR = {0} by Lemma 2.3(a), i. e.
BN R =0 By Lemma 2.3(b) we therefore obtain B = FS :3 (I), i. e.
FS :g (I) is a prime ideal.

(i), (iii) = (ii): Assume that p € V(I). Then IS C pS and therefore
p* =S¢ SpecSand p"N"NR=SNR=R#p.

It is clear, that p* € V(F'S) \ V(IS) in this case. Then

p*Spe = (pSp+ + FSp+) i5,. (ISp+) = pSpe + FSpe.
Since F' ¢ pSy+,
hts(p*) = hts,. (p"Sp+) = 1 + hts,. (pSp-) = 1 + htr(p)
by Krull’s Hauptidealsatz. O

Now we can prove:

PROPOSITION 2.5. For any R-module M the map ¢%,: Spec R — Spec R
induces a bijection Assp M' — Assp(M)\ V(I).

PROOF. By our above remarks it is sufficient to show that the restric-
tion map Spec .S — Spec R induces a bijection Assg(M') — Assr(M) \ V(I).
For p € SpecR \ V(I), we set again p* := (pS + F'S) :g (IS). Then p* €
V(FS)\ V(IS) C Spec S and p* N R = p by Lemma [2.4]

By Lemma [2.3|(a) the restriction map Spec S — Spec R induces a map

VYar: Assg(M') — Assp(M)\ V().
By Lemma [2.3|(b) we have 3 = 5/ (P)* for all P € Assg M’ and therefore ¢py

is injective.

Let now p € Assp(M) \ V(I), i. e., there is a monomorphism R/p — M.
By Lemma (a) this monomorphism induces a monomorphism
S/p* =2 (R/p) — M, i. e., p* € Assg M'. Since ¢p(p*) = p, ¥y is surjec-
tive and hence bijective. O

COROLLARY 2.6. Let M be a finitely generated R-module and let p €
min Assg M with I € p. Ifp’ € Asspr M’ is the uniquely determined prime ideal
such that p = ¢ (p') then p’ € min Asspr M" and length(Ry) = length(R,,).
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PROOF. Passing from R to R/ Anng M, we may assume without loss of
generality that p is minimal in Spec R. Since I & p, we get IS € p* and
F ¢ pS. Using Lemma we obtain

Ass Sp = {qSp-|q € AssR,q C p*} = {qSp+|q € AssR,q C p" N R} = {pSp+}

by the minimality of p in Spec R. Since dim Sy = htg(p*) = 1 + htr(p) =1
by Lemma F'is a parameter element in Sy« which is a nonzerodivisor.
Therefore
length Sp+ / FSpx = e(F Sp+, Sp=) < 00.

Now

R;/ = R;* = Sy« [(FSp» 15, (ISp+)) = Sy /FSp+
i. e., we obtain length R;, = e(FSp+, Sp+) < o0, in particular, p’ is minimal in
Ass R'. Further, by the addition and reduction theorem for multiplicities, we
get

e(F'Spy, Sp=) = length(Sps) - e(F Sps, Sp= /9Sp+)
for pSp+ is the unique minimal prime ideal in Sy«. Since R C S'is flat, Ry C Spg
is flat too with fibre Sy/pSp. Therefore length(Sys) = length(Ry). Further-
more, since F' ¢ p, we get

as required. O

COROLLARY 2.7. Assume R is reduced (an integral domain). Then R’ is
again reduced (an integral domain) with the same number of associated primes

as R.

3. The Cayley—van der Waerden—Chow form. Let ug,...,uy, n > 1,
be indeterminates of degree one. We will use the following notation: Let R be
a ring. For a polynomial f € R[uy,...,u,] we denote by supp f the (finite) set
of all monomials in uyg, ..., u, occurring in f with non-zero coefficient.

