Abstract

For 0 < o < 1/2 we characterize Carleson measures y for the analytic
Besov-Sobolev spaces BS on the unit ball B,, in C™ by the discrete tree
condition

Z [2ad(ﬂ)1*ﬂ(ﬁ)]2 SCI'p(a) <oo,  acTy,
B2a

on the associated Bergman tree 7,,. Combined with recent results about
interpolating sequences this leads, for this range of o, to a characteriza-
tion of universal interpolating sequences for B3 and also for its multiplier
algebra.

However, the tree condition is not necessary for a measure to be a
Carleson measure for the Drury-Arveson Hardy space H2 = Bé/ 2 We
show that p is a Carleson measure for B;/ % if and only if both the simple
condition

21 (@) € C,  a €T,

and the split tree condition

ZZQdm)—k Z I'p@I'n(d) <Criu(a), o€,

k>0~y>a (5’5/)69(“@)

hold. This gives a sharp estimate for Drury’s generalization of von Neu-
mann’s operator inequality to the complex ball, and also provides a univer-
sal characterization of Carleson measures, up to dimensional constants, for
Hilbert spaces with a complete continuous Nevanlinna-Pick kernel func-
tion.

We give a detailed analysis of the split tree condition for measures
supported on embedded two manifolds and we find that in some generic
cases the condition simplifies. We also establish a connection between
function spaces on embedded two manifolds and Hardy spaces of plane
domains.
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1 Overview

We give a description of Carleson measures for certain Hilbert spaces of holo-
morphic functions on the ball in C™. In the next section we give background and
a summary. We also describe ways the characterization can be used and how
the characterization simplifies in some special cases. In the following section
we collect certain technical tools. The main work of characterizing the Carleson
measures is in the section after that. A brief final appendix has the real variable
analog of our main results.

2 Introduction

2.1 Function Spaces

Let B,, be the unit ball in C™. Let dz be Lebesgue measure on C™ and let
dX\, (z) = (1 — |z[*)"""'dz be the invariant measure on the ball. For integer
m >0, and for 0 < o < 00,1 < p < oo, m+ o > n/p we define the analytic
Besov-Sobolev spaces By (B,,) to consist of those holomorphic functions f on
the ball such that

m—1 ) e
{;}‘f(k)(())‘ +/]Bn’(lz|> f( )(Z)

Here f("™) is the m!* order complex derivative of f. The spaces By (B,) are
independent of m and are Banach spaces with norms given in (1).

For p = 2 these are Hilbert spaces with the obvious inner product. This scale
of spaces includes the Dirichlet spaces Bs (B,,) = BS (B,,), weighted Dirichlet-
type spaces with 0 < o < 1/2, the Drury-Arveson Hardy spaces H2 = le /2 (B,)
(also known as the symmetric Fock spaces over C™) ([22], [12], [20]), the Hardy

spaces H? (B,) = BY/* (B,), and the weighted Bergman spaces with o > /2.

pd)\n (z)}p < 00. (1)




Alternatively these Hilbert spaces can be viewed as part of the Hardy-
Sobolev scale of spaces J3 (B,,), v € R, consisting of all holomorphic functions
f in the unit ball whose radial derivative RY f of order v belongs to the Hardy
space H? (B,,) (R7f = Y oo o (k+1)" fp if f = D32, fx is the homogeneous
expansion of f). The Hardy-Sobolev scale coincides with the Besov-Sobolev
scale and we have

BS (B,) = J2(B,), o+v= g 0<o< g
Thus o measures the order of antiderivative required to belong to the Dirichlet
space B (B,,), and 7y = § — 0 measures the order of the derivative that belongs

to the Hardy space H? (B,,).

2.2 Carleson Measures

By a Carleson measure for By (B,,) we mean a positive measure defined on B,,
such that the following Carleson embedding holds; for f € By (B,,)

[ £GP du < Cul g, ®)

n

The set of all such is denoted CM (B (B,,)) and we define the Carleson measure

norm ||ft| curieson t0 be the infimum of the possible values of C’Fl/p. In [10] we
described the Carleson measures for By (B,,) foro = 0and 1 <p < 2+ﬁ. Here
we consider ¢ > 0 and focus our attention on the Hilbert space cases, p = 2.
We show that, mutatis mutandis, the results for ¢ = 0 extend to the range
0 < o < 1/2. Fundamental to this extension is the fact that for 0 < o < 1/2 the
real part of the reproducing kernel for B (B,,) is comparable to its modulus.
In fact, in the appendix when we use the modulus of the reproducing kernel
in defining nonisotropic potential spaces, results similar to those for ¢ = 0
continue to hold for 0 < o < n/2. However even though the reproducing kernel
for B;/ 2 (B,,) = H2 has positive real part, its real part is not comparable to its
modulus. For that space a new type of analysis must be added and by doing
that we describe the Carleson measures for 321/2 (B,). For 1/2 < 0 < n/2 the
real part of the kernel is not positive, our methods don’t apply, and that range
remains mysterious. For o > n/2 we are in the realm of the classical Hardy and
Bergman spaces and the description of the Carleson measures is well established
[31], [36].

Let 7, denote the Bergman tree associated to the ball B, as in [10]. We
show (Theorem 23) that the tree condition,

3 [2”d(ﬂ)l*u(ﬁ)r <Cr'p(a) <oo, aeT, (3)
p>a

characterizes Carleson measures for the Besov-Sobolev space BJ (B,) in the
range 0 < o < 1/2. To help place this condition in context we compare it with



the corresponding simple condition. The condition
220y () < C (SC(0))

is necessary for u to be a Carleson measure as is seen by testing the embedding
(2) on reproducing kernels or by starting with (3) and using the infinite sum
there to dominate the single term with 3 = a. Although SC(o) is not sufficient
to insure that p is a Carleson measure, slight strengthenings of it are sufficient,
see Lemma 32 below. In particular, for any ¢ > 0 the condition SC(o + ¢) is
sufficient.

On the other hand if ¢ > 1/2 then, by the results in [18] together with results
in the Appendix, there are positive measures p on the ball that are Carleson for
J%_ (B,,) = BS (B,,) but fail to satisfy the tree condition (3). Our analysis of

Carleson measures for the “endpoint” case B21/ 2 (B,,), the Drury-Arveson Hardy
space, proceeds in two stages. First, by a functional analytic argument we show
that the norm [|t/| cyrieson 1S comparable, independently of dimension, with the
best constant C' in the inequality

g

1 / /
[ (rer5) £ a0 G () < el ol )

We then proceed with a geometric analysis of the conditions under which this

inequality holds. If in (4) we were working with the integration kernel ‘ﬁ

rather than Re ﬁ we could do an analysis similar to that for o < 1/2 and
would find the inequality characterized by the tree condition with o =1/2:

S 2O (B < CI'u(a) < oo, a€T,, (5)
fa

see Subsection 4.3 and the Appendix. However, as we will show, for n > 1, the
finiteness of ||1t]| o urieson 1S €quivalent neither to the tree condition (5), nor to
the simple condition

2UN* () < C, aeTy, (6)

(SC(1/2) in the earlier notation).

To proceed we will introduce additional structure on the Bergman tree 7.
For « in 7,,, we denote by [o] an equivalence class in a certain quotient tree R,
of “rings” consisting of elements in a “common slice” of the ball having common
distance from the root. Using this additional structure we will show in Theorem
34 that the Carleson measures are characterized by the simple condition (6)
together with the “split” tree condition

SN2k N Pu@) Fu () <Clu(e),  a€T,, (7)

k>07>a (8,6)€G() (v)



and moreover we have the norm estimate

HH’HCarleson ~ Sélp 2d(a)[*u (Oé) (8)

n

+ sup %ZZW(V)-’C Z I*p (6) I*p (67).

a€cT,
I*,u(oz)n>0 k20yza (575/)€g(k)(7)

The restriction (5,0”) € G*) () in the sums above means that we sum over all
pairs (6,6’) of grand*-children of  that have v as their minimum, that lie in
well-separated rings in the quotient tree, but whose predecessors of order two,
A2§ and A2%4, lie in a common ring. That is, the ring tree geodesics to § and
to &’ have recently split, at distance roughly k from . Note that if we were
to extend the summation to all pairs (§,8") of grand*-children of ~ then this
condition would be equivalent to the tree condition (5). More formally,

Definition 1 The set G*) (y) consists of pairs (6,8") of grand®-children of ~
in G (v) x G®) (v) which satisfy § A& = ~, [A26] = [A20'] (which implies
d([0],[0"]) < 4) and d* ([¢], [§']) = 4.

Here

a* (o], [8) = inf ([t (Uea)], [t (Ues),

and U,, denotes the group of unitary rotations of the ball B,,. For « in the
Bergman tree 7, ¢, is the “center” of the Bergman kube K. For z € B, t(2)
denotes the element o’ € 7;, such that z € K,,. Thus d* ([o],[8]) measures an
“invariant” distance between the rings [a] and [3]. Note that G0 (v) = G (v) is
the set of grandchildren of . Further details can be found in Subsection 4.2.1
below on a modified Bergman tree and its quotient tree.

We noted before that for 0 < o < 1/2 the tree condition (3) implies the
corresponding simple condition SC(c). However the split tree condition (7)
does not imply the simple condition (6). In fact, measures supported on a slice,
i.e., on the intersection of the ball with a complex line through the origin, satisfy
the split tree condition vacuously. This is because for measure supported on a
single slice and § and ¢’ in different rings at most one of the factors I*u (9),
I* 1 (6") can be nonzero. However such measures may or may not satisfy (6).
Similarly the split tree condition is vacuously satisfied when n = 1. In that case
we have the classical Hardy space and Carleson’s classical condition SC(1/2).

In our proof of (8) the implicit constants of equivalence depend on the dimen-
sion n. One reason for attention to possible dimensional dependence of constants
arises in Subsubsection 2.3.4. Roughly, a large class of Hilbert spaces with re-
producing kernels have natural realizations as subspaces of the various H? and
this occurs in ways that lets us use the characterization of Carleson measures
for H? to obtain descriptions of the Carleson measures for these other spaces.
However in the generic case, as well as for the most common examples, n = co.
When n = co we can pull back characterizations of Carleson measures of the



form (2) or (4) but, because of the dimensional dependence of the constants, we
cannot obtain characterizations using versions of (6) and (7).

Finally, we mention two technical refinements of these results. First, it
suffices to test the bilinear inequality (4) over f = g = Xp(w) Where T (w) is a
nonisotropic Carleson region with vertex w. This holds because in Subsection
4.2.4, when proving the necessity of the split tree condition, we only use that
special case of the bilinear inequality. However that observation commits us to a
chain of implications which uses (8) and thus we don’t know that the constants
in the restricted condition are independent of dimension. Second, the condition
(7) can be somewhat simplified by further restricting the sum over k and ~ on
the left side to k < ed () for any fixed € > 0; the resulting e-split tree condition
is

Yoo 2 Y ru@) Irp(d) <Crula), aeT,. (9)

Y2 o:0<k<ed(v) (8,6")€G™) ()

The reason (6) and (9) suffice is that the sum in (7) over k£ > ed (7y) is dominated
by the left side of (3) with ¢ = (1 — ¢)/2, and that this condition is in turn
implied by the simple condition (6). See Lemma 32 below.

Finally, as we mentioned, the characterization of Carleson measures for
Bg (B,,) remains open in the range 1/2 < o < n/2. The Carleson measures
for the Hardy space, 0 = n/2, and the weighted Bergman spaces, o > n/2, are
characterized by SC(c); see [31] and [36].

2.3 Applications and special cases

Before proving the characterizations of Carleson measures we present some uses
of those results and also describe how the general results simplify in some cases.
In doing this we will use the results and notation of later sections but we will
not use results from this section later.

We describe the multiplier algebra Mpg g,y of BS (By,) for 0 < o < 1/2.
For the smaller range 0 < 0 < 1/2 we describe the interpolating sequences for
Bg (B,,) and for M Bg (B,,)- We give an explicit formula for the norm which arises
in Drury’s generalization of von Neumann’s operator inequality to the complex
ball B,,. We give a universal characterization of Carleson measures for Hilbert
spaces with a complete Nevanlinna-Pick kernel function.

To understand the split tree condition (7) better we investigate the structure
of the Carleson measures for 321 /2 (B,,) which are supported on real 2-manifolds
embedded in B,. This will also give information about Carleson measures for
spaces of functions on those manifolds. Suppose we have a C! embedding of a
real 2-manifold S into B,, and that S meets the boundary of the ball transversally
in a curve I'. Suppose we have a Carleson measure for 321/ 2 (B,,) supported in
S. We find that

e If T is transverse to the complex tangential boundary directions then (9)
becomes vacuous for small € and the Carleson measures are described by



the simple condition (6). In particular this applies to C'* embedded holo-
morphic curves and shows that the Carleson measures for the associated
spaces coincide with the Carleson measures for the Hardy spaces of those
curves. For planar domains we show that if the embedding is C? then
these spaces coincide with the Hardy spaces.

e IfI' is a complex tangential curve, that is if its tangent lies in the complex
tangential boundary directions then (9) reduces to the tree condition (5)
and the Carleson measures are described by the tree condition. A similar
result holds for measures supported on embedded real k-manifolds which
meet the boundary transversely and in the complex tangential directions.

On the other hand, the embedding S of the unit disk into B, associated with
a space BS (B1), 0 < 0 < 1/2, extends to S, is Lipschitz continuous of order
o but not C! and is not transverse to the boundary. In this more complicated
situation neither of the two simplifications occur.

2.3.1 DMultipliers

A holomorphic function f on the ball is called a multiplier for the space B (B,,)
if the multiplication operator M/ defined by M;(g) = fg is a bounded linear
operator on BY (B,,). In that case the multiplier norm of f is defined to be the
operator norm of M. The space of all such is denoted Mpg(g,,)-

Ortega and Fabrega [30] have characterized multipliers for the Hardy-Sobolev
spaces using Carleson measures. We refine their result by including a geometric
characterization of those measures.

Theorem 2 Suppose 0 < o < 1/2. Then f is in Mpg ®,) f and only if f is
bounded and for some, equivalently for any, k > n/2 — o

2
dpgg = |(1— 2 FE | (1= |2[")*7dAn(2) € CM(BS (Bn)).
In that case we have

”fHMBg(Bn) ~ ”f“HOO(]Bn) + ||d/~Lf,k||CM(Bg(IBn)) :

If 0 < 0 < 1/2 the second summand can be evaluated using Theorem 23. For
o =1/2 the second summand can be evaluated using Theorem 34.

In the familiar case of the one variable Hardy space, n = 1, 0 = 1/2,
and k = 1; the Carleson measure condition need not be mentioned because
it is implied by the boundedness of f, for instance because of the inclusion
H> (By) C BMO(B;) and the characterization of BMO in terms of Carleson
measures. Thus the multiplier algebra consists of all bounded functions. How-
ever forn > 1land 0 <o <1/2aswellasn =1 and 0 < o < 1/2, there are
bounded functions which are not multipliers. Because the constant functions
are in all the B we can establish this by exhibiting bounded functions not in



the Bf. In [20] Chen constructs such functions for n > 1, 0 =1/2. If 0 < 1/2
then BY C B;/ * and hence Chen’s functions also fail to be in Bg. Similar but

simpler examples work for n = 1,0 < ¢ < 1/2. Other approaches to this are in
[22] and [12].

2.3.2 Interpolating sequences

Given 0, 0 < ¢ < 1/2 and a discrete set Z = {z;}52; C B,, we define the
associated measure puz = 372, (1— |zj|2)2”6zj. We say that Z is an interpolating
sequence for BY (B,,) if the restriction map R defined by Rf(z;) = f(z;) for
2; € Z maps Bg (B,,) into and onto ¢?(Z, uz). We say that Z is an interpolating
sequence for Mpg g, if R maps Mpg g, ) into and onto £°°(Z, 1z). Using results
of B. Boe [17], J. Agler and J. E. M°Carthy [2], D. Marshall and C. Sundberg
[27], along with the above Carleson measure characterization for B (B,,) we
now characterize those sequences. Denote the Bergman metric on the complex

ball B,, by 3.

Theorem 3 Suppose 0,7, and pz are as described. Then Z is an interpolat-
ing sequence for B (B,,) if and ounly if Z is an interpolating sequence for the
multiplier algebra Mpg,) if and only if Z satisfies the separation condition
inf;+; B (2i,25) > 0 and pz is a B (B,) Carleson measure, i.e. it satisfies the
tree condition (3).

Proof. The case 0 = 0 was proved in [27] when n = 1 and in [10] when n > 1.
If 0 < 0 < 1/2, then Corollary 1.12 of [2] shows that the reproducing kernel

20
k(z,w) = ( L ) has the complete Nevanlinna-Pick property. Indeed, the

1-w-z

corollary states that & has the complete Nevanlinna-Pick property if and only if
for any finite set {z1, 22, ..., 2 }, the matrix H,, of reciprocals of inner products
of reproducing kernels k,, for z;, i.e.

1 m
Hm = [M] ;

ij=1

has exactly one positive eigenvalue counting multiplicities. We may expand
(ks kz].>71 by the binomial theorem as

where ¢, = (—1)é+1 ( 2; > >0for £ >1and 0 < 20 < 1. Now the matrix

— m . . . . .
EZRE¥ j—1 is nonnegative semidefinite since
=

3 G & 200G = (G2 Gz > 0.

i,j=1



Thus by Schur’s theorem so is [(Z . zi)e] m . for every ¢ > 1, and hence, also,
ij=

so is the sum with positive coefficients. Tjhus the positive part of the matrix
H,, is [1];’;21 which has rank 1, and hence the sole positive eigenvalue of H,,
is m. Once we know that B (B,,) has the Pick property then it follows from
a result of Marshall and Sundberg (Theorem 9.19 of [3]) that the interpolating
sequences for Mpg(p,) are the same as those for BS (B,,). Thus we need only
consider the case of B (B,,).

