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Abstract

We characterize Carleson measures for the analytic Besov spaces B, on the
unit ball B,, in C™ in terms of a discrete tree condition on the associated Bergman
tree 7,,. We also characterize the pointwise multipliers on B,, in terms of Carleson
measures. We then apply these results to characterize the interpolating sequences
in B,, for B, and their multiplier spaces Mp,, generalizing a theorem of Boe in
one dimension. The interpolating sequences for B, and for Mp, are precisely those
sequences satisfying a separation condition and a Carleson embedding condition.
These results hold for 1 < p < oo with the exceptions that for 2 + ﬁ <p<
00, the necessity of the tree condition for the Carleson embedding is left open,
and for 2 + ﬁ < p < 2n, the sufficiency of the separation condition and the
Carleson embedding for multiplier interpolation is left open; the separation and
tree conditions are however sufficient for multiplier interpolation. Novel features
of our proof of the interpolation theorem for Mp, include the crucial use of the
discrete tree condition for sufficiency, and a new notion of holomorphic Besov space
on a Bergman tree, one suited to modeling spaces of holomorphic functions defined

by the size of higher order derivatives, for necessity.
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CARLESON MEASURES AND
INTERPOLATING SEQUENCES

1. Introduction

In this paper we consider the analytic Besov spaces B, (B,) on the unit ball
B,, in C™, consisting of those holomorphic functions f on the ball such that

/B ’(1 - Iz\r")mﬂm) (z)’pd)\n (2) < oo,

—n—1
where m > 2, dA, (2) = (1 - |z\2) dz is invariant measure on the ball with

dz Lebesgue measure on C”, and f(™ is the m!" order complex derivative of
f. We characterize their Carleson measures (except for p in an exceptional range
[2 + ﬁ, oo)), pointwise multipliers and interpolating sequences. We also char-
acterize interpolating sequences for the corresponding pointwise multiplier spaces
Mp, (B,) (except for p in the smaller exceptional range [2 + ﬁ, Zn] ). Finally, in
order to obtain the characterization of interpolating sequences for Mp (g, in the
difficult range 1+ ﬁ < p < 2, we introduce “holomorphic” Besov spaces H B, (7,)
on the Bergman trees 7, and develop the necessary part of the analogous theory
of Carleson measures, pointwise multipliers and interpolating sequences. The main
feature of these holomorphic Besov spaces on Bergman trees is that they provide
a martingale-like analogue of the analytic Besov space on the ball. They also en-
joy properties not found in the actual Besov spaces, such as reproducing kernels
with a positivity property for all p in the range 1 < p < oo (Lemma 8.11 below).
Various solutions to the problems mentioned here in one dimension can be found
in [Car|, [MaSu]|, [Wu], [Boe| and our earlier paper [ArRoSa]. We remark that
the one-dimensional methods for characterizing multiplier interpolation generalize
for n > 1 to prove necessity at most in the ranges 1 < p < 1+ ﬁ and p > 2,
and sufficiency at most in the range p > 2n, resulting in a common range of only
p>2n for allmn > 1.

1.1. History. We begin with an informal discussion of the context in which
our results can be viewed. For more details on this background (at least the part
having to do with Hilbert spaces) we refer to the beautiful recent monograph of K.
Seip [Sei].

The theory of Carleson measures and interpolating sequences has its roots in
Lennart Carleson’s 1958 paper [Car], the first of his papers motivated by the corona
problem for the Banach algebra H* (D) of bounded holomorphic functions in the

1



2 N. ARCOZZI, R. ROCHBERG, AND E. SAWYER

unit disk D: if {f; };.]:1 is a finite set of functions in H*° (D) satisfying

J
M) =e>0, zeD,
j=1

are there are functions {g; };’:1 in H*° (D) with

J
d fi(gi () =1, zeD,
j=1

i.e., is every multiplicative linear functional on H* (D) in the closure of the point
evaluations, so that there is no “corona”? In [Car], Carleson observed the following
connection between the corona problem and interpolating sequences. A Blaschke
product By has the “baby corona” property,

(1.1) For all f; € H* (D) satisfying ;Iel]g {|Bo (2)| + | f1 (2)]} >0,
there are go, g1 € H* (D) with Bogo + fi91 = 1,
if the zero set
Zy={2€D:By(z) =0} = {zj};il

of By is an interpolating sequence for H* (D):
(1.2)

The map f — {f (z])};il takes H*® (D) boundedly into and onto £*° (Zp) .

Carleson solved this latter problem completely by showing that a sequence Z =
{zj};il is an interpolating sequence for H* (D) if and only if

(1.3) 11

jii#k

25 — Rk

— | >c>0, k=1,23,..
1 -2z

The proof made crucial use of Blaschke products and duality. In the same paper
he showed implicitly that the characterizing condition (1.3) can be rephrased in
modern language as

7%:% >c>0for j #k,and

1 —Zkz;
Z (1 - |zj\2) d, is a Carleson measure for H? (D),
j=1

where a positive Borel measure p on the disk D is now said to be a Carleson measure
for H? (D) if the embedding H? (D) C LP (du) holds. Carleson later solved the
corona problem affirmatively in [Car2] by demonstrating the absence of a corona
in the maximal ideal space of H*> (D).

In 1961, H. Shapiro and A. Shields [ShSh] demonstrated that the interpolation
property (1.2) is equivalent to weighted interpolation for Hardy spaces H? (D); that
is, the map

1
f— {(1 - |Zj\2> ' f(Zj)}

o0

j=1
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1
maps H? (D) boundedly into and onto ¢* (Zy) .The factor (1 - |zj|2> " forces the

map to be into £*° (Zy); the Carleson measure condition ensures that it is into
P (Zy).

We now recast the case p = 2 of this result in a way that will emphasize the
analogy with what comes later. The Hardy space H? (D) is a Hilbert space with
reproducing kernel. This means that for each z € D, there is k, € H? (D), the
reproducing kernel for z, which is characterized by the fact that for any f € H? (D)
we have f(z) = (f,k.). A sequence Z = {z; };’il is an interpolating sequence for
H? (D) if one can freely assign the values of an H? (D) function on Z, subject only
to the natural size restriction. More precisely, Hilbert space basics ensure that if
f € H? (D), then the function

1
2 — .f(zz) — (1 _ |Zi|2> 2 f(zz)
[[F-
is a bounded function on Z. The sequence Z is called an interpolating sequence for
H? (D) if all the functions on Z which are obtained in this way are in ¢2 (Z), and if
furthermore, every function in ¢2 (Z) can be obtained in this way. For any z € D,
set l;; = ”Zj”, and note that by the Cauchy-Schwarz inequality,

)<k;,l;;;>‘§1, z,w € D.

If Z is an interpolating sequence, then it must be possible, given any ¢ and j, to
find f € H? (D) so that

1 1
2\ 2 2\ 2
(1-1=F) sy =0, (1-151) FE) =1
and to do this with control on the size of || f||. This implies a weak separation con-
dition on the points of Z which is necessary for Z to be an interpolating sequence:
there is € > 0 so that for all i # j,

ric statement is that there is a uniform lower bound on the hyperbolic distances
B (%, 2;). The result of Shapiro and Shields can now be restated as saying that in-
terpolating sequences for H? (D) are characterized by the following two conditions:

<§;, l;:]>’ < 1—e¢e. An equivalent geomet-

(1.4) There is € > 0 so that ‘<l;;,l;:;> <1—c¢foralli#j,
and
- 2
(1.5) Z ||k=,|| " 8-, is a Carleson measure for H* (D).
j=1

Interpolation problems, multiplier questions and Carleson measure characteri-
zations were then studied by various authors in other classical function spaces on
the disk, including certain of the spaces By (D) normed by

m; 7% )] + {/ \(1 I <z>}; ,

-2
where dA (z) = (1 - |z|2> dz is invariant measure on the disk, and for fixed «

and p, the norms are equivalent for (m + a)p > 1. This scale of spaces includes
1
the Hardy space H? (D) = B (D) with a = %, the weighted Bergman spaces
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with o > %, and the weighted Dirichlet-type spaces with 0 < a < % See for
example the recent book by K. Seip [Sei], which contains an in depth discussion
of the history of interpolating sequences for Hilbert spaces of functions of a single
variable. Interpolation proved more difficult for the family of analytic Besov spaces
B, (D) = Bg (D) on the disk, the prototypical Mdbius invariant spaces, which do
not admit any infinite Blaschke products - the Dirichlet norm || f{| 5, ) measures
the square root of the area of the range of f counting multiplicities, and so is infinite
for every infinite Blaschke product f. These Besov spaces are also distinguished by
being the limit of those spaces By (D) with o < 0 that are too smooth (they admit
continuous extensions to the closed disk D) to contain any infinite interpolating
sequences.

In a revolutionary paper in 1994, D. Marshall and C. Sundberg [MaSu] used
Hilbert space methods (and independently C. Bishop [Bis] used different tech-
niques) to characterize interpolating sequences for the Dirichlet space B (D) and
its multiplier space Mp, ) (note the connection H* (D) = Mp=p)) by the condi-
tion

B(2:,0) < CB(zi,2;) fori# j and

-1
- 1
Z (1 + log 1|2> dz, is a Bo (D) -Carleson measure,
j=1 — 1%

where (3 is the Bergman metric, and a positive Borel measure y is a By (D)-Carleson
measure if the embedding By (D) C L? (du) holds:

/ P (=) < Ol -

In fact, these two conditions can be rewritten in exactly the same form as (1.4) and
(1.5) with only the natural changes; the ks must now be normalized reproducing
kernels for the Dirichlet space and the measure must be a Dirichlet space Carleson
measure.

More recently, in 2002 in [Boe], B. Boe has extended this theorem to all 1 < p <
oo by a long and clever construction involving Carleson measures, that was in turn
based on an earlier construction in [MaSu] (see also the analogous construction on
trees in Section 6 of [ArRoSal), together with, in Bée’s words, a “curious lemma”
on unconditional basic sequences { f; };‘;1 of positive functions in a Lebesgue space
L7 (du) (Lemma 5.11 below):

o0

> laifyl ~ Cy

=1 La(dp)

sup |a; fj]
j21 La(dp)

In this paper, we extend Bée’s results to the analytic Besov spaces B, (B,,) on
the unit ball B,, in C" for n > 1. As far as we know this represents the first solution
of its kind in dimension greater than one. We note that the corresponding questions
for the Hardy spaces on the ball remain open in higher dimensions, due in part to the
lack of Blaschke products, but also since the relevant separation condition fails to be
sparse enough to accommodate the “hands-on” type of construction used by Bde.
We do not treat the endpoint spaces B; (B,,) and By, (B,,), which are respectively



1. INTRODUCTION 5

the minimal and maximal Md&bius invariant spaces on the ball. Interesting work on
interpolating sequences for By, (D) is in [BoNi| and is reported in [Sei].

At least two difficulties arise immediately in higher dimensions. Bée makes use
of Stegenga’s 1980 characterization [Ste] of By (D)-Carleson measures by a capacity
condition, as well as later extensions to p > 1:

n (T (E)) < C cap, (E),

for all compact subsets E (or equivalently finite unions of arcs) of the circle T, and
where T (E) denotes the Carleson tent associated to E, and

capy (E) :inf{/ﬂ £ (e?)"do: f>0and / f (ei<¢—9>) 10]7% df > x5 (</>)}.

—Tr

™

This characterization is not yet available in higher dimensions, and as indicated in
[Boe], seems difficult to check even in certain one-dimensional situations. Instead,
we will extend our characterization in [ArRoSa] involving the discrete Bergman
tree condition (Here and throughout p’ is the conjugate exponent to p: %—i— i =1.),

’

p

(1.6) > o um] <0 > ple)<oo, a€T,

BeT:Bza \v€T:v28 BET:Bza

to higher dimensions where it will play a crucial role both as a substitute for a

capacity condition, and in generalizing the clever Carleson measure construction of

Bée in [Boe]. We also remark that forp > n = { ; %f n=1 , we characterize
n if n>1

multiplier interpolation without recourse to any capacity or tree condition.

The second difficulty runs deeper. It is connected to the fact that the repro-
ducing kernel k,, (z) = log .—= for B, (D) has derivative W1—— where —— has
positive real part, and that this positivity played a crucial role in part of Boe’s
argument when p < 2. In particular his “curious lemma”, which deals with positive
functions, is applied to those real parts. This property persists in dimension n only

1

for 1 < p <1+ =5, where the analogous derivative R%_,,. of the reproducing
'Y

kernel k2P (2) is

«@ a,p _ = *M o
Resira kP (2)=(1—-w-2) » , a>-1,
p/

which has positive real part only when ”*plfro‘ < lforsomea > —1,ie p <1+
(see (2.13) below).

As a consequence, the aforementioned “curious lemma” of Boe only generalizes
to prove the necessity of the discrete tree condition for Mp (g,) interpolation in
the thin range 1 < p < 1+ -1 (where reproducing kernels for B, (B,) have the
requisite positivity property). To combat the failure of this positivity property for
larger p, we introduce “holomorphic” Besov spaces HB, (7,) on Bergman trees
7, whose reproducing kernels do enjoy a suitable positivity property, and such
that the restriction map from B, (B,) to HB, (B,7,), as well as the restriction
map between their multiplier spaces, is bounded. This requires a great deal of
effort and is accomplished in the latter half of the paper. Another consequence
is that our one-dimensional proof of the characterization of Carleson measures by
the discrete tree condition extends to dimension n only in the thin range of p



6 N. ARCOZZI, R. ROCHBERG, AND E. SAWYER

given by 1 < p < 14 -1=. A TT* argument lifts the proof to the larger range

n—1

1 <p <2+ -1 beyond which we are unable to proceed at this time.

n—1’

1.2. Plan of the paper. In Section 2 we introduce a tree structure for the
unit ball B,, by choosing a set 7,, of points in the ball at roughly a fixed distance
apart in the Bergman metric, and declaring a point 8 € 7, to be a child of another
point o € 7, if the Bergman ball around g lies just “beyond” the Bergman ball
around a. This simple construction suffices for dealing with Carleson measures and
sufficient conditions for interpolation in Sections 3 through 5. The construction
must be significantly refined in order to deal with the holomorphic Besov spaces on
trees in Section 8, and this is carried out in Subsection 8.5. The refinement allows
us to develop an effective discrete version of passing from spaces defined by a single
derivative to spaces of functions defined using higher derivatives.

This tree structure 7, is then used in Section 3 to characterize Carleson em-
beddings for Besov spaces B, (B,,) on the ball,

[ 1P au) < € G,

n

in terms of a discrete condition on the Bergman tree (1.6), or in different notation,

S ru@ <C'ru) <o, act,
BET,: B>

where

YET:y2>0

However we are unable to obtain the necessity of this tree condition when 2 +
ﬁ < p < oo. It turns out that the one-dimensional methods in [ArRoSa],
using a positivity property of the reproducing kernels, generalize to obtain the
characterization in the thin range 1 <p < 1+ ﬁ A standard TT* argument can
be used to obtain the case p = 2 since the kernel K (z,w) of TT* turns out to have

_1

17E_Z)7 whose real part is positive. We combine the

appropriate “derivative” 1og(

two techniques to obtain the larger range 1 < p < 2 + ﬁ in Theorem 3.1.

Pointwise multipliers of B, (B,,) are characterized in Theorem 4.2 in terms of
Carleson embeddings in the short Section 4, where no use is made of the underlying
tree structure.

Interpolating sequences for both Besov spaces B, (B,,) and their multiplier
spaces Mp (g, are considered in the lengthy Section 5, where for the most part,
we follow the development in Bée [Boe]. In Theorem 5.1, weighted B, (B,,) inter-
polation is characterized by separation and Carleson embedding conditions for all
1 <p<oo:

B(2i,0) < CPB(2i,25),i # j and
> |

Jj=1

kP
Zj

-p
‘ d., is a B)-Carleson measure,
B,

P
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where k3P (2) is a reproducing kernel for B,. In Theorem 5.2, the separation and
tree conditions,

d(ai,0) < Cd(as,a;) i # j and

1-p
1
Z (1 + log ‘|2> dc,., satisfies the tree condition (3.2),
— 1—|ca, !
j=1 aj

are proved sufficient for Mp (g,) interpolation, and the separation and Carleson
embedding conditions above are proved necessary, for all 1 < p < co. As well, in
the range p > 2n, we prove that the separation and Carleson embedding conditions
are sufficient. The necessity of the Carleson embedding condition is proved first for
p in the two ranges (1, 1+ ﬁ) and [2,00). The first range exploits the positivity
of a reproducing kernel on the ball, and the second range exploits the embedding
of ¢4 spaces in connection with Khinchine’s inequality.

Necessity of the Carleson embedding condition for Mp g, ) interpolation in the
remaining range 1 + ﬁ < p < 2 is much more difficult, and is the subject of the
remaining Sections 6, 7, 8 and 9 of the paper. In Section 6 we begin by introducing
an alternate characterization of Besov spaces using almost invariant holomorphic
derivatives,

Duf )= = (1-1P) 2o (1- 1) u ).

in order to obtain global and local oscillation inequalities for B, (B,,) in Proposition
6.5. Global oscillation inequalities are given in Peloso [Pel], but we need local

versions,
<c(/
K

as well in order to estimate Carleson measures.

In Sections 7 and 8 we define Besov spaces B, (T) on abstract trees 7, and
holomorphic Besov spaces HB, (7,) on Bergman trees 7,, respectively. One main
point is that Besov spaces built on trees typically have reproducing kernels with
appropriate positivity properties that result from the “unidirectional arrow” of the
tree structure (the descendents of a given tree element « lie in an appropriate
nonisotropic cone with vertex at «). The positivity lets us use techniques similar to
Bée’s “curious lemma”. While the simple abstract Besov spaces B, (7)) do indeed
have the appropriate positivity property, when n > 1 they fail to capture enough of
the holomorphic structure of the ball to permit the corresponding restriction map

f - {f (a)}ae’fn

to be bounded from B, (B,,) to B, (7), except when p is large, p > 2n. In Remark
7.13, it is shown that even linear functions on the ball fail to restrict boundedly to
abstract trees in the range p < 2n.

To get a better tree model of the B, (B,,) we need to take fuller account of the
complex structure 7,, inherits as a subset of the ball B,,, including the nonisotropic
nature of the ball’s geometry. Here is the fundamental difference. Suppose that the
function {f (a)},c7, on the tree is obtained by restricting a holomorphic function

1
P

DT £ (2)]" d, (z)> ,

m—1 nk a
sup f({) _ Z ((g_aa)k'!) f( a)
k=0

§eKa

s
o
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f. For a typical a € 7,, the set of forward differences

Aa={(B, f(B)— f (@))}ﬁ is a child of

has cardinality N ~ 2". However, to the accuracy of the linear Taylor approxima-
tion of f at «, those numbers are determined by the n-tuple of numbers f’ () and
the set of complex numbers {5 — a} 5 is a child of o+ & Set Which is determined by the
tree and doesn’t depend on f. Thus the set of forward differences A, a priori in
N-space, lives approximately in an n-dimensional subspace determined by f’ («).
Hence when we define the norm of f in HB, (7,), for f a function defined only
on the tree, we will measure the size of a quantity, which we also denote by f’ («),
an n-tuple which will be our proxy for the derivative. We then also measure the
extent to which the N-tuple of differences are approximated by the N-tuple with
Bt entry f’ (o) (8 — «). More precisely, given f on the tree, we project the family
of differences {f (3) — f ()}, associated to a point a and its children 3, onto the
finite linear space M, of differences generated by linear functions on the ball at the
point . This permits the association of a “complex derivative” f’(a) to f at the
point « defined by

{f' () (B = @)} 5 = projection {f () — f ()} 5.

In order to pass to p with % large, and hence in defining B, (B,,) using higher
order derivatives, we must extend our definition of derivative on a tree to higher
order “tree derivatives”. This requires the introduction of tensors, and other con-
structions on the Bergman tree, that mimic the development of complex geometry
on manifolds. Finally, we norm these spaces by taking ¢ norms of the higher
order “derivatives”, weighted nonisotropically according to radial and tangential
directions, and by taking a large norm of the “nonholomorphic” part of the differ-
ences, that is, of the residue after f is approximated by an “m!* order tree Taylor
theorem”. More precisely, we use the unweighted ¢P norm of the projections of
{f (B) = f (a)} 5 onto the orthogonal complement of the linear space of differences
generated by polynomials of degree at most m on the ball at the point a.

The global and local oscillation inequalities mentioned above are then used in
Theorem 8.14 to prove that the restriction map from the ball to the Bergman tree
is bounded from B, (B,,) to HB,, (T,,), and provided 1 < p < 2+ 15, from Mp, (5,
to Myp,(t,) as well:

15,z < C1Flp, .
1 s, s < C gy

These restrictions also require a delicate refinement of the construction of the
Bergman tree, and as we mentioned above, this is carried out in Subsection 8.5.
In Section 9 we use multiplier restriction to transfer questions of multiplier in-
terpolation from the ball to the tree in this range of p, where many obstructions
disappear, and in particular we can exploit the positivity property (Lemma 8.11)
of reproducing kernels for HB,, (7,,), valid for all 1 < p < co.

Curiously, one property proves more difficult to obtain on the Bergman tree 7,,
than on the ball B,, - the property that pointwise multipliers are characterized by
Carleson embeddings. Compare the easy proof of Theorem 4.2 on the ball to the
lengthy proof of Lemma 8.17 on the tree. The main difficulties arise from the fact
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that “derivatives” on the tree are not derivations, resulting in an error term in the
corresponding Leibniz formula on the tree.

Open problems.

(1) Does the tree condition characterize Carleson measures on the ball in the
missing range 2 + ﬁ < p < o0? The situation for the somewhat similar
Hardy-Sobolev spaces on the ball is known to be complicated. See e.g.
[Ahe] and [CaOr].

(2) Find a characterization of Mp (g,) interpolating sequences on the ball
for the missing range 2 + ﬁ < p < 2n. We know that separation and
the tree condition are sufficient, and that separation and the Carleson
embedding are necessary.

(3) It may be that the restriction map of B, (B,,) to the sequence space maps
onto the weighted ¢P space even though it is not a bounded map into. What
is a geometric characterization of the sequences for which this happens?
Such a phenomenon does not occur for the Hardy spaces.

(4) There are Hilbert space considerations that apply to both the Hardy and
Dirichlet space, which when applicable, ensure that a Hilbert space of
functions and its multiplier algebra have the same interpolating sequences.
For details see [AgMc]| or [Boe]. The results here and those being gener-
alized suggest that there may be a similar result for some class of Banach
spaces of functions.

1.3. Earlier results. We now recall some of our earlier results on Carleson
measures for analytic Besov spaces B, (D) on the unit disk D, as well as for certain
B, (T) spaces on trees 7. By a tree we mean a connected loopless graph 7 with a
root o and a partial order < defined by a < 3 if « belongs to the geodesic [o, 3]. See
for example [ArRoSa] for more details. We define B, (D) and B, (7) respectively
by the norms

5,00 = | [ |(1=1) £ 2

for f holomorphic on D, and

8=

P dz

(1)

+ 1701,

[N~}

g,y = D If(@—f@AQ"| +If (o),

a€eT a0

for f on the tree 7. Here Aa denotes the immediate predecessor of « in the tree
7. For 1 < g < oo, we also define the weighted Lebesgue space L} (7) on the tree
by the norm

1 llpsery = (Z If(a)qu(a)> ,

acT
for f and g on the tree 7. We say that u is a (B, (T), ¢)-Carleson measure on the
tree 7 if B, (7) imbeds continuously into L (7), i.e.

1/q 1/p
(1.7) (Z If (a)qu(a)> <C (Z f<a>”> . f=>0,

aeT aceT
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or equivalently, by duality,

1/q' 1/p'
(1.8) (ZI*<gu><a>q’> sc(ng)p’u(a)) . g9=0,

a€T a€T
where
If(y=">_ [,
BET:B<a
and

M@= 3 gBu@d).

BET: B>
Of special interest is the case when p satisfies (1.7) with p = ¢,

1/p 1/p
(1.9) <Z If(a)pu(a)> <C<Z f(a)p> , >0,

acT

If (1.9) is satisfied, we say that u is a B, (7 )-Carleson measure on the tree 7. A
necessary and sufficient condition for (1.9) given in [ArRoSa] is the discrete tree
condition

(1.10) Z IF'uB? <C?r'pla) <oo, acT,
BET: B>

which is obtained by testing (1.8) over g = xs,, @ € 7. We note that a simpler

necessary condition for (1.7) is

(1.11) d ()’ I (a) < CP,

ot

or equivalently
(1.12) d(e) I ()t < o,

which one obtains by testing (1.7) over f = I*64 = X[0,a]. However, condition (1.11)
is not in general sufficient for (1.7) as evidenced by certain Cantor-like measures f.

We also have the more general two-weight tree theorem from [ArRoSal, if
q > p, and its extension to ¢ < p from [Ar].

THEOREM 1.1. Let w and v be nonnegative weights on a tree T. Then,

1/q 1/p
(ngm)qw(a)) sc(ng)pv(a)) 920,

a€eT a€eT
if and only if
(p = q) in the case p = q,
Zl*w(ﬁ)p/v(ﬁ)lfp/ <Cl'w(a)<oco, aeT.
B>«

(p < q) in the case p < q,

Q=
B!
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(p > q) in the case p > q,

where

W, (w)(e) = Y v(B) P w({y: vz P

Ba

is the Wolff potential.

We now specialize the tree 7 to the dyadic tree associated with the usual
decomposition of the unit disk into Carleson boxes or Bergman “kubes” K,. See
[ArRoSa] or Section 2.2 below for details.

The main theorem in [ArRoSa] is the characterization of (B, (D), ¢)-Carleson
measures on the unit disk I, which can be rephrased as follows (see [Ar]). We will
only use the case p = ¢ in the remainder of this paper. Given a positive measure p
on the disk, we denote by i the associated measure on the dyadic tree 7 given by
fifa) = [, duforaeT.

THEOREM 1.2. Suppose 1 < p,q < oo and that p is a nonnegative measure on
the unit disk D. Then the following conditions are equivalent:

(1) pis a (Bp(D),q)-Carleson measure on D, i.e. there is C < 0o such that

(113) (/Df<z>|qcm<z>)é <o [](-1) f’(Z)‘pdA(z));wa(O)h

-2
for all f € B, (D), where d\(z) = (1 - \z|2> dz.
(2) fisa(By(T),q) Carleson measure on the binary tree T = {a} associated
to the unit disk, i.e. (1.7) holds with p replaced by [i.

Together, Theorems 1.1 and 1.2 give a geometric characterization of (B, (D), ¢)-
Carleson measures on D.

REMARK 1.3. The proof of this theorem relies on the use of the inequality

1|2
Re|——— ] >0, z,weD.

1—wz

Much of our effort in extending Theorem 1.2 to higher dimensions will involve
finding a way to effectively use the analogous inequality in the unit ball B, of
C™. Even more effort will be expended in circumventing this inequality when it is
unavailable for characterizing interpolating sequences for multiplier spaces in higher
dimensions. This is where we pass to “holomorphic” Besov spaces on trees.

2. A tree structure for the unit ball B,, in C"

In order to extend the above characterization of Carleson measures to higher
dimensions, we will need to define a tree 7,, appropriately related to the Bergman
metric on the ball. But first we need to recall some of the basic theory of holomor-
phic functions in the unit ball B,,.
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2.1. Invariant metrics, measures and derivatives. We recall some basic
definitions and properties from W. Rudin’s book [Rud] and K. Zhu’s book [Zhul].
For a € B, let P, denote orthogonal projection onto the one-dimensional complex
subspace Ca generated by a, i.e.

(2.1) P,z= %m
|al

and let Q, = I — P, denote orthogonal projection onto the orthogonal complement

of Ca. Define an involutive automorphism of the ball B,, by ([Rud], page 25)

a— Pyz — (1 - |a|2)% Qa2

(2.2) Pa (2) =

1—z2-a ’
1
z-a 2)2 ( z-a )
a—Z5a—(1—|a z— sa
|al? ( ol |af?
1—z-a ’

for 2 € B,. Then Aut(B,), the group of automorphisms of B,,, consists of all
maps Up, where U is a unitary transformation and a € B,,.We have ¢, (0) = a,
©vaq (@) =0 and ¢, 0, = I. We also have the following identities ([Rud], Theorem
2.2.2),

(2.3 0=~ (1-1aP) P~ (1-1oP)" Qu.

cuta)=—(1=1aP) " Pi= (1-1aP) " Qu
l-a-a)(1-w-2)
(l-w-a)(1—a-z2)’

(1= 1aP) (1-127)

1—a-z|?

1= o (w) - ¢a (2) =

1= |pa (2)I* =

)

and ([Rud], Theorem 2.2.6)

1 ||2 n+1
J%@:mwawf:<‘l> ,

1—a-z|?

where Jo, (2) denotes the real Jacobian of ¢, at z.
An invariant measure on B, is given by ([Rud], Theorem 2.2.6)

9 —n—1
d, (2) = (1 e ) dz.
The invariance of d\,, follows from the above Jacobian formula and the last identity
in (2.3).
An invariant metric on B, is the Bergman metric 8 (z,w) given by ([Zhu],
Proposition 1.21)
L+ [p. (w)]
1= oz (w)]

By invariance, the Bergman metric balls Bg (a,r) of radius r at the point a € B,
satisfy

1
(2.4) B(z,w) = 3 log ,  z,w € B,.

Bg (a,r) = ¢a (Bs (0,7)),
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and if ¢ > 0 is such that Bg (0,7) = B(0,t) (note from (2.4) that Bergman metric
balls centered at the origin are Euclidean balls), then the 8-balls are the ellipsoids
((Rud], page 29)

Pa _a2 a 2
Bg(a,r):{zeﬁn:| 2~ Cal +|Qz\ <1}7

t2p; t2pa

where
_(1—t2)a B 1—|a|2

—ea? T 1=
We have the reproducing formula of Bergman ([Rud], Theorem 3.1.3),

(2.5) f(2) = "'/B (I_J;(%dw, feL'(d\,)nH(B,),

ﬂ—n

and the following variants ([Rud], Theorem 7.1.2)

" n 1—w

valid for all f € H (B,,) for which the integrand is in L!.
We now recall the invertible “radial” operators R”'* : H (B,,) — H (B,,) given
in [Zhu] by

(2.6) f(z)z’”(”“)/n%ﬂw)dw, Res > 1,

ir(n+1+v)r(n+1+k+w+t)

RV (2) =
1) Tntlty O (nt1ltktn)

fk (Z) y

k=0
provided neither n + v nor n 4+ v + ¢ is a negative integer, and where f(z) =
Y peo [ (z) is the homogeneous expansion of f. If the inverse of R™' is denoted

R, ., then Proposition 1.14 of [Zhu] yields

1 1
.t _
(27) Ry <(1 —W- Z)7L+1+’7> - (1 —w- Z)7L+1+’Y+t’

1 1
Ry <<1 _ 2. Z)n+1+’Y+t> = (1—m-2)
for all w € B,. Thus for any v, R is approximately differentiation of order t.
From Theorem 6.1 and Theorem 6. 4 of [Zhu] we have that the derivatives R¥™ f (z)
are “LP norm equivalent” to > ;" |V”C f( )’ + V™ f (2) for m large enough.

PROPOSITION 2.1 (Theorem 6.1 and Theorem 6.4 of [Zhu]). Suppose that 0 <
p < 00, n+ v is not a negative integer, and f € H (B,,). Then the following four
conditions are equivalent:

(1 - |z|2)m V™ f(z) € LP (d\,) for some m > %,m eN,

m

1— V™ (2) € LP (dA) for allm > ,m €N,
P

3

m

(1 |z|2) RY™f (2) € LP (d\,) forsomem>%,m+n+7¢—Nv
(1 12*) RY™f (2 eL”(dAn)foraHm>%’m+"+7¢_N'
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Moreover, with o (z) =1 — |2|°, we have for 1 < p < oo,
(2.8) ot o™ B fl 1o ann)

mzfl

<3 vl (f e ), @)

<C ||‘7m1R%m1f||Lp(d)\n)

for allmy,mo > 2 pr M+t ¢ —N, mg € N, and where the constant C depends
only on my, mo, n v and p.

DEFINITION 2.2. We define the analytic Besov spaces B, (B,,) on the ball B,
by taking v =0 and m = {%] + 1 and setting

(2.9) B, = B, (B,) = {f € H(By): [0 RO £ 1yiany < oo}.

We will indulge in the usual abuse of notation by using || f]| B, (B, to denote
any of the norms appearing in (2.8).