LEMMA 3.1. Let L|K be an algebraic field extension. For§ := (&1,...,&,) €
L™, set
Ge=uwi& + - +upéy € Llug, ..., uy) and
Fe =g+ G¢ € Llug, u1, . .., up].
Then:

(a) There is an irreducible homogeneous polynomial fe € Klug,u1,...,un] of
positive degree with the following properties:

(i) fe- Klug,u1,...,un] = FeLlug,ut, ..., up| N Klug,u1,. .., upl.
(it) fe is integral with respect to ug, that is, ugeg Te ¢ supp fe.
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(iit) ge = fe(X,u1,...up) € K(ui,...,u,)[X] (X an indeterminate) is
the minimal polynomial of —Ge¢ € L(u1, ..., uy,) over K(ui, ..., up).
() If all but possibly one of the elements &,...,&, are separable over
K, then deg fe = [K[&1,...,&)] + K|. Otherwise there exists a non-
negative integer € with p®deg fe = [K[&1,...,&)] + K], where p :=
char K > 0.
(b) If ¢ := (C1y...,Cn) € L™, then fe = f¢ (up to a non zero constant factor) if
and only if there exists a K-isomorphism ¢: K[&1,...,&] — K[C1, ..., Cal

with o(&) = ¢, i=1,...,n.
PRrOOF. For any field Z with K C Z C L we set
Sy = Zuo,...,uy), Qz:=Z(uo,...,up) = Q(Sz) and
Sy = Zut, .. unl, Qf = Z(u1,...,uy) = Q(S%).
Since F is homogeneous of degree one it is obviously irreducible in S7, and in

Q' [uo]. Therefore F¢Sy, is a homogeneous prime ideal in S;, (note that Sy, is
factorial) and P¢ := F¢Sp, N Sk is a homogeneous prime ideal in Sk .

@ Since

Pe = FeSp N Sk = FeSL N Skey,6,) NSk = FeSke,. 6. 0 K

we may assume without loss of generality that L = K[¢q,...,&,] and hence
that L|K is finite. Furthermore P: N S% C F¢Sr, NS} = 0 so that we have a
chain of monomorphisms and isomorphisms, respectively,

Sk — Sk /Pe — Sp/FeSp = 57,

where the composition map Sy — S} is given by the inclusion K C L and by
uj — u;, @ =1,...,n. Since L|K is finite, S} (= S ®k L) is a finitely generated
graded S%-module and hence Si /P is a finitely generated graded S-module
as well. Therefore there exists an irreducible homogeneous polynomial f¢ in
P¢ which is integral with respect to ug. It is clear, that deg fe = deg,, fe > 0.

Moreover,
ht(Pe) = dim Sk —dim Sx/Pe =n+1—-dimSx =n+1—-n=1,

so that actually P = f¢ - Sk, and (i) and (ii) have been proved.
Since fe is irreducible in Sxg = S [uo], fe(X, u1,...,uy) is irreducible in
Q' X]. Let g := fe(—Ge,u1,...,u,) € S7. Since fe = fe(Fe — Ge,u,. .., up)
we have g — f¢ € F¢ Sy and therefore
g=9— fe+ fe € FeSLnSL=0.

Thus (iii) has been proved.
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If all but possibly one of the elements &1, ..., &, are separable over K, then
all but possibly one of them, viewed as elements of Qr, = Qkl¢1,...,&,], are
separable over ) g with the same minimal polynomials as over K. Therefore G¢
is a primitive element of the finite field extension Qk[¢1, - . ., ] |@ Kk and, taking

into account [(a)|(ii) and (iii) and using Qk[&1, ..., &) = Qx Ok K&, ..., &,
one has

degfg = degX fg(X,ul,. . .,un) = [QK[—Gg] . QK] =
- [QK[§177£H] : QK] = [KKI;,fn] K]

Assume that at least two of the elements &1, ..., &, are not separable over K.
Then, in particular, K is not perfect. Since & ... &, are separable over K
for e > 1, ng is a primitive element of Qk[&} ,..., & ]|Qk. Therefore

¢ € QxlGY) C Qk[Ge foralli=1,... n.