We now invoke a theorem of B. Bée [17] which says that for certain Hilbert
spaces with reproducing kernel, in the presence of the separation condition
(which is necessary for an interpolating sequence, see Ch. 9 of [3]) a necessary
and sufficient condition for a sequence to be interpolating is that the Grammian
matrix associated with Z is bounded. That matrix is built from normalized

reproducing kernels; it is
ke k. \|T
l< k 1 ’ J >] . (10)
|| Z4 H |kzj- H ij=1

The spaces to which Boe’s theorem applies are those where the kernel has the
complete Nevanlinna-Pick property, which we have already noted holds in our
case, and which have the following additional technical property. Whenever we
have a sequence for which the matrix (10) is bounded on ¢? then the matrix

with absolute values
[zl
||k21 sz.f H i,j=1

is also bounded on ¢2. This property holds in our case because, for ¢ in the

20
range of interest, Re (ﬁ%) ~

1—=>| which, as noted in [17], insures
—Zj'Z

that the Gramm matrix has the desired property. (It is this step that precludes
considering o = 1/2.) Finally, by Proposition 9.5 of [3], the boundedness on ¢2
of the Grammian matrix is equivalent to pz = Z;’;l Hk‘zj H_2 0z, = Z;;(l —
|z \2)2054 being a Carleson measure. Thus the obvious generalization to higher
dimensions of the interpolation theorem of Bée in [17] completes the proof. (Boe
presents his work in dimension n = 1, but, as he notes, the proof extends to
spaces with the above properties.)

(When we defined ”interpolating sequence” we required that R map into
and onto £?(Z, jiz). In the most well known case, the classical Hardy space, n =
1,0 = 1/2, if R is onto it must be into. However for the classical Dirichlet space
the map can be onto without being into. Hence one can ask for a characterization

of those maps for which R is onto. The question is open; partial results are in
[15], [17], and [11].)

10



2.3.3 The Drury-Arveson Hardy space and von Neumann’s inequal-
ity

It is a celebrated result of von Neumann [28] that if T is a contraction on a

Hilbert space and f is a complex polynomial then || f(T)| < sup{|f(7)|: |v| = 1}.

An extension of this to n-tuples of operators was given by Drury [22]. Let

A = (A4,...,Ap) be an n-(row)-contraction on a complex Hilbert space H, i.e.

an n-tuple of commuting linear operators on H satisfying

> AR < |[B)? for all h € H.

j=1
Drury showed in [22] that if f is a complex polynomial on C" then

sup (S (A= 1 F 1l (11)
Aan "
n-contraction

where ||f (A)]| is the operator norm of f (A) on H, and Hf”M;qm ) denotes the
multiplier norm of the polynomial f on Drury’s Hardy space of holomorphic

functions
k!
K (B,) = {Zakzk, Z€B, Y agl? T oo} ,
k k :

This space is denoted H2 by Arveson in [12] (who also proves (11) in Theorem
8.1). For n = 1, Mx,) = H* (B,) and this is the classical result of von
Neumann. However, as we mentioned, for n > 2 the multiplier space My (,,) is
strictly smaller than H> (B,,).

Chen [20] has shown that the Drury-Arveson Hardy space K (B,,) = H2 is
isomorphic to the Besov-Sobolev space 321/ 2 (B,,) which can be characterized as
consisting of those holomorphic functions ), apz® in the ball with coefficients

ay, satisfying
n—1
o [k]"T (n—1)Ik!
zk: e ¥ T

Indeed, the coefficient multipliers in the two previous conditions are easily seen
to be comparable for k£ > 0. The comparability of the multiplier norms follows:

sty = W6t
Hence using Theorem 34, i.e. (8), and Theorem 2 we can give explicit estimates
for the function norm in Drury’s result. Note however that we only have equiv-

alence of the Hilbert space norms and multiplier space norms, not equality, and
that distinction persists in, for instance, the theorem which follows.

2m—n
Theorem 4 For any m > ”Tfl set duy (z) = |f(m) (Z)‘Q (1 - |Z\2) dz.

11



We have

sup  |[f (A = [|fllo + sup /240 () (12)
Aan | acT,
n-contraction
+ sup 2d(v)—k IFpm (8) I*pm (87),
2T ( k§>o: §> > - T (0) I* iy (8')
20 5,6'€G™ (%)

for all polynomials f on C™.

The right side of (12) can of course be transported onto the ball using that
Ug>o K3 is an appropriate nonisotropic tent in B,,, and that 2-d(e) 1 — \z|2
for z € K.

In passing we mention that, inspired partly by the work of Arveson in [12],
the space H?2 plays a substantial role in modern operator theory. For more
recent work see for instance, [3], [13], and [24] .

2.3.4 Carleson measures for Hilbert spaces with a complete N-P
kernel

The universal complete Nevanlinna-Pick property of the Drury-Arveson space
H? allows us to use our description of Carleson measures for H2 to describe
Carleson measures for certain other Hilbert spaces. In [2], Agler and M¢Carthy
consider Hilbert spaces with a complete Nevanlinna-Pick kernel k (z,y). We
recall their setup, keeping in mind the classical model of the Szego kernel
k(xz,y) = 1_1@ on the unit disc B;. Let X be an infinite set and k (z,vy)
be a positive definite kernel function on X, i.e. for all finite subsets {x;};- of
X

?

Z a;ak (z;,x;) > 0 with equality < all a; = 0.

i,j=1
Denote by Hj, the Hilbert space obtained by completing the space of finite linear
combinations of k;,’s, where k; (-) = k (z, -), with respect to the inner product

<Zalkll,2b ky]> = Z aiij (i, y5) -

ij=1

The kernel k is called a complete Nevanlinna-Pick kernel if the solvability of the
matrix-valued Nevanlinna-Pick problem is characterized by the contractivity of
a certain family of adjoint operators R, o (we refer to [2], [3] for an explanation
of this generalization of the classical Pick condition).

Let B,, be the open unit ball in n-dimensional Hilbert space £2; for n = oo,
2 = (*(Z7). For x,y € B, set a, (z,y) = ﬁ%gm) and denote the Hilbert space
Ha, by H2 (so that H2 = B21/2 (B,,) when n is finite). Theorem 4.2 of [2] shows

12



that if k£ is an irreducible kernel on X, and if for some fixed point zg € X, the

Hermitian form
k(x,20)k (70,y)
k (Jf, y) k (mOa yo)
has rank n, then k is a complete Nevanlinna-Pick kernel if and only if there is

an injective function f : X — B,, and a nowhere vanishing function § on X such
that

F(z,y)=1-

k(x,y) = 0(2)8 (y) an (f (), f () = fﬁif; (i‘)(x»'

==
Moreover, if this happens, then the map k, — § (x) (an)f(w) extends to an iso-

metric linear embedding T of H}, into H2. If in addition there is a topology
on X so that k is continuous on X x X, then the map f will be a continu-
ous embedding of X into B,. If X has holomorphic structure and the k, are
holomorphic then f will be holomorphic.

For the remainder of this subsubsection we will assume that X is a topological
space and that the kernel function k is continuous on X x X.

In that context we can define a Carleson measure for Hj to be a positive
Borel measure on X for which we have the embedding

/X h(@)Pdu() <C IR, . heH, (13)

with the standard definition of the Carleson norm. We can now use the de-
scription of the Carleson measure norm for H2 = Bé/ *(B,), given in (7) or
in (8) if n is finite and by (4) in any case, to give a necessary and sufficient
condition for p defined on X to be a Carleson measure for Hy. To see this,
consider first the case where the Hermitian form F above has finite rank (F is
positive semi-definite if k is a complete Nevanlinna-Pick kernel by Theorem 2.1
in [2]). Denote by f.v the pushforward of a Borel measure v on X under the
continuous map f. If p is a positive Borel measure on X then p is Hg-Carleson,

i.e. (13), if and only if the measure uf = f. <|5\2 ﬂ) is H2-Carleson, i.e.
1/2
| 16PdE < CIG Iy, G B (B, (19

Indeed, the functions h = 27;1 cikz, are dense in Hy. Setting H = Th =
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> iy €0 (2:) (an) y(,,) we have:

Czkaji 5 i Cik;m > = i Cz@k (xi7 x])
=1

He 1,j=1

Ms

2
1All3, =
1

cﬁd (2:)6 (w5) an (f (2:) , f (z5))

<Z cid ) fany» 20 (@) (“n)fm>>
H2

= | H|7 -

MS T

Also, the change of variable f yields

/Ihldu /

i Zciman (f (i), f(y))

= [ mPa = [
F(X) B

n

k(zi,y) du()

2

16 ()| due ()

and it follows immediately that (14) implies (13).

For the converse, we observe that if G € H2 = B;/z (B,,), then we can write
G = H+J where H € T (Hy,) and J is orthogonal to the closed subspace T' (Hy,).
Now since J is orthogonal to all functions 6 (z) (an)(,) with z € X, and since
d is nonvanishing on X, we obtain that J vanishes on the subset f (X) of the

ball B,,. Since u? is carried by f (X) and orthogonal projections have norm 1,
we then have with H = Th,

/ G2 dy = / HP dut = / 1 d,
IBTL B X

n

and
1hll3g, = 1H g2 < |Gl g2 -

It follows immediately that (13) implies (14).

We now extend the above characterization to the case of infinite rank. We
first characterize Carleson measures on H2 as follows. Given a finite dimen-
sional subspace L of C*, let Pr, denote orthogonal projection onto L and set
By = Bo, N L, which we identify with the complex ball B,,, n = dim L. We
say that a positive measure v on By, is H2 (By)-Carleson if, when viewed as a
measure on B, n = dim L, it is H2 (B,,)-Carleson.

Lemma 5 A positive Borel measure v on B, is H> -Carleson if and only if
(Pr), v is uniformly H? (By)-Carleson, n = dim L, for all finite-dimensional
subspaces L of C*.
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Proof. Suppose that (Pr), v is uniformly H2 (B )-Carleson for all finite-
dimensional subspaces L of C*°, n = dim L. Let

92 = 3 et (0102) = 3 s (15)
i=1 i=1 P

for a finite sequence {w;};~, C B (such functions are dense in HZ). If we let

L be the linear span of {w;};", in C*, then since g (Pz) = g (z), we can view
g as a function on both B, and By, and from our hypothesis we have

| laPdr= [ 1o api).v < Clalize, = Clally . 10

oo

with a constant C' independent of g. Since such functions g are dense in HZ2,, we
conclude that v is H2 -Carleson. Conversely, given a subspace L and a measure
v that is HZ -Carleson, functions of the form (15) with {w;}.", C By are dense
in H2 (B.) and so (16) shows that (Pr), v is a H2 (By)-Carleson measure on
B with constant C independent of L, n = dim L.

The above lemma together with Lemma 24 below now yields the following
characterization of Carleson measures on any Hilbert space Hj with a complete
continuous irreducible Nevanlinna-Pick kernel k. Note that the irreducibility
assumption on k can be removed using Lemma 1.1 of [2].

Theorem 6 With notation as above let k be a complete continuous irreducible
Nevanlinna-Pick kernel on a set X and rank (F) = n.

If n < oo then a positive measure p on X is Hy-Carleson if and only if
ph = f*(\(5|2 ) is B;/2 (B,,)-Carleson. That will hold if and only if uf satisfies
(4) or, equivalently, (6) and (7).

For n = oo, for each finite dimensional subspace L of C>* set

pe = (Pr), (16 1) = (Poo ), (16 ).

A measure p on X is Hy-Carleson if and only if there is a positive constant C
such that for all L

||IU’L HCa'r‘leson S C’

Here ||V curieson denotes the norm of the embedding HY,, ; (Br) C L* (v). This
holds if and only if (4) holds (with B,, taking the role of By) uniformly in L.

Because the comparability constants implicit in our proof of (8) depend on
dimension we cannot use the right side of (8) in place of ||ur || yrreson @DOVE.
2.3.5 Measures supported on embedded two-manifolds

In the previous discussion we began with a set 2 and kernel function k£ which
satisfied conditions which insured that k& could be obtained through a function f
mapping €2 into some B,,. Alternatively we can start the analysis with €2 and f.
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Given a set 2 and an injective map f of Q into B, set k(x,y) = a,(f(z), f(y)).
These kernels generate a Hilbert space Hj; with a complete Nevanlinna-Pick
kernel and the previous theorem describes the Carleson measures of Hj. During
that proof we also showed that the map T which takes k(z,-) to a,(f(x),-) ex-

tends to an isometric isomorphism of Hy, to the closed span of | (an) 4, : @ € Q2

in H2. The orthogonal complement of that set is V}(q), the subspace of H?2 con-
sisting of functions which vanish on f(€2). We have

T (Hi) = closed span of {(an)f(x) tx € Q} (17)
={he H?:h(f(z)) =0VecQ}*+
= (Vi)™ = B2/ Vy(o.

The quotient H2/Vj(q) can be regarded as a space of functions on f(£2) normed
by the quotient norm. That space is isometrically isomorphic to Hj under the
mapping which takes [h] in HZ/Vf(Q) to ho f in Hy.

We now investigate such embeddings for simple Q. The L? Sobolev space on
[0,1] is an example with 1-dimensional 2. However for this space, and similar
1-dimensional examples, the Carleson measure theory is trivial; a measure is
a Carleson measure if and only if it has finite mass. This is reflected in the
fact that the associated mapping f of [0, 1] into B., maps the interval into a
proper sub-ball. (The mappings f associated with this and similar examples
are described in the final section of [13].)

Suppose 2 is a bounded domain in the plane and 9 consists of finitely
many smooth curves. (We leave to the reader the straightforward extension
to nonplanar domains.) Let f be a nonsingular C! embedding of € into B,,;
S =f(Q). Suppose f extends to a C* map of 2 into B,, with I' = S =f(9Q) C
OB,,. We will say S meets the boundary transversally if

Re (f (z)n, f(x)) #0, x €09, (18)

where n denotes the unit outward normal vector to 92, and f (z) is of course
the unit outward normal vector to 0B,,. In order to discuss various geometric
notions of contact at the boundary, we also introduce the unit tangent vector
T to 99 that points in the positive direction, i.e. T = in if the tangent space
to R? is identified with the complex plane in the usual way. Since the vector
f'(z) T is tangent to I', we always have

Re (f' (z)T, f(z)) =0, x € 00.

It may also hold that the curve I' is a complex tangential curve, that is, its
tangent lies in the complex tangential tangent direction. This means that
the tangent to I' is perpendicular to the tangential slice direction if (z), i.e.
Re (f' (x) T,if (z)) = 0 for all x € L, or equivalently

Im (' (2) T, f (z)) = 0, x € 9. (19)
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We will say that at the boundary S is perpendicular to the tangential slice
direction and it meets the boundary in the complex tangential directions. At the
other extreme it may be that S satisfies (18) and meets the boundary transverse
to the complex tangential directions, i.e. f’ (z) T, the tangent to I, always has
a component in the direction if (z);

Im (f' (2) T, f (2)) = Re (f' () T,if (x)) #0, = €09, (20)

In particular this applies to a holomorphic curve, i.e. & C C and f is holomor-
phic, that satisfies (18) since then we have that f’(z) is complez linear and

Im (f' (2) T, f (2)) = Im (" (2) im, f (2)) = Imi (' (2)m, f (2))  (21)
=Re(f' (2)n, f(2)) #0, z¢€ .

Suppose that u is a positive measure supported on S that is transverse at the
boundary. We will show that if we have additional geometric information about
the embedding geometry then the condition for p to be a Carleson measure
for H? can be simplified. Also, as indicated in the previous subsection, this
description can be pulled back to give a description of measures on 2 which
are Carleson measures for Hj. More precisely we will show that if S meets the
boundary in the complex tangential directions then y is H2-Carleson if and
only if p satisfies the tree condition (5). On the other hand we show that if
S meets the boundary transverse to the complex tangential directions then p
is H2-Carleson if and only if u satisfies the simple condition (6). Finally we
will show that if f extends continuously but not differentiably to 9§ then more
complicated situations arise.

To prove these results we use the refined tree structure described in Subsub-
section 4.2.1. It is convenient to begin the analysis with the second of the two
cases.

S meets the boundary transverse to the complex tangential directions
By Theorem 34, it is enough to show that when S satisfies (18) and (20), and
is supported on § and satisfies the simple condition (6) then for some £ > 0 the
e-split tree condition (9) is satisfied. The transversality hypothesis on S will
permit us to establish a geometric inequality of the following form:

. 1
d ([Oé],[ﬁ]) Sd(a7ﬁ) 10g2 |OL*5|
at least for a, 8 € 7T, with d () = d (8) sufficiently large. This in turn will show
that the left side of the e-split tree condition (9) vanishes for e small enough
and d («) large enough, in fact 0 < e < 1/4 will suffice.

Denote by P,w the projection of w onto the slice S,. Suppose that S satisfies
(18) and (20) and fix z,w € SNB,, with 1—|z| & 1—|w|, where for the remainder
of this subsection the symbol &~ means that the error is small compared to
|z — w| times the quantity inf,eqq [Im (f" (z) T, f (z))| appearing in (20). Then
for 1 — |z| small enough and |z — w| > ¢(1 — |z|), we have

|z — P,w| > c|lw — Pyw)| . (22)

+c¢, when SNK, # ¢, SN Kg # o,
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Indeed, if z = f (u) and w = f (v), then using f € C' (Q) with (18) and (20)
we obtain ¢|z — w| < |u —v| < C'|z — w| and

z-w=f(u) - f@)~f (u)@u-0).
Now let x € 92 be closest to u. Using that u — v =~ T |u — v| we then have
f(u) (u=v)~ f'(z) (u—v) = f () Tlu- vl

Since |z — w| > ¢(1 — |z]), we also have f (z) = f (u) = 2z, and altogether then
(20) yields

[Im (2 = w, 2)| ~ |Im (f' () T, f ())| |u = v| = clu—v| = e[z —w].

Thus we obtain (22) as follows:

|z — P,w| = |z —

(w, 2) —izz—wzzi Z—w,z
o] = ) — (= e = w2

> |Im(z —w,z)| > clw—2z| > clw— Pw|.

For z,y € B, define d (z, y) to be the corresponding distance in the Bergman
tree 7, i.e. d(z,y) = d(a, ) where z € K, and y € Kg, and d ([z], [y]) to be
the corresponding distance in the ring tree R,,. Recalling that 1 — |z| = 1 — |w],
and using A < B to mean that A — B is bounded

— Pw w — Pawl?
() ) = (] o) < oy 1B =gy I o
() 2 mas {d (2] [w]) d 3, Paw) 24
\wazw|2 |z — Pwl
> max {log;2 =12l ,log, =12 } —c (25)

Combined with (22) this yields

" w — P,w w — P,w
d ([z],[w])<10gz| 1|Z|| +C=10g2|1|z||+10g2|w—Pzw|+C
- P
<log2|zllzlﬂ+log2|w—z|+0
— |z

1
Sd(z7w)—log2m+0.

Using
d(z,w)=d(z)+d(w)—2d(z Aw),
d* ([z], [w]) = d([z]) + d ([w]) — 2d" ([z] A [w]),
d(z) =d([z]),

18



together with d (z) < d (w), we obtain

d(z Aw) = d* ([2] A fw]) = % [d" ([, [w]) = d (z,w)] (26)

1 1
<-|C-1log, ——
2@ O&m—ay

for z,w € SN IB,, with 1 — |z| = 1 — |w]| sufficiently small.