2.1.1. Duality and reproducing kernels. For o > —1, let (-,-)  denote the inner
product for the weighted Bergman space A2:

/ f(z dya()7 f,gEAi,

where dv,, (z) = (1 - |z|2) dz. Recall that

Kg(z)=K*(zw)=(1-w-2)""""""
is the reproducing kernel for A% (Theorem 2.7 in [Zhu):

fw) = (£ K2, /f VR ()dva (z), | € A2,

This formula continues to hold as well for f € AP, 1 < p < o0, since the polynomials
are dense in AP.

ntlta

Corollary 6.5 of [Zhu] states that R” v is a bounded invertible operator
from B, onto AP, provided that neither n 4+~ nor n 4+ v + % is a negative
integer. It turns out to be convenient to take v = o — W here (with this choice

we can explicitly compute certain derivatives and B, norms of our reproducing
kernels - see (2.13) and (5.9) below), and thus we single out the special operators

o a—t,t
RY = RO~H,

Note that the operators R¢* and their inverses (Rg’)_l =R,_:; are self-adjoint with
respect to (-,-), since the monomials are orthogonal with respect to (-,-), (see
(1.21) and (1.23) in [Zhu]), and the operators act on the homogeneous expansion
of f by multiplying the homogeneous coeflicients of f by certain positive constants.
The next definition is motivated by the fact that RHHQ is a bounded invertible

operator from B, onto AP, and that Rn+1+a isa bounded invertible operator from

B, onto A?, provided that neither n + a, n+a— 2 nor 4o — "'Z}fo‘ is a
negative integer. Note that this proviso holds in particular for a > —1.
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DEFINITION 2.3. For a > —1 and 1 < p < oo, we define a pairing (-,->a7p for

B, and By using (-,-),, as follows:

<f’ g>a7p = <RC’¥1+}17+‘x [ R%rlﬁag> = R%+;17+a f (Z) R?‘H,*“g (Z)dl/a (z)

« B, P

n+l+to
7

ntlta
= [ P R £ (2) (= 2P) T R0 ()M ().

Clearly we have

(. Dan| < 17115, N9l

by Hoélder’s inequality. By Theorem 2.12 of [Zhu], we also have that every con-
tinuous linear functional A on B, is given by Af = (f, g), , for a unique g € By
satisfying

(2.10) lgls, = sup [(f.0)a,|
’ ”fHBP:1

-1
Indeed, if A € (B,)", then Ao (R?‘L+1+a) € (Ar)*, and by Theorem 2.12 of [Zhu],
P

-1
there is G € AP with |G|l ,»v = [[A]l such that Ao (R%HM) F = (F,G), for

P
and with F = R% ..., f, we also have
P

-1
all e AP, If we set g = R%+1+0> G, then we have ||g|lz , = |G| ,,» = Al

-1
Af=Ao (R?L+;+a) F= <F7 G)a = <R(i+;+a [ R(i+1/+ag> = (f, g>a,p

[0

for all f € B,. Then (2.10) follows from

9, =IAll = sup A= sup [(f.9),|-
’ 1f1l5, =1 17115, =1

REMARK 2.4. The Besov space pairing (-, -) introduced in [Zhu] is given by

<f, g> - <R0’n+1f7 Ro’n+lg>n+1 = <f7 g>n+1,2 ’

and so coincides with our pairing for By with the choice @« = n + 1. However, for
p # 2, our pairing (-,-),  uses the operators Rf = R*"* with t = ntlia anqd

P
t= %7 and so does not coincide with (-,-) in [Zhu].

With K2 (2) the reproducing kernel for A2, we now claim that the kernel

—1 1
(2.11) kg’p(z):<7€%+1/+a> (R(mw) K° ()

satisfies the following reproducing formula for B,:

(2.12) f(w) = (fikpP)0, = /B R(ﬂ%f (2) R‘@k%’p (2)dve (2), f € B,p.
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Indeed, for f a polynomial, we have

fw)=({f, K3,
= <<R?§+;+a>_l 'R%+;+a 1 Kg>
= <R%+;+a f, ('R%+117+a ) - Kg>a

- <R%+l+a f, R?‘Lflﬁ»a <R%fl/+a> ( %+1+a> Kg>
—1 1
- <f7 ( Or‘z+1+o¢) (R?L+1+O¢) Klau>
p’ P

We now obtain the claim since the polynomials are dense in B, and the kernels
kgP are in By for each fixed w € B,,. Thus we have proved the following theorem.

a,p

THEOREM 2.5. Let 1 < p < co and o > —1. Then the dual space of B, can
be identified with B, under the pairing (-, -) and the reproducing kernel kP for

a,p’
this pairing is given by (2.11).
From (2.11) and (2.7) we have
-1
(2.13) Ritiza ky® (2) = (RLH") Ky (2)
p’ P

— 2)7(n+1+a))

= Rai ntlta ntlta ((1 —w
P ’ P

n+l4+a

'Y

=1-w-z

Using this formula we will show in (5.9) below that the B, norm of the reproducing

4
I'%

kernel k3P is comparable to (1 + log ﬁ)

2.2. Carleson boxes. In order to facilitate the imposition of a tree structure,
we give a more refined construction of Carleson boxes than that given in Theorem
2.23 of [Zhu]. Let § be the Bergman metric on the unit ball B,, in C™. The metric
balls of radius 1 will essentially play the role of an upper half of a Carleson tent, or
Carleson box. Note that the set

S, =0Bg(0,r) ={z€B,:6(0,2) =r}

is a Euclidean sphere (with different radius) centered at the origin for each r > 0.
In fact, by (1.40) in [Zhu] we have 8(0,z) = tanh™" |2|, and so

(2.14) 1—]z*> =1 —tanh?®3(0, 2)
4
T ¢26(0,2) 19 + ¢—26(0,2)
~ 4e~200:2)

for 8 (0, z) large. We will apply the following abstract construction to the spheres
S, for r > 0.
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LEMMA 2.6. Let (X,d) be a separable metric space and X > 0. There is a

> " T und a corresponding set of Borel subsets

denumerable set of points E = {x;},;7

Q; of X satisfying
(2.15) X =02 7Q;,
QiNQj=0¢, 1#7,
B(zj,A) CQ; CB(x;,2)), j=>1

We refer to the sets @); as unit qubes centered at x;.

PROOF. Let E = {z;}2}" 7 be a maximal A-separated subset of X so that
d(xiaxj) 2)‘7 27&];
d(z,E)< X, z€lX.
Let A =U329" /B (25, ) and define inductively

Qi = B(z;;20)\{AU (Ui;Q:)}, Jj=1
It is routine to verify that these qubes Q; satisfy (2.15).

2.2.1. Construction of the Bergman tree. Now fix 8, A > 0 (various choices of
0 and X\ will be used below), which we will refer to as structural constants for the
Bergman tree. For N € N, apply the lemma to the metric space (Syg, 3) to obtain

points {z]N}jzl and unit qubes {Qf’}jzl in Sy satisfying (2.15). For z € B,,, let
P,z denote the radial projection of z onto the sphere S, (not to be confused with
the orthogonal projection P, defined above). We now define subsets K JN of B,, by
KY={2¢€B,:5(0,2) <0} and

KY ={z€B,:N0<d(0,z) <(N+1)0, Pnoz€QY}, N=>1,j>1

We define corresponding points ¢l € KV by
N _ N
&G = P(N+%)9 ()
We will refer to the subset K JN of B,, as a unit kube centered at cj»v (while K is
centered at 0).
Define a tree structure on the collection of unit kubes

T, = {KJN}NZO,J'21

by declaring that KZ-NJrl is a child of KJN, written KZ-NJrl eC (KJN), if the projection
Pno (leJrl) of zZNH onto the sphere Syy lies in the qube ij In the case N =0,
we declare every kube K} to be a child of the root kube KY. We will typically
write «, 3,7 etc. to denote elements K JN of the tree 7,, when the correspondence
with the unit ball B,, is immaterial. We will write K, for the kube K jN and ¢, for
its center cé-v when the correspondence matters. Sometimes we will further abuse
notation by using a to denote the center ¢, = ¢} of the kube K, = K", especially
in the section on interpolating sequences below.

Finally, we define the dimension n (7) of an arbitrary tree 7.
DEFINITION 2.7. The upper dimension 7. (7) of a tree T is given by

7 (T) =lim sup log, (Ny)
C— OO
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where
Ne=supcard{8 €T :>a and d(B) =d (o) + £},
aeT
along with a similar definition for the lower dimension n(7) using liminf, . in
place of limsup,_, .. If the upper and lower dimensions coincide, we denote their
common value, called the dimension of T, by n (7).

Note that if 7 is a homogeneous tree with branching number N, then N =
(N z)% for all £ > 1. The choice of base 2 for the logarithm then yields the relation-
ship N = 2", consistent with the familiar interpretation that the dyadic tree has
dimension 1 and the linear tree has dimension 0.

LEMMA 2.8. The tree T,, constructed above with positive parameters \ and 0,
and the unit ball B, satisfy the following properties.

(1) The ball B,, is a pairwise disjoint union of the kubes K., a € T,,, and
there are positive constants C1 and Cy depending on A and 6 such that

Bﬁ(ca,Cl)CKaCBﬁ(ca,Cg), CYE’];“TLZL

(2) Ussq Kp is “comparable” to the Carleson tent V., associated to the point
Ca, Where

V,={weB,:|1-w-Pz| <1—|z|},

and Pz denotes radial projection of z onto the sphere 0B,,.

(3) The invariant volume of K, is bounded between positive constants depend-
ing on A and 0, but independent of o € T,,.

(4) The dimension n(T,,) of the tree T, is 2%n.

(5) For any R > 0, the balls Bg (cq, R) satisfy the finite overlap condition

Z XBs(ca,R) (2) S CRr, 2 €B,.
a€T,

PROOF. Property 1 follows easily from the construction of K ]N , and property
2 is then a consequence of the formula for the metric 5.

Property 3 follows since using (2.14), K, is comparable to a rectangle, two of
whose side lengths (those in the complex radial directions) are e~24®)  while the
remaining side lengths (those in the complex tangential directions) are e 0d(a)

The final two properties follow from volume counting. Indeed, given o € 7,
and £ > 1, let {3; };V:zl be an enumeration of the descendents ¢ generations beyond
o

CO(a)={BeT:B>aandd(B)=d(a)+ ¢} = {8},

From property 3 and (2.14) we have that 1 ~ |K,|, =~ 2™+ K | and since
Ué\’:lng‘ ~ e 2| K,|, we obtain

—200 ,—2d(a)0(n+1) ~, ,—200 ~ |1 1Ne
e e ~e Kol & |U;24 K,

Ny
= Z |Kl3j |
j=1
Ny

~ 2672d(ﬁj)6(n+1) — Nye~2d@)+00(n+1)

Jj=1
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Thus there are positive constants ¢ and C depending only on n and # such that

Ny
CSWSC, a€T,,t>1,
and it follows that n (7)) = log, €?™?, completing the proof of property 4.
The finite overlap property 5 is obtained as follows. Let z € K,. If z €
ﬁé\’:lBg (caj , R), then since 3 is a metric,

N
U Bs (ca,, C1) € Bg (ca, R +2C1).

j=1

Since the balls Bg (caj,Cl) are pairwise disjoint by property 1, we thus have
N
N~ |Bg (ca,:C1)],. <|Bg(cas R+2C1)|, =~ Cr,
j=1

where Cg is a positive constant depending on n and 6, but independent of o € 7,,,
hence also of z € B,,. We will often use the notation [E|, for the p-measure of a
set F.

REMARK 2.9. The choice § = 22 yields dim(7,) = n and the convenient
equivalence 1—|z|> ~ 274 for z € K, . In one dimension with A & 1, this identifies
B, (71) with the one-dimensional Besov space B, (7) defined above on the dyadic
tree 7, and in higher dimensions with the abstract Besov spaces B, (7,,) defined
below on 7,,. However, Corollary 3.2 on monotonicity of Carleson measures requires
both 6 and A to be small (to invoke the atomic decomposition of Besov spaces),
while the more refined holomorphic Besov spaces HB), (7,,) on 7,, considered in
Section 8 will require A small and 6 large. The structural inequality (8.37), used
to define the spaces HB, (7,) and prove the restriction Theorem 8.14, requires
0 sufficiently large, while the positivity property (8.43) in Lemma 8.11 requires in
addition that A is sufficiently small. The above construction simplifies greatly when
n = 1 since then the spheres S, are circles, and the qubes Q;V can be taken to be
circular arcs of equal length.

2.2.2. Discretization of Carleson measures. Let B, = B, (B,). Given 1 <
p,q < oo and a positive Borel measure p on the ball B,,, we say that p is a (Bp, q)-
Carleson measure on B,, if there is a positive constant C' such that

(2.16) (f N (z)); <Clflp, -

for all f € B,. We wish to show that p is a (B, ¢)-Carleson measure if and only if
its averaged version /i is a (B, ¢)-Carleson measure, where fi is defined by

(2.17) i)=Y ( / du) A (Ko) ™ i, (2) dAn (2).
a€T, Ko
It is convenient to introduce as well the discretized version p? of p given by

(2.18) ph=>y" (/Ka du) .

«
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where ¢, is the center of K,. We will need the inequality
1

(2.19) 1f (2) = ()| <CNflip, B(zw)" s z,w € By,

which is proved below in (5.11), and also given as Exercise 21 on page 220 of [Zhul].
We make no restriction here on the structural constants 6 and .

PRrROPOSITION 2.10. Let 1 < p,q < oo, u be a positive Borel measure on the ball
B,, and fi, u* be defined as in (2.17) and (2.18) respectively. Then u is a (Bp,q)-
Carleson measure on B, if and only if i is a (Bp,q)-Carleson measure on B, if
and only if i is a (B, q)-Carleson measure on B,,.

PrOOF. Note that Carleson measures are a priori bounded and p(B,) =
i (B,) = u*(B,). Fix f € B, for the moment and let {wa}ger, and {&a}oer,

be sequences with we, £, € K, satisfying

|f (wa)| = max [f (w)[,  [f (&)l =wlgiKL|f(w)|7 acTy.

weKq

We then have the inequalities

CU@WMWJS/\HMWMMSMNMWMWJ7

o

c|f (€a)l” 1 (Ka) S/ [f ) di(2) < CIf (wa)l” (Ko ,

e

c|f (€a)l” 1 (Ka) S/ |f () dppf (2) < CIf (wa)lP 1o (Ka) -

e

Now if v; and v, denote any two of the three measures j, fi, 47, then

10 zrony < |12y = 1 o] + 171 ey

and by Minkowski’s inequality and (2.19),
1 P) ;1,

< |deu)p-—( |deu)p
(aGT ' /Kf" ’

(Z |f (wa) — a)|p/~L(Ka)>

a€T,

<C ( > I, u(K@)

a€T,,

Il 2oy = 1A 2o o)

Sl

IN

o=

1
<CuBn)7 [Ifllp, -
Thus
1oy < C@a) I £llp, + 1f Loy

and the conclusion of Proposition 2.10 follows.
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3. Carleson measures

Given a positive measure u on the ball, we denote by i the associated measure
on the Bergman tree 7,, given by i (a) = fKa dp for a € T, Let 1 < p,q < 00. In
this section we show that p is a (B,, ¢)-Carleson measure on B,, if i is a (B,(7,), q)-
Carleson measure, i.e. if

1/q 1/p
5.1) (Z Iy <a>qma>) < C(Z f(oz)”> o

a€eT, a€eT,

In the case p = ¢, that arises in section 5 below on interpolation, Theorem 1.1
shows that (3.1) is equivalent to the tree condition

(3.2) S raE)y <Crii(e) <o, act,.
BZa

Conversely, in the range 1 < p < 24+ —1=, 1 < g < 0o, we show that /i is (B,(75), q)-

n—1’
Carleson if p is a (Bp (Bn),q)-Carleson measure on B, (necessity in the range

pE [2 + ﬁ, oo) is left open). We have the following generalization of Theorem

1.2. We often write p («) for i (o) when there is no chance of confusion.

THEOREM 3.1. Suppose 1 < p,q < oo and that 0 < X\, < oo are the structural
constants in the construction of T, in Subsubsection 2.2.1. Let u be a positive
measure on the unit ball B,. Then with constants depending only on p,\,0,n,
conditions 2 and 3 below are equivalent, condition 3 is sufficient for condition 1,
and provided 1 < p <2+ ﬁ, condition 3 is necessary for condition 1:

(1) pis a (By(By),q)-Carleson measure on B,,, i.e. (2.16) holds.
(2) B=A{p(a)}ger, s a (By(Tn),q)-Carleson measure on the Bergman tree
Ty, t.e. (1.7) holds with p (o) = fKa du and T replaced by T,,.
(3) There is C < oo such that
(i) in the case p = q,

Zl*u(ﬁ)p/SC’I*u(a)<oo, aeT,.
B>a
(ii) in the case p < q,

1 A
7

Zﬂ(ﬁ) Zl <C, «aeT,.

Bza B<a

(i) in the case p > q,

S ) (W(p)(@)F <€ < oo

acEy

where

W) (o) = > u({y: v=pHr—

BLa

Theorem 3.1 yields the following monotonicity property for B, (B,,)-Carleson
measures on B,,.
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COROLLARY 3.2. If u is a By, (B,,)-Carleson measure for some 1 < py < o0,
then p is a By, (B,,)-Carleson measure for all 1 < p < pg. Moreover, p satisfies the
tree condition (3.2) with

Po if po<2+-5
p=1 2+ 25 -c,e>0 if 24215 <py<4+2
& if po>4+2

PROOF. For 1 <py <2+ .= 1, we simply use Theorem 3.1 together with the
fact that inequality (1.9) has the corresponding monotonicity property: for f > 0
and 1 < p < po,

_ P 1/p
1/p po PO
(Z If(a)p,u(a)> = Z Zf(ﬁ) p ()
aeT aeT _ﬁga
Po 1/p
<X (D r@m| wle
aceT _ﬁga
p_ ]P0 e P e
<QW§IU@%}) ZCfﬁszﬂ »
aeT aeT

if (1.9) holds for the exponent po.

For py > 2, we use the atomic decomposition of By, (B,) (Theorem 6.6 in
[Zhu]), Khinchine’s inequality for the Rademacher functions ry (¢), and complex
interpolation of the Besov spaces B, (B,,) (Theorem 6.12 in [Zhu]). If the measure

w is By, (B,,)-Carleson, and a > ,, then with f(2) = > 1 fa (1 lcal® ) and

1-¢c4-z

p=q=pgin (2.16), we have

[z (=)

for all {fa} ez, € €7° by the atomic decomposition of By, (B,,). Here we use the
atomic decomposition Theorem 6.6 in [Zhu], which requires that we choose both
parameters A and @ sufficiently small in the construction of the Bergman tree 7,,.
Using Khinchine’s inequality for the Rademacher functions, we obtain

1 - |Ca|2 ’
By aeT, o
-] mon (=5
a€eT, 1-ca-z

/chmﬁwﬁchw

a€T, a€T,

a|pPo

2)<C Y fal™

a€T,

B

2y 2
dp (2)

Po

dtdp (z)
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Now we observe that for z € Kg,
2 a
1 — |eaf
a€T, «
where g (a) = |fa|?. Thus we have the tree inequality

S @Fup<cY g3, g=zo,

BETn BET,

2

2 CZ |foc|2 =clg(B),

asp

and hence by Theorem 3.1, u satisfies the tree condition (3.2) with exponent p =
B > 1. As above, we conclude that p is B, (B,,)-Carleson for all 1 < p < £2. Since
 is also By, (B,,)-Carleson, complex interpolation shows that u is B, (B,,)-Carleson
for all 1 < p < pg. The assertion regarding the tree condition now follows easily,
and this completes the proof of Corollary 3.2.

The tree theorem in [ArRoSa] mentioned above, together with the extension
to ¢ < p in [Ar] (not used in the remainder of this paper), yields the equivalence
of conditions 2 and 3 in Theorem 3.1, and we will consider the necessity and suf-
ficiency of condition 3 for condition 1 separately in the next two subsections. For

convenience we prove only the case A =1 and 6 = 1“72, so that by Lemma 2.8, the
dimension of 7,, is n, and
(3.3) 1 — |2 m e 28(0:2)  o=20d(0) — 9=d(e)

for z € K, by (2.14). The proof of the general case is similar. But first we dualize
the Carleson embedding by computing its adjoint relative to the pairing (-, -)
introduced above

Let (f,g), = Js. [ g (2)dp (z) be the usual pairing between L9 (1) and
L9 (1), and suppose that 1 < p < oo, a>—1. We claim that for a polynomial
f € B, (B,,) and a simple function g € L9 (), we have

(£,9),,={f.©09),,
where ©g € B, (B,,) is given by the formula

a,p

n+lta
7

Ry @9 ()= [ (1) 7 ) duz).

1—-Z w

Indeed, by (2.12) and (2.13) we have
/f dp () = /B<f,kav”>apg<>du<>
-/ { / Ritsvse f (0) R 7 (@i () 3 2 (2)

n+l4+a

:/Bnm*?f“f(w){/m (llzw) "

Using the density of polynomials in Besov spaces, and simple functions in Lebesgue
spaces, we can now dualize the Carleson embedding

g (2) du (Z)}dva (w).

|f||Lq(H>=(/IB f<z>|qdu<z>)qs0|f||3pm>, f € B, (B.),

n
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as equivalent to
H@S’HBP,([B,L) <C ||g||Lq’(M) :

Since we have

1 'n.+1,+c! p p
€) = L d dve,
gl = | [ | (15)  e@ )| )

1
ntlta P’ p’

we can restate the dual inequality as

(3.4) |Skg

vy S Cllallzw gy, g€ L% (),

where the operator .S, is given by

ntlta

Sigw) = [ (f"%)  gGdute).

REMARK 3.3. The implication 1. implies 2. of Theorem 3.1 is equivalent to the
implication that boundedness of S}, from L9 () to LP" (A,) (as in (3.4)) implies

the boundedness of 7}; from L7 (1) to LP" (\y,), where

T;fg(w)/ﬁn

has kernel equal to the modulus of the kernel of S7;. Roughly speaking, the Carleson
embedding implies the tree condition if and only if we can take absolute values inside
the operator S}, without destroying the boundedness in (3.4). This claim follows
easily from the argument in the next subsection.

n+lta

D @ dulz)

1w’

1—-Z-w

3.1. Necessity in case 1 < p < 1+ —5. Suppose that p is a (B, (B,),q)-
Carleson measure on B,, where 1 < p <1+ ﬁ and 1 < ¢ < co. Choose a@ > —1
so that ”erﬂ = 1. We then obtain from (3.4) that

/Bn /B Re (%) 9(2)du(z)

p/
dAn (w) < ||Srg

P
LP (An)

, p'/d
<C (/ lg|? du)
B,

for all g > 0. The tree inequality (3.1) now follows as in the one-dimensional case
in [ArRoSa], [Ar]|. Indeed, fix a € 7, and let ¢ = > . g(a)xk,. Here g is
constant on K, with value g («). Then since

1—-Z w

1wl
Re(|w'>20>0, we Kg,z €5
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for 3 > a, and Re (1 |w7|ﬂ ) > 0 otherwise, we obtain

’

P

NGy = 3 | ()

a€T, \f>a

e ( ) |g<a>q’u<a>> L= Clgl

a€T,

which yields the dual of inequality (3.1).
Unfortunately, this elegant proof breaks down for p > 1+ ﬁ, since we can no

0
longer choose @ > —1 so that 6 = "erﬂ € (0,1], thus forcing Re (1_&”‘2> > 0.

1-zw

3.2. Sufficiency. Suppose that [ satisfies the tree inequality (3.1). Since
it = i, we now replace p by f in the dual inequality (3.4) and consider

n+l+ta

Sﬁg(w)Z/B (%) ' g(2)dp(z), weB,,

We will show that the positive operator Tg given by

n+l4+a

_w2 ’
Tig(w) = [ (M) 9()di(z), weB,

is bounded from L9 (fi) to LP" (\,), i.e.

. 1
7 7’

@) ([ mew) aw) <o ([ o). azo

With this done, it follows that i is a (B,, g)-Carleson measure, and hence also p
by Proposition 2.10.
From Lemma 3.4 below with 0 =0, s=n+1+a, r = p’ and

1@ =90 P )= 9) Y nEaa ) (1 17) " i (),
a€T,

we obtain with 7 as in Lemma 3.4,

.
Iy

o, ) (Z g (o ) ;

a€T,

||T59||Lp/(d,\n) = Hf(gﬁ)‘

where

raie = Y [ i ¥ ) m) [ gan,

BET,: B>
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and g (a) = [, gdX,. The tree inequality (3.1) holds for /i (a) = /i (K,), and this
in turn is equivalent to

1 1
7

(Z f*g%(a)p’>p <c ( ) §<a>Q'ﬁ<a>>q ,

aeT, aeT,
Finally, since p is constant on K, we have

’_ ql ’ ’o
57 fi(0) = p(K.) ( / gdAn) <Ouka) [ o' [ ol
K K, Kq

for all € 7,,, and hence

q’ L
Y /o ro q
(Z 3 (o) u(a)> < (/ g du) |
Ote,];z ]Bn

Combining these inequalities establishes (3.5) as required.

LEMMA 3.4. For0< o <1,1<r<oo, s+or>n and f € L' define

stor

T

ff(w)Z/B <1|M|)f(z)dz.

Then we have

1

. < Cr (Z |:6200d(a)1*f(a):| T) 7

a€T,

|71

where I* [ (@) = S ger, gsa | (B) and [ (8) =[x |1 (2)] dz.

Note that the discretization of f involves the measure dz, as compared to the
discretization of g above that uses dA, (z).

PROOF. Let 6 = % for notational convenience. We compute for f > 0,

s T

.. =/ /BWf(Z)dz A ()

L7 (dX\y) 1 _w.E|T

H

n

10g2(1+|w|)

1 stor
< [|— 2 [ s | d
(1 - \w|2) = S
where S, is the union of the Carleson box at w,, with its lower half, and the points
Wy, = P, (w) are positive multiples of w, but with modulus satisfying 1 — |w,,| =
2™ (1 — |w|). We now fix a constant p such that =~ < p < 1 and continue the

s+or
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string of inequalities starting with Holder’s inequality:

o log, (=4a7) s "
T ‘ S/ g-m = (!
H / L7 (d)y) mZ:o
log 1w T
ogz( 1—Tw] ) 2_m(s+mﬂ)# 1 p i
> L [ e aww
o (1= )" S

T

m=0 W,

1
X X[m,o0) (10g2 <1—|w|>> dy, (w)

< CSJ‘,O',N Z 2—m(s+ar)u Z X[m,o00) (d (a))
m=0

a€T,

< Cura Y 27507 / Ll / f(2)d
Iz Z (1 B |w|2> o (Z) ¥4

r

x (274 N r@) ],

BETn:B=P™ ()

st+or ’ r—1
with C 0 = (Zi:o 9—m e (1-p)r , and where P™ () denotes the m!"
predecessor of a. The final term above satisfies

T
o0

D 27T Ny (d(@)) [ 274 YT f(B)
m=0 a€T, BETn:B2P™ ()
< Z 2m(nf(s+or)u) sup 27 Z X[m,o0) (d (a)) 2Ud(a) Z f(ﬂ)
m=0 mz0 acT, BET,
B2P™ (a)
.
SCCpey 2 (21 3 F@)] =3 (Ori@)
a€eT, BET,:B> a€eT,
with Cf,, = > oo_ 2m= (o) < o0 since - < p1, and where we have used

the fact that
card{a € T, : P™ () =~} < C (2™)™,

which follows from Lemma 2.8 and our choice of # = 22 in (3.3). This completes
the proof of Lemma 3.4.

With this lemma proved, we have completed the proof that condition 3 is
sufficient for condition 1 in Theorem 3.1.

3.3. Necessity in the extended range 1 < p < 2+ ﬁ Suppose that p
is a (B, (B,), ¢)-Carleson measure on B,, where 1 <p <2+ -, 1< g < co. We

n—1’
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have from (3.4) that

/

n+l4a '

_w2 »’
so [ (11_"w> 9 )| (w)

, , p'/d
=il < ([ bl an)

where the operator S is given by

ntlta

Sigw) = [ (f"%) " oGdu(e).

The left side of (3.6) raised to the power z% is

/ P

ntlta p

(3.7) /B /B (%) @) )

n+l4+a

1— |wl|? o P
= sup / / <1||> g (2)du(z) p F(w)d\, (w)
NN e (arg) <1 |/Bn B, —zw

n+l4+a

L-fwl®) * Ty f (w)
> sup / / ER—— 9 (2)dp(2) p i dAn (w)|
f>0|J/B, | /B, <1 -z w) HTanLp(d,\n)

where for 0 < 1 < 1 we define the operator 7;, by

T,f (w) = /B (1- mf)w {Rm (1_12.w>n}f(z) dz
= (1= wP) o %4/ _JE) g,
r Bn :

From (2.7) we have

I 1
(=) e (5)

and so with
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we obtain
a— n+l4+a nt+lta [
Unf (’LU) = R P ’ P Rn_n_l,w[]ﬁf (’LU)
We now use the fact that R"'R., ; is bounded on the Bergman space Aj provided
n—+y, n+y +t¢ —N (Corollary 6.5 of [Zhu]) to conclude that

(3-8) HTanLp(d)\n) = ”Unf”Lp(dya)

ntlda ntlda

q— it notlda T
= HR » P Rninil,nﬁ—}l’%—a Unf‘

Lr(dvy)

<ceu

el

LP(dva) LP(dA,)

REMARK 3.5. Note that in the special case p = 2, Sig = To (gn), so that the
adaptation of the argument below to = 0 reduces to a familiar TT* argument.

The final line in (3.7) is

(3.9) AT NN
>0 HTanLP(dAn)

[ Siat) T, <w>\ .

To compute this supremum, we note that the integral in (3.9) for f > 0 is

(3.10)

/ T, (@)dAn (w)

n+lta

_ )T Rt () o () £ () g () ()
B[B{B[(l zw) » (1 wz)

-/ (Jw)nﬂz’)dz’g(z) e

B, B,

7
where we obtained the final equality using (2.13). Writing ¢/, (z) = ( L ) we

have

a,p

—T () = (1_1ZZ>77

We can discretize the last integral in (3.10) by breaking up the integrals over

| R b 0) R T ) () = 75 )

n
the balls into Bergman kubes K, and using the fact that (%) is essentially

constant on products of Bergman kubes. Observe also that by our choice of § = 1“72

n (3.3),

1 n
e (l—zz’) Z C"2nd(aAﬁ)7 z € KOHZI € Kp,
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for a positive constant c,, provided 0 < n < 1 Note that ¢, tends to 0 as n — 1,
so that we cannot use n = 1 even though Re ——; > 0 on the ball. We obtain that

‘/ T (@)dn ( ’Re/ T, F (w)dn (w )’
>cn//Re< )ng(z)du(z)f(z’)dz’

> ¢, Z > anderg(a) £(B),

aeT, BT,

for f,g > 0 on the ball B,,, and with f (3 fK’ 2)dz, gu (« fK (2).
We also observe that

D 2O gu()If ()= 27y gula) Y ()

veT, veT, a€Ty:a>y BET,:B>y

Sy S 210 ) gu(a) £ (B)

a€T, BeT, YETn:a,B2>y

> 2eMgu(a) £(B),

a€T, BET,

Q

and so altogether we obtain

1
a

(3.11) sup ZQ"d”)I*gu(v)I*f(WKC’( / g(z>|q’du<z>)q,

f>0 ||Tnf||Lp(d>\n) ~ET,

for g € LY (). Provided g is nonnegative and essentially constant on the Bergman
boxes K, we can discretize the final integral above as

(3.12) / 9@)| dpw)~ Y g(@) ua).
n aeT,

Then (3.11) becomes approximately

sup ! > 2 rgu () I f (y) < C ( > g(a)q'u(a)> -

f>0 HTanLP(d/\n) ~ETn aeT,

With o =7, s=n+ 14+ a and r = p in Lemma 3.4, we obtain

1

() * P\”
e (5 (orso).

n

7.4

which together with (3.8), yields the discretized inequality

(3.13)
Z I*gu(y 2?7d(’Y)I*f( y<C < Z g (Oz)q/ s (a)> a ( Z (2nd(oc)l*f (a)>17> 7
v€Tn a€eT, a€T,

for f,g > 0 on 7,. If we write the left side of (3.13) as
D g2 (v) = Y gla) pl) 12 f (o)

vyeT, a€eT,
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and then take the supremum over all g > 0 we obtain the inequality
(3.14)

1/q 1/p
( 3 [12Mrh () (a)) <C ( > e (a)]p> , h>0onT,
aeT, a€eT,

which is (1.7) tested over f of the form f = 2"¢T*h, and with p (a fK dp and
T replaced by 7,. We will however continue instead with the blhnear form (3.13).
We may assume without loss of generality that p has finite support on the tree
7T,. Indeed, if we simply restrict p on the disk to a finite union F of Carleson
boxes, then this restriction pz is a Carleson measure with norm under control. If
we can show that condition (3.2), and thus also (1.7), holds for pz with a constant
independent of F, then obviously (1.7) holds for p with the same constant.