As above,
deg fe = [Qk[-G¢] : Qk] = [Qk[Ge] : QK] =
_Qkl&, - 6] Qk] _ [K[&, ..., 6] K]
[Qkl&1:- -, &n] : Q[Ge]l QK& &) Qr(Ge]]

[617
Since Qr[€", ..., €8] C Qr[Gy], the degree [Qk[E1, .. -, &n] - Qi [Ge]] divides
[QK[&lv cee 7577,] : QK[ fea .. 755:]]7

but the latter is a power of p. Therefore [Qk[&1,...,&)] : Qr[Ge]] = p° for
some ¢ € N, which shows (iv).

@ If fe = fe =: f, then —G¢ and —G¢ are roots of f(X,uq,...,un).
Therefore there is a @) g-isomorphism
P QK[GE} — QK[GC] with ¢(G£) = Gc.
We choose a positive integer ¢ as follows: If K is perfect, we set ¢ := 1.

If K is not perfect and p := char K, then ¢ := p®, where e € N has been
chosen as in the proof of (a)(iv), that is, such that & ,..., & € Qk|[Ge] and

¢ 8 € Qk[G(]. Then
> ul¢! = GL=u(Ge)? = (G = v Y _ule]) =Y ulu(E])
i=1 i=1 i=1
and we obtain ¢! = (&]), i =1,...,n, since Y(&) € Qr[G¢] is even algebraic

over K (with the same minimal polynomial as £). Thus the restriction of ¢
to K¢, ..., &) is a K9%-isomorphism

wq3 Kq[gfll7,§g] - Kq[Cila . 7(3]
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The Frobenius homomorphism ¢, : L — L induces an isomorphism ¢, : L — L9.
Now we set
(31 3
P = (‘Pq \Kq[cg,...,cg]) 0 1)q 0 (@q\K[gl,...,gn]) .
The homomorphism ¢ has the desired property.

Conversely, let ¢: K[¢1,...,&] — K[C1,...,(u] be a K-isomorphism with
(&) = ¢ for i =1,...,n. Then the restriction of ¢ ®x Qx to Qx|[G¢] yields
a Qg-isomorphism 9: Qi [G¢| — Qr[G¢| such that ¥(G¢) = G¢. Hence the
minimal polynomials of —G¢ and —G¢ over Qg coincide, that is, f¢ = f¢ by
[(2)(iii). This finishes the proof of Lemma O

LEMMA 3.2. Let K be a field, and let Xog,..., X, be further indetermi-
nates of degree one. Set R := K[Xo,...,Xy], T = Klug,...,uy], S =
T Xo,...,Xn] = Rug,...,up] and F := upXo + -+ + upX,, € S. Further-
more, let P C R be a homogeneous prime ideal with r := ht(P) < n and
set

P*:=(PS+FS):s (Xo,...,Xn).

Then:
(a) P* is a prime ideal in S of height r + 1 such that P* N R = P, and P* is
homogeneous both with respect to Xg, ..., X, and ug, ..., Uy,.

(b) If ht(P)=mn, then there exists an irreducible and (with respect to ug, . .., uy)
homogeneous polynomial fp € T with the following properties:

(i) fpT =P*NT.
(i) Let I :== {i € {0,...,n} | X; &€ P}. Then fp € K[{u; | i € I}] and,
for any ¢ € I, fp is integral with respect to u;, that is,
u?egfp € supp fp.
(i1i) deg fp = ho(R/P) if char K = 0. If p := char K > 0,
deg fp =p “ho(R/P) < ho(R/P)
for a suitable € € N.

(¢) If P C R is another homogeneous prime ideal with ht(P)" = ht(P) = n,
then fp = fpr (up to multiplication by a nonzero constant) if and only if
P=PF.

PROOF. [(a)] follows from Lemma (it is clear, that P* is homogeneous
with respect to X, ..., X, and ug, ..., uy,).