Now let «,v,d,6" and k be as in the left side of the split tree condition (7)
with K5NS # ¢ and KNS # ¢. Thus A =, d(0) =d(§') =d(y) +k+2,
[A26] = [A%6"] and d* ([0],[8"]) = 4. Clearly |6 — &'| < 2729 since §,8" > 7.
On the other hand (26) yields

1 1
16) = (@0) + 1) < 3 |C ~ogy o5
or |6 — &'| > 272k, Combining these two inequalities for |§ — &'| yields

k> Ld (v) - C.
4

Thus the e-split tree condition (9) for a measure p supported on S is vacuous
(i.e. the left side vanishes) if 0 < e < 1 and a € 7,, is restricted to d («) large
enough. Note that we used only the following consequence of our hypotheses
(18) and (20): there are positive constants C, ¢, d such that S is a subset of B,,
satisfying

|x_Pwy|Z€|y_Pmy|7 z,y €S, (27)

whenever |z| = |y|, |t —y| > C (1 — |z|) and 1 — || < §. We have thus proved
the following proposition.

Proposition 7 Suppose S is a C' surface that meets OB,, transversely, i.e.
(18) holds, and suppose further that the curve of intersection T is transverse to
the complex tangential directions, i.e. (20) holds. In particular, S could be a
holomorphic curve embedded in B, that is transverse at the boundary 0B,,. More
generally, suppose there are positive constants C,e,§ such that S is a subset of
B, satisfying (27) whenever |xz| = ly|, |t —y| > C (1 — |z|) and 1 — || < 0. Let
p be a positive measure supported on S. Then p is H2-Carleson if and only if
w satisfies the simple condition (6).

Corollary 8 Suppose that S = f (Q) is a C' surface that meets the boundary
OB, transversely and that the curve of intersection I' is transverse to the complex
tangential directions. Let Hy, denote the Hilbert space generated by the kernels
k(z,w) = an (f(2),f(w)), z,w € Q. Then the Carleson measures for Hy,
are characterized by the simple condition (36). In particular this applies to a
Riemann surface S and a C* embedding f of S into B,,, holomorphic on S, with
f(8S) C 9B, so that S = f(S) is transverse at the boundary.
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S meets the boundary in the complex tangential directions We now
suppose S = f (2) meets the boundary transversely and in the complez tangen-
tial directions, i.e. (f' ()T, f (z)) =0 for z € Q. Tt follows from (2.4) of [5]
that

1—{(f(x), f(z+6T)) = 6 +0(6%), forzed, asd— 0,

I (@)
2
where by z + 6T we mean the point in € that is obtained by flowing along 9

from z a distance § in the direction of T. From this we obtain

|z — Pw| < C|lw — Pwl|? (28)

for z,w € SNB,, with 1—|z| = 1—|w| sufficiently small, and |z — w| > ¢ (1 — |2|).
Then we obtain from (23) that for such z,w we have

d* ([z],[w]) < d(z,w).

Hence for p supported on S, the operator T}, in (74) below satisfies

Tug()~ Y 2%g(B)u(B), acT,,
bet,

whose boundedness on £? (1) is equivalent, by Theorem 23, to the tree condition
(5) with o = 1/2 i.e. (6). Thus Theorem 30 completes the proof of the following
proposition (once we note that if the simple condition holds for a fixed Bergman
tree then it holds uniformly for all unitary rotations as well).

Proposition 9 Suppose that S is a real 2-manifold embedded in the ball B,, that
meets the boundary transversely and in the complex tangential directions, i.e.
both (18) and (19) hold. More generally, suppose there are positive constants
C,c,d such that S is a subset of B,, satisfying (28) whenever |x| = |y|, |z —y| >
c(l—lz|) and 1 —|z| < §. Let p be a positive measure supported on S. Then
is H2-Carleson if and only if u satisfies the tree condition (5).

Remark 10 This proposition generalizes easily to the case where S = f (),
Q C RF, is a real k-manifold embedded in the ball B, that meets the boundary
transversely and in the compler tangential directions, i.e.

(f' (@) T, f(2)) =0, =€,
for all tangent vectors T to 0Q at x.

For an example of such an embedding let 2 = B; with coordinate z = z 4 iy
and define a mapping into By by f(z) = (x,y). The space Hj is the Hilbert
space of functions on the unit disk with reproducing kernel k(z,w) = ﬁ(%w)'
The sublevel sets of this kernel are intersections of the disk with halfplanes and
testing against these kernel functions quickly shows that the classic Carleson

condition (36) does not describe the Carleson measures for this space. However
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the previous proposition together with Theorem 6 gives a description of those
measures which turn out to form a subset of the classical Carleson measures.
We now provide the details.

Pulling back the kube decomposition from By will give a kube decomposition
of B; and a tree structure on that set of kubes. However this structure will not
be the familiar one from, for instance, Hardy space theory or from [9]. The
familiar structure is the following. We define a set of kubes on B; by splitting
the disk at radii r,, =1 — 27" and splitting each ring {r,, < |z| < 7,41} into 2"
congruent kubes with radial cuts. The tree structure, 7, on this set of kubes
is described by declaring that « is a successor of 3 if the radius through the
center of o cuts 5. On the other hand F, the kube and tree structure pulled
back from By by f, is the following. We again split the disk into the same
rings and again divide each ring into congruent kubes with radial cuts, but now
the number of kubes in that ring is to be [2"/?]. Again the tree structure is
described by declaring that « is a successor of [ if the radius through the center
of a cuts 3. Thus the successor sets S(a) = Ugso 0 are approximately rectangles
of dimension 2=" x 2="/2_ roughly comparable to the complements of sublevel
sets of the reproducing kernels for Hy. Note that the number of descendents of a
vertex after n generations is quite different for the two trees; in the terminology
of [10] F has tree dimension 1/2 and 7 has tree dimension 1.

We now compare the classes of measures described by (5) for the two different

tree structures. We define B;/Q(Q) on a tree @ by the norm

150 = D 27" Nf (@) = f(Aa)* +1f (o),
a€Q:a#o

for f on the tree Q. Here Aa denotes the immediate predecessor of « in the
tree Q. We set

Iof()= > [f(®), (29)
BeQ:B<e
5= > 9.

BEQ:B>a

We say that u is a B;/Q(Q)-Carleson measure on the tree Q if B;/Z(Q) imbeds
continuously into L7(Q), i.e.

> Tof(@)?p(@) <CY 277, f>0. (30)
acQ acQ

We know from [9] that a necessary and sufficient condition for (30) is the discrete
tree condition

Z Qd(ﬂ)I*QM(ﬂ)z <Clgp(a) <oo, a€Q. (Te)
BeQ:f>a

We note a simpler necessary condition for (30)

24 I (a) < C, (So)
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which is obtained using the sum in (Tg) to dominate its largest term. How-
ever, condition (Sg) is not in general sufficient for (30) as evidenced by certain
Cantor-like measures .

These considerations apply when Q is either of the two trees, 7 and F just
described on B;. However the associated geometries are different; we will refer
to conditions associated to F as ”fattened”.

Theorem 11 Let p be a positive measure on the disk B1. Then the fattened
tree condition (Tx) implies the standard tree condition (T ), but not conversely.

Proof. First we show that the standard tree condition (777) is not sufficient
for the fattened tree condition (T'x), in fact not even for the fattened simple
condition (Sx). For this, let p > —1 and set

dpi(2) = (1 - |2))’ d=.

Then

Iy (9) =27 [

1—2—d(B)

1
— VP dr ~ 2—4B) (9—d(B) e —d(B)(p+2)
(1—r)dr=2 2 2 ,

and the left side of (T7) satisfies

Z 21 51 (B)? ~ Z 9—d(B)(2p+3)

BET:f2a BET:Bza
_ Z 2k—d(a)2—k(2p+3)
k=d(a)
:2—d(o¢) Z 2—k(2p+2)
k=d(a)

~ 2~ U0 +3)
which is dominated by
9—d(@)(p+2) o g (o)

if p > —1. Thus p satisfies the standard tree condition (777) for all p > —1. On
the other hand,

o 1 o +1
Irp(a) = 2~ / (1—r)dr=~ 9= (Q*d(“))p — 9—d@)(p+3)
1-2-d(a)
and so the left side of the fattened simple condition (Sx) satisfies

)

24 I 11 (a) ~ gd(a)g—d(a)(p+3) _ 9—d(a)(p+3)

which is unbounded if p < —1/2. So with —1 < p < —1/2, (Tr) holds but not
(SF).
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Now we turn to proving that the fattened tree condition (Tx) implies the
standard tree condition (T’r). Decompose the left side of (T77) into the following
two pieces:

> 2O = > 20 L7 (5)°
BET: B> BET:B>a and d(B)<2d(«x)
+ > 24 1511 (8)?
BET: > and d(B)>2d(«x)
= A+ B.

Now let a € F satisty d (a) = 2d () and

U K5 C K,, (31)
BET: B> and d(B)=2d(«)

where by K, for a € F we mean the fattened kube in the disk corresponding to
a (it is roughly a 9=d(B) x 9= rectangle - which is 2724e) x 2-d(®) _ griented
so that its long side is parallel to the nearby boundary of the disk, and so that its
distance from the boundary is about 2_d(“)). It may be that two such adjacent
kubes K, and K, are required to cover the left side of (31), but the argument
below can be easily modified to accommodate this upon replacing p by px where
x denotes the characteristic function of the successor set S, = Uger:8>0 K3 and

noting from (30) that if 4 satisfies (T'r) then so does py. Then we have

B= > 24 I3 (8)?

BET:B>a and d(B)>2d(x)

< > 20 N ()’

beF:b>a BET:KgCKy

<Y 20 Y na

beF:b>a BeET:KgCK,

< 29 % 11 (b)*
beF:b

v

a

The fattened tree condition (7x) shows that the final term above is dominated
by CI%u(a), which is at most CI}pu («), and hence we have

B<CIiu(a).

To handle term A we write the geodesic in F consisting of a together with the
d (o) terms immediately preceding a in F as

{ad(a)a Ad(a)+1y -+ A2d(a) = a} )
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where d (a) = k and a < ag41. Then

2d(«

)
A< Y ok > Iru ()

k=d(a) BeT:L>a and d(B)=k

2d(a)
<Y mw
k=d(a) BeET:f>a and d(B)=k
2d(a)
< Y 2RI () (@)
k=d(a)

Now for j > 0, let E; consist of those integers k in [d (a) , 2d («)] satisfying

29T () (aaey) < T (Oxt) () < 27975 O) (), (32)

and provided Ej; # ¢, let k; = maxg, k be the largest integer in Ej, so that

2797115 () (aa)) < Ir () (ak,) < 27715 (xp) (aa)) - (33)

Using (32) and (33), we then have

A< 2372715 (xpr) (aaqe)) I () (an,) § D 2F

>0 keE;
<4 2705 (x) (agey) {17 (xp) (an,) 2%}
>0

< CIx (xp) (agea)) »

where the last line follows from the fattened simple condition (Sz) applied to
ak, since d (ay,) = k;. Since

Ix (xp) (aaqe)) < Clyp(a),

we have altogether,
A+ B < Clyp(a),

which completes the proof that the standard tree condition (T7) holds when
the fattened tree condition (7'+) holds.

The embedding is Lipschitz continuous to the boundary but not C!
In the next section we will see that if B; is embedded holomorphically in B,, and
the embedding has a transverse C? extension that takes OB; into 0B, then the
induced space of functions on the embedded disk is the Hardy space of the disk.
The proof is given for finite n but it only uses the fact that the kernel functions
on the disk have useful second order Taylor expansions; hence an analog of the
result holds if n = co. We now give an example where the embedding extends

24



continuously to the boundary but the induced function space on the disk is
Bg (By) with 0 < o < 1/2 and not the Hardy space B;/2 (By). In fact in
Subsubsection 2.3.4 we saw that there must be an embedding of the disk into a
B,, so that the induced function space on By is B (B1) . Here we write the map
explicitly and do certain computations.

Pick and fix 0, 0 < 0 < 1/2. We want a map f of By into B, so that

1 1
= = . (34)
(=) (1-T@) 1)

Define ¢,, by

oo

1—-(1-2)* = chz”

1
and define f : By — B, by

flz) = (Venz")7

hence (34) holds.
We know c¢,, are positive and

=G5 0-5) - (-7)

20 —(+.+25) o, 20

n n

6—20 Inn ~ n—l—QU.

Thus f extends continuously to the boundary but, for z € 9By, f'(z) fails to be
in 1> much less [2. To estimate the behavior of f near the boundary we use the
fact that 1 — 7" ~ n (1 —r) for n < -1 and estimate

1FQ) = fOP =D Ve =)

n=1
1
T—r )
~ Z n—1720 (1 o Tn)Q + Z n—1—20 (1 - Tn)Q
n=1 1

n=g

—r

1
T—r [e'e]
~ Z n~172n2 (1) + Z n~172 (1 - 1)%,

n=1 1
n=1=

so that
f@) = f(r)l~ 1 —-7)7.
Thus f is Lip o.
Suppose we now take a point = on the positive real axis near the boundary.
The image point is f(z) = (y/¢,z™) and the distance of f(z) to the boundary
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is
1/2

1-— (m f(a:))l/2 1- (Z cnxzn)

—1- (1 —(1- 332)2")1/2

~1- (1 - %(1 — m2)20>
~(1—a%)%.

Because f is not differentiable at the boundary our earlier definition of transverse
does not apply. However f does fail to be transverse at the boundary in the sense
that

__ 1/2
dist (), 9Bo) L= (T0-10) 1 pyee
dist(f(r). f(1)) — IfM—f0)l — 1=
is not bounded below as r — 1; as it would be if we had (18).

Now consider Carleson measures. We know that a measure p on the disk
is a Carleson measure for B (B;) if and only if f.u is a Carleson measure for

B;/ 2 (Boo) . Here we just note that it is straightforward to check that the simple
condition SC(o) for p corresponds to the SC(1/2) condition for f.u. Fix z in
the disk, near the boundary. The SC(1/2) condition for f.u states that the u
mass of the set of y for which

T B AC) I DT
1T F <1 sl

is dominated by C (1 — || f(z)|]) - Using the closed form for » ¢, 2™ to evaluate
the norms and the inner product and doing a bit of algebra we find that set is
the same as the set of y for which

(-5T5R) o)

This is in turn equivalent to |y — x| < C(1 — |z|) which describes a set of y’s
comparable in size and shape with the set of y for which

=(1-r)°

<O —z).

1-g5.- =
]
The conclusion now follows from the comparison 1 — || f(z)|| ~ (1 — |x])?7.

We just studied f using the Euclidean metric for both B; and B,. There are
other natural metrics in this context. For fixed n, o we can define the metric

50_ on Bn by
Y N LG [
bo(z,y) = \/1 k(z,z)k(y,y)

= sin(angle(k(z, )k(y, -))),
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where ko (2,y) = ko (2,y) = (1 — T - ) "> is the reproducing kernel for B (B,,) .
This is a general construction of a metric associated with a reproducing kernel
Hilbert space and is related to the themes we have been considering, see Section
9.2 of [3]. For the particular map f = f, we defined it is a consequence of (34)
and the definitions that f = f, will be an isometry from (B1, d,) into (Boo, d1/2)-

2.3.6 Hardy spaces on planar domains

Suppose now that = R, a domain in C with boundary I' = OR consisting of
a finite collection of C? curves. Suppose that f is a holomorphic map of R into
some B,,, that f extends to a C' map of R into B,, which takes I' into 9B,
which is one to one on I', and which satisfies the transversality condition

(f'(2), f(2)) #0for z €T (35)

which combines (20) and (18); recall that these two conditions are equivalent
for holomorphic embeddings. We denote the space generated by the kernel
functions k(z,y) = an(f(z), f(y)) by Hi(R). (This is a minor variation on
what was described earlier; here we do not require that f be injective on R.)

We want to study the relation between Hjy(R) and the Hardy space of R,
H?(R), which we now define. Let do be arclength measure on I' and define H? =
H?(R) to be the closure in L?(T',do) of the subspace consisting of restrictions
to I of functions holomorphic on R. We refer to [1] and [23] for the basic theory
of these spaces. In particular there is a natural isometric identification of H?
as a space of nontangential boundary values of a certain space of holomorphic
functions on R, we also denote that space by H?2. The choice of the measure do is
not canonical but all the standard choices lead to the same space of holomorphic
functions on R with equivalent norms. The Carleson measures for H? are those
described by the classical Carleson condition, measures p for which there is a
constant C so that for all r >0, z € T

w(B(z,7)NR) < Cr. (36)

That is, p satisfies the appropriate version of the simple condition (6). For small
positive € and z € T let £(2) be the inward pointing normal at z of length e.
Because the norm in H? can be computed as

Tim /F|f(z+5(z))| do

e—0*t

and those integrals are, in fact, the integration of |f |2 against a measure on R
which satisfies (36); we have that H? is saturated with respect to its Carleson
measures; H?2 consists of exactly those holomorphic functions for which

sup {/R ‘f|2 dM VRS CM(HQ)v ||/J’HCarleson = 1} < 00. (37)

(We note in passing that if a Banach space of holomorphic functions B is sat-
urated with respect to its Carleson measures then the multiplier algebra of B
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will be H*°: thus, by the comments following Theorem 2, the Besov-Sobolev
spaces BY (B,,) are not saturated for 0 < o < 1/2 except for the classical Hardy
space, n = 1,0 = 1/2.)

We saw earlier (Proposition 7) that as a consequence of the transversallity
condition the Carleson measures for Hy(R) are exactly those which satisty (36).
Hence every f € Hy(R) satisfies (37) and thus we have a continuous inclusion ¢

i:Hi(R) — H>. (38)

To this point we have only used that f is C'. We will be able to get much
more precise information about the relation between Hy(R) and H? if we assume
that f is C2. We now make that assumption.