If we are able to find f > 0 such that

(3.15) 219N f (3) = (Fgu (1)) ", v €T,
then from (3.13) we have

1

2 gn()” <© ( > 9" u(a)> q ( > (Ugn (a))“’")p)
V€T acTy, a€eT,

e ( Y g u(a)> q ( S (g <a>>1’/> |
a€eT, aeT,

which yields (3.2) as required. So it remains to solve (3.15) for as large a range of p
as we can, using 0 < 1 < 1. To this end, we invoke the following elementary result
on a tree 7.

LEMMA 3.6. Given G > 0 on T such that G (0) < oo, there is h > 0 on T
satisfying

(3.16) I'h(a) =G(a), €T,

if and only if both

(3.17) > G(a)—0as N — o,
d(@)=N

and

(3.18) G(a)=> G(a;) >0, a€T,

and where o are the children of a.

PROOF. For the necessity, (3 16) and h > 0 imply
0<h(a)=1TI tha] G(a) =) G(oy),
J

which is (3.18), while (3.16) and ZaET () = I*h (o) = G(0) < 0o with h > 0

yield
Z G (« Z I'h(a) = Z h(8) — 0as N — oo,

d(a)=N d(a)=N BET:d(8)>N
which is (3.17).
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Conversely, (3.18) and (3.17) yield (3.16):
Fh(a)= Y h(8)=lim > h(f)

N—oco
BET B> B>a,d(B)<N
= lim_ 3 G(B)—> G(B)
B>a,d(B)<N J
= lm {G@@)- Y GO
d(y)=N
=G (a).

By Lemma 3.6, solving (3.15) for f > 0 is equivalent to the inequality

2= ([*gu (v)P 7L > Z 271405 ([*gp (%‘))p,ilv v € Ty,
75 €C(7)

where the sum is taken over the the set C (y) of children 7, of . This inequality is
trivial if p < 2 since then p’ — 1 > 1 implies

p'—1

(g ()P = > I'gp(y) > > Igu(y)?
7 €C(7) 75 €C(7)

and d (v;) > d(v) for v; € C (). So we suppose that p > 2. Since d (y;) = d (v)+1,
and j runs from 1 to the maximum branching number N of the Bergman tree 7,,,
we have using Holder’s inequality with exponents p — 1 and ;%,

S 270 (g ()P
Y €C(Y)

p—1 p—1

L IO DI B D DI
Y5 €C(7) J
1
p—1
P

< 27 (N)5 (S I gp(vy)
J

< 2llos NIEE 0 Lo =) (1 gy ()"}
< 27O (Igu (7;))"

2

as required provided (logy N) E=5 —n <0 orp < 2(log, V) =1

_ n
(logo N)—n ™ 2+ (logg N)—n*
In order to obtain the full range 1 < p < 2 + ﬁ, we will take n sufficiently
close to 1, and use the device of splittin e sum into “sparse” pieces
lose to 1, and use the device of splitting th acr, into " pi
Zaej—n:d(a)eeNer for 0 < m < £, where ¢ is chosen so large in Definition 2.7 that

(3.19)

logy (IVe)

= log, (sup card{f €T : 6> aand d(B) =d(a) —|—€}> e < p;l
aeT p_2

)=
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This can be done if p < 2 + ﬁ, or equivalently n < g%;, since the dimension

n (7y,) of the tree 7, is n by Lemma 2.8 when ¢ = 2.

With ¢ chosen so that (3.19) holds, we consider solving the equation

(3.20) 2O f (y) = (TPgp ()P yET.d(y) € Ly,
for 0 < < 1 and with f > 0 on 7,, and supported in
Q={v€T,:d(y) ElLs}.
By Lemma 3.6 applied to the tree 2y, this is equivalent to the inequality
27O (Fgu ()P T > N 27O (g (7)Y T, v e
Y €Ce(7)

where the sum is now taken over the the set C; () of grand®~!-children v; of v, i.e.
those with v; > v and d(vy;) = ¢. From Holder’s inequality with exponents p — 1
and Z%% again,

S 27O (g ()P
Y3 €Ce ()

p—2 1
p—1 p—1

<ot [ 3 S (g ()@ DEY

V5 €Ce () J

< 27 (N)F= (S I ()
J
< lom NG =0 om0 (1 gu ()"

< 2710 (P gu ()P 71,

since (log2 (Ng)%) Z%f —n < 0 for nsufficiently close to 1 by (3.19).

Thus we have solved (3.20) for f > 0 on 7, and supported in ,. We also have
P
(3.21) > prorre)] <ce 2 orsm
B>v:1<d(B,v)<L
(3.22) =Cpe (g ()", 7€
Thus using first (3.20) and (3.13), and then (3.21), we have

> (gn()” <C ( > g(a)qw(a))q (Z [2"d<a>f*f<a>]p>

YEQ, a€eT, a€T,

p

D=

=

1

so(ng)q’u(a))q Coe Y gn(n))” | -

a€T, YEQ

Since Y- er. (I*gp (a))p/ < Cpydeq, TFgn (7))17/7 this yields the dual of (3.1),
and hence (3.2) as required.
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REMARK 3.7. If the weight 274") in (3.15) were replaced by 2"¢(")| then the
argument above would solve (3.15) for all 1 < p < co. However, this would require

using (7, (z) = (ﬁ) above, and the real part of ¢, (z) would no longer be

o ap s . . 1
positive. We do not know if inequality (3.14) characterizes (1.7) when p > 2+ —.

4. Pointwise multipliers

Recall that given 1 < p < oo, a positive Borel measure p on the ball B, is a
B, (B,,)-Carleson measure on B,, if there is C' < 0o such that

([ 1rerae) <clilse,. 7<B,E).

where

1 m—1

o0 = ([ (1= 1) 777 @) ann )" + X 97 0)
k=0

for any m > %.
DEFINITION 4.1. We say that ¢ is a (pointwise) multiplier on B, if of € B,

for all f € By,. By the closed graph theorem, this is equivalent to the existence of a
constant C' < oo such that

leflls, <Clifls,. 1 €By

Standard arguments show that if ¢ is a multiplier on By, then ¢ € H* (B,,) N
By,. Indeed, since 1 € By, we have ¢ = ¢1 € B,,. The adjoint M of the multiplier
operator M, f = ¢f is also bounded on B,, and if e, is the point evaluation
functional on B, then

(FMe) = (Myfoed) = 9(2) [ (2) = 9 () (Fres) = (L7 (e ). [ By,
shows that M;ez = mez. Thus

o (N el = [ Gex |, = 1Mzl 5y < 1] e,

implies that |¢ (2)| < HM;H = || M, || since ||ez||B;J < 00.
THEOREM 4.2. Let p € H* (Bn) N By and m > 3. Then ¢ is a multiplier on
B, (B,,) if and only if
(1= 14%)" e ()] ann (2)
is a By (By,)-Carleson measure on B,.
Proor. Fix 1 <p < oo and m > %. Let f,¢ € Bp. Then

m—1 1

lofla, = X 9@ O]+ ([ [(1=1)" 7" @n @] ania)

k=0

(4.1) VT (0f) (2) =D emn (V"0 (2)) (VFf(2)) .
k=0
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show that

( L) v en@f o, <z>);

<C ( LA =) el s @ a, <z>);

s m—k p k P 1
+C (/B ’(1 - \z|2) vk (2) ’(1 - |Z\2) VEF(2)] dhn (Z)>
k=1 n
+c / p@F [(1=12%)" v £ )] dn (z))
B,
Let
Qk:%,q;:%’ 1<k<m-1,
and apply Holder’s inequality to obtain for each 1 <k <m — 1,
m—k p k p 1
</ (1 - \z|2) vk (2) (1 - |Z\2) VEF(2)] d\n (2))
B
m—k Pk T
< (/ (1 - |z\2) VRo ()| dA, (Z)>
B,
k Paj, ﬁ
X (/ (1_ |Z|2> VEf(2)]  di, (Z)>
Br

< ||S0||B,,qk (Bn) ”f”qu;c(]Bn)

simcem—k =2 > 2 and k = &
qar Pax q

2 f
Besov spaces, Theorem 6.6. in [Zhu], implies in particular that the inclusions of
the Besov spaces B), (B,,) are determined by those of the 7 spaces. Thus

> p’ql, . Now the atomic decomposition of

B, (B,) C B,(B,), 0<p<g<oo,
and so we have
”w”Bmk(Bn) ”.f”qu;C(]Bn) < H‘PHBP(IBn) ||f||3p(]3n) ) 1<k<m-1,

since g, g, > 1. Also,

m—1 m—1| k
IVE () O] <O Y D (VE70(0) (V1 (0)
k=0 k=0 |j=0
m—1 m—1
<c vaon) (z |ka<o>y>
k=0 k=0
<lells, @) Ifl5,@.)

and combining all of these inequalities, we obtain
(4.2)

||90f||Bp(Bn) <C {HfHLP(“) + ||(p||Bp(]E%n) HfHBp(IBn) + ||<P||H°°(Bn) ||fHBp(an)} )
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where . »
du(z) = ’(1 - \z|2) V™ (z)‘ d\, (2).

Similarly, if we rewrite (4.1) as

m
Cmo (V"0 (2) [ (2) = =V (0f) (2) + D cmi (V"0 (2) (VS (2)
k=1
and multiply through by (1 — |z|2)m, the above inequalities yield
(4.3)
£l zoqy <C {H@fHBp(]B") + s, @) 1fl5,@,) + 1€l e, ||fHBp(1B;n)} .

For ¢ € H*(B,) N B, (B,,), inequalities (4.2) and (4.3) show that ¢ is a
multiplier on B,, if and only if x is a B, (B,,)-Carleson measure on B,,.

5. Interpolating sequences

Let {zj} 1 be a sequence of points in the unit ball B,,, and 1 < p < co. In the
present sectlon we will prove that weighted ¢? interpolation for Besov spaces By, (B,,)
holds on the sequence {z; }]Oil if and only if the following separation condition and
Carleson embedding hold;

(5.1) B(2,0) < CB(2,%;) and

oo

1-p
1
Z 1+log ——— d., is a By (B,)-Carleson measure.
j=1 1— |z
j=
We may assume without loss of generality that the points z; occur as the centers
Ca; for a corresponding sequence {ozj}jzl in the Bergman tree 7, (this requires
only a much weaker notion of separation, §(z;,z;) > ¢ > 0), and we take A = 1
and 6 = 22 in the construction. Note that (3.3) yields
d(a;,0) = B (cq,;,0)
1
~ log ——,
1- |COéi |2
where d denotes distance in the Bergman tree 7,,. Furthermore, the separation
condition f(z;,0) < Cf(zi,2;) on the ball implies the tree separation condition

d(a;,0) < Cd(ai,aj), but not conversely. We then show that the analogue of
condition (5.1) on the Bergman tree 7,

(5.2) B(#,0) < CB(z,2;) and
Z (1+d(aj,0)) 7 dq, is a By (7,)-Carleson measure,
Jj=1

is sufficient for £ interpolation of the multiplier spaces Mp (5,) on {Zj};il for

all 1 < p < o0, and necessary provided 1 < p < 2+ % However, we leave the

difficult subrange [1 + =9 2) to Section 8 where additional properties of a refined
Bergman tree 7,, are requlred, and a more delicate argument is then needed to show
that we may assume the points z; occur as the centers ¢, of certain kubes K, in
the refined Bergman tree (see the final paragraph of subsection 8.5).
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We are however able to show that (5.1) is sufficient for ¢*° interpolation of
the multiplier spaces Mp (g,) for p > 2n, and that (5.1) is necessary for £*° in-
terpolation of the multiplier spaces Mp (g,) for all 1 < p < co. Since a measure
w is a By, (7,)-Carleson measure if and only if it satisfies the tree condition (3.2),
we see that one obstacle to obtaining a characterization of £*° interpolation of the

multiplier spaces Mp (g,) in the exceptional range [2 + # Qn} is our failure to

find a proof for Theorem 3.1 when p > 2 + —. For the remalnder of this section,
we consider mostly Besov spaces B, (B,,) on the unit ball, and for convenience in
notation, we will suppress the dependence on the ball by writing simply B, for
B, (B,).

For a > —1 and 1 < p < oo, recall from Theorem 2.5 that (B,)" and B, are
identified under the pairing

oy = (Risges £ RS a0) = [ Rigen () R g Gl (2

=[BT R @ (1= 1E) T R () ).
B, ’ !
for f € B, g € B, and that the reproducing kernel for B, relative to this pairing
is given by

o -1 . _ntlta
= RM (]. —U)Z) P 5
P

where the last formula above follows from (2.13).
We now state our analogue of Bée’s interpolation theorem in two separate
statements.

THEOREM 5.1. Let 1 < p < 0o, a > —1 and k%P (2) be the reproducing kernel
for By, relative to the pairing (-,-), , given in Theorem 2.5 above. Let {z]} L bea
sequence in the unit ball B,,. Then the following conditions are equivalent.

(1) {ZJ} _, interpolates By:

f(z)
(P

j=1

(5.3)  The map f — takes By boundedly into and onto €.

(2) The following norm equivalence holds:

< jor <\
(5.4) E aija;JH ~ E |aj|p
=1 J Bp/ Bpl Jj=1

(3) The following separation condition and Carleson embedding hold:
(5.5) B (2:,0) < CB(zi,25) 1 # j and

>

kZP

-p
‘ 4z, is a Byp-Carleson measure.
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THEOREM 5.2. Let 1 < p < oo, a > —1 and kP (z) be the reproducing kernel
for By, relative to the pairing (), , given in Theorem 2.5 above. Let {z; }(;il be

a sequence in the unit ball B,. If p € (1,2 + ﬁ), then each of conditions (5.6)
and (5.8) below is equivalent to the three conditions in Theorem 5.1. In general,
for 1 < p < oo, (5.8) implies (5.6) implies (5.7). For p > 2n (5.5) implies (5.6).
Ifpe (1, 1+ ﬁ) U [2,00), we also have that (5.7) implies (5.5):

(1) {z};2, interpolates Mp,:
(5.6) The map f — {f (zj)};)i1 takes Mp, boundedly into and onto £>°.

(2) {ka’p} is an unconditional basic sequence in By :
]_

(5.7) ijk?j’p <C Zajkjj’p . whenever |b;| <la;|.
/ B, =1 By
(3) {Zj};i1 = {caj}jil where {O‘j};i1 is a sequence in a Bergman tree T,
satisfying

Z (1+d(aj,0)" da, satisfies the tree condition (3.2).

Note in particular that for p € (1, 2+ ﬁ) U (2n, 00), multiplier interpolation

(5.6) is characterized by the separation condition and Carleson embedding in (5.5).
The parameter « > —1 appearing in condition (5.5) is not essential, as evi-
denced by the following calculation.

LEMMA 5.3. Fora > —1 and 1 < p < oo, we have

e

1 v
(5.9) Hkﬁﬁ”’HBp/ ~ <1 + log 1—w|2> ~ (14 6(0,w))r

1
'Y

Proor. Using (2.13) and m = ”Zﬂ > ﬁ, we compute that

s, = ( | s <z>> ’

n+l4+a

(1 - |Z|2) p’ (711+1l+a kgap (Z)
P

I[k?

n+l+a »

2
7R o)

1—w-z

L] e
[

nll—

1
v

1+10g 7 |>
w
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by Theorem 1.12 of [Zhu].

Thus we can restate condition (5.5) in the equivalent form,

(5.10) B (2:,0) < CpB(zi,25) and
00 1 I-p
Z 1+log —— d.; is a Bj-Carleson measure.
j=1 1 — |z

We saw in Corollary 3.2 that if a fized measure p on the ball is a Carleson
measure (that is it gives a Carleson embedding) for a fixed value of p, then it
also gives a Carleson embedding for all » < p, thus propagating downward. In
contrast, if a sequence {z; };11 satisfies (5.5) for a particular value of p, then it also
satisfies the condition for all » > p, thus propagating upward. This fact lets us

draw conclusions about the interpolation properties of {z,}]oil

LEMMA 5.4. (1) Suppose 1 <p <r < oo. If {z; };’O L 15 an interpolating
sequence for By, i.e. if (5.8) holds, then {zj} _, is also an interpolating
sequence for B;..

(2) Suppose 1 <p<r<ooandr € (1,2 + ﬁ) U (2n,00). If {zj};il s an
interpolating sequence for Mp, , i.e. if (5.8) holds, then {Zj};il is also
an interpolating sequence for Mp, .

PROOF. By the two previous theorems and the lemma, it will suffice to prove
that if a sequence {zj};il satisfies (5.10) for a particular value of p, then it also
. o . . o0
satisfies the condition for all » > p. Suppose now we are given a sequence {z; }j=1~
We write the Carleson embedding in the following form,
Po

s cO‘J) < 1 Po
Z— 1+log ———— | <CIfII,
= | Tl T 1= |ea,| "
or

1T g0y < C 1L,

where

—1
Tf(z)= <1+10g1_lz|2> f(z),

= Z<1+log | ‘>6Ca7~'
Ca, :

Since T is bounded from the Bloch space By to L™ (u)(Corollary 3.7 in [Zhu]),
we have by interpolation (Theorem 6.12 in [Zhu]) that T is bounded from B, to
LP (i), which is equivalent to the Carleson embedding for exponent p in (5.1), for
all po < p < co. We remark that in the proof of Theorem 6.12 in [Zhu], Theorem
3.4 substitutes for Theorem 6.7 when p; = co in the conclusion
1 1-60 0
BP [BPO’BPI]97 P Do +p1'

REMARK 5.5. It is not apparent to us how to reach the conclusion of the
corollary without passing through the equivalence of interpolation with condition
(5.5).
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REMARK 5.6. For n =1 it is interesting to contrast the result in the corollary
with the situation in the Hardy and Bergman spaces. For the Hardy spaces a
sequence is an interpolating sequence for HP for some p if and only if it is an
interpolating sequence for H" for every r, 0 < r < oo. For the Bergman space,
we know from the work of Seip [Sei2] and Schuster and Varolin [ScVa], that if
a sequence is an interpolating sequence for the Bergman space AP, then it is an
interpolating sequence for A" for 0 < r < p. One should be cautious in interpreting
this comparison; in contrast with the Besov scale, the Hardy and Bergman scales
are defined using a measure that does not vary with p, thus producing scales of
spaces that get smaller as p gets larger.

REMARK 5.7. Our proofs show that the interpolations in (5.6) and (5.3) can
be taken to be linear, i.e. there are bounded linear maps R : {*° — Mp, and
S : (P — B, that yield right inverses to the restriction maps in (5.6) and (5.3)
respectively. In dimension n = 1 Boe has shown [Boe] the stronger result that there
are functions fi € Mp, such that | full,,, <O, fu(z) = 8] and 3, |fx (2)| < C
for all z € D (compare Theorem 2.1 in chapter 7 of [Gar]). It seems likely that this
extendsto 1 <p <2+ ﬁ for n > 1, but we will not pursue this here.

REMARK 5.8. For p € {2 + 1 oo)we do not know if (5.5) is sufficient for

n—17

(5.8). Note that (5.2) and (5.8) are equivalent by Theorem 3.1.
For later use we note the following.

LEMMA 5.9. For f € By, and z,w € B,

1
a

(5.11) ()= F @) £ Cf g, Blzw)7
PRrROOF. To see (5.11), we first observe that by (5.9),
(5.12) 1k? = k6l g,

ntlta

(1=12P) 7 Rowrse (B3 — K§7) ()

(.
[y

(-EF) ) 5
< Clul / T ) <es0,w)7
B,

1 —w- z|"+1+a

1

(1-w-2) »

By the invariance of B, and the Bergman metric 3, we then get
1f (2) = f(w)] = [f 0w (pw (2)) = f o pu (0)]

— «,p a,p
B ’<f © Pw> kﬁaw(z) - ko >

a,p

<1f o pull, [kehe) — k67|
p/
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1
<C ||f o ‘PwHBP B (O, Pw (Z))p,

1
7

= C|fllg, Bz w)7 .

PrROOF. (of Theorems 5.1 and 5.2) We will see that the one-dimensional argu-
ments used in Theorem 1.1 of Bée’s paper [Boe] to prove that (5.6) implies (5.7),
and that (5.3) implies (5.4) implies (5.5) extend to higher dimensions with any
choice of pairing and corresponding reproducing kernel in Theorem 2.5. However,
the one-dimensional proof of the implication (5.7) implies (5.4) does not extend in
the range 1 + ﬁ < p < 2. The proof of that implication is where Boe uses what
he calls his “curious” Lemma 3.1. For this he needs to know that his reproducing

kernel ky, (2) = log ;= satisfies

1

—wz

1
Re —k/ =R > 0,
e —ky, (2) e
where he uses the pairing (f, g) = [ f'g’ to define the kernel k,, (z) (and assumes
his functions f satisfy f(0) = 0). With the choice p = %, it follows from

(2.13) that the reproducing kernel k2P (z) given in Theorem 2.5 has the analogous

property,
ReRiiva ky? (2) =ReRTky® () = Re ﬁ > 0.

This does indeed lead to a proof that (5.7) implies (5.4), but only for the restricted
range 1 <p < 1+ ﬁ, since we must have o > —1. It is the failure of this argument
for the remaining values of p, as well as our failure to obtain the necessity of the
tree condition (3.2) for the Carleson embedding (2.16) when p > 2+ —L- that
forces us to proceed via a different logical route.

The proof of the theorems will take much of the rest of the paper and various
of the arguments will only be valid for certain ranges of p. We will prove Theorems
5.1 and 5.2 by demonstrating the following implications:

(1) In Section 5.1, Multiplier space necessity, we prove that (5.6) implies (5.7),
that (5.3) and (5.4) are equivalent, that (5.3) implies (5.5), and that if
pe (17 1+ ﬁ) U|[2,00), then (5.7) implies (5.5).

(2) In Section 5.2, Multiplier space sufficiency, we prove that (5.8) implies

. ~ ~ 1 if n=1
(5.6), and we prove that if p € (N,00), N = o if n>1 then
(5.5) implies (5.6).

(3) In Section 5.3, Besov space interpolation, we prove that (5.10), which is
equivalent to (5.5), implies (5.3).

(4) In Section 9, Completing the multiplier loop, we show that if p is in
(1, 2+ ﬁ), then (5.6) implies (5.8) (this implication already follows for

p in (1, 1+ ﬁ) or [2,2 + ﬁ) from the previous ones and Theorem
3.1).

The implications (5.3) implies (5.4) implies (5.5) implies (5.3) do not use our
characterization of Carleson measures in Theorem 3.1, relying instead on only the
embedding definition of Carleson measure (we do however use the simple condition
(1.11) in conjunction with our general tree theorem from [ArRoSa]). The implica-
tion (5.8) implies (5.6) however, relies heavily on the use of the tree condition (3.2)
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to extend Boée’s arguments to higher dimensions, and thus Theorem 3.1 plays a
crucial role in the proof of this result. The remaining implications use only the em-
bedding definition of Carleson measure together with one-dimensional techniques,

n— 172>7

this is the most difficult implication, requiring a passage to multiplier interpolation
on holomorphic Besov spaces on Bergman trees, and occupies the content of Sec-
tions 6, 7 and 8. We refer to the implications “(5.8) implies (5.6)”, “(5.5) implies
(5.6)” and “(5.5) implies (5.3)” as sufficiency implications, and the remaining ones
as necessity implications.

except for the final implication (5.6) implies (5.8). For the range p € {1 +

5.1. Multiplier space necessity. We begin with the straightforward neces-
sity implications; (5.6) implies (5.7), (5.3) implies (5.4), and (5.4) implies (5.5).
For the most part, we follow Boe [Boe|, who in turn generalized the Hilbert
space arguments in Marshall and Sundberg [MaSu|. First, we have that condi-
tion (5.7) follows from (5.6) since if we choose ¢ € Mp, so that b; = ¢ (2;)a;, then

M (kgy?’) = sz)k?j’p and so

Z bikeP M i a;ke”
= :

B, 7=1 B,

1Mo || Zaak“”’

Bp/

IN

< Csup|cp zj)] Zajk‘a’p
Bp/
Next we prove the equivalence of (5.3) and (5.4), the arguments being short
and essentially reversible. First, if the map Tf = {”kic(pzn)} in (5.3) maps
5 B, .
o )i

By, into ¢7, then we have

kap 00 k.ap
S| = (S o)
T, | A
p’ f

15, =1
= sup

£, =1 | Z ka')HB,

< | i [\
24

< s mar—| | e

£, =1 Z %71, Pl
SC’{aj};ilep’
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If the map T is also onto, then its adjoint T, given by

T ({ehh) = D HW’HB

satisfies

%
Jj=1 P

7 (tes2a)], =
pl

which is the opposite inequality in (5.4), and completes the proof that (5.3) implies
(5.4). Conversely, if the inequality < in (5.4) holds, then

P\ 7
—| [f(z)
(5.13) ol — = sup a,
S ) =
o a;koP
o >
[Has352 [l =1 |i=1 Byl ap
(5.14) < sup Iflg, Z % as
”{aj}joil”zp’*l H HB’ B,
P
(5.15) <ClIfls,

and thus the map T in (5.3) is into. If the reverse inequality = in (5.4) also holds,
then

0471’

| (tasr2) ‘Zaﬂ ||k‘”’||B

>c H{aj};ilHeP’ )
which shows that T is also onto.

REMARK 5.10. We have shown in particular that the inequality < in (5.4)
implies that the map T in (5.3) is into. This will be used below.

The implication (5.4) implies (5.5) will now follow if we show that (5.3) implies
(5.5). The Carleson embedding in (5.5) is a restatement that the map 7 in (5.3)
is into. Indeed, the left side of (5.13) is || f]| , and thus shows

v (sl o)
that the Carleson embedding in (5.5) holds. To obtain the separation condition,
fix i and use that 7" is onto to obtain f € B, satisfying f(z;) = 1 and f(z;) =0
for i # j. It now follows from the open mapping theorem and the Holder estimate
(5.11) that

@\‘H

1, < CITSller = C sy Wels, = 07

R

for all ¢ # j.
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5.1.1. The necessity of separation and Carleson. Now we turn to proving the
more difficult necessity implication (5.7) implies (5.5). First we dispose of the easy
part - namely that the separation condition in (5.5) follows from (5.7). Indeed, by
(5.9), (5.7) and (5.11) we have

1

(L4 8(0,2))7 =~ ||k

a,p _ LO,P

‘Bp/
=C sup
1715, =1

=C sup |f(z)— f(z)]
£, =1

<Cp (Zmzj)i

(v )

o,p

It remains to prove that the Carleson embedding follows from (5.7). For this,
we show that (5.7) implies (5.4) for both 1 < p < 1+ —15 and p = 2, and also that
(5.7) implies the inequality < of (5.4) for p > 2. The note above then yields that
the map T in (5.3) is into, which we showed above is a restatement of the Carleson
embedding.

5.1.2. The case 1 <p <1+ = Here we prove the 1mphcat10n (5.7) implies
(5.4) for the special case 1 < p < 1 + . Given 1 < p < 1+ =5, we make the
choice —1 < o < 00 to satisfy

n+1+a«
5.16 =)
(5.16) =
which accounts for our restriction 1 < p < 14 —5. Note that p’ =n+1+a, so
that
n+l4+a«
—— =n+aq,
p
n+l+a
T == 1.

and R$1.. = R§ where « is as in

Thus in this case we have RS, 1. = Ry, /
P P

(5.16), so that
<fvg>a7p < n+o¢f7R1.g>

:/Bn (1-1s)" o Rl (2) (1= 12) Retg (=) (2).

Let {z]} , be a sequence in the ball B,,. We will need the following two results.

LEMMA 5.11 (Lemma 3.1 in [Boe]). If {fj} _, 18 an unconditional basic se-
quence of positive functions in L1 (du), 1 < g < oo, then

oo
Z |a; f3] ~Cy
j=1

La(du)

sup |a; fjl
i>1

o0
S a1 1
j=1

La(dp)
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PROOF. For convenience we sketch Boe’s proof, which we will need to adapt

in Subsection 9.1 anyway. Since the f, are positive and unconditional in L? (du),
we have, letting {r; (t)};’;l denote the Rademacher functions,

> laifil <> lail £ <C|> rit)asf
i=1 =1

Loy 77! La(dy) = La(dp)
for all t € [0, 1] (since |a;| = |r; (¢) a;]). Now average the ¢'* power of this inequality
over t € [0, 1], and use Khinchine’s inequality to obtain
- a s a
> lajfil < Cq/ > it a;fs dt
=t La(dp) ° Jla= La(dp)

q
1| oo
ch// > ri(tasfy| didu
o |i=

ch/“{ajfj};‘il

q
» dp.

1
Since H{aﬂ%}?il :
equality we have,

goo by the Cauchy-Schwartz in-

.\ TR
L) ([l )

{a;fi};2,

g S H{ajfj};il

2
01
q

éajm <cr ([ |,

La(dp)

which yields the inequality

oo

Z|ajfj| <y

=1 La(dp)

sup |a; f;]
izl La(dp)

Thus the expressions

r

> laifil”
j=1
La(dp)

are all comparable for 1 < r < oo, and the choice r = ¢ yields the final equivalence
in the lemma.

LEMMA 5.12. For—1<a<oo,1<g< oo and F € H (B,) withIm F (0) =0,

(5.17) (/B P (2)[ dve (z)) i (/B Re F (2)[ dve, (z)) ’

PRrOOF. The Koranyi-Vagi theorem (Theorem 6.3.1 in [Rud]) shows the equiv-
alence of the left and right hand sides in (5.17) when the measure dv, (z) on the
ball B,, is replaced by surface measure do (z) on the sphere 9B,, (and F is say a
polynomial). Note that do corresponds to lim,—,_; dv,. This immediately yields
(5.17) by an integration in polar coordinates.
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Now suppose that (5.7) holds. Since p’ = n + 1 + «, we have from (2.13) that

1

1 CROP () = ———.
(518) REKG? (2) = -———

We now compute that

ka,p ) cp
Z‘”Hk s A (CE DS Z“ﬂuk =
By B, By LY (dAn)
0o Raka,p
= (1 o e
= WBy S Lo )
_ i ’ka,p 1
& =By, 1—% -2
- L (dva)

since p’ = n + 1 4+ a. Now by the lemmas above, and using p’ = n + 1 + « and

k&P

fi =

we continue with

00 1 o] 1
E k&P ‘  — ~ E aj |k3P ‘ Re —
— =B, 1-%;-2 — B, 1-%z;-2
= LP' (dva) = Lr' (dva)
1
[e%S) '
~ '
S D T
J=1
1
00 '
’
~ } : P
~ |aj| )
j=1
since
) — ||pap
||f]||LP'(dya) - ij Re 1—7%;-
B, Zjz Lpl(dl/a)
-1
~ (k3P 1
Zi B 1-— Zi 2 ’
»’ J L?" (dvy)
-1
= k|| [[(1=12P) Rugr
Zj zZ4
7B, 7L (dAn)
-1
EoP LoP -1
= B, "% liB,

upon using the second lemma above once more. This completes the proof of con-
dition (5.4) in the case 1 <p < 1+ —1-.
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5.1.3. The case p > 2. Here we show that (5.7) implies the inequality < in

(5.4) for p > 2, and also that (5.7) implies (5.4) for p = 2. First we claim that the
unconditional basis condition (5.7) and Khinchine’s inequality yield the inequality
kP

o0
ZaJHka,pH <C Zlajlp
B, =1

for p > 2, and with equality in the case p = 2 To see this, we compute using first
(5.7) and then Khinchine, that for any m > 7, we have

»’

Bp/

p/

> kP ’ | kP
Somer—| =] (S ommrn | @
[P O =Rl 5 PV
P p

j=1

:/1/ iaj (1= )" Riksr - )rj &) dra (2)dt
=1

T,

m 2 %/
/ i <1f|z|2) Rk (2)
~ a; : d\, (2).
J &, "

/
Since & < 1, we continue with

p
i o <C/ Z 1_|Z|) RO (2)
a a; = n (2
Jsz;pHB, =1 R [ P

=R

n

o0 m p/
- —“‘J‘ / (1= 12B) " Rk ()] (2
B

“S gl
j=1

which is the inequality < in (5.4). In the case p = 2 we have equality, and so then
(5.4).

5.2. Multiplier space sufficiency. Here we prove that (5.8) implies (5.6) for
1 < p < 00, and also that (5.5) implies (5.6) for p > 2n, beginning with the proof
that the multiplier interpolation property (5.6) follows from (5.8). We generalize
the main ideas in Bée’s one-dimensional proof to the unit ball B,,.

For z € B,, and 3 < 1, define the region V/ by

v/ ={weB,:|1-w P2l < (1-|2)’}.

where Pz denotes the radial projection of z onto the sphere 0B,,. The intersection
of V/# with the complex line Cz through z and the origin is

{wEBnﬁ(Cz:\w—Pz|§(1—\z|)ﬂ},
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and the intersection of V/# with the sphere dB,, is an “ellipse” with radius (1 — |2])?