@ Suppose that Xg € P. Then Xy € P* by@ We set
R = K[X1,..., X, S’ = R'[uo,...,un], and
Fli=ug+wu X1+ +u X, €85
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Furthermore, let Ap: R’ — Ry, be the K-homomorphism defined by

Moreover, we set
As = Ar Qg T: S — SXO
By definition, \g is a T-homomorphism. Then P := = A\;'(PRx,) and P* =
)\S (P*Sx,) are prlme ideals in R’ and S’, respectively. More precisely, P =
{flxo=1 | f € P} and P* = {f*|x,=1 | f* € P*} are the dehomogenizations of
P and P*, respectively, with respect to Xo. Therefore ht(P) = ht(P) = n (i. e.
P is a maximal ideal of R'), ht(P*) = ht(P*) =n + 1 and P* = PS' + F'S'.
Moreover, PS'NT = PSNT = 0 and P*NT = P*NT. Hence T may
be considered as a subring of §’/PS’ and we have P* N T = <P*/]55’) NnT.
Since P is a maximal ideal in R', we have R'/P = K|[¢1,...,&,)] =: L, Where
& =X, +PeKfori =1,...,n. With the notation of the proof of Lemma 3
we therefore have S’/PS’ = Sy, where F' + PS’ = F;. By Lemma E
we obtain (note that T'= Sk )
P*AT = (F* /155') T = ((Ps' +F'S") /155') nT
= FgSL NSk = ng = fpT
with fp := f¢ and (i) is shown. Moreover, fp depends (up to constant factors)
only on P and not on the choice of the indeterminate X; such that X; ¢ P.

Therefore, by Lemma @(ii), fp is integral with respect to all u;, i € I.
On the other hand, if X; € P for j € {0,...,n} then with

P .=Pn Rj, where Rj = K[Xo, R 7Xj—1an+17 .. ,Xn]
it is immediately clear that P* = P"*S + XS, where
]Dl>k g Rj[U(), sy Uj—1,Uj1y - ,’U,n]

is suitably defined. Thus fp = fp does not depend upon u;, and (ii) is proved.
(iii) follows from Lemma [3.1][(a)|(iv) since

ho(R/P) = rankg R'/P = [K[¢1, ..., &) : K.

Let fp = fg =: fand [ :={i € {0,...,n} | X; € P}. Assume that
X; € Q for all i € I. Then by [(b)|(ii) we had

f=fpeK[{u;|iel}] and
f=foeK[{u|ie{0,....,n}\1],

so that f would be constant, which is a contradiction. Hence there exists an
i €{0,...,n} such that X; ¢ P and X; ¢ Q. Without loss of generality we
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may assume that this happens for i = 0. Further let R /P =KI¢y,. .., &) and
R'/Q = K[(i, ..., ()] (cf. the proof of (b)). Then fe = fp = fo = f¢ and, by
Lemma @ there is a K-isomorphism

(Y2 K[gl,,fn] — K[(l,,Cn] with go(fz) = Cia 1= 1,...,7’L.

But this implies for any ¢ € Q that

@(g(gla s 7£ﬂ)) = 9(90(51), ey @(gn)) = g(Cl) R Cn) = 07
that is, g(&1,...,&n) = 0. Thus g € P and Q C P. Since Q, P are maximal
ideals in R/, this implies P = @ and hence P = . The converse is trivial. [J

PROPOSITION 3.3 (Cayley—van der Waerden—Chow form). Let K be a field,
and let X, ..., X, be indeterminates. Further let P C R := K[Xy,...,X,] be
a homogeneous prime ideal and d := dim R/P — 1 > 0, that is, d is the degree
of the Hilbert polynomial of R/P. Fori=0,...,d and j =0,...,n let u;; be
further indeterminates and abbreviate u;g, . . . , Ui by u;. Moreover, set

S:=R[ug,...,ug), T:=k[uo,...,ug, Fi:=>» u;X;, i=0,....d,
j=0

and P*:= (PS+ (F(),...,Fd)S) : <X0,...,Xn>.
Then:

(a) P* is a prime ideal in S of height n + 1 with P* N R = P, and P* is
homogeneous in each row of indeterminates ug, ..., uq as well as in X :=
Xo, oo, X

(b) There exists an irreducible and with respect to each row of indeterminates
ug, . .., g homogeneous polynomial fp € T with the following properties:

(i) fpT =P NT.

(i) 0 < degy, fp = --- = deg,, fp < ho(R/P) with equality if char K =
0.