The prototype for our analysis is the proof by D. Alpay, M. Putinar, and
V. Vinnakov [6] that if R = By, f is C?, and if the differential df is nonvanish-
ing, then Hj(B;) = H?(B;); the spaces of functions coincide and the norms are
equivalent. This insures that the spaces have the same multipliers. We know
from the classical theory that the multiplier algebra of H?(B;) is H°°(B;) and
hence the multiplier algebra of Hy(B;) is also H*>(B;). Application of the the-
ory of complete Nevanlinna-Pick kernels then gives an interesting consequence;
any bounded holomorphic function on f(B;) has a holomorphic extension to all
B,, which is bounded and, in fact, is in the multiplier algebra M BY2(B,)" Indeed,

this uses the fact that the multiplier algebra of Hy(B) is H*(B;) as follows.
If h € H* (f (B1)) with norm 1, then ho f € H*(B;) = My, (,) with norm
M < oo, and thus the matrices

m

(M2 = 0 ) FTGTb ()

ij=1

are positive semi-definite for all infinite sequences {zz};’il in By and m finite.
By the definition of k, this says that the matrices

(M2 = ) ) ()|

4,j=1

are positive semi-definite for all infinite sequences {w;};, in f(B;) and m
finite. Taking {w;};-, to be dense in f(B;), the Pick property for H? shows
that there is ¢ € Mp2 with ||go||MH2 < M and that agrees with h on {w;};,,

n

hence on f (B) as required. See [6] for details. (In fact there is a minor error
in that paper; a nonsingularity hypothesis is needed as shown by the map of
Biinto By given by f(z) = 2-%/2(22, z%). For this choice of f the space Hy(B1)
will not contain any g with ¢’(0) # 0. The hypothesis is needed to insure that
the function ¢~! constructed at the end of Section 3 of [6] has the required
properties. Also, the continuity properties of the function L in [6] follow if f is
assumed to be C2.)

We know the inclusion 4 is bounded, we now turn attention to its adjoint ¢*
mapping H? to Hy. We want to compute the norm ||i*g||,, for g a finite lincar
combination of kernel functions. We denote the kernel functions for Hj by
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k. = k(z,-) and those for the Hardy space H? by h,. It is a direct computation
that for any z, i*h; = k,. Thus if g = > a;h,, then i*(g9) = > a;k,, and

Sk 2
10155, = (Siaehon, Sy0ks, ),
=321 (kays Ky )y, = 30 j0idka, (25).

Alternatively, setting S = ii*, we have

2

=2.;,;0i0; <§hz“hwj>H2 .

. 2 . . &
%915, = (9,79}, = (S9.9)

Thus S is a positive operator on H? and we know S is bounded because we
know i is bounded. We record the consequence

<Shmhz>H = kq, (z;). (39)

We now give an integral representation of S and using that show that S is a
Fredholm operator. For h € H? define S by

Sh(x) = /ka(x)h(w)do(w), r € R.

In particular, setting h = h,, we have

In the last equality we used the fact that k() is bounded and conjugate holo-
morphic in w and that taking the inner product with h,, evaluates such a
function at z;. Hence we have

<Shr1 ’ hzj >H2 = kfz (x])

Comparing with (39) we conclude that S = S. Following [6] we now compare
the integration kernel for S with the Cauchy kernel. For w € ', { € R we set

Lw,¢) = (w— k() = %
(w=20)

(f(w) = £(Q) - f(w)
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The transversality hypothesis insures that L extends continuously to R x R and
that for w € T’ we have L(w,w) = (f'(w), f(w))~", a continuous function that
is bounded away from zero. We now write the integration kernel for S as

kalc) = 229 ?
L(w,¢) — L(w,w) L(w,w)
N w—C + w—"C
= kl,w(() + k?2,w(€)-

This lets us split S = S; + S3. The hypothesis that f be C? insures that k;
extends R x R with

f'(w) - f(w)
f

(w
2 (7)) T@)

a continuous function, and hence S; is compact. Along I' we can write dz(w) =
v(w)do(w) for a continuous function v which is bounded away from 0. Thus

kl,w (w) =

Sah(x) = L/F ! s(w)h(w)dz(w).

273, T —w
with s continuous and bounded away from zero. The operator

1 1

2m Jrr —w

Ph =

h(w)dz(w)

gives a bounded projection of L?(T',do) onto H? [1]. Thus Sy is a Toeplitz
operator with a symbol that is continuous and bounded away from zero. Hence,
by the Fredholm theory for Toeplitz operators, S is a Fredholm operator [1].
Hence S, a compact perturbation of Ss, is also Fredholm.

S is a positive Fredholm operator on H2. Hence Ker(S) is finite dimen-
sional and Ran(9) is the closed subspace Ker(S)+1. The restriction of S to that
closed subspace is an isomorphism of that space; one-to-one, onto, bounded,
and bounded below.

We can identify Hj with H%/Vf(x). In particular if P is any polynomial on
C™ then there is a function in Hj, of the form P = P o f. Furthermore we have
the norm estimate

121, = 1Pl v, < 1Pl

Using this and the fact that the polynomials are dense in H2 we conclude
that the set Bo(R) = {P} is dense in H},. Let A(R) be the algebra of functions
holomorphic in R which extend continuously to R, normed by the uniform norm.
Because f extends continuously to R the set By(R) is a subalgebra of A(R).
Let B(R) denote the closure of By(R) in A(R) and let B(R) denote the closure
of B(R) (or, equivalently, Bo(R)) in H2.
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Suppose now that we have f € H? in Ker(S). We know i is injective hence we
must have 7* f = 0. Thus, for any P € Bo(R), (i* f, P),, = (f,iP)py> = 0. Hence

Ker(S) C WL. When we pass to orthogonal complements and recall that
Ran(S) = Ker(S)* we find that Ran(S) D B(R). On the other hand S = ii*
and hence Ran(S) C Ran(i). We know By(R) is Hy-dense in Hy, and that i is
continuous. Thus we continue the inclusions with Ran(S) C Ran(i) C B(R).
Combining these ingredients we have Ran(S) = Ran(i) = B(R). In particular
we have that ¢ is a continuous one-to-one map onto its closed range and hence

must be a norm isomorphism of Hy(R) and B(R). In sum we have

Theorem 12 Suppose f, R, and B(R) are as described. Then B(R) has finite

codimension in H* and i is a norm isomorphism between Hy(R) and B(R).
If
dim(A(R)/B(R)) = s < . (40)

then the codimension of B(R) in H? is s. In particular if Bo(R) is dense in
A(R) then i is a norm isomorphism of Hy(R) onto H>.

Proof. We have established the first statements. Suppose now that (40) holds.
By work of T. Gamelin [25] we have a complete structural description of B(R).
The algebra B(R) can be obtained from A(R) by a chain of passages to subalge-
bras each of codimension one in the previous subalgebra. Each of these steps is
of one of two possible forms. One possible step consists of selecting two points
xz and y of R and passing to the subalgebra of functions which take the same
values at « and y. The other possibility is picking a point  in R and passing
to the kernel of a point derivation (in the algebra considered) supported at z.
In particular, at each step we pass to the kernel of a linear functional which
can extended continuously to H? and is thus given by an inner product with a
h € H?. (This is because the points z,y were in R, not in I'.) Thus there are s
elements in H? such that B(R) = A(R) N (span{hi, ..., hs})" . This insures that
when we pass to closures in H? we will have B(R) = (span{hy, ..., hs})L which
has codimension s. m

Corollary 13 If R is a domain in C with boundary consisting of a finite collec-
tion of smooth curves then the Hardy space H?(R) admits an equivalent norm
with the property that with the new norm the space is a reproducing kernel Hilbert
space with complete N-P kernel.

Proof. It suffices to find a mapping f of R into some B,, to which the previous
theorem applies and so that By(R) is dense in A(R). It is a theorem of Stout
[35] that one can find a set of three holomorphic functions {fi},_, ,; which
separate points, with each f; having modulus identically one on each boundary
component and such that there is no point at which all three functions have
vanishing derivative. In the same paper he shows that under these assumptions
the polynomials in the f; are dense in A(R). We now claim that the mapping of z
to f(2) = (f1(2), f2(2), f3(2))/+v/3 is a map to which the theorem can be applied.
To see that each f; has the required smoothness note that if one precomposes
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with a conformal map ¢ which takes part of the unit disc near 1 to the part of
R near a boundary point z then by the reflection principle the composite is real
analytic at 1. Hence near z the f; are as smooth as ¢ and the local smoothness
of ¢ is determined by the smoothness of I'. Also note that, assuming f; is not
constant, (f; o @)’ (1) # 0, for otherwise the image of a neighborhood of 1 under
the holomorphic map f; o ¢ would not stay inside the unit disk. In particular,
for each nonconstant f; we have f/ # 0 on I'. To finish we need to verify the
transversality condition (35). For z € T, for the nonconstant f;, f/(z)fi(z) # 0.
We need to insure that if several such terms are added there is no cancellation.
That follows from applying the following lemma to each of the f; and noting
that the number « in the lemma is determined by the geometry at the point z
but is independent of the function g. m

Lemma 14 Suppose R is a domain in C, v is a C? arc forming part of OR
and z € . There is a real number a so that for any g holomorphic on R with
lg(z)] = 1 on v, ¢'(2) # 0 and |g(w)] < 1 on the intersection of R with a

neighborhood of z we have ¢'(2)g(z) = €'“r(g) for some positive real number

7(g)-

Proof. First consider the case when « is part of the unit circle near z = 1
and locally R is inside the circle. By the reflection principle g extends to a
holomorphic function on a neighbourhood of z which insures that the hypotheses
about the boundary behavior of g are well formulated. We have g(1) = n with
|n| = 1. By conformality and the fact that g takes part of the circle to part of
the circle, the linearization of g must map the outward pointing normal at 1
to the outward pointing normal at 7. Thus g’(1) = nr for some positive r and
hence ¢'(1)g(1) = nrij = r as required. For the general case let ¢ be a conformal
mapping of the part of the unit disc near 1 to the interior of R near z which
takes 1 to z. If v is C? near z then ¢ will be at least C! at 1 and thus we can
apply the result from the special case to g o ¢. That gives

0<(g0¢)(Dgoe)(1) =g (6(1)¢'(1)g(6(1)) = g'(2)¢'(1)g()

and arg(g’(z)g(z)) is independent of g as required. m

Remark 15 A reason for taking note of this corollary is that, while it is known
that the classical Hardy space of the disc does have a complete N-P kernel,
the various classically defined norms on the Hardy spaces of multiply connected
domains do not have this property. (Actually it is not known if the property
always fails; it is known to fail sometimes and there are no known cases until
now using the classically defined norms where it holds.) Hence it is interesting
that the spaces do carry relatively natural equivalent norms with the property.
See [3] for further discussion.

Also, as in [6], we obtain extension theorems as follows. Suppose now that
we are in the situation of the previous theorem and (40) holds. As noted in that
proof, we will have Hy(R) = V+ where V is a finite dimensional subspace of
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H?(R) and the orthogonality is in H?(R). In that case the multiplier algebra
Hk)(R), MHk(R)7 will be

H*®(R) NHy(R) = H®(R) N V* = w*-closure of B(R) in H*(R).

The facts that multipliers must be bounded and that 1 € Hj.(R) insure My, (g)
is contained in that space. On the other hand if b € H*(R) then b multiplies
Hi(R) into H2(R). We then need to know that if b is also in V+ and that if
g € V= then bg, which we know to be in H2(R), is also in V. That is insured
by the fact that membership in V1 is determined by local conditions which have
the form that if two functions satisfy them then so does the product.

The fact that membership in V* is determined locally allows us to have a
more intrinsic description of the multipliers. First note that for any function
h in H*®(R) N H(R), the function Th defined on f(R) by Th(f(z)) = h(z) is
a function on f(R) which can be obtained by restricting a function in H2 to
f(R). This insures that given z € f(R) there is a neighbourhood V, C B,, and
a holomorphic function hf defined on V, such that h¥ = Th on V, N f(R). We
will say that a function j on f(R) that has this property, i.e. for each z in f(R)
one can find a holomorphic extension of j to a full neighbourhood of z in C",
has the local extension property. Suppose conversely that h € H*(R) is such
that Th has that local extension property. The function Th will then be the
uniform limit on compact subsets of V, N f(R) of polynomials. However any
polynomial on C" when restricted to f(R) gives a function of the form T'b for
some b € B(R). Thus at each point of R there is neighbourhood in which h
can be locally uniformly approximated by elements of a B(R).That insures that
the bounded function A is in the w*-closure of B(R) in H*(R) which, we just
noted, equals My, (R)-

We have established the following corollary.

Corollary 16 Suppose we are in the situation of the previous theorem and (40)
holds. If h is a bounded holomorphic function on f(R) and which has the lo-
cal extension property then there is a bounded function H in H? such that H
restricted to f(R) agrees with h; in fact H can be chosen in Mpy:z. If the codi-
mension s = 0 then the local extension property is automatically satisfied.

This result applies, for instance, to the maps f used in the proof of Corollary
13. A different type of example is the following. Pick and fix L > 1 and let R
be the ring domain R = R, = {z: L' < |z| < L} . Let f be the mapping of
Ry, into Be given by

2

f(Z) - C(Z,Z_l) with ¢ = m

In this case s = 0. By the theorem Hj, is isomorphic to H?(Rr) and by the
corollary f(Rp) has the extension property.

In fact, for this particular map there is no need for a general theorem. We can
define H?(R) using a computationally convenient boundary measure; let doy, -1
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and do, be arc length measure on the two circles which form OR and set dr =
(2rL=Y)"'dop-1 + (2nL)~'doy, giving mass 1 to each boundary component.
Let H?(Ry) be the closure in L2(OR,dr) of the rational functions with poles
off R or, equivalently, the closure of the space of polynomials in z and 1/z. The
monomials {z"} 7 are an orthogonal basis for H?(A) and we have

n|2 n —2|n
12" 52,y = LA™+ L7217 (41)

On the other hand Hj(R) has reproducing kernels

1
k(z,w) = az(f(2), f(w)) = 1— s — oL
—cZw — ¢z
The norm on Hy(R) is rotationally invariant and hence the monomials are again
an orthogonal basis. Thus to compare Hy(R) to H?(Ry) it is enough to compute
the norm of the monomials in Hy(R). Doing a partial fraction decomposition of

the reproducing kernel and then a power series expansion gives

4 = (zw)"
k(z,w)zﬂ Z (zw)

L2 -1 L2In
n=—oo
and hence )
", = g 2T
Hr L4 +1 :

Comparison with (41) shows that the identity map between the two spaces is
an isomorphism.

It is not clear what the natural hypotheses are to insure that (40) holds,
however results of B. Lund [26] and E. Stout [35] cover a large category of cases.
See also Theorem 3 of E. Bishop in [16].

Theorem 17 Suppose B(R) contains a nonconstant function hy which has
modulus identically one on OR. Suppose further that there are ha, ..., hy, in
B(R) so that the mapping H = (hy, ha, ..., h,) separates all but finitely many
points of R. Then

dim(A(R)/B(R)) = s < 0.

If in fact H can be chosen so that H separates every pair of points and the
differential dH is nonvanishing then s = 0.

Proof. The first statement is in [26], the second in [35]. (The result in [26] is
for the case in which H separates all pairs of points. The extension to the more
general situation is straightforward.) m

Other constructions which can be used to form maps f of interest in this
context are in [32] and [14].

Remark 18 It was pointed out to us by John M Carthy that by using Corollary
13 together with techniques from Chapter 14 of [3] it is possible to prove dilation
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and extension theorems for operators T which have spectrum in R and which
satisfy the operator inequality

I— Z?:lfi(T)fi(T)* >0,

where the f; are the functions from the proof of Corollary 13. We plan to return
to this issue in a later paper.

3 Inequalities on trees

We now recall some of our earlier results in [9] and [10] on Carleson measures
for the Dirichlet space Bs (B,,) on the unit ball B,,, as well as for certain By (7)
spaces on trees 7, including the Bergman trees 7,. By a tree we mean a
connected loopless graph 7 with a root o and a partial order < defined by
a < B if a belongs to the geodesic [o, 8]. See for example [9] for more details.
We define By (B1) on the unit disc and B2 (7) on a tree respectively by the

norms
o= | [

for f holomorphic on By, and

s+,

(1-1eF)

(1) )]

gy = D, If(@—fA)P+[fO)f] ,

aeT a0

for f on the tree 7. Here A« denotes the immediate predecessor of « in the
tree 7. We define the weighted Lebesgue space L? (T) on the tree by the norm

Hf”Lﬁ(T) = (Z |f(04)|2l~t(04)> )

acT

for f and p on the tree 7. We say that p is a By (7 )-Carleson measure on the
tree 7 if By (T) embeds continuously into L? (7), i.e.

1/2 1/2
<Zlf(a)2u(a)> <C<Zf(a)2> L fz0. (42

acT acT

or equivalently, by duality,

1/2 1/2
(Z I* (gp) (a)2> <C <Z g(a)Qu(a)> . g=0,  (43)

aceT aceT
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where

If(0)= Y [(8),

BeT: <

Fp@ =3 g@B)n®.

BET:L>a

If (42) is satisfied, we say that p is a Bg (7)-Carleson measure on the tree 7.
A necessary and sufficient condition for (42) given in [9] is the discrete tree
condition
> I'p@)?<Cr'u(a) <oo, acT, (44)
BeET: >
which is obtained by testing (43) over g = xs., @ € 7. We note that a simpler
necessary condition for (42) is

d(a) I"u(a) < C?, (45)

which one obtains by testing (42) over f = "6, = X[0,o). However, condition
(45) is not in general sufficient for (42) as evidenced by certain Cantor-like
measures y.

We also have the more general two-weight tree theorem from [9].

Theorem 19 Let w and v be nonnegative weights on a tree 7. Then,

1/2 1/2
(fo(a)Qw(a)> §C<Zf(a)2v(a)> . f=0,  (46)

acT aceT

if and only if
ZI*w(ﬁ)Qv(ﬁ)fl <ClI'w(a)<oco, a€eT.

BZ>o

We now specialize the tree 7 to the Bergman tree 7, associated with the
usual decomposition of the unit ball B,, into top halves of Carleson “boxes” or
Bergman “kubes” K,. See Subsection 2.2 in [10] and Subsection 2.4 in [36]
for details. The following characterization of Bs (B,,)-Carleson measures on the
unit ball B,, is from [10]. Given a positive measure u on the ball, we denote by
[ the associated measure on the Bergman tree 7,, given by i («) = |, K, du for
a € T,,. We say that p is a Bs (Bj,)-Carleson measure on the unit ball B,, if

(/ |f<z>|2du<z>)2 <Clflp. feBa .

and that [ is a Bs (7,)-Carleson measure on the Bergman tree 7, if

1/2 1/2
(Z If(a)gﬂ(oz)> SO<Z f(a)2> Lo fzo (48)

a€eT, a€eT,
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Theorem 20 Suppose p is a positive measure on the unit ball B,,. Then with
constants depending only on dimension n, the following conditions are equiva-
lent:

1. p is a By (By,)-Carleson measure on B, i.e. (47) holds.

2. = {i()},er, is a B2 (T,)-Carleson measure on the Bergman tree Ty,
i.e. (48) holds.