8 .
in the radial tangential direction, and radius (1 — |z|)2 in the complex tangential
directions. Using arguments in Marshall and Sundberg [MaSu], the separation
condition in (5.5) implies the following geometric separation conditions.

LEMMA 5.13. Suppose the separation condition in (5.5) holds. Then there are
constants 0 < f < 1 < fn < n such that if VS N ij # ¢ and |z;| > |z, then
zi & Vz’g and
(5.19) (I—lz) < (A==

PROOF. Fix z;,z; with |z;| > |z, suppose w € V£ N sz and set w = |z;|w so
that

2 2 12 2
T—fwl” = 1=z Jw]” 21— |z]".
Then the separation condition 3 (z;, z;) > ¢f (z;,0) (the dual use of 3 as a positive

real number less than one, and as the Bergman metric, should not cause confusion)
yields

cB(0,w) < cB(0,2) < B(zi,2) < B(z,w) + B (w, 25)
and so
B (0,w) <28 (2k,w),
where k is either 7 or j. Now the identity
p(z,w) = ¢, (w)] = tanh B (z,w) ,
yields for this k,
1—p(w,2)° = 1 — tanh® B (w, )
<1 —tanh® (¢ (w,0))

4
T 2B@.0) 4 9 4 ¢—26B(w.0)
4 _ 0= jw))*®

= 0 = (1 Jwl)”

c 2 A
<4l < (1- ),
for some 0 < A < ¢ provided z; is large enough, which we may assume by discarding
finitely many of the points z;.
Then the final identity in (2.3) gives

(1= 1l”) (1 J=f?) ) .
5 =1-p(w,z) §(1—|w|) .
|1—w~2’k|
Now we use that
1-wW-zg=1—|zi|+|2k| 1 =W Pz + w —w - Pz)
implies

B
L=@ 2] < (1= |l + (1= 1al) + (1= J2))

B
<3(1-1aP)",
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to obtain

(1-1oP) (1= ff?) <11 -2 (1 - )
<C (1 - |zk|2>26 (1 - |w|2))\.

28-1 and |z;| sufficiently large, we have

Hence with 1 <n < 5=

28—1
1—X
1=l 1=’ <€ (1= |af?)

n n
< (1 - |Zk|2) < (1 - |Zz|2) )

which is (5.19). In particular, if z; € szj, then

B Bn
L-lal <=5 Pyl< (1-15) < (1-1al)  <ca—|a)™

yields a contradiction for |z;| sufficiently large if 8n > 1. This completes the proof
of Lemma 5.13.
We now fix constants 3 and 7 as in Lemma 5.13, and write V, = V.

Lemma 5.18 below is the key construction in the sufficiency proof and is moti-
vated by the formula (1.35) in [Zhul]

1 1
Rs—n,n . — ,
<(1 ~- z)1+é> (1—m@.z) "+t

valid for s not a negative integer. The point is that if we define
o0 = gw) (1-Juf)

. sg(2) = — dw

T T a—m T

for a given (not necessarily holomorphic) function g, then with ¢ (z) = I'sg (2),

. STp(2) = g (2) =

v I b, (L—w-2)

and by the reproducing formula (2.6), valid for Res > —1, we also have that

R (w) (1 )
)n+1+s

n

dw,

dw.

Rs—n,nsp (Z) _ Cn,s/

B, l1-w-z

Thus R*~™"¢ (w) behaves morally like g (w), and this provides flexibility in choos-
ing g so that ¢ has desirable algebraic multiplier properties on the one hand, while
controlling the multiplier norm of ¢ on the other hand. Indeed, by Theorem 4.2,
the multiplier norm is equivalent to the Carleson norm of

[(1=1:%) Ve @) drn (),

which can in turn be dominated by the “tree condition” norm of

(1-12P) 9 (2)

by the lemma in the next subsubsection

" (2)
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5.2.1. Transformation of Carleson measures. It is here that we first use the
tree condition (3.2) in a significant way.

DEFINITION 5.14. We say that a measure u on B, satisfies the tree condition
(3.2) if its discretization [ satisfies (3.2).

LEMMA 5.15 (analogue of Lemma 2.4 in [Boe]). Suppose that g satisfies the
following reverse Hélder condition on Bergman kubes,

(5.22) ( [ a@ra, <z>)’1’ <G [ eI, aeT,
and that the measuc;e )
an (=) =|(1- 1) g )] drn(2)

satisfies the tree condition (3.2) with norm Cy. Then for s sufficiently large, both

n P
‘(1 - |z|2) R*™™"Tsg (2)‘ dA, (2)
and
(1-1:7) VT ()] da (2)
satisfy the tree condition (3.2) with norms at most C (Co + C).

Note that it then follows by Theorems 1.1 and 1.2 that both measures in the
conclusion of the lemma are B)-Carleson measures by Theorem 3.1. Following Boe
[Boe] one can prove the following alternate version of Lemma 5.15, where the tree
condition is replaced by the B,-Carleson measure condition, for the range p > 2n
with s > n — ﬁ. This version will be instrumental in proving the implication (5.5)
implies (5.6) below.

LEMMA 5.16 (another analogue of Lemma 2.4 in [Boe]). Suppose that

(5.23) s [(1-1¢F) 9 )] < o,

and that the measure
2\" p
au(2) = |(1-12F) g (2)

is a Carleson measure for B, with norm Cy. Then for p > 2n and s > n — i, both

(1= 1) Remmrg ()] (2)

d\, (%)

and
2\" on P
(1=12P) 9o (2)] dha (2)
are also Carleson measures for B, and with norms at most C (Cy + C4).

We first prove the simpler Lemma 5.16 using the characterization of B, given
by Theorem 6.28 of [Zhu], which states that

(5.24) /15, / / n+)1|+t) dvy () dvy (w),

1—w
rovided ¢ > —1 and p > 1, n=1 . In order to obtain the full range 1 < p <
prov p 2n n>1 v & p

oo when n > 1, we instead need to use the the tree condition (3.2) in Theorem 3.1
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to obtain Lemma 5.15, which is proved immediately following the proof of Lemma
5.16.

PRrROOF. (of Lemma 5.16) We begin with the case R*~™"T'sg. Define Tsg (z) =
R=™"T'sg (z). Then by (5.21) and Theorem 2.10 in [Zhu], we have that Ts, and

in fact T, is bounded on LP (dv,), a > —1, if and only if 0 < a+1 < p(s+ 1),
where

dw.

Fo e | g(w) (1= Jwl*)
s Z) = Cn,s — n S
I B, [1—w-2[""'T

Thus with & = np — (n + 1), we obtain that

T (hg)HLP(dua) < CthHLP(dya)
< CC b,

for all h € B, provided that 0 <np —n <p(s+1),ie p>1and
s> 1% —1.
The conclusion of the lemma is equivalent to the inequality
1PT59)| Lo (avey < CCL AN, » € By,
and thus in particular, it suffices to show that
(5.25) 1T (hg) ~ hTegl oy < CCohll, . € By

‘We have

(w) (1= Jwf?)’
T, (1) (2) ~ h () Tog 2) = s [ (h (w) — h(2)) <. )d“”

B, (1-w

and so by the sup norm estimate (5.23) on g and Holder’s inequality,

|Ts (hg) (2) = h(2) Tsg (2)]

is dominated by
|7 (w) — h ()"
CCy / ot D) dw
B, |1 —wW- 2|

b | (w) —h(2)" ’
<CCy (1- |2 : / ———dw |
o< |2 ) ( 5, |1—w-z|2<n+1)

by Theorem 1.12 of [Zhu] provided (s —n)p’ > —1, i.e.

=

(s—n)p’ P
[l
w
B, |1_

N (T

S>n7*/
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Now we compute that

|Ts (hg) — hngHLp (dva)
—pn+(n+1) — P
< CPC%’/ (1 B |z|2) P / dedya (2)

B, [1—w - 2)*" T

—CpCp/ / ()" —— " _dwdz
_ 2(n+1)

< CPC¥

by the case t = 0 of (5.24) if p > 2n, which yields (5.25) as required. The case
where we consider V"I's in place of Ty, = R*~™"T'; is handled just as above using
the pointwise estimate

lg ()] (1 - fwl?)’ _
(5.26) V" Tag (2)] < Cam / ot ( ) dw = C.,.Ts || ()

‘n+1+s

PROOF. (of Lemma 5.15) By the pointwise inequality (5.26) for V"T'sg and the
formula (5.21) for Tsg, it is enough to show that

(1= 12P) " Tog (2)

satisfies the tree condition (3.2), where

_ / f (w) (1—|w|2)5

Tsf (Z) = Cs, |1 B |n+1+s

d)\n (2)

dw.
We now discretize our hypothesis and conclusion. To this end, we first define

ap(z) = |(1=12) "9 ()] dra (2)

and
s (2) = | (1= 1) " g )] (2)
where
gs (2) = Telg| ().
The discretization is then given by

(5.27) g0) = [ lo@)ldr (o).
np
p(@) = (1=leal’) " g(@)”,
gul0)= [ oG (2),
Ko
2\ "P P
Hs (a) ( - |Ca| ) gs (Oé) )
where 1 — |co|* &= 27%@) if d (a) denotes tree distance from the root o to . Here
we are again choosing 6 = 1“—2 in (3.3) for convenience in notation. More generally,

we let [a, 8] denote the geodesm (unique path of minimal length) joining o and S,
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and d («, 8) = # [«, 8] — 1 denote the tree distance between o and 3. Note that by
(5.22), we have

pe) = (1-1al) gt ~ [ auto).

and so the hypothesis that du (z) satisfies the tree condition is equivalent to the
assertion that {4 (a)},cr satisfies the tree condition,

S ru@ <CPru@, act,
BET,:B>a

which written out in full is, for o € 7,,,

(5.28) > YNooum | <t ST w®).

BET,:B>a \V€T, 720 BET,:8>a

We also have

se(0) = [ (Tlal(2)) a2
lg ()] (1 - Jwf*)"
:/Ka cn/B () |n+1+2 dw | d, (2)

1—-w-z

n+1l4+s
(1= lwP)

e 2 [ /K |1_ e B ()4 (2

BeT,
n+l+s
1— gl
DI
BET, Ao
2
Again using 0 = 1“72 we see that the factor ‘f:clﬁg l ‘ looks essentially like
ACa

—d(p) . . .
%, and we now plan to replace the former with the latter in our analysis.

Let U, be the unitary group with Haar measure dU. For each U € U, select
a(z),B(w) € T, so that z € UK, ;) and w € UKpg(y). If we apply a unitary trans-
formation U to the Bergman grid of kubes { Ko}, to obtain the grid {UKo},cr

then we have the inequality
d(B(w))
C/ 9—d(a(z) Aﬁ(w))dU

Inequality (5.29) is analogous to similar inequalities in Euclidean space used to
control an operator by translations of its dyadic version. Thus we may replace the
1—|cg)? 2—d(B)
1_@@@ 2—d(anp

(5.29) - ‘w|

kernel ’ y = 2-d(B:2AB)  provided we obtain operator estimates

that are independent of rotating the Bergman grid by a unitary transformation
(our estimates below clearly have this property). If we now choose s really large,
then we essentially have

_ ntlts 1 if<a
d(3,a ~ = _
(5.30) (2 . Aﬁ)) - { 0 otherwise _ Xl0.e] (8)-
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This suggests we dominate the kernel by the decomposition,

n+1+s >
< Z 27£(n+1+8)X[0,a]2 (ﬂ) )
£=0

(5.31) (2-amerm)

where [0,a], = {8 € T, : d (3, [0,a]) < £} is the set of tree elements within distance
£ of the geodesic [0, a]. Note that (5.31) holds since d (5, [0, a]) = d (8, a A 5). Now
define the fattened operators

I[g(a): Z 9(6)7 Oéelfna

Bel0,a],

so that we have

(5.32) gs ()

IN

Z 27E(n+1+s)lzg (a) ,
£=0

1e (@) < C (1 B |ca‘2)"” (Z 9=Unt1+s) [, g (a)) )

£=0

The desired conclusion that i is a Carleson measure will follow if we can show
that the tree measures

o = {(1 - \cal2)np (Teg (a))p}

are Carleson measures with norm bounded by C,24¢ for some large positive constant
A. Indeed, we can then choose s sufficiently large depending on A and apply
Minkowski’s inequality. So we now fix £ and note that u’ is a Carleson measure
with norm C' if and only if the tree condition

a€T,

S U@ <OV (0) <o, a€ T,
BET,:f>a

holds, which written out in full becomes, for all o € 7,

(5.33)
p/
> dYooampg (] <cr Yy 2O (B)F < .
BET,:B>a \YE€T,:v>03 BET, B>

We consider the simplest case ¢ = 0 first. We begin by rewriting the tree
condition (5.33) in terms of () rather than g («). For this purpose, we use from
the second line of (5.27) that

1
g (a) = 2nd(a)‘u (a) r a €Ty,
as well as Ig () = > 5, 9(6) and d(6) —d(y) = —d(,7) for § <. Then the
case £ = 0 of (5.33) can be rewritten as, for o € 7,,,
P\ P P

(5.30) Y[ Y [ D20 (5) <o 30 S 2 ()

Bza \v=8 \6<vy pza \v<p
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We now show that (5.28) implies (5.34) for all 1 < p < oco. First observe that the
right side of (5.34) satisfies

(5.35) > Z2—nd<%ﬁ)u(7)% >3 [ S 28 ()

BZza \v<B BZa \v<pB

= ZN(V) Z 9—npd(7,0)
5

BZaVvy

~ Y u) 2 N ()

Y<a Y=o

=A+ B.

Next, we estimate the inner sum on the left side of (5.34);

p

p
Z Z 9=ndM)  (5)r | < C Z Z 9-nd(3.) , (§)7

=B \0<vy =B \0<pB

+eY [ Y 27 6y

7=B \B<I<y

= C(I+1I).

We use Holder’s inequality to estimate term I by

p

1= S 276y (6)r

y=B \6<8

_ Z Z 9—nd(3:8) (5)5 9—nd(5,7)

v=B \6<B

< Z Z 2—npd(5,5)u (6) Z 2—np'd(5,'y)
v28

0<p 0<p

OS2 e () (g—npd(ﬁﬁ))

y2B \0<8
—C Z Z 2~ mPd(3:7)  (§)
¥2B6<p

<C Z Q*RPd(&ﬁ)u (9).
o<

p—1

To estimate terms I1 and IV above, as well as in applications to trees below,
we will use the following form of Schur’s test:

LEMMA 5.17 (Schur’s test, Theorem 2.9 in [Zhu]). Let (X, p) be a measure
space, 1 < p < o0, and let K (z,y) be a nonnegative kernel on X. Suppose that
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there exists a positive function h on X and a positive constant C so that
/ny YWdp(y) < Ch(z)’, p—aexeX,

/K (x,y) h (z)P du(x) < Ch(y)’, p—aexelX.

Then the operator
/ K (z,y) f (y)du(y)

is bounded on LP (p) with norm at most C.

We now claim that term I satisfies

=" 3 27Ny

=B \B<L6<y

<CY po)

5>p
To see this, let
v(6) =pn(6)7,
Tv(y)= Y 2" xpew @)= Y K(@E)v(0),

YES(B) v€S(B)
where K (4,7) = 2*"d(5’7)x{ﬁg5<7} for 8,7 € S(B). Then the desired inequality,
YoqrvplPr<ce > v
YES(B) 6e5(B)

follows from Schur’s test, Lemma 5.17, with auxiliary function h (§) = 2¢4(%) where
fﬁ <t <0 as follows:

S K@) RO = Y 2mndengd®)

5eS(B) 6:0<y
— 9—nd(7) Z o(p't4n)d(8)  op'td(v)
§:0<~y
=h ()"

since p't + n > 0, and

S K@) () = Y 2
V€S (B) YY=0

— Z Z 9—nd(8,7) 9gptd(v)
m=d(d) v:v>d and d(v)=m

oo

— Z (2n)m*d(5) 27n(m7d(0,§))2ptd('y) ~ 2ptd(6)
m=d(J)
=h(6)"
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since ¢t < 0. Altogether we have proved that the inner sum on the left side of (5.34)
satisfies

P
Z Z 2 nd() ), (5)% <C Z 2-mpd0.8) 1 (§) + C Z 2-7d(5,0) ), (§)
y=B \<B 5<a a<é<p
+C> p(d).
628

Thus we can estimate the left side of (5.34) by

p\ P P
1 —n
> (3 (Srrenmt) | <ox (e
B2a \v2B \0<v B>a \é<a
p/
O B IS
BZa \a<é<p
p/
] bartt
Bza \62>p
=C{III+1V+YV).
By the hypothesis (5.28), the main term V satisfies
p/
v=> (> u@®| <Cd u(@) =CaB,
B>a \ 68 f>a
which by (5.35) is dominated by the right side of (5.34) as required.
We again use Holder’s inequality on term /1] to obtain
' v
I = Z Z Q—Tlpd(&ﬂ)u (8) _ Z Z Q—npd(&@)u (8) 9—npd(a,B)
Bza \0<a Bza \d<a
p'—1
< Z Z g-—npp'd(8,) (5)19’ Z 9—np®d(a,p)
B>a \ i<« 6<a
~CY (D 9=mpp'd(0.0)  (5)P (2—npp’d(aﬂ))
B>a \i<a
—oX S oy
B>adé<a

<O A gy

6<a
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which yields

’

111 <0y (2700, 5))”

<a

<o S ot

i<a
=cA”
< CA4,
since A is bounded, and by (5.35), this is dominated by the right side of (5.34) as

required.
Finally, we again use Schur’s test, Lemma 5.17, on term IV. With

= Y 27Oy s ()
deS(a)

= Y K(58)n(),

deS(a)

where K (6, 3) = 2*"1"1(5“6))({“5555} for 5,6 € S (o), we obtain

V= > |Tu(s B <c e :czﬂ(a)l’

vES(a) seS(a) i>a

from Schur’s test again (Theorem 2.9 in [Zhu]), but with auxiliary function h =1
this time:

>, K@) =) 2P <,

5€8(a) 5:5<8
> K= 3 rees
BeS(a B:826
VD MR
m=d(5) ﬁ>6
and d(B)=
(oo}
— Z 2n (m— d(5))2 np(m—d(§)) < C
m=d(J)
since p > 1. Thus we have
pl
<oy u@ <o S ue)| =o' <oB,
> >a

since B is bounded, and by (5.35), this is dominated by the right side of (5.34) as
required.
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We now consider the general case £ > 0 of (5.33). Using g (o) = 274y (a)%
and Irg (7) = 2 4(5ynp)<¢ 9 (0), (5.33) can be rewritten as

(5.36)

Z Z Z onld(@)—dM], (5);

pza \v>p \d(5,6/v)<t

py\ P’

SO”'Z 3 onld)=dB)] )y ()5 |

Bza \d(v,yAB)<L

for a € 7,,. This time we have only
—d (v, 0Ny) £d(0) —d(y) =d(5,6 Av) —d (7,0 Ay) S L—d(y,6 A7),

for d (6,0 Avy) < £, and a similar inequality for d(y) — d(5). In particular then,
recalling that our bound need only be established modulo an exponential in ¢, it
will suffice to prove

p\ P

(5.37) SIS S 2oy sy

pa \v2p \d(5,6/7)<t
p

SCZ[AZ Z 2_”d(ﬁ’”w)u(7)% 7

B=a \d(v,yAB)<L

for « € 7,, and for all £ > 0. However, the methods used above to prove that
(5.34) follows from (5.28), also show that (5.37) follows from (5.28) with a constant
A depending only on n and p. This completes the proof of Lemma 5.15.

5.2.2. Multiplier approximations. The next lemma constructs a holomorphic
function that is close to 1 on the Carleson region associated to a point w € B,,,
and decays appropriately away from the Carleson region. We follow Bée’s proof in
[Boe], which adapts a real-variable argument of Marshall and Sundberg in [MaSu]
to produce a holomorphic multiplier approximation. Given 8 < p < a < 1, we will
use the cutoff function ¢, defined by

0 for v<p
(5.38) tro()={ 22 for p<y<a
1 for a<-~y

LEMMA 5.18 (analogue of Lemma 4.1 in [Boe]). Suppose s > —1. There are p
and « satisfying f < p < a < 1 such that for every w € B,,, we can find a function
Guw SO that

9u <<>(1—1<£)‘d
(1-¢-2)

pue) =Tugu ()= |
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satisfies
pw(w) = 1 )

(5.39) puwlz) = Cp,a(%(Z)HO((logllﬂUz) > 2€Vy
w @) < O (log k) o

where Yy, (2) is defined by
-7 Pu|=(1- |w|2)7
and c, o s as in (5.38). Furthermore we have the estimate
1-p
2\" P 1
(5.40) (1=1P) 90 ©] A (Qdc < C (10g——5]
B, 1— |wl

REMARK 5.19. The proof of Lemma 5.18 shows that the third estimate in
(5.39) can be vastly improved, and also holds for a larger range of z; namely there
is B < (1 < p such that

—1
1 (p—PB1)(1+s)
pw (N <C [log—— ] (1= wP) BV
1= o]

This fact will be used in the proof of Lemma 5.21 below.
PROOF. Define g,, () by

90 (©) (1= 1) IR
(5.41) (1—Z.w)1+s _K<10g ) |1 - ¢ Puw| ,

when ( lives in the annular sector S centred at Pw given as the intersection of the
annulus

(542) A=A, ={ceB,: (1- |w\2)a <[1-T-Pul < (1- |w|2)”}

1~ fw|?

and the cone
C=Cy={C By [m(¢-Pw)|+[¢~ (¢ Pw) Pul” <c (1= [T Pul)},

where cis a suitably small constant. Define g,, (() = 0 otherwise. The following
observation will be used repeatedly.

REMARK 5.20. The cone C,, corresponds to the geodesic in the Bergman tree
7, joining the root to the “boundary point” Pw. To see this, consider the case
w = (t,0,..,0) and ¢ = (rew,C’) with re? = z + iy, so that Im (gﬁ) =y,
¢(—(¢-Pw)Pw=(0,{') and 1 — |{- Pw| =1—r.

Now choose K so that ¢, (w) =1, i.e.
-1
1 = —n—1
K= {log ——~ (/|1—C~Pw’ dC) ,
1 —|wl S
which satisfies

(5.43) K~ Kgpn=
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since the annular sector
E.={CeB,:a<|1-( Pw|<2a}NC

1-C- Pw‘_n_1 d¢ is comparable
to invariant measure dA,, () on &, and S = U}’:Oé'zj(lflwlz)a where

(o)
(o)

(5.44) [1-C-Puw|~[1-C-w|~1-[¢f, (€8,

is comparable to a Bergman ball of radius one,

J =log (p— «a)log (1— |w\2) .

Note also that

and so g, satisfies the estimate

i
(5.45) 190 ()] < C <1og1_1|w|2> 1-C-Pu|™", (eB,.
Now fix z € V,, and set
By = {c €B,: [1-C Pul < (1- |w2)””(2)},
By =B, \ E1 = {c By i [1-C-Pul > (1- |w|2)%(z)}.

Thus the common boundary of F; and Fy passes through z. The main contribution
to q (2) will come from integration over Ey. Thus we write

g0 () (1= 1¢P)’ 90 () (1= 1¢P)
oo )= [ ST [
=1+11.

By (5.44), (5.45) and the definition of v, (2), term I is dominated by a constant
-1
multiple of <log ﬁ) times

1_ ‘C|2 1+s
m d\n (C)a

{(1=1w[?)"<[1=C-Pw|<1-7-Pw|}nC
which is at most a constant C' since

1-C-z|~[1-%-Pw|, (eCnE.

-1
1
[I| < C | log ——— .
1= Jwl

Thus we have
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‘We now write

T
-/ 90O (1=1P)" 9@ (1-16P)
= s (1_2_2)1+s (1—Z'w)1+s

(—|<|)
o M o

=I1IT+1V.

Using (5.43), and that g,, is supported in S, we calculate that term I'V is

~1
1 _ o
K (log — / 1—C-Pw| "1 dC
1— |w]
{(1—\w|2)W(z)§|1—Z»Pw| 1—-|wl?) }mc

:’Vw()_f)lo .
a=p 1o

in the case p < 7, (2) < a. We also have IV = 0 in the case 7, (2) < p, an
IV =1 in the case o < 7, (z). This gives the estimate IV = ¢, o (7w (2)), for
z € V. Using

o Jzmul

S (k)

- 1+s - — 1+s
(1—(-2) (1—C-w)
together with (5.44) and (5.45), we obtain that

-2
e [ e @1 (1= 1) e —uld

—1
1 1
<Clz —wl <log 1—w|2> /E . (1—|C|2> dXn (€)

-1
1
<Cllog—— | |
< (g1_|w|2>

as required. This completes the proof of the second estimate in (5.39).



5. INTERPOLATING SEQUENCES 63

We now turn to the third estimate in (5.39). For z ¢ Vi,, we have |1 — (- z| >
B
c (1 - |w|2) for ¢ € S, and thus

1 —1 1 K‘Q 1+s
low (2)] < <10g 1w|2) /S <|1—C2’> d, (€)
-1
1 2\ (P=B)(1+s)

1\
<Gy | log —— .
1 — |wl

Finally, the estimate (5.40) is a calculation using (5.44), (5.45) the definition
of the support of g,,. Indeed, the left side of (5.40) is at most

1 - 1 o
C / log —— | dA\, (Q) < C |log —— .
s 1—|w] 1—|w]

The next lemma uses Lemma 5.15 to construct inductively a holomorphic func-
tion whose restriction to the sequence {z; };}il approximates an arbitrarily pre-

scribed bounded sequence {¢;}72.

LEMMA 5.21 (analogue of Lemma 4.2 in [Boe]). Suppose s > —1, that {fj};il €
> and let 0 < 6 < 1. Let @;, g; and vy, correspond to z; as in Lemma 5.18 and
with the same s. Then there is {a;};-, € {°° such that ¢ =Y .0 a;p; satisfies

(5.46) H{fj - @(Zj)};ilueoo <9 H{fj};;Hex
and
(5.47) Hai}Zilly N2l o,y < © H{@};‘iluew ‘

REMARK 5.22. The series > .~ a;¢; in Lemma 5.21 converges absolutely for
each z € B,,. In fact, the proof below will show that (using #G, < C3(0, z¢))

S 1
Ylei(x) <C[1+log——5 ], 2€B,.
i=1 1—|z|

REMARK 5.23. The construction in the proof below shows that both the se-
quence {a;}.-, and the function ¢ depend linearly on the data {¢; };’C:l

Proor. We follow the proof of Lemma 4.2 in [Boe]. Let H{gj};?il 1.

e =
We first choose J so large that

1 -1 o0 1 1-p
(5.48) sup (log ) + Z (log ) <e,
1— |z ey AN

Jj=J

where € > 0 will be determined later. Note that the series above converges by the

Carleson embedding in (5.10). By standard arguments, we may discard the finitely
J—

many points {z; }j:11 and assume that J = 1 in (5.48). Indeed, this is elementary

in dimension n = 1 using the structure of zeroes of holomorphic functions of one
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variable. In higher dimensions we must work a bit harder. Suppose that Z =
{zj};il is an interpolating sequence for By, i.e. that (5.3) holds. Suppose that
w € B, \ Z. In order to show that Z U {w} satisfies (5.3), it suffices to exhibit a
function h € B, that vanishes on Z, but not at w. Using the Hahn-Banach theorem
and the reflexivity of B, this is equivalent to showing that the point evaluation
ew = k3P is not in the closure S of the linear span of the set of point evaluations
{e-, }jil in B) = By. So suppose, in order to derive a contradiction, that e, € S.
Above, we showed the equivalence of (5.3) for Z and the Riesz condition (5.4) for
Z7

4
7

ka,p © ’ ?
Z%Hk i ~ | D lel” ]
B ’ Bp/ J=1
and consequently we have
oo
(5.49) Ew = Zajwjezj,
j=1

where w; = and

el
Z \aj\p/ < 00.
j=1

Now let f; € B, satisfy f; (2x) = 65. Then from (5.49) we have

w) = Z a;jw; fo (z;) = weay,
j=1
for all £ > 1, and we’ll have the desired contradiction, namely e,, = 0, if we can
show fo (w) =0 for all £ > 1. To see this, choose a linear function g, that vanishes
at z¢ and takes the value 1 at w. Then g, € Mp, implies frg, € B,, and (5.49)
yields

fe(w) = (fege) (w Zagw] (fege) (zj) = apwege (z¢) = 0.
Jj=1
Now order the points {Zj};; so that 1 — |zj41| < 1 —|z;] for j > 1. We define
a “forest structure” on the index set N by declaring that j is a child of ¢ (or that i
is a parent of j) provided that

(5.50) 1< g,
V., C Ve,
VZJ GV, fori <k <j.

Note that a child j chooses the “nearest” parent ¢ if we have competing indices ¢ and
1’ with V., €V, NV,,. We define a partial order associated with this parent-child
relationship by declaring that j is a successor of i (or that 7 is a predecessor of j) if
there is a “chain” of indices {i = k1, k2, ...,k = j} C N such that k¢4 is a child of
ke for 1 < ¢ < m. Under this partial ordering, N decomposes into a disjoint union
of trees. Thus associated to each index ¢ € N, there is a unique tree containing /¢
and, unless ¢ is the root of the tree, a unique parent P (¢) of £ in that tree. Denote
by G, the unique geodesic joining the root of the tree to /. We will now define the
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coefficients {a;};, of ¢ = Y7, a;p;, where ¢; is the function ¢, in Lemma 5.18
with w there replaced by z;, by considering separately the indices in each tree of
the forest N.

Let Y be a tree in the forest N with root k. For each k € Y\ {ko}, define

Or € [0, 1] by
Br =c(vpw) (21)) 5

where the functions ¢ = ¢, o and y; = 7., are defined as in the statement of Lemma
5.18 with w there replaced by z;. Note that by Lemma 5.18 with w = zp(1), we
have the estimate

-1
1
opm) (2) = ¢ (v (2)) + O <log 2>
1= |zp@|

—1
Bt 0 (1og12> |
1= |zp@|

which can serve as motivation for the definition of the coefficients given below in
(5.52). Indeed, with gross oversimplification, what we want is

&= (Zk) R arppk (Zk) +apk)Prk) (Zk) + ...
~ a + ap(k)ﬁk + ..,

which leads to (5.52).
We will now define numbers {ay },cy by induction on the linear ordering in )
induced from the natural ordering of N, so that

(5.51) 24! =
5.5
‘Ziegk\{ko}ﬂiap(i) <= 1

holds for all k¥ € Y. First define ax, = &k,. Now fix £ € Y\ {ko} and assume that
ay has been defined for all k¥ € ) for which k < ¢ so that (5.51) holds for all k € Y
for which k < £. We now define ay by

(5.52) ap=§& — Z Biap()-

i€Ge\{ko}

Of crucial importance is the observation that the geodesics Gy and Gp(y) are related
by
Grwy =G\ {{},

ie. if Go = [ko, k1, ..., km—1, k] with kp, = £, then k,,_1 = P ({) and Gpy) =
[k0, k1, ..s km—1]. By the induction assumption and the fact that P (¢) € Y and
P (¢) < £, we have

Z Biap@y| < 1.

1€Gp oy \{ko}
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We have from (5.52) and the above that

Z Biapay| = Z Biape) | + Be | Epe) — Z Biap i

i€Ge\{ko} i€Gp)\{ko} i€Gpr)\{ko}

= |Belpeey + (1 — Be) Z Biapi

i€Gp ) \{ko}

< Belépey] + (1= Be) Z Biap@)| < 1.

1€Gp ) \{ko}

From this and (5.52) once more it immediately follows that |ae| < 2, which shows
that (5.51) holds for k = ¢ as well. This completes the inductive definition of
the sequence {ay}, ¢, satisfying (5.51) on the tree ), and hence defines the entire
sequence {a;}i-;.

We now show that both (5.46) and (5.47) hold for the function ¢ = >"°, a;p;.
Fix an index ¢ € N, and with notation as above, let 7, = N\ G, and write using
v (z) =1 and (5.52),

@ (ze) =& = Zai% (20) —

D i (20) +aepe (20) + Y aipi (20)

i€Gp (v 1€F

— | ar+ Z Biapi

1€Ge\{ko}
= Z P(3) ((pP(z Z az@z Z@
iege\{ko} i€Fy

=I+1I.