(c) If Q@ C R is another homogeneous prime ideal with ht(Q) = ht(P), then
fp = fo (up to multiplication by a nonzero constant) if and only if P = Q.

fp is called Cayley—van der Waerden—Chow form of P.
PROOF. @ For 0 < i < d we set S® := RJuy,...,u] and
P; = (PSY 4 (Fy, ..., F)SW): (Xo,...,X,).

Since P} = (P ,SW + F,80) : (Xo,...,X,) (P*, := P), it follows from
Lemma by induction on 7 that P is a prime ideal in § () of height

ht(P)+i=n—d+i+1.
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Now @ follows since P* = Pj.

@ Let Ip := P*NT. The ideal Ip is a prime ideal in T, which is
homogeneous in each row of indeterminates ug, ..., uy. Now let

Ty := K[uy,...,uq),
So := R[uy,...,ug], and
k:=Q(Ty) = K(uy,...,uy) .
Furthermore, we set
Po:= (PSo+ (Fi,....F))So) : (Xos ..., Xn) .
By the proof of (a) Py is a prime ideal in Sp of height ht(P) + d = n. Since

also
ht(PS() + (Fl, .. ,Fd)S[)) = ht(P) +d=n
<n+1=ht(Xo,...,Xn)So,

it follows that Py C (Xo, ..., X,)So, and therefore
PyNTy C (Xo,..-,Xp)SoNTy=0.
Furthermore, by Lemma @ P*N Sy = Py and hence
PPNTy=P'NnSoNTy =P NTy=0,
that is, Ip NTyp = 0. Now let

Ry = k[Xo, ..., Xnl,
Sk = Rk[UQ] = k[X[), e ,Xn,u(n, . ,uon], and
Tk = k[u()].

Then Ry, = So®1, k is the localization of Sy at the multiplicatively closed subset
To \ {0}, and similar statements hold for Sy and Ty. Because of Ip N Ty =0
we have ht(/p) = ht(IpT}) and

IpTy, = P*S,NTy, = (P()Rk)* NTg.

Since PyRy, is a homogeneous prime ideal in Ry of height n, it follows by
Lemma that IpT) = fp,r,Tk.- Thus ht(Ip) = 1, that is, Ip = fpT
for some irreducible and with respect to each row of indeterminates ug, ..., uy
homogeneous polynomial fp € T which shows (i). Any permutation of the rows
of indeterminates uy, .. ., ug induces an automorphism of .S and T', respectively,
which maps the ideal P* to itself and therefore leaves fp unchanged. Hence
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degy, fp = -+ = deg,, fp > 0. If we set P’ := PyRy then, by Lemma
[(b)|(iii) and the theorem of Bézout,

degy, fp = deg fpr < ho(Ry/P')
=degx F1 -...-degx Fy- ho(Rx/PRy)
= ho(Rg/PRy) = ho(R/P)

with equality if char k = char K = 0, which finishes the proof of (ii).
Let fp = fg. Then, with the notation introduced in we have

fPo = fPRk = fQRk = fQO

and, by Lemma we conclude that Py = @Qy. Now from @ and
Lemma @ it follows that

P=P'NR=P'NR,NR=P,NR
—QuNR=Q"NRLNR=Q*NR=Q,

which finishes the proof. O

The following example shows that the assumption on the characteristic in
Proposition [3.3|[(b)|(ii) cannot be omitted.

EXAMPLE 3.4. Let K := (Z/2Z)(s,t) with indeterminates s, ¢ and
R:= K[Xo, Xl, XQ]

Furthermore, let f; = X? + sX2, fo = X2 +tX? and P := (f1, f2)R. Then P
is a homogeneous prime ideal in R. If we set

S = R[UO, uy, UQ],
F = ugXg 4+ u1 X1 + us Xo,
F = upX1Xo + u1 XoXo + ust Xo X7 and
f= u% + Su% + tu%,
then we have

PS+FS = (fhf??FvFaf)Sm(X37X127X227X0X1X27F)S7

where (X2, X2, X2, X0 X1 X2, F)S is (Xo, X1, X2)S-primary.
Therefore P*=(f1, fo, F, F, f)S and fp=/f,1i.e., deg fp=2<4=ho(R/P).
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