8. There is C' < 0o such that

Y Ii(B)? < CI'fi(e) < oo, a€T,
B>a

3.1 Unified proofs for trees

We begin with some notation. Let Gr be the set of maximal geodesics of 7
starting at the root. For o« € T let S (a) C Gr denote the collection of all
geodesics passing through « (i.e. that are eventually in the successor set S («)).
To unify considerations involving both the tree 7 and its ideal boundary G we
set 7% =7 UGy and let §* (o) = S (o) US («) be the union of the successor set
S () with its boundary geodesics. We suppose p, o, w, and v are finite positive
measures on 7 * with, for the moment, p, w and o supported in the tree 7, and
v supported in the boundary Gr.
We now give a short proof that the two weight tree condition,

Yo Ir'pP)’w(@) <Cil'u(a) <o, a€T, (49)
BeET: B>
implies the dual Besov-Carleson embedding (which is equivalent to (46) with
p=wand w=1/v).
Y I (gp)(@)’w(@) <C* Y g(@)ula), g>0, (50)
acT a€eT

Moreover, we will unify this result and the well-known equivalence of the Hardy-
Carleson embedding on the tree,

2
1
— dv < C? 2dv, >0 on Gr, 51
Z <|S(a)|u /S(a)f > o (a) ng f on yr (51)

acT

with the simple condition on geodesics,

Y 0B <CEIS(a),, a€eT. (52)

Bza

We rewrite (50) as

2
1 / * 2 2 2 *
e gdp | 8™ ()] dw(~)SC/ g°dp, g>0onT",
/T<|S (@), Js+(a) ) a .
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and rewrite (51) as

2
1
/ *7/ fdv | do(a) <C? fPdv, f>0onT*  (54)
7 \IS* ()], S*(a) T
Thus we see that the inequality (53) has exactly the same form as inequality
(54), but with |S* ()|Z dw (-) in place of do and p in place of v. Note that
the integrations on the left are over 7, where the averages on S* («) are de-
fined. Moreover, the tree condition (49) is just the simple condition (52) for the
NG

measures |S* (-)|, dw (-) and p:

SIS (B)Ew(B) < CFIS (a)],, a€eT.

Bza

In fact, if one permits v in (54) to live in all of the closure 7, then we can
characterize (54) by a simple condition, and if one permits o to live in all of 7*
as well, then the corresponding maximal inequality is characterized by a simple
condition. The following theorem will be used later to characterize Carleson

measures for the Drury-Arveson space B;/ 2 (B,). The proof can be used to
simplify some of the arguments in [9] and [10].

Theorem 21 Inequality (54) holds if and only if
S (@)], < CFIS* ()] aeT. (55)

More generally, if both o and v live in T*, then the maximal inequality

MFQ? (@ < [ Iffan forall fon T (36)

v

T*
where

Mf(C) =M (fdv)(¢) = sup

1 J/
. |fldv,
aceT:a<( |S (a)|u S*(a)

holds if and only if
8 ()|, < CFIS*(a)l,, aeT. (57)

Proof. The necessity of (55) for (54), and also (57) for (56), follows upon
setting f = Xs+(a) in the respective inequality. To see that (57) is sufficient for
(56), which includes the assertion that (55) is sufficient for (54), note that the
sublinear map M is bounded with norm 1 from L (7*;v) to L*>° (7*;0), and
is weak type 1 — 1 with constant Cy by (57). Indeed,

{CeT " Mf()>A CU{S"(a):aeT and Mf (o) > A},

and if we let A > 0 and denote by I" the minimal elements in {« € T : M f () > A},
then

HCeT - MF(QO) > M, <D IS (@), <C5 YIS (o),

aecl acl

syt [ s cpt [l

acl S
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Marcinkiewicz interpolation now completes the proof.
The proof actually yields the following more general inequality.

Theorem 22

Mf(()zdo (¢) < C? /T |f\2/\/l(d0)du, for all f on T*.

T *

Proof. Following the above proof we use instead the estimate

HCe T s MF(Q) > A, < 315" (@) Z‘S* 15" a)l,
acl’ acel’
;GF|S* - /S*(a)lfldv
< AT M (do dv (¢),
> /5 o OIME @i

which shows that M is weak type 1 — 1 with respect to the measures ¢ and

M (do) dv.

4 Carleson measures for the Hardy-Sobolev spaces

4.1 The case 0 >0

Given a positive measure p on the ball we denote by [ the associated measure
on the Bergman tree 7,, given by i (o) = | x,, dp for o € T,. We will often write

(@) for i () when no confusion should arise. Let o > 0. Recall that p is a
Bg-Carleson measure on B, if there is a positive constant C' such that

([ e <z>)é <Ol 55

for all f € BY. In this section we show (Theorem 23) that u is a B-Carleson
measure on B, if i1 is a B§(7,)-Carleson measure, i.e. if it satisfies

1/2 1/2
<Z 1f <a>2u(a)> <c ( ) [z—odwf(a)f) Cofz0 (59)

a€eT, a€eT,

which is (46) with w (a) = p (a) and v (a) = 27274) | The dual of (59) is

) 1/2 1/2
(Z [2ad<a>1*gu (a)] ) <C < > 9(@)%(@)) , 9=0. (60)

a€eT, acT,

Theorem 19 shows that (59) is equivalent to the tree condition

3 [W(ﬁ)]m(ﬁ)r <CI'p(a) < oo, acT,. (61)

Bza
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Conversely, in the range 0 < o < 1/2, we show that u is B (7,)-Carleson if u
is a BY (B, )-Carleson measure on B,,.

Theorem 23 Suppose o > 0 and that the structural constants A, 0 in the con-
struction of T,, (subsection 2.2. of [10]) satisfy A = 1 and § = mTz Let p be
a positive measure on the unit ball B,. Then with constants depending only
on o and n, conditions 2 and 3 below are equivalent, condition 3 is sufficient
for condition 1, and provided that 0 < o < 1/2, condition 3 is necessary for

condition 1:

1. pis a B (B,)-Carleson measure on B, i.e. (58) holds.

2. i = {p()},er, is a BS (T,)-Carleson measure, i.e. (59) holds with

w(a) = fK du, where T, ranges over all unitary rotations of a fized
Bergman tree.

8. There is C' < 0o such that

3 [2Ud<ﬁ>1*u (g)r <CI'p(a) < oo, a€Ty,
BZa

where T, ranges over all unitary rotations of a fixed Bergman tree.

Proof. The case o = 0 is Theorem 20 above, and was proved in [10]. Theorem
19 yields the equivalence of conditions 2 and 3 in Theorem 23.
We use the presentation of B (B,,) given by H}, with kernel function & (w, z) =

20
(ﬁ) on B, as given in Subsubsection 2.3.2. To begin we must verify that
this kernel is positive definite, i.e.,

Z a;G;k (2, 2;) > 0 with equality < all a; = 0.
i,j=1
Now for 0 < o < 1/2, this follows by expanding (1 —w - 2)720 in a power series,

using that the coefficients in the expansion are positive, and that the matrices
N

[(Z- Zj)€:| are nonnegative semidefinite by Schur’s theorem for £, N > 1.
i,j=1

There is however another approach that not only works for all o > 0, but also

yields the equivalence of the norms in Hy and B§ (B,,). For this we recall the

invertible “radial” differentiation operators R : H (B,) — H (B,,) given in

36] by

if(n+1+’y)f‘(n+1+k+’y+t)
r

it -
RV f(2) = m+1+y+t)T(n+1+k+7)

fk (Z)a

k=0

provided neither n 4+« nor n + v + t is a negative integer, and where f (z) =
> oo fr (2) is the homogeneous expansion of f. If the inverse of R7"" is denoted
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R, +, then Proposition 1.14 of [36] yields

1 1
i _
w ((1 —w- z)”“*”) (- )T (62)

1 1
R%t <(1 @ z)n-'r1+’y+t> = (1 W Z)n-l-l-l-’Y7

for all w € B,,. Thus for any v, R”! is approximately differentiation of order
t. From Theorem 6.1 and Theorem 6.4 of [36] we have that the derivatives
R f (2) are “L? norm equivalent” to 3y [ f® (0)] + f0™ (2) for m large
enough and f € H (B,). We will also use that the proof of Corollary 6.5 of
[36] shows that R gt is a bounded invertible operator from BJ onto the
weighted Bergman space A2, provided that neither n++ nor n+~y+ 242 4
is a negative integer.

Let £1(C) = (1—124)” and set dvg (C) = (1 — |2[2)*dA(C). Note from (62)
that

< o

_ v
(1-z-¢mre

provided t = n+ 14+ a —n and v = n — n — 1.The reproducing formula in
Theorem 2.7 of [36] yields

RTL(¢) =

—n+1l4a«

9= [ ao(sg) o

_ /}B 21, (Q) R (Q)dva (C) -

Now let S7* be the square root of R7** defined by

§77( Z n+1+’y)1"(n+1+k+w+t)fk(z).

F(n+l4+v+H)T(n+1+k+7)

Since RY* = (S7*)" $7 we have with ) = 20 that

Zazaj (i, 25) Zazaa / ST (C) ST, (Q)dva (€)

7,7=1 1,7=1

-,

is positive definite. Note that S7! is a radial differentiation operator of order %
so that SW’tR%% is bounded and invertible on the weighted Bergman space A2

Za SThen

i=1

dVa (C)

By

(e.g. by inspecting coefficients in homogeneous expansions). Thus with n = 20,
we also have the equivalence of norms:

nt+l4a—20 2
150 = [ 1575 @F dva @ % [ 0522 1 (O o O % U o,y
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For the remainder of this proof we will use the Hj, norm on the space B (B,,).

The next part of the argument holds for general Hilbert spaces with repro-
ducing kernel hence we isolate it as a separate lemma. Let J be a Hilbert space
of functions on X with reproducing kernel functions {j,(-)}.cx. A measure p
on X is a J-Carleson measure exactly if the inclusion map T is bounded from
J to L? (X, p).

Lemma 24 A measure i is a J-Carleson measure if and only if the linear map
£ =810 = [ Reie () f@du

is bounded on L? (X, p) .

Proof. T is bounded if and only if the adjoint T* is bounded from L? (X, 1) to
J, ie.
* g2 * * 2
1Tl =T £.T°F) 7 < Clflragn,  feL?w). (63)

For x € X we have
T*f () = (T*f,4u) 7 = (Fs T L2 )
/f W) jo (w)dp (w)
— [ @) £ (w) di (),

and thus we obtain
IT*fI% = (T* £, T f) ;
—( faut @ ditw). [t (@) <w'>>y
— [ [ i) 7 £ ) i () Tl ()
= [ [ ) 7 ) di ) Tl ).

Having (63) for general f is equivalent to having it for real f and we now suppose
f is real. In that case we continue with

I 1% = / / Re ju (w') £ (w) f (w') dps (w) dpe (')
= <Sf7f>L2(u)'

The last quantity satisfies the required estimates exactly if S is bounded; the
proof is complete.
The first of the two following corollaries is immediate from the lemma.
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Corollary 25 Suppose J and J' are two reproducing kernel Hilbert spaces on
X with kernel functions {j} and {j'} respectively. If Re j.(y) < cRej’(y) then
every J'-Carleson measure is a J-Carleson measure. If Re j,(y) ~ cRej.(y)
then the two sets of Carleson measures coincide.

Corollary 26 Suppose X is a bounded open set in some RF and 0X is smooth.
Suppose J and J' are two reproducing kernel Hilbert spaces on X with kernel
functions {j} and {j'} and that there is a smooth function h(z,y) on X x X
which is bounded and bounded away from zero so that

Ju(y) = ju(y)h(z,y).
Then the set of J'-Carleson measures and J-Carleson measures coincide.

Proof. In the proof of the lemma we saw that u was a J-Carleson measure if
and only if

FO=REO = [ 20 f@)in(o)
was a bounded operator on L? (X, u); and similarly for 5. Thus we need to
show that R is bounded if and only if R’ is where R’ is given by

FO) = RF() = /X 7 () F@)dp(z)
- /X G (e, ) F(@)d(z). (64)

However this follows from standard facts about bounded operators given by
integral kernels. For instance we could extend h to be a smooth compactly
supported function in a box in R2* which contains X x X. Then expand h (z, %)
in a multiple Fourier series - _ ,, a,) coe i Temia2y and substitute into (64).
This yields the operator equation

R/ = Z CaMe(ag)RMe(oel)

a=(a1,a2)

where the ¢, are Fourier coefficients and the e’s are unimodular characters and
the M,’s are the corresponding multiplication operators M (q)g (2) = e~"* g (2).
The M,’s are unitary and the smoothness of h insures that {c,} is an absolutely
convergent sequence. Hence if R is bounded so is R’. Because h is bounded away
from zero we can work with 1/h(z,y) to reverse the argument and complete the
proof.

In the case of current interest the lemma gives that p is a B§ (B, )-Carleson
measure exactly if we have estimates for

5T gy = [ [Re () 701 ) ) )
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for f > 0.

Now we use that

20 20

1 1
Re| ———— Sl ———
1—w-w 1—w-w

for 0 < o < 1/2, to obtain that u is BS (B,,)-Carleson if and only if

=

This inequality is easily discretized using that

20

f (w)dp (w) f (w')dp (w') < ClIfl1320,  F20.

1

Czd(a/\a/) <
“|1l-—w-uw

< C/ 2cl(oc(Uw)/\oz(Uw/))de7 (66)
Z/{TI,

for w € K, and w’ € Ko where o (Uw) denotes the unique kube K (g7, con-
taining Uw. The second inequality above is analogous to similar inequalities in
Euclidean space used to control an operator by translations of its dyadic version,
and the proof is similar (e.g. use (88) below and integrate over U,,). Using this
and decomposing the ball B,, as U,e7, Ky, we obtain that u is B (B,,)-Carleson
if and only if

> 20U @u(@) [ @) <C Y F@) ple),  [20,

a,a’ €T, a€eT,

where 7, ranges over all unitary rotations of a fixed Bergman tree. Now for
o >0,

220’d(o¢/\o/) ~ Z 220(1(7)7
y<aAa'

and so the left side above is approximately

> Y PO @ple) f@)ule) = 3 PO ()

a,a’ €T, v<aia! yeT,

Thus for 0 < o < 1/2, u is B (B,,)-Carleson if and only if (60) holds where 7,
ranges over all unitary rotations of a fixed Bergman tree. By Theorem 19, this is
equivalent to the tree condition (61) where 7;, ranges over all unitary rotations of
a fixed Bergman tree. However, we need only consider a fixed Bergman tree 7,
since if 1 is a positive measure on the ball whose discretization p7;, on 7,, satisfies
the tree condition, then its discretization py7, to any unitary rotation U7, also
satisfies the tree condition (with a possibly larger, but controlled constant).
Indeed, Theorem 19 shows that ugz, is B (7,)-Carleson, and hence so is the
fattened measure defined by

pr (@)= > pr, (B), acT,

d(a,8)<N
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Since pp7, is pointwise dominated by uth for N sufficiently large, pyr, is
Bg (7,)-Carleson as well, hence satisfies the tree condition (61) with U7, in
place of 7,,.

Finally, we note that in the case o > 1/2, the above argument, together with

the inequality
1 20
Re| ——— <
¢ (1 —w- w’) -

shows that the tree condition (61) is sufficient for p to be a B (B,,)-Carleson
measure. This completes the proof of Theorem 23.

‘ 1 20

4.2 The case 0 = 1/2: The Drury-Arveson Hardy space H?

The above theorem just misses capturing the Drury-Arveson Hardy space H2 =

B;/2 (B,,). If we take 0 = 1/2 in the above proof, then (65) combined with the
first inequality in (66) is weakened to the inequality

1 _Re(1-%-2)

R -
‘1-z.2 1—z- 2

> C+c22d(a/\a/)—d*([a]/\[a/]), re Ky, 72 € Ko,

(67)
(see below for the definition of d* ([a] A [@']) related to a quotient tree R,, of
the Bergman tree 7,,) which does not lead to the tree condition (61). We will
however modify the proof so as to give a characterization in Theorem 34 below
of the Carleson measures for H2 = 321/ ?(B,) in terms of the simple condition
(92) and the “split” tree condition (107) given below. We will proceed by three
propositions, the first reducing the Carleson measure embedding for H2 to a
positive bilinear inequality on the ball.

Proposition 27 Let p be a positive measure on the ball B,,. Then u is H?2-
Carleson if and only if the bilinear inequality

1 / /
L (Rt ) 1 a6 (2 < sl Dol (69

holds for all f,g > 0. Moreover, provided we use the H2 norm for Carleson mea-

sures (but not the 321/2 (B,,) norm) the constants implicit in the above statement
are independent of dimension n.

Proof. This is immediate from Lemma 24.

We will proceed from the continuous bilinear inequality (68) in two steps.
First we obtain Proposition 29 which states that (68) is equivalent to a family of
discrete inequalities involving positive quantities. In the section following that
we give necessary and sufficient conditions for the discrete inequalities to hold.

However before doing those things we introduce two additional objects asso-
ciated to the tree 7,. The first is a decomposition of 7, into a set of equivalence
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classes called rings. The rings will help provide a language for a precise descrip-
tion of the local size of the integration kernel in (68). Second, we introduce a
notion of a unitary rotation of 7,. As is often the case, when we pass from a
discrete inequality to a continuous one technical problems arise associated with
edge effects. We will deal with those by averaging over unitary rotations of 7,,.

4.2.1 A modified Bergman tree 7, and its quotient tree R,

We begin by recalling the main features of the construction of 7, given in [10],
and describe the modification we need. Recall that 3 is the Bergman metric on
the unit ball B,, in C™. Note that for each r > 0

S, =0Bs(0,7) ={z€B,:6(0,2) =r}

is a Euclidean sphere centered at the origin. In fact, by (1.40) in [36] we have
£(0,2) = tanh™* |2|, and so

1—|z)> =1 —tanh? (0, 2) (69)
4
T 228(0,2) 19 + ¢—26(0,2)
~ 4e72000:2)

for (0, z) large. We recall the following elementary abstract construction from
[10] (Lemma 7 on page 18).

Lemma 28 Let (X,d) be a separable metric space and A > 0. There is a

denumerable set of points E = {x;}°° "7

=1 and a corresponding set of Borel
subsets Q; of X satisfying

X =u2’Qy, (70)

=1
QimQj:¢7 Z#Ja
B(Zj,)\)CQjCB(SCj,?)\), 7> 1.

We refer to the sets Q; as qubes centered at x;. In [10], we applied Lemma
28 to the spheres S, for r > 0 as follows. Fix structural constants 0, A\ > 0. For

N € N, apply the lemma to the metric space (Syg, 3) to obtain points {sz}jzl
and qubes {Q;V}jzl in Sy satisfying (70). For the remainder of this subsection

we assume 6 = 11172 and A = 1.