We now claim that
1 -1
(5.53) |I| < C'sup (log ) )
i>1 1 — |z

1 \"?
< .
|11 C’Z(logl_m)

With this done we obtain from (5.48) (recall that we assume J =1 there) that

sup ¢ (2zj) — §| < Ce <6
j=1
provided we choose € > 0 small enough, and this proves (5.46). We note in passing

that the proof below will show that the supremum in (5.53) need only be taken
over indices 7 that are a root of a tree in the forest N.
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To estimate term I, we begin with

1| = Z apiy (p@) (20) — Bi)

i€Ge\{ko}
< Z lap| lepa) (20) = ¢ (vpa (20))]
i€Ge\{ko}
1 —1
<2 Y Sle(vpe (20) = ¢ (vp ()| +C <log 2) ,
i€Ge\{ko} 1—|zp@)|

where the final inequality follows from Lemma 5.18 since z; € V., ,,. Now if V,
has empty intersection with the annulus Ap(;) given in (5.42) with w = zp(;, then
both ¢ (’yp(l-) (Zg)) and ¢ (’yp(i) (zl)) have the same value, either 0 or 1. Otherwise,
since ¢ is Lipschitz continuous with norm —

a—p We have
}C (vp@) (20)) = ¢ (vpe (sz <C |7P(i) (z¢) = VP(i) (Zz)|

710g|1727~P2p(i)| 710g|1727oP2p(i)’

—log (1 —|zp) |2) —log (1 - |ZP(i)’2)

1
S C (10g 12) ’
1 — |zp@)]

B S8 0
T 17 Pap)

since

C <C

for z;, 20 € Ap(;). Now if G, = [ko, k1, ..., km—1, km], then by applying the separation
condition repeatedly, we obtain

ni
(1= 12P) < (1=l )

and so combining these estimates we have

1
17| <C Z <log 12>
icdnihot \ 1= |zpa)]
m—1 1 -1
coS (mg )
j=0 1- |Zko‘

—1
1
<0, [log———)
1- |Z/€0|

since n > 1, which shows the first inequality in (5.53).
To estimate term I = Zie]—'/ a;p; (z¢) in (5.53), we first note that if z, ¢ V,
then )

%)

1 —(p—1)
(5~54) |90i (Ze)| <C <log 1||2>
— |2
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by Lemma 5.18. On the other hand, if z, € V,,, then |z;| < |z, and if G, =
[ko, k1 s km—1, km], then either |z;| < |zg,| or there is j such that |zkj_1| <zl <
|zkj | Note however that equality cannot hold here by Lemma 5.13, and so we
actually have |z, ,| < |2i| < |z,|. From (5.50) we obtain that no index m €
(kj_1,k;) satisfies V., C V., . Since ¢ ¢ Gy, we have i € (kj_1,k;) and thus we
have both ’

Ve, & Vz, and ’sz| > |z

Now using Lemma 5.13 and 81 > 1, we obtain
B Bn
(1= e ]?) < (1= 1) " << (1= 1=1P).

B
If we choose w € V., \ V,,, then w, z, € Vz,, implies |z —w| < C (1 - |ij}2)

B
by definition, and w ¢ V,, implies |1 —w - Pz;| > ¢ (1 - |zi|2) . Together with the

reverse triangle inequality we thus have

B Bn
> c(l— |zi|2) 70(17 \zi|2)

> (1-|a)™,

for some 1 € (0,p) (again provided the |z;| are large enough). Thus estimate
(5.54) now follows by Remark 5.19. With this done, we have completed the proof
of (5.53), as well as the first estimate in (5.47).

To prove the second estimate [|¢| o,y < C in (5.47), we fix z € B,,. If
z € UgenVs,, let £ be such that

z€V,, and z ¢ V,, for any k > £.

Then we have using (5.52) that

p(2) =& = Zai(Pi (2) — &

S i (2) +age (2)+ 3 ai (2)

i€gp([> 1€Fp

— | ar+ Z Biap)

i€Ge\{ko}

Z ap(iy (epa) (2) = Bi) | +ae (e (2) = 1) + Z a;pi (2),

1€Ge\{ko} i€Fy
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and the estimates we proved above for z, show that with z, replaced by z, we also
have

Z 04901

i€Fy

o) —&l<| X apw(pra (2) = Bi)| + lae (pe (z) = 1) +

i€Ge\{ko}

1 -1 1 —(r—-1)
<C,|log——— +C+C log —— )
77( 1_|2k0|2> Z ( 1—|Zi|2>

i€Fy

which yields |¢ ()| < C. Finally, if z ¢ UgenVs, , then

1 —(p—1)
< CZ <log | > <C

€N

'%‘

by Lemma 5.18. Easy modifications of these estimates also prove Remark 5.22. At
this point we can use a normal families argument to prove that ¢ is holomorphic.
This completes the proof of Lemma 5.21.

5.2.3. The proof of multiplier interpolation Using Lemma 5.21, we first com-
plete the proof that (5.8) implies (5.6) for 1 < p < oo. Fix s > -1, 0 <

d < 1 and {fj}] | with H{ﬁj H = 1. Then by Lemma 5.21 there is f; =

Yoo ate; € H*™ (B,) such that H{§J f1 (zj)}J 1”2 < 4 and H{a%}zluzw,
[ f1ll oo s,y < € where C'is as in (5.47). Now apply Lemma 5.21 to the sequence

{& - h zj)} | to obtain the existence of fo = Y7, a?p; € H* (B,,) such that

H{fj — f1(%) — f2 (24) jleeoo < 6% and ||{a22}i:1||éocv ||f2||HOO(B y < C§ where C
is as in (5.47). Continuing inductively, we obtain f,, = > ., al"¢; € H*> (B,)
such that
{QZﬁ (Zj)} <6,
=1 j=1 poo

a7} e s I fonl roe s,y < C™ 71
If we now take ¢ =Y >°_, fm, we have
(5.55) §=p(z), 1<j<oo,

H‘PHHm(Bn) < Cs,

as well as ¢ = Y7 a;p; with [[{a;};2;][,c < Cs. Recall that the series ¢ =
221 a;p; converges absolutely by Remark 5.22, and depends linearly on the data
{§ };’O , by Remark 5.23 and the linear construction in this paragraph. Thus ¢ €

H®> (B,,) linearly interpolates the values {&; }j , on the sequence {z; }]:17 and it
remains to prove that ¢ € Mp . Recall that our function ¢ depends on our choice
of s > —1.

By Theorem 4.2, ¢ € Mp, will follow if we show that

<C.

Carleson

(5.56) H‘(1 - |z|2)nvncp(z)‘p A (2)
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Since
o0 o0
=Y aipi=y algi =Ty
i=1 i=1

where g = 377, a;g; with sup;, |a;| < Cs, (5.56) will follow from Theorem 3.1 and
Lemma 5.15 for s sufficiently large provided we show that (5.22) holds and that

(1= 1) )] (2)

satisfies the tree condition (3.2). From the definition of g; in (5.41), and the fact
that the supports of the g; are pairwise disjoint by the separation condition, we
may assume that the reverse Holder condition on Bergman balls in (5.22) holds.
The tree condition estimate will follow from the next lemma.

LEMMA 5.24. With s >n — ﬁ and g =Y 2, a;g; as above, we have

(5.57) ” (1~ \z|2)” g (z)’p d\, (2) <cC.

tree condition

PROOF. Inequality (5.57) follows from the estimate (5.40) as follows. If we
discretize (5.40), we obtain with w = z; and S (a) =~ V,,

(5.58) > (1 — |c5|2)np g9:. (B < C (log 1_1|z|2> :

BETn:B>ox

Denote the Carleson tent at cg by S (8) = T3 = U,>gK,. We are assuming that
1-p

(3.2) holds for the measure v = 3777 | (log ﬁ) 62
J

(5.59)
VY

S (wets) | - X rewr
BET, \2;€Tp 1- |Z]| BET,:B>a
f>a

< CPI'v(a)

1\
=cv log 2) <oo, a€T,.
zjez;“ ( 1 — 2]

If we now also discretize (5.57), we see that we must prove

S ru@ <Cru) <o, act,
BET,:B>a

where
p

)

() =|(1-1es)" 9(9)
9= [ lgldr.

a
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P

for all g = 3777 a;g; as above. Since v = >°7%, <log ﬁ) d., satisfies the
: :

tree condition (3.2), it suffices to prove

(5.60) S ru@ <c¥rvi), aet,.
BET,:B>a

Indeed, (5.60) shows that u + v satisfies (3.2), and now the equivalence of 2 and 3
in Theorem 3.1 shows that p satisfies (3.2) as well (since the Carleson embedding
is preserved for smaller measures). Alternatively, we can obtain this fact directly
from Lemma 10.1 in the appendix at the end of the paper.

Now g = >"°, a;g; where the supports of the g; = g., are pairwise disjoint by
the separation condition on {z;};-,. Fix a € 7;,. Then we have

P

Sorupr = Y >on0)

BET: B2 BETn:B2a \VE€Tn:v2p

= 2 | X

BETn:Bza \VE€Tn:v28

D Y D DN 7D SN (R el

BET:BZa \i:z, €T3 YETh v 2P

/

p\ P

(1-1esP)" (f_oj g> (%)

Now we use (5.58) to dominate the last sum above by
p/

1-p

1

S S ()
BET,:B>a \i:z,€Tg 1- |ZZ|

/

p

1-p
oo | pp’ 1
< C||{ai}i:1||§fo Z Z <log 1—|z|2>

BeT,:B>a \i:z;€Tp

<C Y <10g1> 7 =CI'v(a),

2

Jizj€Tq 1 - |ZJ|
where the final inequality follows from (5.59). This establishes (5.60), and completes
the proof of Lemma 5.24.

With this done, we have completed the proof that (5.8) implies (5.6) for 1 <
p < o0.

We now prove that (5.5) implies (5.6) for p > 2n. For this we will argue as above
but with Lemma 5.15 replaced by Lemma 5.16, and with Lemma 5.24 replaced by
the following analogue.

LEMMA 5.25. Suppose (5.5) holds. With p > 2n, s > n— ﬁ and g =Y 0 aig;

as above, we have

(5.61) H‘(1 - |z\2>ng(z)‘pd)\n (2) <c

Carleson
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PROOF. Inequality (5.61) follows from estimate (5.40),

(5.62) /B (1-1¢?)" 0= @ M (Qac < © <log 1_1|Z|2> N

as follows. Fix an index i. From Remark 5.20 we see that the support of g, is
essentially the union of a geodesic segment of Bergman kubes K7, K3, ..., K}, where

M; = (o — p)log ——.
1 — |z

Indeed, recall that the support g, is contained in the intersection of the cone C,,
and the annulus A,,. Now for ¢ in the cone C,,, we have |1 —(- Pzi| ~1— \C|2,
and thus for ¢ in the annulus A,, as well, we have approximately

lo #6 lo L alo 1
S T\ e R )

Thus ¢ € supp g, lies in the union of those kubes in 7, along the geodesic joining
the root to the “boundary point” Pz;, and having tree distance from the root
lying roughly between pS (0, z;) and a3 (0, z;). Moreover, this segment can be
continued to a longer sequence of adjacent Bergman kubes K{, K3,..., Kj, ,...K’ =
K., connecting the support of g,, to the kube K, containing z;, and where

1
(5.63) J; ~ log
1-— |Zl

*

Choose w; € K; for 1 < j < J;. Then we have for 2 € K!, 1 < m < M;, and
f e B, (B,),
1f ()P = f(2) = f (wm)
Ji—1

+ > 1f (wy) = F (wie)] + [f (wy,) = f(20)] + f (20) P

Ji—1
SIF@) = f )l + ()P 301 (wg) = f (i)
+1f (ws) = £ )P + 11 ()

J

<C)! < max If(zl)—f(22)|> +Cf )"

Zl,ZQe(K;)*

-

Jj=1

Using this together with (5.62), (5.63) and the fact that the supports of the g,, are
pairwise disjoint, we obtain

Lorer|(-=) s @] o e < CZZ ( max |f (1) - f<z2>|>p

12ae()

1-p
1
+Czi:‘f(2i)|p <log 1_%|2> .
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Since the kubes {K}} are pairwise disjoint by Lemma 5.13, the first term on the
right is dominated by

a; (zlfgagg(alf(zl)—f(zz)l) <CIfIL )

by Theorem 6.30 of [Zhu] (or see Lemma 7.8 below). The second term is dominated
1-p
by C”f”%p(man) since we are assuming in (5.5) that ), <log ﬁ) 0, is a

B, (B,,)-Carleson measure. This completes the proof of Lemma 5.25.

Arguing as above, the proof that (5.5) implies (5.6) will follow from Theorem
3.1 and Lemma 5.16 provided we show that (5.23) holds and that

(1= 127) g (=) ar 2)

is a B) (B,)-Carleson measure. From the definition of g; in (5.41), and the fact
that the supports of the g; are pairwise disjoint by the separation condition, we

n P
have that (5.23) holds. Lemma 5.25 above shows that ’(1 - \z|2> g(z)‘ dA, (2)

is a B, (B,,)-Carleson measure for p > 2n, and this completes the proof that (5.5)
implies (5.6) for p > 2n.

5.3. Besov space interpolation. Here we adapt the above arguments to
prove that (5.10), or equivalently (5.5), implies (5.3) for 1 < p < oo, and with
linear interpolation. We note in passing that we already have that (5.10) implies
(5.3) for 1 < p < 2. Indeed, the Carleson embedding in (5.10) implies that the map

Tf = f(z))
1857115,
j=1
in (5.3) maps B, into Y. On the other hand, (5.10) implies (5.6) implies (5.7)
implies (this is where we use p < 2) the inequality 2> of (5.4), which in turn implies
that the map T in (5.3) maps B, onto ¢P.
Fix a,s > —1 and {5] _ w1th

oo

=1.
H W |
J=1lygp

Recall that by (5.9),

«@,p
kS

1
~ (log ﬁ) ¥, We may discard finitely many
Bp/ Bt/

points and reorder them so that with du = Zj’;l ‘

Lap
Zj

—p

‘ 0., we have
J

B,

00 1 1-p
(5.6) i~y (low =) <

= — Izl
where € > 0 will be determined later. Moreover, we may suppose that the sequence
{zj}jzl is finite, and obtain an appropriate estimate independent of J > 1 (see

(5.66) below). Since the sequence {fj} is bounded (we are not concerned that

j=1
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this bound blows up as J — 00), the construction in the previous section leading
to (5.55) yields ¢ = Z;In:1 Pm satisfying

& =vl(z), 1<j<,

10l s, < € {651

9
eoo

as well as ¢ = Z;’Zl a;p; with
J J
ot <clieit],

We need additional weighted ¢¥ control on the coefficients {ai};]:r View dp as the

p
measure assigning mass (log ﬁ) to the point j € {0,1,2,...,J}. By (5.9),

we have
J

~ b;
£p(dp) - ||]€a

H{bj}jzl

H
2
J BP/ j v

for any sequence {b; };.Izl.

LEMMA 5.26. The sequence {ai};]:l constructed in (5.55) using Lemma 5.21
satisfies

o9 T e e

27 (dp) ~

With Lemma 5.26 established, we can easily complete the proof. We have
that ¢ € H* (B,,) interpolates the values {ﬁj}‘] on the sequence {z; }j:v and it

j=1
{gj}j=1

remains only to prove that ¢ € By, with [[¢[|z < C' whenever

)

£p (dp) B
independent of J > 1. Thus we must show that

/IB%n ‘(1 — |2‘2)nvntp (z)’pd/\n (z) < C,

independent of J > 1. Now
J J
o= aipi=Y alsgi =Ty
i=1 i=1

where g = Z;‘le a;g; with H{ai}iJ:lHe < Cs H{fj}‘j]:lHZ . Moreover,

IV'Tyg (2)] < €L, Ty |9l (2)

by (5.26) where the operator /T: is given by

_ f(w) (1= wl)
/

Tsf (2) = cs dw.
sf( ) T . |1—@~Z|n+1+s

Thus we must estimate

L 1G-eP) gl o = [

Tl )| don (2)
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where t = pn —n — 1. Now by Theorem 2.10 in [Zhu], T, is bounded on LP (dv;)
ifand only if 0 <t+1<p(s+1),ie

p>1ands>ﬁ/—1.
p

Thus choosing s > ﬁ — 1, we have

/Bn‘(l—|z|2>nvngp(z)‘ <C’/ 2) [P dvy (2)
zo/m 1) g )] (2).

Since the supports of the g; are pairwise dlSJOlIlt by the separation condition, we
obtain from (5.40) and then (5.65) that g = ZZ 1 @;9; satisfies

/Bn (1= 14%) 9 2)] arn 2) = g Jail” /B (1= 127) g )] dan(2)
J 1 1-p
< Cz |a|P <log 1—|zj|2>

=1

=C H{a’j}jzl

<C H {fj}jﬂ

ep(dp)

=C.
0 (dp)

Altogether we have proved that ¢ € B, interpolates the values {«fj} _, on the

sequence {z; }j:1 with the norm estimate

5.66 <CH 3/ ,
(5.60 lels, < C 161,

where C' is independent of J > 1 as required. A limiting argument now finishes the
proof that (5.10) implies (5.3).

It remains to prove Lemma 5.26 above. Let H{@ =1 = 1. Recall from

2 (p )
the proof of Lemma 5.21 that the approximating sequence {a;"}j: , at the m*" step
of the proof there is given in terms of the data {f}”}jzl at the m!" step by (5.52),
ie.
(5.67) af' =& — > Biaky, 1<L<,

i€Ge\{ko}
where for any given ¢, the numbers f3; lie in [0, 1], and the geodesics G, and G4
lie in a fixed tree ) of the forest { j}}]:p and are related by

o =G\ {{},
ie. if g[ = [kio,k‘l,...,km_l,k‘m} with km = f, then km—l = A(é) and QA(@ =
[ko, k1, vy km—1]. We will first prove the estimate (5.65) for the sequence {a}”};}:l

i.e.

given in terms of the data {fm} )

(5.68) a7,

c|l{em .,

ev(dm ep(dp)
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Without loss of generality, we may assume that the forest of indices {j};]:l is
actually a single tree ). For convenience we will drop the superscript m from both
ay’ and &" and write simply a; and &.

Now fix £. At this point it will be convenient for notation to momentarily
relabel the points {z;},.5, = {%kes 2k1s s 2k, } @8 {20, 21, ..., 2}, and similarly
relabel {ag, a1, ..., am}, {€0,&1,5 s Emt and {Bo, b1, ..., Bm } so that

k
ax = &k —Zﬁifliq, O0<k<dl
=1

1-p
We also have du (j) = <log ﬁ) where z; now denotes the point zx; in the
J
ball corresponding to k; before the relabelling. In other words, we are restrict-
ing attention to the geodesic G, and relabeling sequences so as to conform to the

ordering in the geodesic. Now let

k
Wi = E Biai—1
i=1

for 1 <k </ so that
ap =& —w, 0<k<L

‘We now claim that

w1 by 0 - 0 o
wo bay b2 .-+ 0 &1

(5.69) = . . . : , 1<k<{,
W b1 bra - bk Er—1

where b;; € [0,1] and b;; = 0 if i < j. We prove this by induction on k. Indeed,
it is evident for k¥ = 1 since then wy = Bi1ag = [$1&r. Assuming its truth for k, we
obtain from

k
Wit = Brrak + > Biaio1 = By (& — wi) +wi = (1= Ber1) Wi + Brrab,
i=1
w1
wa
that the vector is given by
Wi,
Wi+1
b11 0 0 0 &o
ba1 b2z 0 0 &1
br1 br2 e bk 0 §k—1
(1= Brr1)bkr (1= Bry)brz -+ (1= Brg1) brr Brpa 13

which has the desired form, thus proving (5.69). The consequence we need from
(5.69) is

k
(5.70) lak| = 16k — wil < [+ lwrl D141, 0< k<L
j=0
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We now return our attention to the tree ). For each o € ), with corresponding
index j € {j}jzl, there are values a (o) = a; and € (o) = ;. Define functions
f(a) =]a(a)] and g (o) = |€ ()| on the tree Y. Note that we are simply relabelling
the indices {j };'1:1 as a € ) to emphasize the tree structure of ) when convenient.
The inequality (5.70) says that

(5.71) flo)<Ig(a), aec).

1-p
Recall also that we are assuming that the measure du =" o, (log ﬁ) is

a B, Carleson measure on the ball B,,, where z, = z; € B,, if « corresponds to j.
The only consequence of this that we need here is the simple condition,

(5.72) BO,)™ > u(@)<C, acT,.

jizj€S(a)
Note that this last inequality refers to the tree 7,, rather than to ). Using the fact
that 3 (0, o) = log ﬁ, we obtain from this simple condition that if S (a) =V, ,

ie a~ {1 — (1 - \zk|ﬁ)} Zk, then

You®= > pG)<CB0,0)"
B:B>a jiz; €S (a)
1-p
1

()

)
~(C|log ——— =Cu(a),
1 — [zl

by the definition of the region V,,. Thus on the tree ), we have

(5.73) IMpla) <Cu(a), a€l.

We now claim that (5.73) implies the inequality

(5.74) > Ig(@) p(a) <C Y g(a) ula),
acy agy

which together with (5.71) yields (5.68). Note that (5.73) is obviously necessary
for (5.74).

To see (5.74), we use our more general tree theorem for the tree ). Recall from
Subsection 1.3 on the tree theorem that

Y Ig(@)fw(@) <C> g(@v(a), ¢g>0,

~ C | log

a€cy acy
if and only if
(5.75) Z Fw(B)P v(B) 7 <Cl'w(a) <oco, acl.
Bza

With w = v = p, (5.73) yields condition (5.75) as follows:
D@ (B <Oy p (B w(B) T =03 n(B) = O p(a),

Bza Bza B>a
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and this completes the proof of (5.68) for the sequence {a}”}j: , given in terms of
the data {f"’} by (5.67).

Next, we prove an estimate relating the data {£/"* };']=1 at the (m + 1)* stage
to the coefficients {agn}jzl at the m!" stage:

(5.76) H{g;ﬁ“}j:l i

el [T

7=tler (dp)

To see (5.76) we recall from the previous subsubsection that

g]m—&-l fm Z] Za ©i Z]

We will again drop the superscript m and replace f,,, by ¢ in accordance with the
notation used in the proof of Lemma 5.21. We then have from the argument given
there that

¢ (ze) =& = Zai%’ (20) —

- Z ap(i) (<PP() z¢) Z a;p; (z¢)

1€Ge\{ko} i€Fp
=1+ 11,
‘We now claim that
(5.77) Tl < C Nl 7 |[{az}]_,
T= 0 e ()
I < C ™ || {a;}]
P a; . .
o= 5= oo ()

For the term I, we have from previous arguments

Ll=| > ap (ere (2) - Bi)

i€Ge\{ko}

> arw lepa (z0) = ¢ (vpa) (20))]

1€Ge\{ko}

> larw]

1€Ge\{ko}

IN

IA

-1
1
x4 e (vpa) (20) = ¢ (vpa (20) |+ C <log 2)
1—[zp@)|

-1
1
<C Y ape| | log ———
1— |zp@)|

1€Ge\{ko}
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1
/ Y

1 AR
<c¢ Y |log——
1~ |zp@)|

i1€Ge\{ko}
1 1-p %
B S o——

i€Ge\{ko} 1- |ZP(1)|
X 1
1 v ’
<G, (log 2> Z lap@ " 1 (2p)
1 - |Zk0| 1€Ge\{ko}

1

<C ||M||”(P1*” Z lapw)|” 1 (zpw) ¢
1€Go\{ko}

which shows the first inequality in (5.77).
To estimate term I, = Zieﬂ a;p; (z¢) in (5.77), we first note that if z, ¢ V.,
then 4

(5.78) pil<c(1-15P)", o>o,

by Remark 5.19. On the other hand, if 2z, € V,,, then the corresponding argument
in the previous subsubsection shows that Remark 5.19 again yields (5.78). From
the obvious inequality

1-p
o 1
(1-1al?) < Cop <log 1—z|2> =Cp(zi),

we thus obtain

|11, =

Z az‘pz ZZ

i€Fy

<Z|a1|ﬂ (2i) < Clpll* {Z|az| uzl} )

i€Fy i€Fy

which shows the second inequality in (5.77). Using (5.77) and (5.68) we then have

H{gmﬂ}] 1

<c|[{lg|+ )y

v (dp) 7=tler (dp)

J P

S+ 1)) (=)

Jj=1

< O (Il + ) [€ad |, el

which is (5.76).
Finally, we alternately iterate (5.76) and (5.68) to obtain

(T U S R [

H{gm J=1

0 (dp) er(dp)’
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and then using {a; };'1:1 =3 {agn}j: , with Minkowski’s inequality and (5.68)

once more, we have

ot = 3,
eS|,
<c (i (Ollullmi“{”/‘l’l})m> e
m=1

If ¢ > 0 is chosen small enough in (5.64), the series above converges and yields
(5.65). This completes the proof of Lemma 5.26, and thus also finishes the proof
that (5.10) implies (5.3) for all 1 < p < 0.

e (dp)

REMARK 5.27. Note that the above proof shows that the map T in (5.3) is
onto, provided both (5.72) and the separation condition in (5.5) hold. While the
separation condition is necessary for the map 7" in (5.3) to be onto, we do not know
a characterization of when the map 7' in (5.3) is onto.

5.4. The plan for completing the proof. At this point Theorem 5.1 has
been completely proved, and the only assertion remaining to be proved in Theorem
5.2 is that (5.6) implies (5.8) in the range 1 + -2 < p < 2. This latter will be
accomplished by introducing analogues HB, (7,,) and My B,(T,) on the Bergman
tree 7,, of the Besov and multiplier spaces B, (B,,) and M B, (B,) on the ball, that
behave in some ways similar to martingales. This will require the introduction of
an elaborate complex structure on 7,, so that three important properties hold for
the new spaces:

(1) The restriction map is bounded from Mp (g, ) to Myp,(T,)-

(2) The reproducing kernels for HB,, (7,,) satisfy a positivity property analo-
gous to Re 1;_';”1‘5 > 0 for z,w € B,.

(3) Carleson measures for HB, (7,,) are characterized by the tree condition
(3.2).

In order to define spaces HB, (7,) with these properties, we first introduce
a more complex-geometric norm on B, (B,,) that will serve as a model for that
of HB, (7,), and permit natural localized norm estimates to be made between
HB, (7,) and B, (B,). This is accomplished in the next section.

6. An almost invariant holomorphic derivative

We now construct a differential operator D, on each Bergman kube K, that
is close there to the invariant gradient V, and which has the additional property
that D" f (z) is holomorphic for m > 1 and z € K, when f is. For our purposes
the powers D" f, m > 1, are easier to work with than the corresponding powers
vm f, which fail to be holomorphic. We will show that D" can be used to define
an equivalent norm on the Besov space B, (B,,), and then establish an oscillation
inequality for B, (B,). We then use this oscillation inequality in the subsequent
sections to show that the restriction map

Tf={f(D}aer,
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is bounded from B, (B,,) to HB, (T,), and, provided p < 2 + —L, from Mp,s.,)
to Myp,(1,) as well (see Section 8 for HB, (7,)). This latter result will require
a choice of the structural constant 6 sufficiently large in the construction of the
Bergman tree 7,,. We will also establish a positivity property for reproducing
kernels of H B, (7,) which will further require a choice of A sufficiently small in the
construction of 7,. This restriction theorem and positivity property will enable us
to complete the proof of Theorem 5.2 by showing that (5.6) implies (5.8).

Fix o € 7, and let a = ¢,. Recall that the gradient with invariant length given
by

V(@)= (f o) (0) = f'(a) &, (0)

= —f'(a) {(1 ~la*) Pa+ (1~ \GIQ)% Qa}

fails to be holomorphic in a. To rectify this, we define

(6.1) Daof (2) = f'(2) ¢4 (0)

=—fm{@—mﬁa+@—aﬂé%}

for z € B,,. Note that V, (@-2) = @ when we view w € B,, as an n x 1 complex

matrix, and denote by w? the 1 x n transpose of w. With this interpretation, we
— —t —

observe that P,z = ﬁa has derivative P, = Pz = % = |a|? [a,a;]

EXAMPLE 6.1. For n = 2 we can calculate the differential operator D, for

1<i,j<n

a1

a # 0 more explicitly using the basis {a,aJ‘} of C? where a = and at =

_g ) For w = pa+vat, we compute the action of the linear operator D, f ()
1
on w as

—Duf (2)w = f () {(1 - |a|2) pa + (1 - |a\2)% ual}
=pu (1 - |a|2> (Maazlf(z) + aQ%f (z))
+v(1- |a\2>% (—cm(,gl
Thus in the basis {a, aJ-}, we have
D, = <(1 ~lal*) (‘“aazl +a2£2> (- |a|2>% (—aza‘zl +al£2>> ,

where at the point a, (alaizl + ag 2 ) f(a) = f'(a)a is the complex radial deriv-

Bz

0

FE T ().

atiwe of f at a, and (—LTQ(%I —&—aTB%Z) f(a) = f'(a)a" is the complex tangential

derivative of f at a.

The next lemma shows that D' and D;* are comparable when a and b are
close in the Bergman metric.
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LEMMA 6.2. Let a,b € B, satisfy B (a,b) < C. There is a positive constant Cy,
depending only on C and m such that

Col IDY f () < 1D f (2)] < Con | D f ()]
for all f € H(B,).

PROOF. The equivalence is easy if a = 0, so we may assume that |a|,[b| > 1.
We first note that b € By (a, C') implies the estimates

Pa(a=b)+1Qu(a=b)* <C (1-a).

(1= 1al) ~ (1= bP),

and since Q,a = 0, this yields

[N

Qabl = 1Qa (a =) < C (1=1al*) ",
and by symmetry,
|Qpal < C (1 - |b|2>% ~ (1 - |a|2)% .

We can now estimate the modulus of ¢} (0) a by

00l = (1= ) Rt (1= ) Quo

<c (1 - |a|2> e (1 - |a|2>% Q4

<C (1 - |a|2> .
Thus we may write
(6.2) eh(0a=(1-1a) (Ga+rot), lollrl<C,
where v is a unit vector in the orthogonal complement ((Ca)J‘ of Ca.

Next we show that if a* is any unit vector in (Ca)™, then
1
(63) ¢ 0)a* = (1= ") Bt + (1= ) Qua*

1
= (1= 1aP) pat (1= lal) v, v <G,

€

. . . i .
where w is another unit vector in (Ca)~. To see this we use

Pyat = P,Pyat + Q. Pyat

and
o
Qvat = at — Pyat =at — %b
o
—at - p o)

TR
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to write

e (0t = (1= ) (PuPya* + QuPra®)

: boal  Beat
+(1=1p*)° (ot = =—S—Pb— ———Qab |,
(1-17) ( P o7 ¢

so that for (6.3) to hold we must have

(1 - |a\2) ja = (1 - |b|2> PPyt — (1 - |b\2)% b|'b7; Pb

and

-

(1 - |a|2> P owt = (1 - |b|2) QuPyat + (1 - |b|2>% (al - %jj@w) :

Since P, and @, are orthogonal projections onto Ca and ((Ca)L respectively, we see
that the representation (6.3) holds with the stated bounds upon using

|5-al":’(b—a)~al“ §C’|b—a|§C<1—|a|2)§.

From (6.2) and (6.3) above we obtain in particular that for every unit vector
v € C™, there is a unit vector v € (Ca)" and bounded scalars p, v such that

(6.4) @, (0)v = (1 - |a\2) pa + (1 - |a|2>% vot

(simply write v as a linear combination of a and a vector perpendicular to a and
use (6.2) and (6.3)).

Now suppose that m = 1. Then for any unit vector v € C", we have from (6.4)
that

IDof (2) 0] = | (2) & (0) 0]
- \(1 —lal*) uf' () a+ (1=1af?) " vf (2)0*

W=

<C (1 — |a|2) If' (2)a| + C (1 — |a|2>
< CI|D.f (2)],

|f' (z) v

since

Do f (2)] =

ra{(-f)rr (1-0f) @)
~ s 7 (2) {(1 - |a|2> P+ (1 - W)é Qav}‘

~ (1= 1aP) 17 () Pul + (1= 107) 15 () Qul.
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Now suppose that m = 2. Then viewing D2 f (2) as a symmetric bilinear form,
we have that

9 2
(65) D ()| ~ (1= laf) IPuf” (2) Pl

+ (1 _ |a|2> (1Pf" (2) Qal + |Qaf” (2) Pa])
+ (1= 1) 1Quf" (=) Qul

NI

1
Indeed, write P, = (1 - \a|2) P, and Q, = (1 - |a|2) * Qa, and note that the set
of vectors

V={cPv+71Qw:o,7€Civ,weClal,|r|,|v],|lw <1}
satisfies
{VveCr:|V|<l}cvc{veC:|V|<2}.
Then, with V; = 0;P,v; + 3Qw; for i = 1,2, we have
PVi+ QuVi = 0Py + 1iQuuw;,  i=1,2

and so ‘Dg f (z)| is approximately

s P+ Qi f 17 () {Pave + Qua |
a7

= sup ’{0118;111 + Tlé;wl} 1" (2) {0215;1/2 + 7'2@71102}‘

los],|mi|<1
[vil,|wi] <1
= s iy | B @R Pl () Qe (72 )
EAREAES! _Qawlf”(z)Pavz Qawy [ (2) Qawz 72

[vil,|wi|<1

Evlf” (2) EUQ‘ +

Poovf" (2) Qus)

~ su . . . __ 5
vil,[wi <1 { + |Qawy f (Z) Py | + ‘Quwlfﬂ (Z) Qaw2’}

which yields (6.5). Since v*!D2f (z)w = (¢}, (0)v)" £ (2) ¢} (0) w, we must now
show that the expression
(6.6)

| {(1 o) oo+ (1~ |a|2>% TUL] e {(1 ~Jaf?) -+ (1 Mrz)% Vwﬂ

is at most | D2 f (z)‘ However, the expression (6.6) is dominated by

¢ (1=1a?) 1Rs" ) Pl 4 € (1= 1) Pp () Q4
0 (1=10P) 1Quf" () Pul + € (1= JoP) 1Quf” () Q.

which is at most |DZf (2)| by (6.5). This completes the proof of Lemma 6.2 in
cases m = 1,2.
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The case m > 2 is handled similarly viewing D}” f (z) as a symmetric m-linear
form on C" x ... x C™ (m times). Briefly, the argument is this:

Dy f (2) {vs )7 1( < \f“’” (2) {, (0) vj}}”:l)

£ (2) {(1 ~laf*) ya+ (1~ IaIQ)% ijf}fn 1

~

<o (1-1) " (1)l e .
=0

where in the summand corresponding to the index ¢, m — £ of the u; are equal to a
and the remaining u; are equal to w . Each summand is dominated by |D7 f (z)],
thereby completing the proof of Lernma 6.2.

<

DEFINITION 6.3. Suppose 1 < p < oo and m > 1. We define a “tree semi-
norm” H||1*Bp by

6.7 . D™ P dan "
(6.7) T (Z; /B e <z>)

6.1. Equivalence of semi-norms. The semi-norms H||*B turn out to be
independent of m > 22, We will obtain this fact as a corollary of the equivalence

of the norm in (2.9) Wlth the corresponding “radial” derivative norm R,, as given
in Proposition 2.1. Note that the restriction m > 2?" is dictated by the fact that

’DZZ f (2)| involves the factor (1 - |z|2) ? times mt* order tangential derivatives
5P
of f, and so we must have that (1 - |z\2) *"d\, (2) is a finite measure, i.e. 2p—
n—1>—1.
LEMMA 6.4. Let 1 < p < oo and m > 2”. Then
(6.8)

m—1

% m—1
15, .. + D> [V O)= (Z / |DI f ()" dAn, <z>> + ) |Vif(0)
j=0 €T, ’ Balca,C2) =0

~ (/ (1- |z|2)m7€mf(z)’pd)\n (z)>11’
B,,
PROOF. We have

69 1Duf )= | @) {0 = [a2]) Pt (1= [a*) Qu}| = (1 = |a?]) £/ (2)]
and iterating with f replaced by (the components of) D, f in (6.9), we obtain
[D2f ()] = (1= |a]) (Daf)' (2)]
Applying (6.9) once more with f replaced by (the components of) f/, we get
(1= Ja2]) (Daf) ()] = [(1 = |%]) Da () (2)] = | (1 = [a2]) " (2)
which when combined with the previous 1nequahty yields

D21 ()] = (1= |2])” 7 (2)].

b
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Continuing by induction we have

(6.10) D™ f (2)| > ‘(1 — 2" ()], m>1

Proposition 2.1 and (6.10) now show that

</B (1= 122) " Runt (2)] (z)>’1’
<C (/ (1= 1) 7 )] <z>)’1’ S o)
" =0

=¢ (Z; /Bd(cmcz) (1=1R) "1 @) (2)> -+ mZ ¥ £ (0)]

(2
(Ot;n Bg(ca,C2)

% m—1
<C D" P A\, n it (0
(a;/gd(wz)l £ (2)] (z>> ;' £(0)]

m—1

=C s, + D IV 0]

=0

IA

(1= 1ea)" 5 )] (z)) S o
§=0

For the opposite inequality, we employ some of the ideas in the proofs of Theo-
rem 6.11 and Lemma 3.3 in [Zhu], where the case m =1 > 27” is proved. Suppose

f € H () and that the right side of (6.8) is finite. By Proposition 2.1 and Theorem
6.7 of [Zhu] we have

n! (w)
z)=— —————dw, z€DB,,
f ( ) an B, (1 —w- Z)’nr‘rl

for some g € LP (d\y,) where

m—1 m p %
(6.11) ||g||Lp(dAn>~j§_jo|VJf<o>y+(/Bn|(1—z|2) R () a0 ()

Fix a € 7,, and let a = ¢, € B,,. We claim that

(6.12) |
z w
D (2)] < Co (1= Jal*)” /B g f;)fﬂw dw, m>1,2¢€ By(a,C).

We now compute D7 f (z) for z € By (a,C), beginning with the case m = 1.
Since

Do (@-2) = (@-2) ¢} (0) = =" { (1= [a*]) P+ (1 - o)) * Qu}

= {0~ o)) Paw + (1~ Ja2)) Quu}
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we have
(6.13)
Daof (2
/ D, cz)” (n+1) 4 (w) dw
:‘1355‘;/ (1—w 2" D, (- 2) g (w)dw

n

! —(n T t

= fw/ (L= 2)" {1 = Ja?) Paw + (1= |?])* Quuw} g (w) dw.
T B.,

Taking absolute values inside, we obtain

1
1—a?])® [Paw| 4 |Qaw|
||1|) N — g (w)| dw.

(6.14) WJ@Nécﬁh%%A(

n

From the following elementary inequalities

= w—w—.f(z <|lw—al+|a "1 —w-al,

lal
lw—a|® = |w]* + |a]* = 2Re (w - a)

< (17|w|2>+<1—|a|2>+|17w~6

§C|1_w'a|v

we obtain that |Q,w| < C'|1 —E-a|%. Using (1 —|a?|)+[|1-w-a|<C|l-w- 2
for z € By (a,C), we now see that

(- |a2!)2 | Paw] + | Qaw] _ c
T g O

z € By (a,C).

Plugging this estimate into (6.14) yields

WJ@HSCO—M%%/A—EEﬂ—wm

B [1—w- 22

which is the case m =1 of (6.12).
To obtain the case m = 2 of (6.12), we differentiate (6.13) again to get

(n+2)!

ﬂ-n

D2f (2) = — /}B (1-w-2) "D W' g (w) dw.

where we have written W = {(1 — ’a2‘) P,w + (1 — ’aﬂ)é Qaw} for convenience.

Again taking absolute values inside, we obtain

(1 =1a) [Puul + Quul)

— Z|n+3

|Dif(z)|<C(1—]a 2|)/ lg (w)] dw.

B, |1 —
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Once again, using |Q,w| < C'|1 f@~a|% and (1 - [a?|)+[1—w-a|<C1—-w- 2
for z € By (a,C), we see that

1 2
((1— ’aQ‘)2 |Paw|+|Qaw\) _ C

n+3 — |1_E-Z|n+27

z € Bg(a,C),
[1—w- 2|

which yields the case m = 2 of (6.12). The general case of (6.12) follows by induction
on m.
Now with a = %3, b =0 and t = —n — 1, our assumption that m > 2?" yields

—pa<t+1l<p(b+1).
The inequality (6.12) shows that |DI* f (2)| < CpnS |g| (2) for z € By (a, C), where

Sg(Z)Z/B (1_|a| )

ot E g

m
2

(w) dw

m

is the operator in Theorem 2.10 of [Zhu] with parameters a = % and b = 0. Thus
the finite overlap property of the balls By (¢4, C2) together with Theorem 2.10 of
[Zhu] yield

fll, = D™ f ()" dh, '
T (ZT /B o (2)>

<o/ Syl ar, )’

< ([ lo@ra )’
< ([ |(1=1P) "Rt ) ar, <z>);’

by (6.11). This completes the proof of Lemma 6.4.

6.2. The oscillation inequality. We will obtain an oscillation inequality for
Besov spaces by transporting Taylor polynomials at the origin to the kubes K,
using the affine map @, (2) = a + ¢, (0) z, and its inverse g, () = ¢/, (a) (z — a)
with a = ¢,. Inequality (6.15) below is due to Peloso [Pel].

PROPOSITION 6.5. For 1 < p < oo and m > 1, we have the Taylor polynomial
oscillation inequality

m-l —ay) k Qo "
(6.15) {2 <sup fi -y B I )> } <Cflly, -
acT, z€Ka k=0 : Y

for every sequence of points {aa}aem with a, € Ko, a € T,,. We also have the

local estimate
1
(6.16) sup <C (/ |D;’;f(z)|p d\, (z)) .
K

€K

m—1 nk a
f(f)_ Z ((g_aoz)k'!) f( a)

k=0
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Proor. Denote by K the union of the Carleson box K, and its neighbours
at most M boxes away. From part 1 of Lemma 2.8, and provided we choose M
sufficiently large, we obtain that there are constants A;, Ay and A3 in [0,1) with
1— A3 = (1 — A2) depending only on n such that
B (Ca,Al) C Ka Cc B (Ca,Az) s
B (ca, A3) C Ky,

for o € 7,,. We first establish the estimate

=

(6.17) s f ()] < Conp (/K * ID?f(Z)IpdAn(Z)> ,

2€B(0,Az)
for all f € B, satisfying the initial conditions
(6.18) VEF(0)=0, 0<k<m.
We have by standard methods, for |z| < A2 and f € B, satisfying (6.18),
fElse [ o vrs )l
B(0,A3)

<C [ V' (w)dw
K

<c(/K

which establishes (6.17) since DJ* = V™.

Using the affine maps ¢,, we now show that (6.17) implies the estimate (6.16).
Indeed, let a = ¢,. Since p, (B (0, A2)) D K, for As large enough, we will apply
(6.17) to the function

V() A, (5)) p,

*
0

m—1

9(x)=(feda)(2) = D (z- V)" (f o %a) (0),
0

k=

which satisfies (6.18) with g in place of f. We also restrict the supremum over z in
(6.17) to B, ' (K4). We compute that

(w- V) (fopa) (0) = f(a) ¢ (0)w = Daf (a)w= (w-Da) f(a),
and more generally
(w- V)" (foa) (0) = (w-Do)* f(a), 0<k<m—1lweCm,
so that ) .
0 =1 @) - Y, LI T
k=0
Now using @, ' (¢) = ¢, (a) (6 — a) and
(05 (@) (€ —a) - Da) f (a) = f'(a) ¥, (0) ¢, (a) (§ — a)
=f'(a)(§ —a)
=(¢-a)") f(a),
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we get from (6.17), with g in place of f, that

m—1 k p
((§—a))" f(a)
Inax f(&) - 2 i
= max |g (2)/"

<c /K DI g (2)[P dAn (2)

*
0

Noting that D{*g = D7* (f o pa) = (D' f) 0 @, and dA, (§) = dA, (2), we have

J.

which yields the first inequality (6.16) since a = ¢,
Now we apply (6.16) to obtain the case a, = ¢4 of (6.15) as follows:

m—1 k p
((z = ¢a) )" f(aa)
5 (o5 )

aceT, k!
< cz/K D2 £ ()] dAa (2) < C 115,

D5 (Fo @ OF @)~ [ DI P A (o).

*
0

fz) -

by the finite overlap condition 5 in Lemma 2.8. The general case with a, € K, is
similar. This completes the proof of Proposition 6.5.

7. Besov spaces on trees

The theory of interpolating sequences is greatly simplified in the setting of
abstract trees. A crucial advantage in the tree setting is that the appropriate
derivatives of reproducing kernels for B, (7') are nonnegative, or in the case of the
holomorphic Besov spaces considered in the next section, satisfy a suitable substi-
tute, a fact which holds in the ball Besov space B, (B,,) only for the vanishingly
small range 1 <p < 1+ ﬁ As we will see in Remark 7.13 however, the restric-
tion map from B, (B,,) to B, (7,) fails to be bounded unless p > 2n. This limits
the usefulness of the abstract Besov spaces on the Bergman tree for the study of
B, (B,,), and motivates the holomorphic version HB,, (7,) introduced in the next
section. On the other hand, the simple and elegant theory of the abstract spaces
B, (T) will prove useful in guiding the development of, and motivating proofs for
the holomorphic spaces HB,, (7y,).

We begin with the definition of Besov spaces on an abstract tree 7. Define the
difference operator A on the tree by

A fla)=fla)=f(Aa), a€eT,

where Aa denotes the predecessor or immediate Ancestor of c. Define the pointwise
multiplier operator 2¢ on the tree by

2¢f (@) =2 f(a), a€T,

where d (a) = d (0, ) denotes the distance in the tree from the root o to «.
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DEFINITION 7.1. For 1 < p < oo and m > 0, define the Besov space By, (T)
on a tree T to consist of all sequences f = {f ()}, such that

p

s, m = S | @a)" @] + ¥ @<

a€T:d(a)>m d(a)<m—1
Note that in comparing this definition to the standard definition of Besov spaces
in the unit ball of C", the term 2% plays the role of (1 - \z|2), and 2¢ A plays the

role of gradient. It turns out that the Carleson measures on B, ., (7;,) are identical
for all m > 1.

LEMMA 7.2. Let 1 < p < oo and m > 1. Then {p(a)},cq 5 a Bpm (T)-
Carleson measure if and only if {p (a)},c7 is a By (T)-Carleson measure, which
in turn holds if and only if

S e <C'Ip(a), aeT
BET: B>

Proor. If we write g(a) = (279)" (2¢ A)™ f (@) for d(a) > m and then
invert the operators, we have

(7.1)
f(a)
= (127" (29)" g (a)

— 9—d(B1) 9—d(B2) 9—d(Bm-1) 9—d(v)gmad(v)
> ) > > g()

B1<a B2<P1 Bm—1<Bm—2 Y<Bm—1
— Z 27d(61)7d(ﬁ2)7d(67n71)2(m71)d(7)g (’Y)
Y<Bm-1<...<Ba<f1<a

e 3 02(82)=d(Bs)---~d(Bm 1) 9 (m=1)d(¥) g ()
Y <Bm—1 %S

=Cy Z 2—3d(53).4.—d(ﬁm—1)2(m—1)d('y)g ()
Y<Bm-1<...<B3<

=Cp1 Z 2_(7"‘_1)(1(57)171)2(7”_1)‘1(7)9 (v) = Ig(a).

Y<Bm-1<a

Now {p (@) },c7 is @ By (T)-Carleson measure if and only if

(Z If(a)l”p(a)>p <C (Z )" (2 AY”f(a)\p) Y )

acT acT d(a)<m—1

which is equivalent to

(Z ‘(12_‘1)7” (Qd)mg(a))pp(a)y <C <Z lg (a)l’));-

acT a€eT
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From (7.1) we obtain that this latter inequality holds if and only if

1 1
(Z Ig(Oé)I”ﬂ(Oé)) <cC (Z Ig(a)|p> :
acT aeT
which in turn holds if and only if {p ()} o7 is a By1 (T)-Carleson measure. The
final assertion follows from the equivalence of (1.7) and (1.10).

As is the case for Besov spaces on the unit ball, the norms [|f|z () and
I flls ,(T) are equivalent for m, m’ large enough. Just how large depends on the
notion of upper dimension T (7T) of a tree 7, defined in Section 2 by

NI

7 (7) = lim sup log, (sup card{B €T : 5> aand d(B) < d(a) +€})
£— 00 aeT
LemMMA 7.3. Form >m', we have ||fllg () < |fllg, - Ifn="0(T) is

the upper dimension of the tree T, then ||fllg ()~ fllp () for m,m'> %.

p,m

PROOF. Let g (a) = (2’d)m/ (24 A)m,f(a) so that for d(a) > m’ we have
fla)= (IQ*d)m, (Qd)m/ g (a) Then

’

(279" (2 8)" F(a) = (279" (2 2)" (127" 2™ g (a).
If m > m/, then

(27" (2 8)" f ()] = |7 (22 )" (2)"

and so

i
\_/
=

15, . = (Z 27" (27 2)" f (@)

acT

<c (Z 9 <a>|”> =flls, .-

acT

On the other hand, if m < m/, then using (7.1) with m replaced by m' — m,
we obtain

)" )" F (@] = (27" (12" T )™ (29 g (o)
<C (279" 121" g (a)
=C Z gmld(B)=d(e)] |4 ()|

Ba
=CY K(a,B)lg),

BeT

where the kernel K (o, 3) is given by Xio,q] (5) om[d(F)—d(@)]  We now apply Schur’s
test, Lemma 5.17, with auxiliary function with h (3) = 2!4%). We have

> K (a,B)h (@) = Y 2l I gmmdle) < Op (o)

peT B<a
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provided m + p’t > 0. To estimate the complementary sum

Z K (a,8)h Z 2(pt=—m)d(a)gmd(F)
aceT a>p3
we use the device of splitting the sum - 5 into “sparse” pieces > for
- €T
d(e)€d(B)+ON+j

0 < j < ¥, where £ is chosen so large in Definition 2.7 that given € > 0,

[

log, (Ng)% log, (sup card{f €T :8>c«aand d(8) =d(a) +€})
aeT
<7n(T)+e.

This is similar to the “sparse” argument used surrounding (3.19) to obtain the
necessity of the tree condition for the Carleson embedding on the ball. We then
have

o (T4 o (pt—m)[d(B)+k O gmad(8)
S Kenlar <0 3 ()2 .
a€T k=0

(

IN

B’

provided 7 (7) + ¢ + pt —m < 0. Thus if we can choose —2} <t < % for
some € > 0, Schur’s test shows that

1£1s,,.z) = (Z 2™ (2 A)mﬂa)\p)

acT

S

=

P

YD K(a,B)g(8)]

a€T |BET

<c (Z lg <a>|”>
a€T

=Clflls, .

=

—n(7T)—¢

as required. But this choice of ¢ is possible if and only if f% <X for some

e >0, orm > 22

With a small abuse of notation the norm || f||5 () will be denoted simply by
£l 5, (7 when it is understood that m > "(T) . Otherwise, we will write By, ,, (7)
to emphasme the dependence on m. We note that in general By, (7) # Bpm (T)
if m < m' and m < %. For example, in the case m = 1 and m’ = 2, define
f on the Bergman tree 7,, with 0 = M as in (3.3), by f(a) = 2=4®). Then

A f(a) = =274 and

224 (27 0)* f (a) =27 & (—29277) (a) = 0
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for d () > 2. Thus f € B2 (7,) for all 1 < p < co. On the other hand, using the
“sparse” argument again, f € By, 1 (7,) if and only if p > n:

P

Y. laf@r) +If ()

a€Ty:d(a)>1

15, .7

1

= (Z 2‘pd‘a>>p +1f (o)

a€T,
1

<c, (Z 2@#@“21)“) +1£ (o),

k=0

if log, (Nz)% < n+ ¢, since by Lemma 2.8, the dimension of the Bergman tree 7,

is n when 0 = 1“72

We can now characterize the pointwise multipliers on By, (7).

LEMMA 7.4. Let m > @. Then f € Mp,, (1) if and only if [ is bounded
and {|(2’d)m (24 A)m f (a)|p} . is a By m (T)-Carleson measure.
(¢S

PROOF. (the case m =2 > @) For the sufficiency, let a, = f (@), ap—1 =

fAQ), ap—2=f (A2a) and similarly b, = ¢ (@), bp—1 = p (Aa), b2 = ¢ (A2a)
for ¢ € By 2 (7). Then

27 82% 8 (f9) ()
yd0.) { (f9) (@) = (f¢) (Pa) _ (J¢) (Pa) — (fp) (P*a) }

2—d(0,a) 92—d(0,Pa)

1
== (anbn - an—lbn—l) - 5 (an—lbn—l - an—2bn—2)

=an, {(bn —bp_1) — % (b1 — bn—z)}

bos {(an ) - % (an_1 — an2)}

3
+ 5 (a'n - an—l) (bn—l - bn—Q)

=f(a)(274a2¢a9) () +¢(A%) (27227 A f) (@)
58 1) (@) (8 ) (4a)

Since f is bounded and ¢ € B, 5 (T), we have f (a) (27¢ A 2% A ¢) (@) € (7. Since
Bop2(T) = Bop1(T) D Bp1(T) upon appealing to the equivalence of norms in
Lemma 7.3 (note that 1 > ﬁg)
that

), we obtain from the Cauchy-Schwartz inequality

% (& £) (@) (2 @) (Pa)| < |(a f) (@) + (8 ) (Pa)|* € 7.
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Thus the /7 norm of ¢ (A%a) (27 A 2% A f) (@) is controlled by the By, 5 (7) norm
of i, and this shows that {‘Q_d A2TAf (a)‘p}aeT
The case m > 2 is similar.

The necessity of the boundedness of f is standard. One can reverse the above
argument to obtain the necessity of the Carleson embedding.

is a By, 2 (7 )-Carleson measure.

7.1. Interpolating sequences on trees. Let {¢; };’;1 be a sequence of points
in a tree 7 having finite dimension n = n (7). In the present subsubsection we will
state without proof the equivalence of weighted P interpolation for the Besov spaces
Bym (T), m > Z, on the sequence {ozj}] 1» £>° interpolation for their multiplier
spaces Mp, (1) on {oj }j:17 and the separation and Carleson embeddings on the
tree,

o0
d (o, 0) < Cd(ay, ;) and Z d (o, aj)lfp da, is a Carleson measure for B, ,,, (7).
j=1
In order to give a precise statement involving additional equivalent conditions,
we need to introduce duality pairings and reproducing formulas for B, n, (7) and
By m (T).
For m > 1, define the pairing

(F,G), =Y 279" (24 2)" F(a) 2™ (24 2)" G (a).

acT

In the case m = 1, (274" (2?7 A)™ =A and the reproducing kernel £} (8) =
k! (o, ) with respect to the pairing

=Y 4 F()2 G/,
a7y,

for the Besov space By, 1 (7T) on the tree 7 is given by
k; (/6) = X[0,q] (ﬁ) d(07ﬂ) + XS(a) (ﬁ) d (070[) ) 0‘75 €T.

Indeed, we have

(7.2) Ak (B) = Xo,a1 (B)
and so

(Fkb)y, =Y AF@)akL(B)= > AF(B)=F(a).

BeT 0<B<a

The important property here is that the kernel A kl in (7.2) is nonnegative and
pointwise comparable to X[o,q], and this is easily generalized to the reproducing
kernels k7' for all m > 1:

(7.3) 27D (2% 2)" kT () = Xj0.0] (B) 20, a,B€T.

For example, when m = 2, (2_d)m (2d A)m =279 A 2¢ A and the reproducing
kernel k2 (3) = k? (o, 8) with respect to the pairing

2= 274020 AF(a)277 227 A G (),
aeT
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for the Besov space By 2 (7) on the tree T satisfies

(7.4) 27 A2 AKL () = Xy (V)] Y, 21U 0BT
BE[v,a]
Indeed, with f =27% A 2¢ A F, we have F = I27912¢f and

F(a)=127"127f () = > 279 N 21 (1) = 3~ N~ 200=dB) 5 5 (4) .

BLa v<B v<B \ B,
Thus we have
(Fk2), =Y 274 a2 AF(y)27 7027 0 K2 (7)
yeT

— Z Z 24 =d(B) L ¢ (y) = F (a).

0<y<a | Bely,a]

We have the following theorem.

THEOREM 7.5. Let 1 < p < oo andm > 2 where n =n (T) is the dimension of
the tree T. Then the dual space of By m (T) can be identified with By m (T) under
the pairing (-,-),,, and the reproducing kernel k) for this pairing satisfies (7.3).

n n

Now we suppose that m > b and suppress the dependence of k., = k]’ and
B, =B, (T) = Bpm (T) on m and 7. Here is the abstract tree analogue of Bée’s
interpolation theorem. Note that by (7.3), we have

kalls,, = [[(274)" (2% &)™k
THEOREM 7.6. Let 1 < p < 0o, m > %, ﬁ and ko, be the reproducing kernel

for By, relative to the pairing (-,-),, given in Theorem 7.5 above. Let {aj};il be a
sequence in the tree T. Then the following conditions are equivalent.

1
'Y

Nd(ooz) , aeT.

(1) {Oz]} ©, interpolates Mg, :
(7.5) The map f— {f (Oéj)};il takes Mp, boundedly into and onto £>°.

) {ka, }j:1 is an unconditional basic sequence in By :

(7.6) ijkaj <C Zajkaj . whenever |b;| < la,|.
= B, 5=t B,

(3) The following norm equivalence holds:

(7.7) ZaJ B

(4) {ozj};il interpolates By:

0o P

/
D layl”

HB s, j=1

[ (%)

e

(7.8)  The map f —
J ||Bp/

takes By boundedly into and onto €.
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(5) The following separation condition and Carleson embedding hold:
(7.9) d(a;,0) < Cd(ay,a5) and

(7.10) Zd(o, aj)lfp da; is a Carleson measure for By, (T) .

REMARK 7.7. The interpolations in (7.5) and (7.8) can be taken to be linear,
i.e. there are bounded linear maps R : > — Mp, and S : F — B, that yield right
inverses to the restriction maps in (7.5) and (7.8) respectively.

We give a brief sketch of those parts of the proof that we will need in the more
refined setting of holomorphic Besov spaces on trees. The proofs that (7.5) implies
(7.6) implies (7.7) implies (7.8) implies (7.9) follow the corresponding arguments
in Boe [Boe]. The details are standard, with the exception of the implication (7.6)
implies (7.7). The proof of this uses Bée’s Lemma 3.1 in [Boe] together with the
crucial property (7.3) that the difference operator (27¢)™ (2¢ o)™ applied to the
reproducing kernel on the tree is nonnegative for all 1 < p < co. Indeed, assuming
(7.6) we have, with {r;(t)} being the Radamacher functions on [0, 1],

’ ’
p p

. (279" (24 A)" ka, _ imj' ke,
HkajHsz ol j=1 ||k3aj||Bp/ B,
p/
cof St
o
p/
27H)™ (24 A)" K, (a
_CZ/ ‘aJ|TJ )( ) H(k H) ; (@) dt
aceT Ay Bp’
p/

. ,<zfd>m<2d 8)" ke,
B 1

HB?" €2 1l gp’

Continuing to follow Bée, we now use the inequality ||-||,2 < |||, |||y along with
the Cauchy-Schwartz inequality to obtain

P P
UM CA A N O | S0 W C PN
J — J
koI5, all [, 5., ool
2= (24 AV k. *
< oo A r 0 e
Qj Bp/ o1 fp/

(27" (27 8)" ke,

ol |,

X aj
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which yields

' P

S 2" (24 0)" ko,
ey ~ | ||a;

ol |,

w3,

(279" (2 8)" ko,

oo T,

Q

a;j

¢o= |l gp’
»’
2

(27" (29 8) " ko, || | <\
a; J = la,|
T, 2l

e’ lgp’

Q

since
(279" (2 8)" ka,

=1
el

, 1< <oo0.

o’

It remains to prove that the separation condition and Carleson embedding in
(7.9) are sufficient for the multiplier interpolation in (7.5). This can be proved by
following the argument given for the ball in Section 5. See also Theorem 26 in
Section 6 of [ArRoSa], where the implication (7.9) implies (7.8) is proved in the
case m = 1. Since this result is not needed for subsequent developments, we omit
the proof.

7.2. The restriction map. Let p > n where

(1 ifn=1
"= o ifn>1

Note that in this case we can take m = 1 in both the definition of B, (B,,) on the
unit ball B,, and B, (7,,) on the tree 7,,. We have from the case m = 1 of Proposition
6.5, or from Theorem 6.30 of [Zhu], the following estimate on the oscillation of a
B, (B,,) function on Bergman balls of bounded radius.

LEMMA 7.8. The oscillation inequality

(7.11) { Z (thgae)}(a |f (z1) — f(z2)|) } <C HfHBp(IBn)a

a€eT,
holds for p > n.

The following local version of Lemma 7.8, also essentially contained in Propo-
sition 6.5, will prove useful in estimating Carleson measure norms.

LEMMA 7.9. The local oscillation inequality

> |f(zl)—f(z2)|)p

BeTn:B>a z1,22€Kg
C E /
BeTn:B>a " Bales,C2)

1

p

1
P

v (z)‘pd/\n |, ecT,

IN
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holds for p > m.

The local oscillation inequality is not in [Zhu], and we prefer to give here a
proof of Lemma 7.8 using the invariant derivative, that immediately yields Lemma
7.9 as well, and avoids the use of the almost invariant holomorphic derivatives D,
in Proposition 6.5.

PROOF. (of Lemmas 7.8 and 7.9 without using Proposition 6.5) Denote by K
the union of the Carleson box K, and its neighbours at most M boxes away. From
part 1. of Lemma 2.8, and provided we choose M sufficiently large, we obtain that
there are constants A;, Ay and A3 in [0,1) with 1 — A5 = 1 (1 — Ay) depending
only on n such that

B (Ca,Al) C Ka Cc B (COHAQ) s
B (ca, 43) C K,
for o € 7,,. We first establish the estimate

(7.12) max If(z1)—f(22)|<0< / ) W(z)\”cun(z)) :

z1,22€ Ko

for the root Carleson box Ky = iBn, and where ‘6 f ‘ denotes the invariant gradient
length of f defined by

Vi) = V(o) 0.
Note that while the vector Vf (z) = V (f o ¢.) (0) is not invariant under the action

of the automorphism group, its length ‘%f (z)‘ 1s invariant, i.e.

(7.13) ‘ﬁ(fow‘ — ‘(ﬁf) b € Aut (By).

Indeed, given ¢ € Aut (B,,) and z € B, let w = ¢ (2). Then ¢, o oy, (0) =0
and so ¢, 09 o @, = U is unitary. Since g and g o U have the same (ordinary)
gradient length at the origin for any unitary transformation U, we obtain

[V (fo0) ()| =1V (fovop) (0) =V (fopuol)(0)
= V(£ o 0u) 0)] = |(V£) (w)

-[((51)ev) ]

To obtain (7.12), we use the standard Euclidean inequality,

[l =r@ldw=c [ z=ul™ Vs (@) do,

valid for continuously differentiable f on a Euclidean ball B, together with Bergman'’s
formula (applied to the derivative) scaled to the ball 3B,

o £©
7 (w) cn/m" T e
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valid for f holomorphic on 2B,,, to obtain that for || < 1 and f € B, (B,),

1 1
’f(Z)—W/ian(w)dw San’/iBn [f (2) = f (w)] dw

<c [ f-ul™If W) de
1B

SC/;B |z—w1{/33 If’(f)ldé‘}dw

<C |f(€)] d¢

1Bn

<c (/B K <§)|”d5>

4

P

This establishes (7.12) since |/ (£)| ~ |V f (f)’ and d¢ = d, () for € € 3B,,.
Using the holomorphic homeomorphisms ¢,, of the ball, we now show that
(7.12) implies the estimate

P

VE©| drn <£)> . aet,

21,226 Ko

(7.14) max |f(z1)— f(z2)| < C (/K

*
a

Recall that ¢, denotes the “center” of K,. Since ¢., maps T, to Ty (at least
approximately) with inverse ¢._, we can apply (7.12) to the function g = f o @y,

with w = ¢, and then use the invariance of V (see (7.13)) and A, together with
the change of variable £ = ¢,, (z) to obtain

max_ |f(z1) — f(22)[" = max |g(&)—g(&)

21,226 Ko £1,62€ Ko

<c [Fiop©f an©

—c [ [Frea@| ane

0

:c/* %f(z))pdxn(z).

o

This proves (7.14).
We now apply (7.14) to obtain (7.11) as follows:

p
Y (s ve-s@i) e % [
acly <

a€T,
([ [Frof o, (z));’ ,

by the finite overlap condition 5. in Lemma 2.8. By Theorem 6.11 in [Zhu], the
above expression is equivalent to the Besov space norm || f|| By(Bn) for p > n, and
this completes the proof of Lemma 7.8. Lemma 7.9 follows by adding up estimates

v (z)(p A, (2)
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in (7.14):
p
> (L 17 G0 -G
BET,: B>
<c Y / Vi@ i), acet.
BeT,:f>a” K

COROLLARY 7.10. Let p > n. Then the restriction map

Tf= {f (a)}ae’fn ) where T'f (Oz) =f (ca) )

is bounded from By, (B,,) to B, (7). If in additionn =1 and 1 < p < oo, then T
is also bounded from Mp ) to Mp,(1,)-

The reason the dimension is restricted to n = 1 for the boundedness of the
restriction map on the multiplier space, is that this restriction requires that Carleson
embeddings be characterized by the tree condition. We have only established this
latter result for p < 2 4 ﬁ7 which together with the restriction p > n = 2n >
2+ ﬁ for n > 2, leaves n = 1 as the only possible dimension. Nevertheless, in the
interest of motivating future proofs, we will present our arguments in as general a

setting as possible.