However, we now wish to facilitate the definition of an equivalence rela-
tion that identifies qubes “lying in the same complex line intersected with the
sphere”. To achieve this we recall the projective space CP(n — 1) can be real-
ized as the set of all complex circles [(] = {eiSC cett ¢ ']I‘}, ¢ € 0B, in the unit
sphere (for n = 2 these circles give the Hopf fibration of the real 3—sphere). In

[5] an induced Koranyi metric was defined on CP(n — 1) by

d([n),[c]) = inf {d (¢"*n, ') : €, et € T}
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where d (n,¢) = |1 —ﬁ(\%. We scale this construction to the sphere S, by
defining P, to be the projective space of complex circles [¢] = {eis(: cets e "JI‘},
¢ € S, in the sphere S, with induced Bergman metric

B[] [¢]) = inf {8 (", e"¢) : €, e € T}.

For N € N, we now apply Lemma 28 to the projective metric space (Pyg, 8) to
obtain projective points (complex circles) {ij };,]:1 , J depending on N, in Pyy

and unit projective qubes {QY }j: | contained in Pg satisfying (70). For each N

. . M . .
and j we define points {ZJNZ }Z_: ,on the complex circle W§V that are approximately

distance 1 from their neighbours in the Bergman metric: 3 (ZJNZ, z%+1) ~ 1 for

1 <i <M (2941 = 21). We then define corresponding qubes {Q7};}, so
that Qév = UZ-Q%, and so that (70) holds in the metric space (Syg,3) for the
collection {Q;Vl}“

For z € B,,, let P,z denote the radial projection of z onto the sphere S,.. We
now define subsets K\; of B, by K = {z € B, : 3(0,2) < 6} and
KN ={2€B,: N0 <d(0,2) <(N+1)0, Pnoz € QY;}, N=>1landji>1

We define corresponding points cé\'l eK jNZ by
N _ N
cji = Pvgyyo (25) -

We will refer to the subset K JNl of B,, as a kube centered at cévi (while KY is

centered at 0). Similarly we define projective kubes K;-V = U; KN with centre

It
N _ N
G = P(N+%)9 (wi)-
Define a tree structure on the collection of all projective kubes

Rn = {Kév}zvzo,ja

by declaring that Kfvﬂ is a child of K;V, written K?H'l eC (K;V), if the projec-
tion Pnyg (Wf\]“) of the circle wfvﬂ onto the sphere Syy lies in the projective

qube Q;-V. In the case N = 0, we declare every kube K; to be a child of the root
kube K. An element K;-V is, roughly, the orbit of a single kube under a circle
action; thus we often refer to them as rings and to R, as the ring tree. One can
think of the ring tree R, as a “quotient tree” of the Bergman tree 7, by the

one-parameter family of slice rotations z — e**z, ¢*® € T.

We will now define a tree structure on the collection of kubes
_ N
T, = {Kj,i}Nzo and j,i>1

that is compatible with the above tree structure on the collection of projective

< Q 3 < N N
kubes R,,. To this end, we reindex the kubes { K; }NZO and juim1 35 {K] }Nzo,jzl

and define an equivalence relation ~ on the reindexed collection {K JN }j by
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declaring kubes equivalent that lie in the same projective kube: KN ~ K ,iv
if and only if there is a projective kube K;V such that KV, K € Kév. Given
KN €7, we denote by [K N ] the equivalence class of KV, which can of course
be identified with a projective kube in R,,. Define the tree structure on 7, by
declaring that KiNJrl is a child of KJN, written KiNH eC (KJN), if the projec-
tion Py (2, ') of 2! onto the sphere Sy lies in the qube Q). Note that

K2

by construction, it follows that [KZN +1] is then also a child of [K JN ] in R,. In
the case N = 0, we declare every kube K} to be a child of the root kube K.

We will typically write «, 3,y etc. to denote elements K ]N of the tree 7,, when
the correspondence with the unit ball B,, is immaterial. We will write K, for the
kube K ]N and c¢,, for its center cé»v when the correspondence matters. Sometimes
we will further abuse notation by using « to denote the center ¢, = c;-v of the
kube K, = KJN Similarly, we will typically write A, B,C etc. to denote
elements K;V of the ring tree R,, when the correspondence with the unit ball B,
is immaterial, and we will write K4 for the projective kube K;»V corresponding
to A when the correspondence matters. Finally, for a € 7;,, we denote by [«]
the ring in R,, that corresponds to the equivalence class of . The following
compatibility relations hold for o, 8 € 7,, and A, B € R,:

f<a= 4] <[d, (71)
B < A<= for every a € A there is 8 € B with § < a,

We will also need the notion of a unitary rotation of 7,,. For each w € B,
define (w) € 7, to be the unique tree element such that w € K, and de-
fine [w] € Ry, to be the unique ring tree element such that w € K, (here we
are viewing the projective kube K, as a subset of the ball B,). The nota-
tion is coherent; the ring containing w is the equivalence class in 7 containing
the kube K(,); [w] = [(w)]. Let U, be the unitary group with Haar mea-
sure dU. Recall that we may identify o with the center ¢, of the Bergman
kube K, (subsubsection 5.2.1 of [10]). If we define Ky-1, = U 'K,, then
{KU—la}aeTn = {U*IKa}aeTn is the Bergman grid rotated by U1, and

a=Uz)eUzcK,e2cU 'K, & 26 Ky, (72)

We denote by U~'7,, the tree corresponding to the rotated grid {Kv-1ataer, -
The same construction applies to obtain the rotated ring tree U~'R,,, and the
compatibility relation (71) persists between U =17, and U~ 'R, since [U _101} =
U~![a]. We also define (w),; € U™'T, and [w],; € U"'R, by w € K, and
w € K, respectively. Then from (72) we have a = (Uz) < U la = (z),.

We will also want distance functions with controlled behavior under unitary
rotations. We now extend the definition of the tree distance dy-17, and the
ring distance dy-1, on the rotations U7, and U"'R,, to B,, x B, by

delTn (Z,’LU) = delTn (<Z>U ) <w>U) ) Z,Ww € ]Bna
dy-1r, (z,w) =dy-1g, ([Z]U ) [w]U) z,w € By,
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We have the following identities:

dy—17, (z,w) =dg, (Uz,Uw),
dy-1wr, (z,w) =dg, (Uz,Uw).

We often write simply d when the underlying tree is evident, especially when
it is 7, or R,, and provided this will cause no confusion; e.g. d(z,w) =
dz, () , (w)).
Finally, we introduce yet another structure on the trees 7,, and R,,, namely
the unitary tree distance d* given by
d* (a, B) —Uléllgn dr, (Ucqa,Ucp) —Ulnf dy-17, (cascB),
d* ([a],[8]) = inf dgr, (Uca,Ucg) = Ulgz/ftn dy-1R,, (Cascp).

Uueld,

Note that the analogous definitions of d* on the rotated trees U7, and U1 R,

coincide with the above definitions, so that we can write simply d* for d} U7,
or df; 1 ~without ambiguity. We now define d* (a A ) and d* (A A B) in
analogy with the corresponding formulas for d; namely

2d" (a N B) =d* (@) +d" (B) —d* (0, B), a,BeUT,
2d* (AANB) =d*(A) +d* (B) —d*(A,B), A,BcU 'R,,
so that
d* (aAf) = sup dy-1z, ((ca)y Ales)y), @B €T,
vel,
d* ([e] A[B]) = sup dy-ig, ([caly Alesly) @B €T,
Uel,

The unitary distance d* on the ring tree R,, will play a crucial role in discretizing
the bilinear inequality (68) in the next section. (Actually d* ([a] A[F]) is a
function of the pair ([a], []) not of the ring tree element [a] A [5]. We indulge
in this slight abuse of notation because below d* ([a] A [8]) will have the role of
a substitute for d ([a] A [5]) .)

4.2.2 The discrete inequality

We can now state the discretization inequality.

Proposition 29 Let pu be a positive measure on B,,. Then the bilinear inequal-
ity (68) is equivalent to having, for all unitary rotations of a fized Bergman tree
7T, together with the corresponding rotations of the associated Ting tree R.,,, and
with constants independent of the rotation, the discrete inequality,

ST (@) <C Y lg@)fula), g>0, (73)

a€T, a€eT,
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where T}, is the positive linear operator on the tree T, given by,

= Y 2= d (N (5) 1 (8), €T (74)

BeT,

Equivalently, (73) can be replaced by the bilinear estimate

o i) (@) £ () ) g (@) () (75)

a,a’ €Ty,

sc{ > f(a>2u<a>} { > g(a’>2u<a’>} :

a€T, a'eT,

Nl=

where T, ranges over all unitary rotations of a fixred Bergman tree.

Proof. We first establish (75), i.e. we discretize the bilinear inequality (68) to
the following discrete bilinear inequality valid for all unitary rotations U 17,
of the Bergman tree 7,,:

S )= (N £ () p(a) g (o) o (o) (76)
a,a’ €U—1T,

<C Z f (a) Yoo og@)u@)y

acU— a’'eU—1T7,

Nl=
)l

for all U € U,,, f,g > 0 on U~ '7, and where the constant C is independent
of U, f,g. At a crucial point in the argument below, we need to estimate the
distance 1 — [z - 2/|* in terms of the tree structure, and this is what leads to
the associated ring tree R,, and the quantities d ([a] A [@/]) and d* ([o] A [/]).
Recall that a slice of the ball B,, is the intersection of the ball with a complex
line through the origin. In particular, every point z € B,, \ {0} lies in a unique
slice
S, = {(e 215y €' zn) 6 €0,2m)}.

We define two elements o and o of the Bergman tree 7, to be slice-related if
a ~ o where, recall, ~ denotes that the two elements lie in the same projective
kube. Now given «, o’ € 7T,,, let

[0,a] = {o,a1,...,a,, = a} and [0,a'] = {o,],....,al,, =}

be the geodesics from the root o to «, a’ respectively. We then have from (71)
that oy and «j, are slice-related if and only if £ < d ([a] A [&]).

It may help the reader to visualize d ([a] A [@']) in the following way. Imagine
that each slice S is thickened to a slab S of width one in the Bergman metric.
Thus in the Euclidean metric, a slab S is a lens whose “thickness” at any
point is roughly the square root of the distance to the boundary of the ball
OB,,. Moreover, given z € B,,, we denote by S, the slab corresponding to the
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slice S, but truncated by intersecting it with B (0, |2|). The slabs S, and S,
associated with the unique slices S., and S._, through ¢, and ¢, will intersect in
a “disc” of radius roughly d ([a] A [¢/]) in the Bergman metric - at least this will
be the case for a “fixed proportion” of pairs (a, '), and will be literally true for
all pairs with the unitary quantity d* ([a] A [@/]) in place of d ([a] A [@']). Note
from this picture that o ((aja[e) is the exit point Eq o of the geodesic [o, o from

the slab S, associated to the slice S,/ through c,/, and similarly, a&([a]A[a,D is

the exit point E,a’ of the geodesic [0, /] from the slab S,. Both points have
the same distance from the root. Note that we can also define E, « as the
intersection of the geodesic [0, a] with the ring [a] A [@/], which we will denote
by Elqjajarj. Finally, note that since d([a] A [@]) = d (Ewa) = d(Eya’) and
a Ao’ = oy where ¢ = max {k : g, = o}, }, we have that d ([a] A []) satisfies

dlaNd) <d([a] Ad]) <min{d(a),d(a)}. (77)
The key feature of the quantity d ([a] A [@']) is that g—d(leln[e]) 4 essentially

1—|z-2) for z € Kq, 2 € Ko. More precisely, for each z, 2’ € B, there is a
subset ¥ of the unitary group U,, with Haar measure |X| > ¢ > 0 and satisfying

2~ WAV <1 7.7, Uex, (78)

1-z- 2 < e W= - ey,
In particular, in terms of the unitary ring distance d*, we have the equivalence
1— |z 2/ ~ 27 (BN, (79)

The full force of the first inequality in (78) will not be used until the next
subsubsection when we prove the sufficiency of the simple condition and split
tree condition for (75). To prove (78), let S = S, be the slice through z, S = S,
the corresponding slab, denote by P projection from the ball onto S, and by @
its orthogonal projection, so that

Pw:%z, Qw = w — Pw.
z

If d = d([z] A []), then (2'), is the exit point E.y (") of [0, (2")] from the slab
S. Since S is a lens whose Euclidean “thickness” at any point is roughly the
square root of the distance from the boundary, we have

@ (e, )| < 0278 = 0271,
Since 2" € K.,y where (z') > (2),,, we also have
Q)] < 273,
It now follows that
L=z 2 = 1= 2P [P = 1= |2 (1- Q=)
<1—|zf* +C?27d
< 2o,
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and since this argument works for any Bergman tree U7, this yields the
second inequality in (78).

To obtain the first inequality in (78), we use a standard averaging argument
as follows. Given U € U,, if d = d([Uz] A [UZ']), then ((2');;), is the exit point
By, (#)y of [0,(2")y] from the slab S. Since () lies outside S, and

d+1
since S is a lens whose Euclidean “thickness” at any point is roughly the square

root of the distance from the boundary, we have

’Q <0(<z'>u)d+1>

Since 2’ € K.y, where ('), > ({')y;)

> e 3 (()0),) = ot

dy10 We thus also have

Q ()| > 273,

for U in a subset X of the unitary group U,, such that |X| > ¢ > 0 (the third
line of (70) is used here). It now follows that

L= [z 2P = 1= |2 1P =1 - |2 (1= 1QT°)
>1— [z (1—c*279)

> 294 — 622—d([Uz]A[Uz’]),
for all U € 3, which yields the first inequality in (78).

The main inequalities used in establishing the equivalence of (68) and (76)
are (67), i.e.

Re % >c+ cde(aAo/)fd*([a]/\[a’D7 z€ Ky, 2 € Ky, (80)

—Z-z
for all o, € U7, U € U, together with a converse obtained by averaging
over all unitary rotations U~ '7,, of the Bergman tree 7,,,

Rep—— <0+ C [ @) c @D s
"z Up

This latter inequality is analogous to similar inequalities in Euclidean space used
to control an operator by translations of its dyadic version, and the proof given
below is similar.

To prove (80) and (81), we will use the identity (Lemma 1.3 of [36])

z,w € Bp,a €B,, (82)

1= @a (w) - ¢a (2) =

the fact that the Bergman balls Bg (a,r) are the ellipsoids ([31], page 29)

. |PaZ*Ca‘2 |Qaz|2
Bs(a,r) = {z €B,: 122 + 0, <1y, (83)
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where
(=) 1l

1—22a® " 1—2]a*’

and t > 0 satisfies Bg(0,r7) = B(0,t), and the fact that the projection of

a

Bg (a, 1) onto the sphere 9B, is essentially the nonisotropic Koranyi ball @ (gl’ 1-— |a|2>
given in (4.11) of [36] by

Q(¢,0)={nedB,: N -7-C|* <5}, (eoB,. (84)

Indeed, if ¢, is the center of the Bergman kube K, then the successor set
S (a) = Ug>o K consists essentially of all points z lying between K, and its
projection onto the sphere, and from (83) and (84) we then have

S (o) ~ {z €EBn:|l—cq 2| <1—|cal® m2_d(°‘)}
in the sense that if
Sc (w) = {ZGBn 1 —w- 2 SC(l— |w|2>}7
then there are positive constants ¢ and C' such that
Se(ca) € S (a) C S (ca),

where
Sc (ca) = {z €B,: |l -7 2| < Cg—d(a)}_

Using (82) with a = ¢4, w = 4 (w) and ¢ = @, (z), we see that
|1_EC|§C7 W,CGKOM
since |w|, |z| < p < 1 for w,( € K, and it now follows easily that

1-T- (<027, weS(a), =
1-5-¢12 2, weS(a).¢ ¢ Sol).

Now fix U €U, a e U T, o/ €U T, 2€ Ky, 2 € Ky and let f=a Ad’
be the minimum of o and o’ in the Bergman tree. From the first inequality in
(85), we obtain

[1—%7 2] < 2790 = cpdlene’) (86)

-_— ! .
We now write % = e, where by localizing z and 2’ to lie close together near

the boundary of the ball, we may assume that both |6| and 1— |2’ - z|2 are small,
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say less than € > 0. We then have
Re(l—z-2)=(1—z-2|)+|z- 2| (1 — cosh)
1—|E.z’|2> + (1 — cos®6)

Iz z’|2> Fm(1—z )P

(

= (1—|E-z/|2) +sin? 0
(
1

— 41—z = Re(1—%- ).

However, for £ > 0 sufficiently small, we may absorb the last term |Re (1 — Z - 2/) \2
on the right side into the left side, to obtain

1 1-2-2)) 1—|z-2
:Re( zz)% |z - 2| 41 (87)

Re —
1-2z-2  J1-z-27 |J1-z-2

Note that (87) persists for all z, 2’ € B, since if z and 2’ do not lie close together
near the boundary of the ball, then |1 —Z- 2| > ¢ > 0.
Using (86), (87) and (79), we immediately have the lower bound

R S >+ c22d(aAa/)_d*([O‘]A[QID7 2 €Ky, 2 € Ky,

¢ 1-2z-2
which is (80). To obtain the converse (81), we use the third line in (70) to note
that for fixed z, 2’ € B, there is a subset ¥ of the unitary group U,, having Haar
measure bounded below by a positive constant ¢, and such that for each U € ¥,
ifac U T, o/ €U, 2€K,, 2 € Ky,and f=a Ao € U717, then z
and 2’ do not lie in a common child v € U~'7,, of 8 (we may of course replace
“child” by an “¢-fold grandchild” with ¢ sufficiently large and fixed). From the
second inequality in (85), we then obtain

-7 2| > ) pes, (88)

and combined with the second inequality in (78), (87) now yields (81) upon
integrating over Haar measure and using |X| > ¢ > 0.

Now (68) is invariant under unitary transformations, and so (80) for the tree
U~17, immediately shows that (68) implies (76) (note that we are throwing
away the constant lower bound of ¢ in (80)).

Conversely, for U € U, let f (U‘la) = fU’IKa fdX\, and v (U‘la) =
fU*l K. dv be the function and measure discretizations of f and v respectively
on the rotated Bergman grid { Ky -14},e7, - From (81) and (72) the left side of
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(68) with f = g satisfies

/ / <Re1_1z.f> F()du () f(2)du(2)
<C///f )dp(2') f (2) dp(2) dU

22d ((Uzyn(U="))
+c/ / / S e () f () dis () U
=I+1I.
Now p is a finite measure and from Cauchy’s inequality, we obtain that
2
I <O\ fllz - (89)

For each U € U,,, we decompose the ball B,, by the rotated Bergman tree U ~'7,
to obtain

1I = C’/

Now let (fdu)y = (fdp) o U™! for each U € U, so that f(2')du(z') =
(fdu)y (UZ'). Then if we make the change of variable w’ = Uz’ and w = Uz in
the inner integrals above, I1 becomes

22d(aAa)
/ZEK /K ey (N ] () da () dU

”aaeT

22d a/\a)
/eK /EK s@nEn Sy (W) (fdu)y (w) ¢ dU

Un a,a’ €T,

22d(a/\a') I
-¢ u Z W(fd'“)U (@) (fdp)y (@) ¢ dU.

a,a’ €T,

Now we write

1 —
(fdu)y (@) = /UlKa fdu = (W /UlK(, fdu) 1 (U 1a) ,
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so that we obtain an estimate for I7 from (76) as follows:

2d(a/\a>
e[ 35 s G @) (g ©) U (90)

ozozE n

<C 22d(0¢/\0¢l) 1 J U_l ,
/ 20" (@l \ UKL, / 1Kalf'u p(Ua)

aaET

1 / .
X | — fdu | p (U ) p dU
<U1Ka|u S ) ( )}
) 2

<C 7/ fdp | p(Uta) pdU

U, QZ <|U_1Ka|u U1K, ( )
<C / FPdpp dU = C | fll720

M{z; . 1122

Combining the estimates (89) and (90) for terms I and 11, we thus obtain the
bilinear inequality (68) when f = g, and this suffices for the general inequality.
This completes the proof of the equivalence of (68) and (76).

Now (76) can be rewritten as

Y @ {Tug (@)} (@) < C 1l 9l » (91)

a€eT,

for all f,g > 0 on 7, and where T}, is given in (74):
_ Z 22d(o¢/\a/)—d*([o¢]/\[a/])g (Oé/) M (O/) )
a’'eT,

Upon using the Cauchy-Schwartz inequality and taking the supremum over all
fwith [[fls2(,) = 1 in (91), we obtain the equivalence of (91) and the discrete

inequality (73), where 7,, ranges over all unitary rotations of a fixed Bergman
tree.

4.2.3 Carleson measures for H2 and inequalities for positive quanti-
ties

Using Propositions 27 and 29, we can characterize Carleson measures for the
Drury-Arveson Hardy space H2 by either (68) or (73). Recall that 1i(a) =
p(a) = [k dpfor a €7,

Theorem 30 Let i be a positive measure on the ball B,, with n finite. Then
the following conditions are equivalent:

1. p is a Carleson measure on the Drury-Arveson space H2,
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2. u satisfies (68),
3. [ satisfies (73) for all unitary rotations of a fixed Bergman tree.

In Proposition 33 of the next subsubsection, we will complete the character-
ization of Carleson measures for the Drury-Arveson space by giving necessary
and sufficient conditions for (73) taken over all unitary rotations of a fixed
Bergman tree, namely the split tree condition (107) and the simple condition
(92), both given below, taken over all unitary rotations of a fixed Bergman tree..
We record here the necessity of the simple condition.

Lemma 31 If p is a Carleson measure on the Drury-Arveson space H2, then
1 satisfies the simple condition,

21 (a) <C,  a€eT,. (92)

Recall that po = 1 and that 0 = 11172 so that 1 — |w|2 ~ 2—d@) = g—pod(e)
for w € K.
Proof. (of the lemma) In fact the analogous statement holds for all o > 0.
Recall from Subsubsection 2.3.2 that Bg (B,,) can be realized as Hj, with kernel

20
function k (w, z) = (#> on B,,. This function satisfies

1—w-z
2 20
1 \* B 1
1—-w-z Tl - |w|? '
B3 (By,)

Testing the Carleson embedding on these functions quickly leads to the desired
estimates.

Later we will use the fact that the condition SC(1/2) is sufficient to insure
the tree condition with ¢ < 1/2. Rather than prove that in isolation we take
the opportunity to record two strengthenings of the condition SC(c) each of
which is sufficient to imply the corresponding tree condition (3). Either of the
two suffices to establish that, given any e > 0, the condition SC(o + €) implies

(3)-
For 0 > 0. We will say that a measure u satisfies the strengthened simple
condition if there is a summable function h(-) such that

220 %1 (o) < Ch(d (), a€T,, (93)
For 0 < p < 1 we say that p satisfies the ¢P-simple condition if
1
20Uy u(@) <C. €T, (94)
B2a
Note that the choices h = 1 and p = 1 recapture the simple condition SC(o):
220d(o¢)1*‘u (Oé) <C.
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Lemma 32 Let 0 > 0. If p satisfies either the strengthened simple condition
(93), or the (P-simple condition (94) for some 0 < p < 1, then p satisfies the
tree condition (3).

For the particular case when pu is the interpolation measure associated with
a separated sequence of points in the unit disk the result about the ¢P-simple
condition is Theorem 4 on page 38 of [34].
Proof. The left side of (3) satisfies

Z 220’d(’y)]-* Z Z 220d('y)u (5) L (5/)

Y>> 6,0’ > a<y<ING'

§ C Z 220d(6/\5')u (5) L (5/) )

6,0’ >

If (93) holds, then we continue with

S 220 5y (0 < ST () Y 2271 ()

5,0'>a >a a<B<s

<CY p(d) Y, h(d(B)

5>a a<pB<s

<02u =CIu(a),

which yields (3). On the other hand, if (94) holds with 0 < p < 1, then we use

p(8) p(8) < (8P (8 + (8 (8"

together with the symmetry in § and ¢’, to continue with

Z 920d(518) 5 Z” 5)2P Z 920d(5) Z/‘(‘S/)p

5,6’ >a > a<p<s 8>
<C Z M (5)2—10 Z 920 (1—p)d(B)
>« a<p<éd
< Cp Z I (5)2—17 220(17p)d(5)
>

which again yields (3). The final inequality here follows since
-p

- o(l— o 1=p * o 1
11 (8) 7P 220(1=P)d() _ (M(5) 92 d(a)) < (I 11 (5) 22 d(5)> <C

by the usual simple condition, an obvious consequence of (94) when 0 < p < 1.
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The two conditions in the lemma are independent of each other. We of-
fer ingredients for the examples that show this but omit the details of the
verification. Suppose o = 1/2 and let 7y be the linear tree. The measure
p(a) = 274 satisfies (94) for any p > 0 but fails (93) for any summable h.
Now consider the binary tree T;. Set pn (o) = 27V N1 (log N) 2. With the
choice h (n) = n=!(logn)~2,n > 2, the measures uy satisfy (93) uniformly in N.
However with the choice of v = o the left side of (94) is 2~ N+N/P N~1(log N)~2
which is unbounded in N for any fixed p < 1.

4.2.4 The split tree condition
The bilinear inequality associated with (73) is

D F@Tug (@) pla)= Y 22HerO=dUrED 1)) (@) g (8) (95)

acT, o,Be€T,
SC(Z f(a)2u(a)> <Z g(a)2u(a)> :
a€eT, acT,

By Theorem 30 and Lemma 31, the simple condition (6) is necessary for (95).
We now derive another necessary condition for (95) to hold, namely the split
tree condition (7). First we set f = g = xg() in (95) to obtain

S 2= (INBD  (a) u (B) < CI*p(n),  n € T
a,B>n

If we organize the sum on the left hand side by summing first over rings, we
obtain

22d (anpB) 22d(a/\ﬁ)
Z Z 9d" (ANB) saanm M (@) (B Z Z Z 9d-(anB) () e (B).-
A,BER, a,B>n CERn A, BER. a,B>n
a€A,BEB ANB=C acA,BeB

Now define A A B = C' to mean the more restrictive condition that both A A
B = C and d* (A A B) — d(C) is bounded (thus requiring that A A B is not
“artificially” too much closer to the root than it ought to be due to the vagaries
of the particular tree structure). We can then restrict the sum over A and B
above to A A B = C which permits 2% (4"B) to be replaced by 2%(¢). The result
5 22d(0¢/\ﬁ)

> > X —sacy (@ pB) <CTu(m), 1€ T

CERn A,BER, a,f>n
AXB=C aeA,BeB

This is the split tree condition on the Bergman tree 7,, which dominates the
more transparent form

DD 2k N ru(G) I'u(d) < CIu(n),  ne T,

k20y2n (8.6")€6™ (v)
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with v = a A 3 and k = d(c) — d(v), where as in Definition 1, the set G*) (v)
consists of pairs (8,6") of grand®-children of y in G*) () x G*) () which satisfy
SN =7, [A%6] = [A%§'] (which implies d ([6], [6']) < 4) and d* ([0],[6']) =4
Note that G(© (y) = G (v) is the set of grandchildren of .

To show the sufficiency of the simple condition (6) and the split tree condition
(7) taken over all unitary rotations of a fixed Bergman tree, we begin by claiming
that the left hand side of (95) satisfies

92d(anB)

>y st (@) g (8)

A,BER,, acEA
BEB

22d(a/\ﬁ)

<c / S > e fal@an(®) U, (96)

CeU-1R, A, BEU 'R, aE
AAB=C

To see this we note that from (78) and (79), we have
d* ([2] A [2]) < d([U2] A [UZ]) + C,

for U € ¥ where |X| > ¢ > 0. Moreover, this inequality persists in the following
somewhat stronger form: for any fixed rings A, B associated to the tree R,
there is ¥ with |X| > ¢ > 0 such that for any U € X, if A, B’ € U~'R,, satisfy
ANA # ¢,BNB # ¢, then d(A’ A B") — d* (A A B) is bounded and hence
A" A B'= A" ANB'. Thus

22d(a/\,6)
Z Wfﬂ( o) gp (3)

acA
BEB

22d(a/\ﬁ)

< C/ > > aoy frl@)gu(B) dU

Un  crey- IR, «a€A’,BeB’
A/ B/ C/
AmA/ BNB'#¢
as required. Thus it will suffice to prove that (6) and the split tree condition
(7) for the tree U7, imply

22d(a/\ﬁ)

> X > ae @) (97)

CeU~'R, A,BEU 'R, €A
ArB=C BEB

<C ( > f(a)Qu(a)>
a€T,

with a constant C independent of U € U,,. Without loss of generality we prove
(97) when U is the identity.

Nl

<Z g(a)Qp(a)> 7

a€T,
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Define the projection Po from functions h = {h(a)}, ., on the ring A to
functions Poh on the ring C (provided C' < A) by

Pch =4 > h(a)

acA
az>y ~eC

We also define the “Poisson kernel” P¢ at scale C' to be the mapping taking
functions i = {h (v)}.,cc on C to functions Pch = {Pch (7)},cc on C given
by
22d(’y/\'y') ,
Pech=14 > Wh ()

Yy EA yeC
Now if f4 denotes the restriction x4 f of f to the ring A, we can write the left

side of (97) as approximately

S S S Pe(Pe(far) (7) Pe (gr) ()

CeRy A BeRn yel
AXB=C

Z Z (Pc (Po (fap)), Po (g1)) e

CeR, A, BER,
AAXB=C

where the inner product (F,G). is given by >
we notice that the Poisson kernel

vec F(v) G (7). At this point

, 22d('y/\'y')
Pc (v,7) = Tod(©)

is a geometric sum of averaging operators A’é with kernel
AL (7,7") = 24D F X Ly Ay =d(C) -}
namely
= 27FAL (1) (98)
We now consider the bilinear inequality with Po replaced by A%:
D> (AL(Pe(fam), Pe(g8m) e < Cliflleg l9llegy - (99)

CeR, A, BER,
AAB=C

The left side of (99) is
> 24N (Po(fan), Pe(gm)) e

CeRn A,BER,
AAB=C
= > 24938 N I (fam) (N I (gBr) ()
CeRn, v€C | A,BER,

AXB=C
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For fixed v € C, we dominate the sum )" , BeR,:AxB—C 1 braces above by

SO I (fam) (DI (gBr) (7) < T (f1) () (9) (7)

ple
U NI () (N + > T (fu) () I (gp) (8).
d*?g],e[g’(];):4

The first two terms easily satisfy the bilinear inequality using only the simple
condition (92). Indeed,

24N (fm) () (gp) () = Y 27T (F) (9) (g) ()

CeRL yeC yET,

=Y 1% Mg )

€T,
11(27f 1) He?(y) g1l -

IN

Now the inequality ||Z (27 fu) H 2y S Ol can be rewritten

Z Ih (%) )y<C Z h(7)? 272400 4 (),

YET, YET,
which by Theorem 19, is equivalent to the condition

Y ru()?2Mu(y) <Cru(e), act,

Yo

which in turn is trivially implied by the simple condition I*p (v)? 229" < C2.
It remains then to consider the “split” bilinear inequality

S 20 ST () () (9) () < Cllf g 9z (100)
€T, 5,6'€G(v)
a*([e),['])=4
or equivalently the corresponding quadratic inequality obtained by setting f =

g:
Y2 T Fm @I (@) <C Y fla . (101

v€T, 5,6'€G(v) a€eT,

a([a).[o']) =4

Note that the restriction to k = 0 in the split tree condition (7) yields the
following necessary condition for (101):

S o2t N Pu(G) () < CI'p(e),  a €T, (102)
Yz 8,6'€g(v)

a ({3, [0']) =4
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We now show that (102) and (92) together imply (101). To see this write the
left side of (101) as

i s o U O 1 (70 (3)

a*([3).[o"]) =4

and using the symmetry in 4, " we bound it by

€T, 8,6'€G ()
d*([0],[6'])=4
I* (fp) (6) ? d(A268) 7= * ’
-y (R S 2D () ().
aeTn( I (9) ) 8'eg(A%s
a* (1],[¢])=4

By Theorem 21, this last term is dominated by the right side of (101) provided
I'o () < CI*pu () for all o € T, where o (9) is given by

o@)= Y 20 ).
§'eg(A?s)

@ (131, (o]

This latter condition can be expressed as

STl N @) u () +2049 ST P (Aa) I ()

4

Y=o 5,6'€G(v) 8'€G(AS)
a* ([6,]6])=4 a*((o1,[6'])=4
(103)
ol N P (A2) Iu(8) < CIfpa),  aeT.
§'eG(A%s)
@ (11[5")) =

Now the necessary condition (102) shows that the first sum in (103) is at most
CI*11 (), while the simple condition (92) yields 244 %1 (§") < C, which
shows that the second sum in (103) is at most CT*u («). The third sum is
handled similarly and this completes the proof that (99) holds when both (102)
and (92) hold.

To handle the averaging operators Ag for £ > 0, we compute that for D €

63



R,

Z Z (AL (Pc (fam)), Po (gB1))

cec(-1) (D) A,BER,,

AAB=C
= ¥ o 2497 N Po(fap) (7) Pe (gsi) (7)
ceclh— 1)(D)ABER v,7' €C
B=C d(yAy')=d(D)

Yoo 2NN ST Po(fam) () Pe(gsp) (V)

ceck=1) (D) 5,6'eD ~,4'€C ABER,
d(s,8")=2 720 AIB=C
/>6I

Summing this over all rings D € R,,, and then summing in k£ > 0, we obtain

> > <Z 27FAL (Po (fap)), Po (gBu)>

CeRp A, BER:AAB=C \k>0

=Y 2k Y > (AL (Pe(faw), Po(9sm)

k>0 DER, CeCk—1)(D) A,BER,
AAB:C

=> > Y 2197w,

k>0 DER, CeC=1) (D)

The term (x) is

() = Z > Po(fam) (v) Po(gsp) (7)

6,6'eD cC A,BER,
d(&,é) 272 zé’A*B:C

and it satisfies (x) < I+ IT + ITT with

I= Yo Uwm | D Polgsm) ()

4,6 v,y €C B>C
( )27>5w>y

Z S S Pe(fam () | (g ()

wveC A=C
d( 6’) 27>6,7' 20’

mr= > > Y Po(fap)(v) Po(gsm) (7).

5,6'eD ’y’yec A,BER,
d(5,6")=2 720 28" ALB=C
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We now analyze these sums in terms of the operator I*. The first two, I and
11, are are similar to each other and can be controlled by the simple condition

92) alone. Indeed, Pe (gp) () = " (7') and
B>C

> Yoo A2 NT N () Iy

k>0DER, | Ceck=1) (D) 5,8'eD  ~4€eC
d(8,6')=2728,'28

has bilinear kernel function K (v, 8) = 24" =2% wwhere k = d (y) —d (y A+') and
~" is the unique element of the ring C = [y] with 8 > +/. Since d(yA ) =
d (v Av"), we thus have

K (v,8) = od(m)=2(d(v)—d(vny')) — 92d(v3)—min{d(7).d(5)}

and the case r = 1 of Theorem 36 below shows that this kernel is controlled
by the simple condition. We now turn to III. Using (+) to denote a set of
summation indices:

(+) = {nn - A%, A% € C.d(nAn) = d (D) + 1,d* ([n] A[n']) = 4}
we can rewrite 111 as

I = "1 (fu) () T (gp) () -

(+)

Setting f = g we see we must show that

Yo > 2" () I () () < Cllf 7 - (104)

k>0 DER,, Cech—1) (D) +)

Just as in handling the bilinear inequality for A% above, we exploit the symmetry
in n,n" to obtain

SN ST 24O () () I (fu) ()

k>0 DeR, CceCk—1) (D) (+)
_ . . I (fp) () I* (fu) (f
SY S Y O i ) O U )
k>0 DER, CeCck—1)(D) (+) AT HAn

d(C)—2k * * n (T (fie) (n) ?
<Xy X s (ST

k>0 DER,, CeCk—1) (D)

Now we apply Theorem 21 to obtain that the last expression above is dominated
by the right side of (104) provided we have the condition, for « € 7y,.