Proor. With the tree difference operator (2"{) (Qd A) =A as in Definition 7.1
above with m = 1, we have

(7.15) (o fla)l = max [f(z1)—f(2)l

21,22€ K7

where K is the Bergman ball centered at c, with radius C'. Then from a modifi-
cation of (7.11) where K, is replaced by K, we obtain

p

sz ={ 3 Isf@r| +1f)
a€Ty:d(a)>1
N\ 7
<ol X |ms re-s@i |+

a€Ty:d(a)>1
<C ||f||Bp(Bn) :

To handle the restriction map 7" on the multiplier space Mp (s,), we need Ste-
genga’s characterization of multipliers on the disk in terms of Carleson embeddings
on the disk. More generally, we first record a variant of our multiplier theorem on
the ball using the invariant gradient length.

LEMMA 7.11. Let ¢ € H* (B,) N B, (B,,) and p > ni. Then ¢ is a multiplier
on B, (By) if and only if

]% (z)’p A, (2)

is a By (By,)-Carleson measure on B,,.
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PrOOF. Using the product rule
V(£9)(2) = V[(fg) 0 2] (0) = V[(f 0:) (g0 0:)] (0)
= 129:(0)V(g09:) (0)+V (fop:) (0) (g°:) (0)
=f(2)Vg(2) +Vf(2)g(2),
the case m = 1 of the proof of our multiplier theorem applies virtually verbatim.
Now let f € Mp (5, and set

= Z XK, (Z>/;

a€T,

V1] (@)

The above lemma shows that u is a B, (B;)-Carleson measure. Define the dis-
cretization of y in the usual way by

u(a)/;

Since p < 2+ —5 when n = 1, it then follows from Theorem 3.1 that {x (@)}
is a By 1 (71)-Carleson measure. Now set

w(a)=[a f(a)".

From (7.15) and a modification of Remark 7.9, we obtain

Fo@= Y |af(@l

VE O] (@)

aceT

BET:f>a
P
<o 3 (max 15— 1)
BeTi B>a z1,22€ K}
<c / V)| dn ()
ae’l'z%>oz Ba(ep,C2) ‘
=CI'v (o)

It now follows that {w (a)} 7, is a Bp1 (71)-Carleson measure with norm bounded

by that of the B), (B1)-Carleson measure p. Finally, the tree multiplier characteri-

zation in Theorem 7.4, shows that T'f € Mp, (1) = Mp, (1) with ||T'f| 5, a S
’ p41

Cfllary, -

REMARK 7.12. Let p > n. Assume that the restriction map in Corollary 7.10
is bounded from Mp (g,) to Mp (1. If {zj} | C B, interpolates Mp (z,), i-e.

(7.16) The map f — {f (zj)};il takes Mp, boundedly into and onto £°°,

and if we construct the Bergman tree 7;, so that {ca},cr, contains {z; }j 1, say
with 2; = cq;, then it follows that {aj} _, interpolates Mp (7,), i.e. that (7.5)
holds with 7,, in place of 7

(7.17) Themap f — {f (O‘j)};il takes Mp (7,) boundedly into and onto ¢>.
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To see that (7.17) holds if (7.16) does, suppose that {@};‘;1 € (. Using (5.6)
we can find p € Mp (g, satisfying

e(z) =¢, 1<j<oo,
19l o, <€ 165352

Now define f on the tree 7,, by
fla)=¢(ca), aeT,.

HOO

Then we have
fleg) =9 (ca;) = 9 (2) =&

and our assumption on the restriction map shows that
sty sy < Cllpling, o)
thus completing the proof of (7.17).

REMARK 7.13. It would be desirable to extend the conclusion of the previous
remark to all 1 < p < co and n > 1, or at least to the case 1 < p < 2+ﬁ
where we have the equivalence of Carleson embeddings with the tree condition.
The argument above breaks down for higher order differences since the analogue
of (7.15) fails to hold. In fact, the restrictions of linear functions on the ball fail
to belong to B, (7,,) for p < 2n, n > 2 (on the other hand, we showed above that
the analogous linear functions f (o) = 274 on the tree belong to B, 5 (7,,) for all
1 < p < o0). Indeed, if f(z) = z1, then for most « € 7,,, in particular for those «
at a distance at least ¢ > 0 from the complex line C (1,0, ...,0), we have

S @ -f@)= S 18— a| m et
BeC(w) BeC(a)
where C () denotes the set of children of a. By property 4 of Lemma 2.8, we have
#{aeT,:d(a) =N}~ N

and thus
||f||€3p(7n) = ||f‘|%p)1(7;,,)
P
>ed [ DD 1F 1) - flo)
a€T, \BeC(a)
ce X () Y Y e
a€eT, N=1a€eT,:d(a)=N
~ Z eaneepre - 00
N=1
if 2n —p > 0.

What is needed now is a definition of Besov space on a tree that involves
complex structure sufficient for higher order differences, or “derivatives”, to be
properly defined. This is introduced in the following subsection.
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7.3. Structured trees. In this subsection we introduce an alternative defi-
nition of B, 1 (7,) that is better adapted for generalization to those higher order
differences that reflect the underlying complex structure of the Bergman tree. We
must first interpret the fact that for a holomorphic function F' in B, (By,), the dif-
ferences F' (3) — F' («) are related as 3 ranges over the children of a fixed «; namely
they are close to F’ () (8 — a). Thus we wish to define in a natural way the notion
of a complex derivative f’ of a complex-valued function f on the Bergman tree 7,,.
It is convenient at this point to consider trees more general than 7, namely those
with a complex structure.

An n-dimensional complex structure V on a tree 7 is a collection of n-vectors
V = {Vataers Va € C". We can “immerse” the structured tree (7,V) in C" by
identifying o € 7 with the point c¢(a) = v, + >, 5., vg € C". For example,
the standard embedding of the Bergman tree 7, in the ball arises in this way from
the complex structure V = {cq — caa}yer, O0 Zn. In general however, the map
a — ¢ («) need not be one-to-one, hence the term “immerse”. Additional properties
of V will be required below.

Define the (backward) difference operator A on functions f mapping the tree
T to C by

Afla)=f(a)=f(Aa), a€T,
where Aa denotes the predecessor, or immediate Ancestor, of a (we reserve P for

projection). We denote the set of children of « € T by C (o). We now assume that
dim (7) is finite, so that in particular, there is an upper bound N for the branching
number of the tree, i.e. #C (a) < N for all « € 7,,. Let {aj};icl(a) = C(«a) be
an enumeration of the children of . Then for @ € 7 we define the linear map
L, :C" — CN by

Lo (W) = (w-va)),,

with the convention that o/ = o and v,; = 0 if #C (o) < j < N. We now make
the assumption that L, is one-to-one for all a € 7. Then given a complex-valued
function f on 7 we can define its complex derivative f'(a) € C™ as follows. Let
P, denote orthogonal projection of CV onto the range of L, and let Q, = I —P,,.
Denote by D, f the N-vector of (forward) differences of f:
; N A\ N N
Dof=(f (/) - f(a))j:1 =(af (aj>>j:1 e CY,
where A f (af) = f (@) — f (a) = 0 if #C () < j < N by our convention. Then we
define
f' (@) = Ly'Po (Daf),
so that
; N N
(7.18) (f (07) = £ (@), = (F (@) - var) ) + Qu (Duf).
In the case of the natural complex structure introduced above on the Bergman
tree 7,,, we have v,; = o/ — o and (7.18) is thus an analogue of Taylor’s formula
of degree one on 7,. We now make this more precise in the special case of the
Bergman tree 7,.
For the Bergman tree 7,, we can choose N = Ce? with A <1 and 6 > 1 to
be chosen below, by property 4 of Lemma 2.8. We also define the difference

Aa=a—Aa, a«a€T,,
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where we identify « with the center ¢, of the Bergman kube K,. With the con-
vention as above, we view the set of differences

Daf = (& f ()},

as a vector of complex numbers of length N, i.e. D, f € CN. The device of choosing
N larger than the branching number at any element of the tree is simply a matter
of convenience. We could just as well have worked with CV replaced replaced by
C#C(®) at each element «, but at the expense of more complicated notation. We
also consider the corresponding family of differences

(A aj);vzl ,

as a vector of points in C™ of length N, i.e. in (C™)"
The linear map L., defined above sends v € C” to the point
L,v= ( (oﬂ — oz))j e CV.

Note that for the Bergman tree, the map L, is one-to-one since the collection of
n-vectors (a] — a) , has rank n if 6 > 1 is chosen large enough. Recall that P,

is the orthogonal prOJectlon of CV onto the range of L, (which has dimension n
since L, is one-to-one) and Q, = I — P,. The complex derivative f’(a) of f at
the point « is then the unique vector v such that

Lov =Py (Duof).
Thus we have
Lof' (@) = Pa (Duf) = (£ (@) (of — )},

Now denote the radial and tangential components of f’(«) by f' (o) P, and
1! (@) Qq, respectively, where Pyz = ‘Zaloé aasin (2.1), and Q, = I — P,. Here we are

viewing f’ («) as belonging to the space £ (C", C) of linear maps from C” to C, and
Pa, Qo as belonging to the corresponding space of linear maps £ (C*, £ (C™,C)).
Thus we have decomposed the difference set D, f as

(7.19) Daf = (a f(a?))),
= (f'(@) Po- (0! =0)))_ + (£ (@) Qu - (07 =)', + Qa (Daf).

In our alternative definition of the Besov space B, 1 (7,,), we weight the various
components of this decomposition in accordance with the complex structure the
Bergman tree 7, inherits from its embedding in the unit ball B,,.

DEFINITION 7.14. For1l < p < oo, define the holomorphic Besov space HB), 1 (75,)
on Ty, to consist of all complez-valued sequences f = {f (a)},c7, such that

1 Wy, sry = 1F @ + 37 |24 £ (@) Py 4+ €717 17 (0) Qu [

a€eT,

+ ) [QaDafl

a€eT,
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REMARK 7.15. The expression
‘672d(a)9vpa 4 efd(a)era’

is the tree analogue of

B v || Y,

2 2
(1-taf)’ 1l

1 is the Bergman Riemannian metric on tan-

1 9? 1
w1 95.07, 108 (1=17)

where B (z) =

gent vectors v at the point z in B,, that leads to the Bergman distance 3 - see
(2.14) and Chapter 1.5 of [Zhu].

The equivalence of the norms ||-[|5 | (7. and |-l 5, (7, for 1 <p < oo and 6
sufficiently large follows from the next result.

DEFINITION 7.16. For a vector v € C™ and o € T,,, let

|v|a = ‘672d(a)9VPa + Gid(a)era‘ = (B (Ot) V) V.

LEMMA 7.17. For 0 sufficiently large in the construction of the Bergman tree
T, and for all 1 < p < oo, we have

(Z IDafl”>; ~ (Z | (a)li) + (Z IQaDaf|p>;.

a€cT, a€eT, a€eT,

B =

PRrROOF. Since P, and Q,, (respectively P, and @, ) are orthogonal projections
on CV (respectively C™), we have

D f” = [PaDaf” + |QuDaf|”
= |Laf' (@)* +|QaDafI?
2 2
< [ (@) P+ |7 (@) Qa o+ 1QaDa ST
= |f' (@)% +1QuDufI’.
where the third line follows from

PaDafl” = |Laf (@)
= [{F' (@) Pa- Pu (0 =) + 1 (@) Qa - Qu (o — )}

2

N |2
jzl’

2
~ [em20 £ (0) P+ e 1 (@) Qu

To see this last equivalence, we note using (2.14) that both

N
(7.20) Z | Pa (af — a)| > ce™ 20
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The first inequality is obvious. The second inequality follows if # > 1 is chosen suffi-
ciently large, since the set of projections onto the sphere Sy(q) of the children C («)

is e=2¢(Cy-dense in the qube Q?(a) = K, N Sy(a)s corresponding to K. Indeed, by

2n0 children of a@ whose projec-

property 4 of Proposition 2.8, there are roughly e
tions onto the Bergman sphere Sy(4)¢ all lie in Q?(Q). Since the Bergman distance
0 is preserved by automorphisms, we see upon mapping matters to the origin that
these projections are roughly e~??-dense in the Bergman distance. With this es-
tablished for e2¢ sufficiently small, we now see that the vectors {Qa (aj — a) }N

j=1
are sufficiently well distributed that (7.20) holds uniformly in .

7.3.1. An abstract approach. The purpose of this short subsubsection is to il-
lustrate the flexibility of defining spaces via “derivatives” on trees, by including a
variety of classical spaces within a generalization of this framework. We will not
use the material here in the sequel.

Given a tree 7 with branching number bounded by N, we can more generally
than above, suppose that we are given an m-dimensional complex vector space W,
and for each o € 7, Hilbert space norms [-] , and {-}_, on W and C" respectively,

and a one-to-one linear map L, from W to CV. Then we can define a derivative
f'(a) € W by

f'(a) = L' Po (Daf)

where D, f is the (forward) difference set defined as above, and P, is orthogonal
projection onto the range of L,. With Q, = I — P,, define a norm on CV by

jw]? = [L7"Pa (w)]2 + {Qa (w)}2.

Then we define a Besov space norm || fl|5 7 by

1712 oy = £ @ + S 1 (@)

acT

In the case 7 = 7,, and W = C", with L, defined as above and

[V]a = |v‘a — e—Qd(a)QVPa + e—d(a)era) , v e (Cn7
{w}, =|w|, weC,

we obtain that By, (7') is the holomorphic Besov space H By, 1 (7,,) defined above. If
however we take W = CV, L, = I and the norms [], and {-}_, to be the Euclidean
norm on CV, then B, (T) is the abstract space B, 1 (7) defined earlier.

For another example, suppose that 7 is a homogeneous tree with branching
number N. Take W to be the orthogonal complement in CV of the one-dimensional
subspace C(1,1,...,1) generated by (1,1,...,1), and let [] , be the restriction of the
Euclidean norm to W. Let L, be the natural inclusion of W into CV. Finally, let
{-},, be the trivial norm on C" that is infinite on all nonzero vectors and vanishes
on the zero vector. Then By, (T) is the martingale of all ¢ functions on the tree 7°
satisfying

1
f(a)ZNﬁg(:a)f(ﬁ), aeT.
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For yet another example, take 7 =77, W =C, Lyv = (v (ozj — a)) ~_and

Jj=1
[v], = e300y e,
{w}, = |w|, weC.
The resulting space Bz (7) normed by
171 = 1F @F + 3 e (@) + 3 QuDafP?
a€Ty acTy
is a tree model for the Hardy space
9 % dz
H? (D)= F € H(D) |+ 1—|z\ F'(2) < 00

(H)

on the unit disk. Note that [Dg f| & |e 24/ (a)| + |QaDa f|, so that the tree
model By (T) for the Hardy space permits the differences of f to grow rapidly in the
holomorphic direction, and is thus much larger than the abstract space Ba 1 (77).
Finally, by including higher order derivatives, this example can be extended to
higher dimensions to provide a tree model for the space H?2 of Arveson [Arv], that
consists of all F' € H (B,,) whose radial derivative R™F' satisfies

™ 2 dz
/Bn‘(l—|z> R (2)| m

:/Bn (1—|z\2>m+% R™F (2)

where m = 1+ [251] (the Hardy space H? (D) on the disk is the case m =n = 1).
In the next sectlon we will construct holomorphic Besov spaces on Bergman
trees 7,, that model the Besov spaces B, (B,,) on the ball.

2
d\, (z) < oo,

8. Holomorphic Besov spaces on Bergman trees

Our goal in this lengthy section is to obtain a definition of a holomorphic
Besov space HB,, , (7,,) on the Bergman tree 7, so that the restriction map (as
in Corollary 7.10) is bounded from B, (B,) to HBy,, (7,) in the range p > 22,
while retaining as many of the properties of the abstract Besov space By m, (7,,)
as possible. One essential property we wish to retain is that Carleson measures
for HBy ., (7,,) be characterized by the tree condition (3.2), as that is the con-
dition needed to prove the sufficiency implication for multiplier interpolation on
the ball. Another essential property is an appropriate positivity of “derivatives”
of reproducing kernels for HB, ,, (7,), as that is needed to prove the necessity
of the tree condition for multiplier interpolation on the ball in the difficult range
1+ =5 < p < 2. See the discussion at the end of Section 5.

Recall that in the previous section we showed in Corollary 7.10 that the re-
striction map is bounded from B, (B,,) to B, 1 (7,,) in the range p > n = 2. Of
course the Carleson measures for By, ; (7,) are characterized by the tree condition,
and the first order difference of the reproducing kernel for B, 1 (7,,) is nonnega-
tive (the analogues of these latter two properties actually hold for all B, ,,, (7,,) by
Lemma 7.2 and (7.3)). This demonstrates that the abstract Besov space By 1 (75)
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has the properties desired of our holomorphic Besov space for p > 2n, and in view
of Lemma 7.17, we have

(8.1) HB,y (T,) = By (T,).

However, the proof of the restriction theorem given in Corollary 7.10 is not amenable
to generalization to higher order differences, and in fact the abstract Besov spaces
Byp,m (75,) on trees do not capture the higher order derivatives of holomorphic func-
tions in the ball. Indeed, higher order tree differences vanish on appropriate poly-
nomial functions of 7~%4®) on the tree, but not on the restrictions to the tree of
polynomials on the ball, even though the corresponding derivatives are identically
zero on the ball. In particular, recall from Remark 7.13 that linear functions on the
ball do not restrict to By, (75,) for p < 2n for any m > 1. Thus we now proceed,
as we did for m = 1 in our definition of HB, 1 (7,,) above, to model our definition
of HB,, , (7,,) after the almost invariant holomorphic derivatives D! used in the
seminorms (6.7) for B, (By,).

We begin with the holomorphic Besov space HB) 1 (7,) already defined in
Subsection 7.3, and derive its reproducing kernels relative to the duality pairing
induced by the norm ||-|| By (T,) along with their positivity properties. In prepa-
ration for an inductive definition of the higher order Besov spaces H By, (7,,), we
must also derive the analogous theory of the Besov spaces H Bz(fl) (7,,) of k-tensors
defined on 7,,, as we will view higher order complex tree derivatives f*) () as
tensor-valued functions on the tree. To expedite this process, it is advantageous to
consider first the order zero case, and develop the required tensor apparatus for ¢P
spaces, the order zero analogue of a holomorphic Besov space. Then we proceed to
define HB,, ,, (7,,) inductively for m > 2 and establish the appropriate positivity
properties of their reproducing kernels, which will require a careful choice of the
structural constants A and 6 in the construction of the Bergman tree 7, along with
an additional modification of the centers of the Bergman balls. Finally, we estab-
lish for these spaces the Carleson measure theorem and the restriction theorem, and
then complete the proof of the multiplier interpolation loop for 1 < p < 2+ ﬁ,
that was left open at the end of Section 5.

8.1. The order zero and order one holomorphic Besov spaces. Recall
that for 1 < p < oo we defined the order 1 holomorphic Besov space HB), 1 (7,,) on
7,, in Definition 7.14 to consist of all complex-valued sequences f = {f (a)}
such that

a€T,

_d(a _da) P
115, iz, = 1F @)+ 32 [ f (@) Putr= 55 £ (2) Qa
a€eT,
+ > 1QuDa fIF
a7,
< 00,

where we have written
(8.2) r=e?

for convenience, so that by (2.14),

(83) 1— ‘a|2 s 672ﬁ(0,a) s 6720d(a) _ rfd(a).
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In comparing this definition with Definition 7.1 for the real Besov space By 1 (7,)
on the Bergman tree 7,,,

1A oz = 1F @ + 3 Dafl? < o,
a€eT,
recall that the set of differences D, f can be written as the linear sum of the two
pieces PoDof and Q,D, f; the first piece P,D,f lying in the range of L, (the
holomorphic part), and the second piece Q,D, f orthogonal to the range of L.
The first piece P, D, f can be further decomposed using the identities

Laf/ (@) = PaDaf,
f'(@) = Lg'"PaDa f,
where the second one follows since L, is one-to-one and P,, is orthogonal projection
onto the range of L,. We then decompose f' («) as f/ () Py + f' (@) Qo. Now Ly,
n

has the N x n matrix representation [ai — ak} where o/ = (ai)

1<j<N,1<k<n k=1
and a = (ay))_,, and so resembles the nonisotropic linear operator
d(a)

R4 = p=dp 4 rT 2 Qa,

whose action on a vector v € £(C", C) is given by R~y = p~dayp, +
_d(a)

r~ 2 vQqs. Thus we formally have that
Daf = Laf/ (04) + QaDaf
~RU ' (a) + QuDaf.

We actually proved that [D, f| & [R™4®) ' (a)| +|QaDa f| in the course of proving
Lemma 7.17.

Thus locally we measure the holomorphic parts P, D, f of the differences D, f
by the Bergman Riemannian metric, where the radial directions f’(a)P, are
weighted by 7~4®) and the tangential directions f’ (o) Q4 weighted by Vr—d(@) =
r=“5*. Thisis analogous to the definition (6.1) of the almost invariant holomorphic
derivative D, given in the ball by

D=1 @ {(1-1af) P+ (1-1F) @} aeB.

We then take the ¢P (7,) norm of these local measures. We measure the anti-
holomorphic parts Q,D, f of the differences Df («) by the P (T)-norm. We now
consider reproducing kernels associated to these norms.

8.1.1. Reproducing kernels. The reproducing kernel k, for the space ¢ (7,,)
is trivial: ko () = X{aj (7), the delta function at a. We must work harder to
obtain the reproducing kernel for HB, 1 (7,,). We first observe that we can recover
a function f € HB, 1 (7,,) from its differences

Daf = PaDaf + QaDaf
= Laf/ (O[) + Qapaf
and hence also from its derivatives and antiholomorphic differences Q,D,f. In
order to give an explicit formula, we write

PuDof = {PaDaf(aﬂ')}jil and QuDof = {QaDuf ()}

j=1"
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so that A f (a?) = PaDaf (09) + QaDuf (af), where a = Aad. Thus Py Dy f (o)
is the j** component of the N-vector P,Dof = Lo f’ (), i.e.
PagDasf (B) = f'(AB) - (B — AB),

and we have the tree version of the Taylor expansion of order 1 at the point Ag;

f(B)=f(AB)+ [ (AB) - (B — AB) + QasDasf (B).-

For « € 7, we write the geodesic to a as [o,a] = {0, a1, s, ...,a;,} (note the
different use of the terminology a; here). An explicit formula for f () is now given
by

84)  f(@)=Ff(am)=>_ & f(ar)+f(o)
k=1

0) + Zpak—lDak—lf (ak) + Z Qak—lpak—lf (ak)
k=0 k=0

+Zf ap-1) - (o — k1) + > Qay_, Doy, [ (an).

k=0
We can rewrite this as
(8.5) F@=F©+Y 0 (a=1+D D f (),
y<a <

where v, denotes the child of v lying on the geodesic [0, ], so that v, = ay if
v = ag—1. Note that an immediate consequence of (8.5) is the inequality

(8.6) \f () < Cllfllas, (7, d (@)
Indeed, using I = PWQ + Q% we have the formula

(8.7) ) Ga=N=F 0P Py(Ya =N+ (1)QyQy (e —7),
and hence the estimate

1) Ya =D (D) Py - By (va = D1 (1) Qy - @y (Ya — )

<|f (W)Pwlr‘d(” 1 () Q75
()

~ |rm ) g (V)Pw-i-?“_Tfl("/)Q'y =1/ Ml

Plugging this estimate into (8.5) and using Holder’s inequality yields (8.6).

Now consider the case p = 2. Since P, and @), are orthogonal projections with
vanishing product P,Q, = P, (I — P,) = P, — P3 = 0, polarization shows that the
inner product ((f,g)), for the Hilbert space HBj,1 (7y), with norm [|-|| ;, | (7, as
in Definition 7.14, is given by

(8.8)
(F.9)1 = F (0) 9 (0)
+ 30 {0 (@) Pa - g (@) Pa 477 £ (0) Qa - ' (0) Qu

aeT,

+ Y QuDaf QaDag.

aETn

1
I'Y
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Note that the dot product in the second line of (8.8) is n-dimensional, while that
in the third line is N-dimensional.
By inequality (8.6), point evaluation at a € 7,, is a continuous linear func-

tional on HBjy 1 (7,,). Thus there is a unique K e HBs; (7,) such that f(«) =
<< 1 k&1)>>1, which written out explicitly is

(8.9)
f(a)=f(0) k& (o)
+ Z {T72d("/)f’ (7) P, - k&l)/ () P, + Tﬁd(ﬂf)f/ () Q- k&l)/ (7) Q’y}

YET,
+ Z QV,D’Yf'Q’Y,D’Yk&l)'
YET,

Just as for the real Besov spaces B, 1 (7,,), we can construct by hand a function

kY € HB,1(7,) so that the right hand side of (8.5) matches the expression in
(8.9).
Indeed, for a € 7, with geodesic [0,a] = {0, a1, as, ..., am = a}, we choose

2d() p — d(v) — if ~=
Wy ) T s (Yo =) +rQy (Yo — ) i v =ak
810 Ko ={ it ¢ fo,al

Using the identity (8.7), we then have

B11) f (1) (Ya =)
= MNPy Py(va =)+ () Qy Qy (Y —1)
=1 2O 1 () Py -2 OP, (0 =) + 171 1 (1) Qy -1V Qs (e = )
=20 () Py KD () Py 1101 () QK () Qs

upon applying the formulas

(8.12) Pz=3P, Q=30

to (8.10). Indeed, (8.12) yields

K () Py = P ()
=P, {r2d(7)P7 (Yo =) + 17 7Q (Yo — ’7)}
= 7’2d(FY)P'y (Yo =)

and

Y () Qy = @k ()
=@y {7’2d(7)P"/ (Yo =) + 7" Q, (o — 7)}
=rQ, (ya =),

and the formula P,z = 2P, in (8.12) follows from

(2Py,w) = (Z, Pyw) = (Pyw, z) = (Pyw,z) = (w, PyZ) = (PyZ,0)

where (a,b) = a - b is the usual inner product in C".
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The vectors Q.YD,ykg) must be chosen to lie in the orthogonal complement of
the range of L,. Let M, = rangeL. and let MWL be its orthogonal complement.
For v = a1 we must also have the identity

1
Qak—lpak—lf : Qak—lpak—lk‘g‘) = Qak—lpak—lf (ak)

or
(8.13) Q. D,f @Dk = QD f(va), v<a,

for all f, which implies that for v < «, Qﬂ)ﬂykg}) is the unique vector V, in le
whose inner product gives rise to the “y,-coordinate” linear functional. Recall that
the ~,-coordinate points to the path along which « lies. In fact we have

Q’YD"/kt(xl) =V, =0Q,e,,

where e, is the coordinate vector in CV in the direction of the 7, coordinate.
Indeed,

(w, Qvey,) = (Qyw,e,,) = (w,e,,)

ifw e Mj- since @, is a projection onto Mj- For future reference we note that
(8.14) 0,0,k =12 <1, <0,
since @, is an orthogonal projection in CN. Thus we define

if
(8.15) Q. Dk () = { OQ’Ye’yav ;f 1; E: 3 7

so that
> 0Df(7) Dk (1) =Y Qo Day f (ar) = > D5 f (a) -
YET, k=1 y<a
Finally, we set
(8.16) kD (0) =1

so that

F )k (0) = f (o).

Combining these definitions and observations with (8.4) and (8.9) we obtain

o= {(na),

Using the fact that the representation given in (8.5),
(8.17) g(@)=g©)+> 6™ (a—N+D_ 2D (1),

y<o y<a
is uniquely determined by the condition that

QD9 (1a) € My, <o,

(since ¢’ (7) - (Yo — ) is obviously in M.,) we thus see that there does indeed exist
a unique function B satisfying properties (8.10), (8.15) and (8.16). Indeed, if
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B €0, a], then with g = £ in (8.17) we have

(8.18)
K (8)
_ k((xl) + Z k 1)/ ’yg — ) + Z Q'yD'yk((ll) (’Yﬂ)
<8 <B
1+ Y { 200 P (70 —7) + rd(v)m} (v =N+ Y, e, (1)
5 v<p

where Q.e,_ (y3) denotes the yg-coordinate of the N-vector Q,e,,. If 8 # a
is at distance exactly one from the geodesic [0, «), then AS € [0, «) and the for-
mula for k4 (B) is identical to that above except that the final term in the sum
> <p @very, (18) is now Qugeag, (B) instead of Qageag, (Afa). The function

k:(g) is then determined for all remaining § by the requirement that k&l) be con-

stant on all successor sets S (v) with vertex v at distance exactly one from the
geodesic [o, ).

These calculations generalize to yield duality and reproducing kernels for the
holomorphic Besov spaces HBp 1 (7,), 1 < p < oo. Indeed, Holder’s inequality
yields

(F a0l < Ui, vz N6l o

and to see that

(8.19) 1 ss, . (z) = sup [((Fr ol

g ‘HBP/)l(Tn)=1

we choose G to be the unique function satisfying

G (o) =f(0)|f (0)|"7?,

GO =rWIFrmr’,

QWD"/G = vavf |Q’7D7f|p_2 :
Thus
DG (a) = {G' () (B — )}, + QDS (a) |QuDf (@)’

where Q,Df (@) |QaDf ()[P~* € ML and {G' (a) (8; — oz)}j.\il € M,. With this

choice we have HG||HB (T ”fHHB,, (1, since (p —1)p" = p, as well as
(LG = 1F@PIF P24+ Y {If (@) Pal* + 11 (@) Qal*} |5 1 (@)
st
+ 3 19,0 171Dy 17
a€T,
11

since | f' (@) Pa|*+|f (a) Qa|2 = |f'(@)]*. Then taking g = W we obtain
’ 1 n

(8.19). We summarize these results in the following Proposition.

PROPOSITION 8.1. Let 1 < p < co. Then the dual space of HBy 1 (7,) can
be identified with HB, 1(7,) under the pairing ((-,-)), given in (8.8), and the
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reproducing kernel k:fj) (y) for this pairing is the unique function k&l) satisfying
(8.10), (8.15) and (8.16), and given explicitly in (8.18).

The corresponding formula (7.2) for A k!, the difference operator applied to
the reproducing kernel k., for the abstract Besov space B, 1 (7,,), consists entirely
of nonnegative entries, a feature that plays prominently in deriving the Carleson
embedding property from multiplier interpolation using Boée’s “curious lemma”.
The terms k4 (0), kL (v) and Qﬂ)vk&l) arising in the above formula do not
consist entirely of nonnegative entries, but the following two properties will serve
as a suitable substitute:

(8.20)
PR () Py 4 Y () Q)

~ ) Re {7 VP (v =) +7 -1 Q (o — 7)}

~r i Re (v KD (1)

QD k)

<1

Analogues of these properties will be used in Subsection 9.1 to complete the proof
of equivalence of multiplier interpolation with the separation and tree conditions
whenl<p<2+ﬁ.

To see the equivalence in the first line of (8.20), we compute that

¥ (Yo —)
;27
el

=5 (Ya—")

=2

Py (Ya =) =7

has real part approximately r~4) that
|P“/ ('Ya - 7)‘ > Cr_d(y)a
and that

7 Qy (Yo — M| < 1Qy (Yo — )]

S |7a - ’7‘
< Cr_%ﬂ.

Using (8.10), we thus obtain

0 Re (7K (7)) =~ Re (3-8 (7))
= =4 Re {7 2P (vg =) +7 - 1Q, (ya — 7)}
)

p=d) {wa) ) (/“; )}
~ 1.

Q
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Using (8.10) again, we obtain from (8.12) and the above that

a(v)

2
P IORD (9) Py 1 D (1) Q)

a(v)

O PN GO = i N B ?
« Y vy e} Y Q"/

_d)

FQk (7)
‘2

7(1)/ 2 2

= ‘rid(W)P.Yka ('y)‘ + ‘7’ ‘
2 4

= ‘Td”)Pv (Ya — v)‘ + ‘T 7 Qy (Yo — )

>c>0,

which completes the proof of the first line in (8.20). The inequality in the second
line of (8.20) is (8.14).

An example. We close this subsubsection by computing k'((ll) for the simple case
of the Bergman tree 77 in terms of the geometric embedding of 77 in the unit disk,
and then verifying (8.20) in this case. The branching number for the tree 77 is 2.
Fix a € 77 with geodesic [0, a] = {0, a1, ag, ..., @y = a} as above, and let v = a1
with children v; = a; and ~5. Then

Ay =7—7,
Ay =7 —17
E(M)={am,8},
and for v € C,
Lyv={vAy,v Ay}
Thus

M, ={vAy,vAy:veC}=C{Aa,Ay},
M# :(C{_A 723A 71}7
since if V.=v{Av,A v} € My and W = w{—A 72, A7} € M, then
(VW) =vw{(am) (= 2 72) +(872) (A )} =0.