MDD > 2NN ) Ip () p < CIMpu(a) (105)

nn>a | k>0 DER, cecte—1) (D) )
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As before, this condition is implied by the simple condition (92) together
with the restriction to & > 0 in the split tree condition (7):

SO 20k N Pum) () <CIp(e), a€T,,  (106)

k>072a n.n' €G™ (v)

where we recall the notation from Definition 1,

_ 2 _ 2/
R e

We now show that (105) is implied by the simple condition (92) together with
(106). The proof is analogous to the argument used to establish that (92) and
(102) imply (103) above. We rewrite the left side of (105) as

o> ¥k N I u(n) I () + REST.

k>0v>a (77777/)69(}9)(7)

Now the terms in REST that have n = « are dominated by

SO Y )

k>0 n' €[n]
d(n/\n'):d(a) —k

< Z 2d(a)72k1*‘u (O{) Z 02711(04)

k>0 ' €[n]
d(nan')=d(a)—k
<CY 27 p(e) < CI'p(a),

k>0

as required. However, we must also sum over the terms having simultaneously
n > « and not ' > «. We organize this sum by summing over the pairs
(n,1') € G¥) (7) for which n A equals a given v € [0, Aa], and then splitting
this sum over those n € C) (), £ > 0, so that d (o) +£ = d () = d () +k, and
obtain the following;:

>0 2 S A=Ay () T4 (o)

Y<a £>0 nec® (a) n':d(n")=d(n)

nAn =y

SDIEAEEED DD DED DR WP CD

y<a >0 n€C® (a) n':d(n")=d(n)

nAn' =y

< Z 22d('y)7d(oc) Z 2721-*# (a) I*,u (’7)

y<a £>0
< {C > 2d<7>—d<a>} I'p(a) = CI*p(a).

y<a
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Combining the above with (98) and (99) we obtain

S > (P (Po(fam), Pe(gam)e < Cllf e l9lle g -

CEeR, A,BER,
AAXB=C

and hence (95), provided that (92), (102) and (106) all hold. We have thus
obtained the following characterization of (73) taken over all unitary rotations
of a fixed Bergman tree.

Proposition 33 A positive measure p on B, satisfies (73), where T,, ranges
over all unitary rotations of a fired Bergman tree, if and only if u satisfies the
simple condition (92) and the following split tree condition,

SN2tk N @) P p(d) < Cp(a), a€T,,  (107)

k20720 (6.6")€G™ ()

taken over all unitary rotations of the same Bergman tree, and where G*) is
given by Definition 1. Moreover,

Cp SUD HMHC’arleson(Tn) < sup 2[1(&)[*“ (Oé)
7, a€T,

n

+ sup I*ul(a) Z Z 2d(v)—k Z I (6) I (87)

a€T,
I" () >0 k20yza (5,6)€G™ ()

<C, S}_lp HM”Carleson(Tn) ’

where the supremum is taken over all a € T, and T, ranges over all unitary
rotations of a fized Bergman tree.

We note that Theorems 21 and 36 and Lemma 31 are independent of dimen-
sion, but the argument given above to establish the equivalence of (73) with
(107) and (92) does depend on dimension.

Combining the three propositions above, we obtain the following character-
ization of Carleson measures for the Drury-Arveson space.

Theorem 34 A positive measure j on the ball B, is H2-Carleson if and only
if 1 satisfies the simple condition (92) and the split tree condition (107) taken
over all unitary rotations of a fized Bergman tree. Moreover, we have

n |l carteson < sUp /24 I ()
a€T,

1

+ sup mg g 2d(v)—k E I (8) I*p (87)
a€T,

I*u(ea)>0 k20yza (5;5/)€g(k)(7)

S CTL H/’L”Carleson )

where the supremum is also taken over all unitary rotations T, of a fixed Bergman
tree.



Remark 35 We can recast the above characterization on the ball as follows.
For w € B, let T (w) be the Carleson tent associated to w,

T(w)={2z€B,:|1-%z-Pw| <1-—|wl|},

and Pw denotes radial projection of w onto the sphere OB,,.The HZ2-Carleson
norm of a positive measure p on B, satisfies

-1
2
n 1l Carteson < SUP ¢ (1= tl)  n(Tw)

weB,
) 2
Re —— | du (2')| du(z
/T(w)( 12'2’) () )

The comparability constants ¢, and C,, in Theorem 34 depend on the dimen-
sion n because of Propositions 29 and 33, which both use an averaging process
over all unitary rotations of a fixed Bergman tree. Indeed, Proposition 29 uses
the lower bound (88), for a fixed proportion of rotations, for the denominator
of the real part of the reproducing kernel in (87), while Proposition 33 uses
the lower bound in (78), for a different fixed proportion of rotations, for the
numerator in (87). The subsequent averaging is essentially equivalent to a cov-
ering lemma whose comparability constants depend on dimension. On the other
hand Proposition 27 gives a characterization that is independent of dimension.
It would be of interest, especially of view of Theorem 6, to find a more geometric
characterization which is independent of dimension. In particular, we do not
know if the constants in the geometric characterization in the previous remark
can be taken to be independent of dimension.

1
+ sup 7/
weEB,, (T (w)) Jrw)
(T (w))>0

S C’ﬂ HM”Carleson :

4.3 Related inequalities
Inequality (77) implies
d(ana) <d ([o] Ao']) < min{d(a),d ()},
which has the following interpretation relative to the kernel
K (o, o) = 22d(ene’)=d*([e]A[o])

of the operator T}, in (74).
If we replace d* ([a] A [@/]) by the lower bound d(aAa’) in the kernel
K (a, '), then T}, becomes

Tug(a) = 3 21 g () p(a), (108)

Oé,eTn

whose boundedness on 2 (1) is equivalent to u being a Carleson measure for
B;/ ?(7,,), which is in turn equivalent to the tree condition (5). (Alternatively,
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the above kernel is the discretization of the continuous kernel }ﬁ‘, whose

Carleson measures are characterized by the tree condition). This observation is
at the heart of Proposition 9 given earlier that shows the tree condition charac-
terizes Carleson measures supported on a 2-manifold that meets the boundary
transversely and in the complex directions (so that d* ([a] A [@']) = d(a A &)
for a, @’ in the support of the measure). In addition, we can see from this ob-
servation that the simple condition (92) is not sufficient for p to be a B;/2 (7,)-
Carleson measure. Indeed, let Y be any dyadic subtree of 7,, with the properties
that the two children oy and «_ of each o € ) are also children of « in 7,,, and
such that no two tree elements in ) are equivalent. Now let u be any measure
supported on ) that satisfies the simple condition

22U () <C, ae),

but not the tree condition

2
Z [Qd(ﬂ)ml*u(ﬁ)} <CI'p(a) <oco, a€e).
BEYV:B>a

For a,a’ € Y, we have d([a]A[¢/]) = d(aAd'), and so p is a B;/z (7,)-
Carleson measure if and only if the operator T in (108) is bounded on £2 (),
which is equivalent to the above tree condition, which we have chosen to fail. Fi-
nally, to transplant this example to the ball B,,, we take du (2) =}, oy, pt (@) dc, (2)
and show that the above tree condition fails on a positive proportion of the ro-
tated trees U™1T,,, U € U,,.

If on the other hand, we replace d* ([a] A [@/]) in the kernel K (o, o) by the
upper bound min {d (), d (a’)}, then T}, becomes

T#g (Oé) — Z 22d(a/\a/)7min{d(a),d(o/)}g (Oé/) M (O/) , (109)
a’'eT,

whose boundedness on ¢2 (1) is shown in Theorem 36 below to be implied
by the simple condition (92). Thus we see that the simple condition (92)
characterizes Carleson measures supported on a slice (when d* ([a] A [¢/]) =
min {d () ,d ()} for o, in the support of the measure). In particular, this
provides a new proof that the simple condition (92) characterizes Carleson mea-
sures for the Hardy space H? (By) = B;/2 (B4) in the unit disc. A more general
result based on this type of estimate was given in Proposition 7.

For the sake of completeness, we note that the above inequalities (108) and
(109) correspond to the two extreme estimates in (77) for the second terms on
the right sides of (80) and (81). The first term ¢ on the right side of (80) leads
to the operator

Tug(a)= > gla)p(a),

o' €T,

whose boundedness on ¢2 (1) is trivially characterized by finiteness of the mea-
sure .
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As a final instance of the split tree condition simplifying when there is ad-
ditional geometric information we consider measures which are invariant under
the natural action of the circle on the ball. Here we extend the language of
[5] where measures on spheres were considered and say a measure v on B, is
invariant if

/Bn F(€% 2,2, dv (2) = /Bn £(2)dv (2)

for all continuous functions f on the ball. We will also abuse the terminology
and use it for the discretization of such a measure.

We want to know when there is a Carleson embedding for such a measure.
In fact, when p is invariant, the operator T}, in (74) is bounded on ¢2 (u) if and
only if p is finite. To see this we need the “Poisson kernel” estimate

D 22N gdBIHAeINE) g € T, B € Ry, (110)
BeB

With A = [a] and a* = Ezapa, (110) follows from

Z 22d(a/\ﬁ) — Z Z 22d(o¢*/\’y)

peEB YEAAB BeB
B2y
d(AAB)
— 2d(B)7d(A/\B) Z 22j2d(A/\B)7j
7=0

~ 9d(B)—d(ANB)92d(ANB)

Now with pu(A) = > c4 (), and recalling that 4 is invariant, we have for
a € A,

Tuf ()< Y N 92Uerd)=dANE) £ (g) 1 ()

BER., BEB
~ Z 11 (B) 2~ 4(ANB)~d(B) Z 22d(and) £ (3) .
BER., BeB

Using (110) we compute that T),1 is bounded (and hence a Schur function):

Ti(a)m Y p(B)2-AnD)=dB) § g20rd) & 5™ (B = u].
BER, BeB BER,

Thus T}, is bounded on £*° (u) with norm at most ||x||, and by duality also on
' (). Interpolation now yields that 7}, is bounded on 2 (1) with norm at most

]
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Theorem 36 Let 0 < r < oco. A positive measure | satisfies the bilinear
inequality

Z 2(1+r)d(o¢/\o/)fr min{d(a),d(a/)}f (Oé) I (a) g (O/) " (O/) (111)

a0’ €T,
<C ||f”z2(7n;#) ||9||1z2(7n;#) ) (112)

if p satisfies the simple condition (92). Moreover, the constant implicit in this
statement is independent of n.

Remark 37 The proof below shows that the ratio of the constant C' in (111)
to that in (92) is O (L). The theorem actually fails if r = 0. Indeed, (111) is
then equivalent to the boundedness of (108) on €2 (i), which as we noted above
is equivalent to the tree condition (61) with o =1/2 and p = 2.

Remark 38 Using the argument on pages 538-542 of [33], it can be shown that
the case r = 1 of the bilinear inequality (111) holds if and only if the following
pair of dual conditions hold:

3172 (xsm) O 1 (B) <C S p(B) <o, acT, (113)

Bza B>«
3127 (w52~ ) D () < C Y. 272Pu(E),  aeT,
BZa B>a

where T is the fractional integral of order one on the Bergman tree given by,
Tv(e)= Y 279y (p), acT, (114)
BET,

We leave the lengthy but straightforward details to the interested reader. One
can also use the argument given below, involving segments of geodesics, to show
that the simple condition implies both conditions in (113).

We shall use the following simple sufficient condition of Schur type for the
proof of Theorem 36. Recall that a measure space (Z, ) is o-finite if Z =
UX_1Zn where u(Zn) < oo, and that a function k on Z x Z is o-bounded if
Z = U_1Zn where k is bounded on Zyx x Zy.

Lemma 39 (Vinogradov-Senickin Test, pg. 151 of [29]) Let (Z, ) be a o-finite
measure space and k a nonnegative o-bounded function on Z X Z satisfying

//Mk(s,t)k(s,x)du(s) <M (W) for peace. (t,3) € ZxZ.

(115)
Then the linear map T defined by

Ty(s) = /Z k(s.0) g (£) dya (2)

is bounded on L? (u) with norm at most M.
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Proof. Let Z = UY_,Zn where u(Zy) < 0o and k is bounded on Zy x Zy.
The kernels
kn (s;t) =k (s,t) Xzyxzy (5:1)

satisfy (115) uniformly in N, and the corresponding operators

Twg(s) = / v (5,1) g () ds (£)

are bounded on L? (1) (with norms depending on p (Zy) and the bound for k
on Zy x Zy). However, (115) for kxn implies that the integral kernel of the
operator 13T is dominated pointwise by % times that of T + Ty, and this

gives [T | = TS Tl < 2 |T5 + Tl < M [Tyl and hence [Tx|| < M.
Now let N — oo and use the monotone convergence theorem to obtain || T < M.

Remark 40 Ifk(x,y) =k (y, z) is symmetric, then (115) ensures that for any
choice of a, k(a,-) can be used as a test function for Schur’s Lemma.

Proof. (of Theorem 36) We will show that (111) holds but we first note that
it suffices to consider a modified bilinear form. Set

k(a, B) = 20H AN =rd By s aiayy-

We will consider (cf. page 152 of [29])

B(f.g)= Y k(o,B)f (@) pu(c) g (B)u(B)

a,BET,

because (modulo double bookkeeping on the diagonal) the form of interest is
B(f,g9) + B(g, f). The result will follow from the lemma if we show that

> ke, B)k(a, Yla) < e(k(B,7) + k (. ).
a€T,

The sum on the right dominates our original kernel. Thus it suffices to show
that

3 2n)d(@ng)—rd(s) (

[e3

X{d(e)2d(5)y 20 TN TN N 0y sae (@)

< 9(1+7)d(BAY) ~r min{d(8).d(1)}

Select 3,~ € T,,. Without loss of generality we assume d (3) < d () . We consider
three segments of geodesics in 7,,; I'; connecting 8 to 8 Ay, I's connecting v to
B A7, and I's connecting 3 A~y to the root o. Denote the lengths of the three by
ki, i = 1,2,3. (It is not a problem if some segments are degenerate.) Set I' =
I'y UTy UT'3. We consider three subsums, those where the geodesic from « to o
first encounters I' at a point in I';, 1 = 1,2, 3.
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We first consider the case ¢ = 1. Let 0, Opgt1,-..,0ks+k, D€ an enumeration
of the points of I'y starting at 5 A ~; thus d(d;) = j. For o € S(J;) we have
aANfB=4d;and aAy =B Ay =0d. Thus

Y (L) = Y 20Dy )y 20D Ty ) apy ()
a€eS(6;)
< Y 20O kA0 )
a€eS(6;)
_ Z 2(1+r)j—r(k3+k:1)+(1+T)k3—r(k3+k:2)u(a)
OLGS((SJ‘)
S 62(1+r)jfr(k3+k1)+(1+r)kgfr(k3+k2)fj

_ C2'r'j—rk1 —rko+(1—7)ks

where the second inequality uses the simple condition on p. Summing these
estimates gives

k3+k1

3 S (15 < earthotkrkimrkat(1onks
J=ks

— 02k3 77‘](72
< c2(1+r)k3 —rmin{ks+ki,ks+ka}

_ o(14r)d(BAy)—r min{d(8).d(+)}

as required.
The other two cases are similar. Let 7g,, ..., Tk, 4k, De a listing of the points
of I's starting at the top. Then

Y@= Y 20 HADTAB s sy 20U N s gy ala)

aeS (1)
< Z 2(1+T)k‘3—Td(ﬁ)2(1+r)j—Td(7),u(a)

aeS (1)
< C2(1+T)jf’r’(k‘3+k1)+(1+T)k‘37’r’(k‘3+k2)7j.

Hence

k3+ka

Z Z(2a]) < C2r(k3+k2)*7‘k1*rk2+(1,7~)k3
Jj=ks

— C2k3 —’I‘k}l
< cz(l—‘r?”)k‘g -7 min{k3 +kq,ks +k‘2}

_ o(14n)d(BAy)—r min{d(8).d(+)}

as required.
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In the final case, let po, ..., pr, be a listing of the points of I's starting at the
top. Then

DBy =Y 20Dy 20N Ty ) s (@)
a€S(p;)

= Y 20 Oy = a9 2T N ) 2y (@)
aeS(p;)

< Z 2(1+7’)j—rd(ﬂ)2(1+7“)j—7”d(’v)“(a)
a€S(p;)
< )=tk )+ (14r)j =r(ka+ha) =3 (o(142r)i=r(ks+ho)=r(ks-+ha)

and hence

ks

Z 2(3,.]) < 02(1+2T)k3_r(k1+k2)—2rk3
j=0
= c2k3_7'(’f1+/€2)

C2(1+r)k37r min{ks+k1,ks+ko}

IN

— (p(14n)d(BAY) —r min{d(5).d(~)}

and we are done.

5 Appendix: Nonisotropic potential spaces

Define the nonisotropic potential spaces P2 (B,), 0 < o < n, to consist of all
potentials K, f of L? functions on the sphere S,, = dB,,, f € L? (do,,), where

Kaf(z):/ %don(g), z € B,.
Sn|1—§oz’n “

Thus, with o = 2+, these spaces are closely related to the spaces of holomorphic
functions J2 (B,,) defined in the introduction. It is pointed out in [18] that
Carleson measures p for the potential space P2 (B,,), i.e. those measures
satisfying

[ R <0 [ 15©F o ©. (116)
B, Sn

can be characterized by a capacitary condition involving a nonisotropic capacity
Cy (A) and nonisotropic tents 7' (A) defined for open subsets A of S,

w(T (A) <CC,(A), forall AopeninS,. (117)

The dual of the Carleson measure inequality for the nonisotropic potential space
732%7 (B,,) is

o

HTEQHLQ(U.,L) S C ”gHL?(#) ’ g € L2 (/J)a (118)
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where the operator T} is given by

The Carleson measure inequality for B (B,,) is equivalent to

HSZgHL?()\n) S O ||g||L2(M) 9 g € L2 (,LL) )

1

g(2)dp(2).

where the operator S is given by

9 77«+é+0<+o.
szatw) = [ (1-1P)” (f_'ww> 9= du (),

for any choice of a > —1. It is easy to see that the tree condition (3) character-
izes the inequality

||T57ag||L2(An) S Ca HgHLQ(M) ) g € L2 (,u) ) (119)

where the operator T;7“ is given by

n+l4+a

T2 (w) = [ Gl ?ﬂmag(z) au2).

n |l —Z - wl

Moreover, the constants C,, in (119) and C' in (3) satisfy
Cr(l+a)'C, a>-1 (120)
Now if we use (120) to rewrite (119) for g > 0 as
) 2
1] 0 () dn(2) b (0 4a) (1= wf) e (21)
By \VBn |1 —Z-w| 2

SC/B g (=) du(2),

we obtain the following result.

Theorem 41 Inequality (121) holds for some « > —1 if and only if (121) holds
for all @ > —1 if and only if (118) holds if and only if the tree condition (61)
holds.

Proof. If (121) holds for some o > —1, then the tree condition (61) holds. If
the tree condition (61) holds, then (121) holds for all & > —1 with a constant
C independent of a. If we let @« — —1 and note that

(14 a) (1— |w|2) dw — cpdo,, asa— —1,

we obtain that (118) holds. Finally, if (118) holds, then it also holds with
Ty7g (rw) in place of T)7g (w) for g > 0 and all 0 < 7 < 1, and an appropriate
integration in r now yields (121) for all & > —1.

()
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