We now claim that

A Yo -
QD kY = =2 R A
(el ey s ywy. AR

_ |2 ) —A71 A2
- 2 27 2 2 :
| y|” 4[4 v2]" [an|” + 4 ]

Indeed, we have Qﬂ)wk((y,l) € Mj from the definition, and if

W= {W17W2} = w{_A Y2, A 71} € M'yLv
then the left side of (8.13) is

2
. A")/2|
(W.0,D, kD) = w (-5 7) — a2l
“ & ml? + 18 7l
:’LU(—A ’YQ):Wl,

—A 1 Ay
A 1)ﬁ
|& 71”4+ ]2 7

which is the right side of (8.13) since 1 = ay, € [0, a].
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Since the projection P, is the identity in dimension n =1, we also have
K () = 0],
and since it is geometrically evident that Revy -7, — v = |v| |7a — 7|, we now have

Re (7 k" (1)) = 1240 Rey - 30 =7 ~ 1) = [k (9)

)

4 2 2

2 o [l +[Am|7|A 7l
— 2
(12 P18 22l

which is (8.20) for the Bergman tree 7;.
Using (8.18), we give an explicit formula for k, (3), o, 8 € T;. When 3 € [o, q]
we have

KD (B) =1+ (e =) (s =) +

v<B <8 |y —I* + ‘Wé -7

1@y Dykal

S]-a

i~

29

where ’yé‘ is the child of 4 not lying in [0, 5]. The formula for k&l) (ﬁj;), where
B € [o,a) and B is the child of 3 not lying in [0, o], is given by

WD (52) =14 3 0G0 (35 —)
o<y<p

g o Ba—B) (5 - B)

.+ 5 — 3
_ 1
o<y< B |’y[3 — 7‘2 + "yé- — f)/’ |ﬁa ﬁl + |ﬁa ﬁ‘

The values of kS remain constant on the successor sets S (@) and S (Bz) for
B € Jo, @), and this completes the evaluation of kg}) (B) for all g € T;.

8.1.2. Tensor-valued functions. In order to extend our definitions to tensor-
valued functions on the Bergman tree, it is convenient to consider first the simplest
case of order zero.

DEFINITION 8.2. Let 1 < p < oo. For a C-valued function f(a) defined for
a € T, define

||f||HB,,,0(Tn) = ||f||ep(7n) = (Z |f(04)|p> .

aETn

Define an operator R=% on C™-valued functions v on the tree T, by

(R_dv) () = r~ ¥y (a) P, + T () Qq.

For vectors v € C" | let
v, =|(R™V) ()] = ‘e‘zd(a)evPa + e‘d(a)"an‘ ~ (B (a)v)-v,
and for a C"-valued function v («) defined for o € Ty, define

1
P
¥ 5503y = ¥l = (Z |v|z>

a€T,
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REMARK 8.3. Recall from (8.1) that we have HBy 1 (7,) = Bp1(7,). Let
ODf (o) = QaDyf. Then using Definitions 8.2 and 7.14, we have the following
observation that will provide the basis for extending the definition of HB, ¢ (75)
to HByp ., (7,,) for larger m:

1 Vg, sz = 1 @F + 1 @) + > 1 (@l + Y 1QaDafl’

a€T, a€cT,
— P 1P D
= 1F OF + 171 ey + 19D Wi,

In Definition 8.2 above, we defined the order zero holomorphic Besov space
H Bz% (7,) on T, for C"-valued functions v («) using the nonisotropic norm

d(a)
‘V|a = Tﬁd(a)vpa + TﬁTaVQa s

and where v () was interpreted as a covariant tensor of order 1 acting on the
“tangent space” C"™ at a. We now wish to extend this definition to order zero
holomorphic Besov spaces H Bz% (7,,) of symmetric covariant tensors of order ¢, or
t-tensors, on 7,,. First we review the tensor setup.

Let E, be the n-dimensional Hilbert space (C", (-, -) ) whose inner product is
given by

<U17 U2>a = T*Zd(a) <U1ap> <U27 dle) Z aQZ UZ7 QZ>

where {p, g2, ..., qn} is an orthonormal basis of C" with M, = span {p} and M =
span{qa,...,qn}. Thus p = e”lg—l for some s € R, and we will take s = 0 so that

e
(8.21) p=—.
|al
In terms of the operator R™¢ we have
<v1,v2>a = <R_d1)1,R_d112>7

where (-,-) denotes the usual inner product on C". For ¢t > 1, denote by Sét)
the vector space of symmetric multilinear maps, or symmetric t-tensors, from the
product space Ef, = E, X ... x E, (t times) to the complex numbers C.

Using the identification of EX with E, under the Fuclidean inner product (-, -)

(not (-,-),), every symmetric ¢-tensor A € £ can be written
A= > atizeitell @ @ et
1< <i2<...<i:<n
where e! (respectively e/, j > 2) is the Euclidean dual vector to e; = p (respectively
ej = qj, j > 2) so that ¢’ (¢;) = (ei, e;) = d;. The vectors e; depend on «, but we
will usually suppress this dependence. We have

(8.22) Ao, 0] = Z atvet (pl e ) xx (vl ey, )

1<i1<ip<... <4t <n

) on Eo(f) by

We now define an inner product (-, -),,

t t
(@ wet e @) = ] (o), = [ (Re;, R7ey, ),
k=1 k=1
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and then extend the definition by linearity so that
(8.23)

<A,B>S) — Z a’il,i2a»~~,itbil,i2,...,itni17i2““7it (a) = Zaiﬁm (@)

1<i <ip<...<ir<n
where we write i = (i1, ...,4t), j = (j1,-.-,j¢) and
(8.24) i (@) = Ny iy (@)
= <ei1,ei1>a X ... X <eit,e“>a
= <R7d(°‘)ei1,R7d(°‘)eil> X ... X <R7d(o‘)eit,R7d(o‘)eit>,

and where A = Y, a’e"” ® ... @€ and B = ), b'e" @ ... ® €. We extend this
inner product to t-tensor-valued functions A and B on the Bergman tree 7, in the
obvious way:

(8.25) (AB)Y =" (A(y). B,

€T,

We denote by |A|, the norm of A in the Hilbert space £ when there is no
confusion regarding the order t of the tensor in question. For example, if F' €
H (B,,) and o € B,,, then F” (a) € &P isa symmetric 2-tensor, or equivalently an
n X n matrix [F" («)] relative to the basis {e1, ..., e, } satisfying F” (a) [v® w] =

v [F" (a)] w, and whose norm squared in g

IF" (@)2 = (F" (a), F" (a))”

(t)
" 9*F LN~ 0°F
= J k l
<Z 632827 Je'@e ’kél 021,02y (a)e’@e >

is given by

4,g=1 P
_ i 02F (a )<€i €k> (7, ety
i 82182] 82:].382@ T a0 T
= (@) 6.4
=1 82’1(9,%
where
r_id(o‘) if 1=j=
) e gf i=12<j<n
D= pofde) 4 j=12<i<n
rd(@) if 2<4,5<n

This is of course comparable to the operator norm

sup  |F” (o) [R™ dy, R4 ]|2
[o],|w]<1
where |F" (o) [R™%, R™%w] ’2 is equal to

2 2
P2 P (@) [Pav, Pau]|

p3d(e) pr (@) [Pav, Qaw]’

4O (@) [Quv, P+ [ (@) Qv Qo
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In similar fashion we define the Hilbert space g of symmetric (s, t)-tensors
that are covariant of order s and contravariant of order ¢ (see for example chapter

4 of Spivak [Spi]). Then E,Sf) = 56(3’0) and we will stop referring to tensors as
covariant or contravariant. We define the tensor product of a (s1,¢1)-tensor B and
a (s2,t2)-tensor A to be the (s1 + s2,%1 + t2)-tensor B ® A in the usual way,

B A [vl, Lttt wt L wh a2yt L yt"’}
=B [vl, 0wl ...,wtl] x A [xl, A TE ...,ytZ] ,
as well as the Euclidean contraction BAA of an (s, t)-tensor B and a t-tensor A (see
immediately below for this definition). We will see later that reproducing kernels for
Besov spaces of t-tensor-valued functions can be interpreted as (¢, t)-tensor-valued

functions on 7,,.
We define the a-contraction B A, A of an (s, t)-tensor

B= )  bMrteie. o, 0.0,
1<i1<...<ip<n
and a t-tensor
A= Z a'trettet @ L ® et
1< <...<i<n
to be the s-tensor given by

_ Uyeenls Gt (o ) e i1 is
BAy, A= E bt el (e, e4,) , X X (65,5 €5,), €7 @ @€'
1<i1 <...<ir<n

= Zb;-ajnj (@)e" @...® e,
i
where by the summation convention, we also sum over the repeated upper and lower
indices j1, ..., jt. The Euclidean contraction B A A is given by }; bia’e" @ ... ®@e"

without the n;. Thus B A Afvq,...,v,] is the contraction (trace if ¢ = 1) of the
linear map A given by

AWy ooy Wiy Uy ey ) = B QR A (U1, 00, Ugy W1y woey Wiy Uy ooy Ug)

(see page 4-27 in [Spi]). Note that if we interpret v7 as a (0, 1)-tensor (contravariant
of order 1), then from (8.22) we have

(8.26) A[vl,...,vt] =AA (vl®...®vt).

DEFINITION 8.4. We define the “inner product” (A,B>g) of a t-tensor A and
a (t,t)-tensor B to be the t-tensor given by

(8.27) (A,B)) =B A, A,
so that
(8.28) (A,B)Y =S "bialn; (a) e @ .. @ e’

We also define an “inner product” ({(A, B)}gt), for a t-tensor-valued function A and
a (t,t)-tensor-valued function B on the tree Ty, by

(8.29) (AB) =" (A(y). B,
yET,
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The use of the same notation (A,B>g) in both (8.23) and (8.27) should not
cause confusion as the former is a scalar and the latter a ¢-tensor, and similarly for
the same notation ((A, B)>(()t) in both (8.25) and (8.29).

Order zero spaces of t-tensors. We now define the order zero holomorphic Besov

spaces H BI% (7,,) of t-tensors on 7.

DEFINITION 8.5. For 1 < p < oo andt € N, let HBX()) (7,,) consist of all
t-tensor-valued functions A («) defined for « € T, such that the norm

HAHHB;%(TH) = |HA|a||(p(Tn)

= ( > A(Oc)lﬁ)

a€T,

=

is finite.

The inner product for the Hilbert space H Bé% (7,,) is given by (8.25), and
the dual space of H Bz(vft)) (7,,) can be identified with H B](;?O (7,,) under the pairing

(N

LEMMA 8.6. For 1 <p< oo andt € N, we have

(A, B)))

< ”A”HBZ(,%(Tn) HB”HBI(,f}),O(Tn) )

s [(A,B)

IBll g5 (7.) =
HBp o) 4

<
HBJ) (1)~

Moreover, in the case p = 2, the function Agl’“"”t defined by

is a continuous linear functional on H Béf()) (7,) for a € 7, and every choice of

vl ...,v’. Thus there is a unique kgl"'””t in the Hilbert space HBé% (7,,) such that

(8.30) <<A,kgl ----- >>:) = Ayt A= A(a) [0}, 01].

By this uniqueness, the function that sends v!,...,v to the t-tensor kgl’“"vt (v) is

1

multi-conjugate linear in v, ..., v?, and so there is a unique (¢, t)-tensor k&o’t) such

that

1 t

ko o () [wl, ...,wt] = kg)’t) () [wl, wh vl ,E] ,

which by (8.26) is

t

kzlr":v (fy) = k(ao’t) (’y) /\W'

k((x(),t)

We refer to this (¢, ¢)-tensor-valued function as the reproducing kernel for the

holomorphic Besov space of t-tensors H B]gf()) (7,,) relative to the pairing (-, ~>>ét)
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since by (8.26), (8.27) and (8.29), we have

0 yeT, K

= Z k(Y (V) Ay A (y) [v 0]
vET

— (0,%) 1 t

= Z ko (VA A AV ®...®0
YETn

= Z k(Y (VA ®...@v" Ay A(y)
YET,

since A and A, commute, as they act on different sets of variables. We then continue
with
()

(AN ol o] = 3 (A () k0D (1) 7, T B )

0 €T, W
= ‘y;n <A (’Y) ,k(’;l,,..,vt (7)>it)
= <<A7kgl,-..,vt>>:)
=A(a) [Ul’ ---,vt] |

by (8.30). Thus we have shown that
(t)
8.31 A(a) = ((A kY €T,
(8.31) (@) = ((AKPD)) " a
The reproducing kernel k% is in fact given by the (¢, t)-tensor
Z"?z (a)il eil ®...Q0 eit [ €, R...&® €,

times the delta function at «, i.e.

(8.32) k(O () = X{a} (7 Z ni ()" {eil ® .0 eif} ®{e;, ®...0¢;}

= X{a} (7) Z {Rd(a)eil ®..® Rd(ooeu}

i
® {Rd(“)eil ®.® Rd(“)el—t} .
Indeed, by (8.27) and (8.28),

> (a0 ()

V€T, K

= {Zm ((1)71 {ei1 ®..® 6“} ®{e;, ®...Q 6“}} Na {Zaie“ R ... ®e“},

—Zm ) latni (@) e ® .. @e = A(a).

=k (a) Ay A ()
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Order one spaces of t-tensors. We next turn to defining the order one holomor-
phic Besov spaces H BZ(H (7,,) of t-tensors on 7,. In Remark 8.3, we have already
defined the scalar case HB), 1 (7,,) using the norm (to the p** power)

111, sz = 1£ P + 10 Wiy + 19D i

In order to replace f with a tensor, we first need to define the complex derivative
A’ (a) of a t-tensor-valued function A («) on the tree 7,. The derivative A’ will
be a (t + 1)-tensor-valued function on the tree defined in the same spirit as f’.

Define the forward difference D, A of a t-tensor-valued function A («) in the

(t) (t+1)

obvious way. Define the linear map L’ from the space of (¢t + 1)-tensors £, '’ to

the space <55(f)) by sending v € S(t+1) to

LVv = (vA (of — a));v:l € (Ec(f))N ,

where vA (o — «) denotes the t-tensor obtained by contracting the (¢ + 1)-tensor
v with the vector (a? — a) viewed as a (0, 1)-tensor or contravariant 1-tensor, i.e.

VA (ozj — a) [vl, ...,vt] =vVv [ozj - a,vl, ...,vt] ,
since if v =3 vie, ® {ei1 ® ... el }, then both sides of the above equation equal
Zv,i <aj — a,ek> <v1,ei1> X ... X <vt,ei‘>.
In Subsection 8.5 below, we will show that by choosing 6 sufficiently large in

the construction of the Bergman tree in Subsubsection 2.2.1, and then modifying

the centers, we can make the map LY one-to-one for all 0 <t < M -1 for any
(t)

finite M - we only need to take M = 2n for our purposes in this paper. Let Pg
N

be the orthogonal projection of (Eo(f)> onto the range M(t) of L(t) with respect

to the inner product on the product Hilbert space 5,(1) X .o X &(Xt) (N times). Let

1
Q&t ) = P(t) be orthogonal projection onto (Mét)> . The complex derivative
A’ (a) of A at the point « is then the unique (¢ + 1)-tensor v such that

Lov =P (DaA).
Thus we have
LOA (a) = P (DoA) = (A" (@) A (o =),
and the first order Taylor formula for t-tensor-valued functions
DA = (A (@) A (of — a)) L+ OV (D.A).

We can now define the order one holomorphic Besov space H B )1(7;) of t-
tensors on 7,,. First we define

P P
HQu) Al =% ‘Qgp (paA)]
( n) a€eT, @

where |(v1,...,vN)‘2 = Zjvzl |vj|i for (vl,...7vN) € (E&t))N. Note that at the

[e3
root o, ||, is always a Euclidean norm.
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DEFINITION 8.7. Forl <p<oo and 0 <t < M —1, let HB:S)1 (7,) consist of
all t-tensor-valued functions A on the tree T,, such that the norm (to the p*" power)

1A o (7, = A @ +[A]

+|| ol
HB{')( (To) o (T,)

P
HBEY
is finite.

As in Proposition 8.1, we can obtain the duality of HBI(H (7,) and HBI(;?l (7)
relative to the inner product ({-, ~>>§t) for the Hilbert space HBS? (7,):

(8.33) ((A,B) =A(0)B(0)+ > (A,B)["™+ > 0,D,A Q. D.B

acT, a€eT,
=A(0)B (o) + (A BN+ Y 0.D.A - Q.D.B.
a€eT,

LEMMA 8.8. For 1 <p< oo andt € N, we have

(A, B

< ||A||HB;:)1(T7L) HB”HB;t/)‘l(Tn) )

wo (A, B)"

B (t) =
I ”HB,,’,‘I(Tn) 1A

<
HB ()=

Combining the arguments for the order one space HB,, 1 (7,,) in Subsubsection

8.1.1 with the arguments above for the order zero space H BZ% (7,,) of t-tensors, we

can show there is a unique reproducing kernel k&l’t) for the holomorphic Besov space
of t-tensors HBI(P1 (7,,) relative to this pairing. Again, k& is a (t, t)-tensor-valued
function on the tree satisfying

Ao = ()

for A € HBI(:)1 (7..), where just as in Definition 8.4, the notation ((A, B))gt) repre-
sents a scalar if B is a t-tensor, and a t-tensor if B is a (¢, t)-tensor.

acT,,

8.2. The order m holomorphic Besov space. We cannot simply define

the m!" order holomorphic Besov space H Bé?n (7,,) of t-tensor-valued functions

inductively to consist of all f such that f' € H Bgfjnl_)l (7,,). Besides the question

of how to handle the error term {Qg ) (DQA)} , the restriction theorem from
By (By) to HB,5 (T,) will fail because ||f'|| ;50 (7
p, 1\ "1

trolled by || F|| B, (8,) When [ is the restriction of F € B, (B,,) to the Bergman tree
7,. The problem arises when we minimize the distance from D, f to M, by letting
f'(a) = L' P,D,f. The resulting vector f’ () is within order 2, but not within
order 3, of the restriction F’ (a) of F’ to the tree. In order to circumvent this
difficulty, we will simultaneously define the first, second and through to the mt"
order derivatives f’ (a), f (a), ..., f0™ () at a using a single orthogonal projec-
tion onto the range of an appropriate generalization of the operator L,. We will
also need to define holomorphic Besov spaces of t-tensor-valued functions as well,

in order to implement an inductive definition. Recall that we defined a variant L(of )

will not in general be con-

of L, = L((lo) in order to define the complex derivative of a t-tensor-valued function
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on the Bergman tree. We will now use the notation L&l’t) to denote these opera-
tors, and use the notation L(am’t) to define a corresponding linear operator that will
allow us to simultaneously define first through m** order complex derivatives of a
t-tensor-valued function on the Bergman tree. Here is the setup for the scalar case,
t=0.

We define the operator LE{"”O) as the linear map taking the point x = (vl, e vm)

in the product space &9) X 5&2) X .. X E((,tm) to the point L((Xm’o)x given by

o= {3 e -}

j=1
. N
:{ il Z[ a,...,ozj—oz]} eCh,
=1 j=1

where the second equality follows from (8.26). Here ®° (a? — a) denotes the (0, ¢)-
tensor

(ajfoz)®...®(ajfa),
where (aj —a) is repeated ¢ times. Let M(m’o) = mngeL(m’O)
(M(m’o)) the orthogonal complement of M(m 9 in CN. Let P(m 9 denote or-
thogonal projection of CV onto M(m0 let Qam’o) =1-— Pém’o be orthogonal

1
projection of CV onto (Mém’o)) , and define as usual

and denote by

Daf = (f (o) — f (@), eCV.

At this point we need to know that L&m’o) is one-to-one. In fact, in order
to prove the boundedness of the restriction map later, we will need the following
inequality

(8.34) CmZ|Ve| ’L(mO ‘ <C,, 2:|vé|a7

for all 1 < m < M, uniformly for @ € 7,, (we actually only need M = 2n for our
purposes). This is established in Subsection 8.5 below using a careful reconstruction
of the Bergman tree 7,, with parameter 6 sufficiently large depending on M.

Assuming (8.34) for the moment, we see that L™ is one-to-one. If we now
define the derivatives (D, f (), mf( ) sy DI f () by

LY (D f (@), D2, f (), ..., Dy f () = PUOD, f,
then we have that

2 2
QD f|” = |Daf — PLmOD, f|

is given by
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and is the minimum value of ‘Daf - LEI""O)x’Q over X = (vl7 e vm) in the product
space EM x € x ... x &™) where ‘Daf — L((lm’o)x’2 is given by

>

j=1

2

)~ {35 b et @ - o}

Thus if we write

Q0. = { Q0D f (o)}

j=1

we have the following m!" order Taylor expansion of f at Aa:

(8.35) f@n:f@%@+§:%D;ﬂA@A{®%a—A®}

/=1
+ 0D f ().

((lm,,O)

The remainder term Q D, f satisfies the minimizing property

(8.36) ‘ Q™o f

= min ‘Daf - L(am’O)X’ .
xe€M x...xE(M)

Note that the complex derivatives D’ f («) defined here depend on both the order

m and the degree of differentiation ¢, and are generally different for different m.

We now extend the definition of m*" order derivatives to t-tensor-valued func-
tions A on the tree. Define the operator L((lm’t) as the linear map taking the point
X = (v17 ...,vm) in the product space Sét“) X SétH) X oo X E&Hm)

L&m’t)x given by

m N
L&m,t)x _ {Z %VZ A {®£ (aj - O[)}} S (g(gt))Na
(=1 Jj=1

where vA {@‘Z (aj — a)} denotes the t-tensor obtained by contracting the (¢ + ¢)-
tensor v with the (0,¢)-tensor @ (a? — a), i.e.

to the point

VA (®e (Ozj — oz)) [vl, ...,’Ut] =V [ozj - q, ...,ozj — a,vl, ...,vt] .
1
Let M((Xm’t) = mngefom’t) and denote by (Mém’t)) the orthogonal complement of

N N
Mo(ém’t) in (&&”) . Let P&m’t) denote orthogonal projection of (5&”) onto Mc(ym’t)
with respect to the inner product on the product Hilbert space So(f) X ... X &Sf)
N
(N times), and let oMt — 1 — pmt) pe orthogonal projection of (5&”) onto

(Mé"“”)l.

In Subsection 8.5 below, we also demonstrate the extension to ¢-tensors of in-

equality (8.34) above, namely that the map L(am’t) satisfies the structural inequality

(8.37) Cm Z ’ve‘a < ‘L((Xm’t) (vl, ...,Vm)) <Cp Z ‘an
=1 ¢ (=1
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for all 0 < m +t < M, uniformly for o € 7,,. This shows in particular that L((xm’t)
is one-to-one. Suppose now that A is a t-tensor-valued function on the tree 7,,. We
define the m-tuple (D;,A (o), D2 A (c),..., DA () of derivatives up to order
m of A so that

L™ (D, A (@), DZA (a) ..., DA () = P{™ DD, A.

As in the case t = 0, the remainder term Q(mt D, A satisfies the minimizing
property
(8.38) ‘ngvt)DaA —  min ‘D A — LimDx

o xeeM x..xe™ a

We can now define by induction on m the order m holomorphic Besov space
H B;t,zn (7,,) of t-tensors on 7. As usual, we use

p
|amopa|’ =3 [ ipaal,
a€T, *

0 (T,,)

where as above, we define

N N
:Z|wj|i7 w:(w17-"7wN) € (5{9))
i=1

DEFINITION 8.9. Forl <p<oo and 0 <m+t < M, let HB(t) (7,,) consist
of all t-tensor-valued functions A on the tree T, such that the norm (to the pt"
power)

112, s, ) = 1A @ + D [DhA oo o) + [ 0PA
(=1 '

is finite. We write simply HB,, , (7,) for the scalar case t = 0.

8.2.1. Higher order reproducing kernels for tensors and the positivity property.
In this subsubsection we establish the key positivity property of reproducing kernels
that will permit us to use the technique of Bée’s “curious lemma”. It is this property
that yields the fruit of our labour in developing the theory of holomorphic Besov
spaces on trees. Let p = 2. Then the inner product corresponding to the Hilbert

space norm [|A,, B (Ta) defined on t-tensor-valued functions A on the tree 7, is

defined by induction on m by

(AB)Y = A(0) Bo)+ i DA DLB)) ")

m—{
+ Z; (QUm" (DaA), Q0" (DuB)) .
acly

where the cases m = 0 and m = 1 are defined in (8.25) and (8.33) respectively. We
have the following duality relation.
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PROPOSITION 8.10. For 1 <p < oo andt € N, we have

(AN < 1Al g, 1) IBllus -
1Al g oy = s [(A B
P, ”BHHB(JI}) (T,L)Sl

PROOF. The case m = 0 is just the duality of /P and ¢¢', and the case m = 1
is proved in Proposition 8.1 and Lemma 8.8, which treat respectively the cases
t =0 and ¢t > 1. Consider now the case m = 2. The inequality above is Holder’s
inequality. To see the equality above, let [0,a] = {0, a1, ..., apr = a} be the geodesic
from the root to «, and note that

A(a) =A(0) + ij: [A (o) — A (aj-1)]
+ZD2 (aj_1) A (aj —aj_y)
+Z SD3A (a;-1) A(ay = a5-1) @ (0 — a;-1)}
+ZQ£§Z oy 1 A ().

To handle the terms D} A (a;—1) we must first use the analogue of the above formula
with m = 1, DA in place of A, and ay in place of a, N < M, to obtain

D3 A (o) = D3A (0) + Z [D3A (a;) — DyA (o-1)]

N
=D}A (0) + Y _ DID3A (0j-1) A0 — ;1)
j=1

N
+> QLM Da,  DiA (ay).
j=1

Using this formula for D1 A | we see that there is a unique (¢ + 1)-tensor G satisfying

G (o) =DiA (o |D;A ); ,
DIG (y) = DID}A (7) |DIDIA ()1,

QDG = QM ID, DIA QD

9
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L
. (1,641) (1,t41) .
(note the crucial property that Q4 D,G € (M,y ) ) so that by Definition
8.9,

’
p

Gl iy, = G OF + [DIG[ oo, + ] QDG
G e, = (GO + IDIG o, + )

= }D%A (0)|p + HDiD%A||I;JB;*U+"‘>(Tn) + HQ(LHDDD%AH;(T )
= D2l st (1,

since (p — 1) p’ = p. Using the above formula for A, we see that there is a unique
t-tensor H satisfying

H (0) = A (0) |A (o)
DyH (7) =G (v)
D2H (7) = D3A () | D3A ()",

Y

-2
QFD,H = QFYD, A ‘QgQ’t)DVA‘p ’
Y

i
(note the crucial property that QE,M)DWH € (My’t)) ) so that by Definition 8.9,

=T A ©F + G150

B (T) (72)

P

+ HD%AHI})IB;fOJrz)(Tn) + HQ(z’t)DA

2 (7Tn)

= A @ + [ DIAI e,

+ |1 D3 A oo ) + |o=9pa r

()
_ p
= 1A o
again since (p — 1) p’ = p. A similar calculation also yields that

t
(A = AN, o 7

and if we now take B = ﬁ, we obtain
#5() (7o)

o A AR
<<A,B>>2 = = = p—1p’ :HAHHBS)Z(Tn)’

H
| HHBI(f,)YQ(Tn) HAHHBL%(?’,,L)

which yields the equality in the statement of Proposition 8.10. The case m > 3 is
treated in the same fashion, and this completes the proof of Proposition 8.10.

Denote by k&m’t) the reproducing kernel for o € 7,, relative to this inner prod-
uct, which exists by a modification of the argument in the case m = 0 immediately
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following Lemma 8.6 in Subsubsection 8.1.2. Then with the usual notation conven-
tion regarding inner products as in Definition 8.4, we have
(t)

m

(8.39) A(a)= <<A,kgmvt>>>

_ (mt - ¢ £ 1,.(m,t) (t+6)
A (0) - k! +€_21<<D A, D! KU t>>m4
(m,t) (m,t)
CX (e 20 ).

We can also recover A («) from A (o) together with the data
DA (v), D3, A (7)., DA ()

and the remainder term Q,y t)D A for v € [0,0a]. Set [0,a] = {0, 1, ...,an = a}
then we have

(8.40) A(@)=A(0)+) [A(a)) — A1)

Using the reproducing kernels kf:;fz’wz) to recover DY, A (Af3), we can rewrite
this as

A@=A0+Y Y 7 DLA (A5) A {e (5~ AB))
= 1o<ﬁ<a
+ > QY DasA ()
o< Bl
+> Y % (DA, k%*f’t“)»ffj A (8- AB))
=1 o0<pB<a g

+ > QU DasA(B),

o<f<a
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and since A and A4g commute, we have
(DhA ) XG0 ) et (6 48))
= k5" () Ay DLA () A {@ (8- AB))
=k () A {@ (8- AB)} A, DLA ()

tJrf
:<Dan(y),k;”g’e’t“) YA {@F—AB Aﬁ}>

and so
m (t+2)
(841) A(a)=A(0)+)Y <<Df AN —k N e —AB)>>
(=1 O<B<a m—~
+ > Q(Awé’t)DAﬂA (B)-

o< fB<a

By uniqueness of the representation formula (8.40) subject to the condition
that

Qump

1 .
ar i Da; A€ M, 1<3<m,

10
(this uses that L&T_’tl) is one-to-one as well as the uniqueness of the orthogonal
decompositions into M, _, and M, ~ _,; compare with the discussion surrounding
(8.17)), we see upon comparing (8. 39) and (8.41) that we have the recursion formula

Vi m,t) _ (m—2,t+2) v emmmrwe)
(8.42) DLk = Ek A@B—AB), 1<t<m,
o< Bl

as well as
A0)=A(0) k™" (0),
Z QAB 'DasA (B) = Z <Q((lm>t) (DaA), Q™D (Dakgm»”»

o< fB<a a€eT,

Note that the left side (8.42) is a tensor of order 2¢ + ¢, while that of the right
side has order 2 (¢t + ¢) — ¢, the same order. We now use the recursion formula in
(8.42) to establish by induction the following positivity property for derivatives of

the reproducing kernels k™",

«

LEMMA 8.11. Let 0 < m+t < M. Then provided we choose A small enough and
0 large enough in the construction of the Bergman tree, we have for all o,y € Ty,

(343) O Re (DRkG™O (4) A {27}) ~ 1

¢ g (mit) (m,t) mo)| <] C for y=<a
Dy kg (’Y)‘v + ‘Qv (DV}C@ >‘7 = { 0 otherwise ’

where DJkS™” (v) A{@™} = Dpkd™® (4) (7, .17)-

ProoF. Using induction with (8.32) and the recursion formula (8.42), we see
that Dfnk,(lm’t) is supported in the geodesic [0,a] for £ > 1. The case m = 0 of



132 N. ARCOZZI, R. ROCHBERG, AND E. SAWYER

(8.43) is trivial from (8.32), and for m = 1 and ¢ = 0 (8.43) has been established in
(8.20) above. Now consider the case m =1 and ¢t > 1. Then from (8.42) we have

Dk () = 3T kY () AF— 4B
o< fB<La
Note that each side of the above equation is a (2t 4+ 1)-tensor. By (8.32), we have
that kffgﬂ) (7) is a 2 (t + 1)-tensor that vanishes if v # AS, and so
Dk () = kP (3) A =7
Recall also from (8.32) that

k(0 (7):Z{Rd(w)eil®.._®Rd(w)eu} {Rdm) ® ..o RMe, }

We now easily obtain the second line in (8.43) for m =1 and ¢ > 0.
For m = ¢ > 2 and t = 0, the recursion formula (8.42) yields

Drk(mO (1) = Y —k““") (1) A {@™B— 4B}

m'
o< <

= kO™ () AE™ T =)

and so

1
Dk ™ () A&y} = k™ () A{@™ 7 =7} A {7}
1 ) .
= Z <Rd(7)e“,ya - 7> X oo X <Rd(7)ezm,ya - 7>

% <Rd(v)6i177> X o X <Rd(”/)e¢m,’y>-

Now we recall from (8.21) that e; = ﬁ and that e; is orthogonal to v for j > 2.
Thus (R e, ,v) = r¢0) 7|5} and so

m m m 1 m m
D™ (3) A&y} = — (R 90 =) (119
r2md(y)

T s Yo =)™

r2md(y) m
= ol <77P’y'7a *7>

Let € > 0 be given. The vector Py, lies in P, K, _, and from the construction of
the Bergman tree 7,, with A chosen sufficiently small, we see that

‘arg <'77P’y7a - '7>| <g,
as well as

Re (7, Py7a —7) = Re (7, 7a —7) > er 0.
It follows that

Re ((v, Pyya — ™) = ¢™r™ ™) (1 = me) > cor=™0).

This proves the first line in (8.43) for 0 < m < M.
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The proof of the second line in (8.43) can easily be completed by induction as
follows. By the recursion formula (8.42), we have

m 1. (m—e, _—
DK ()| = | 30 K () A (@B AB)
7 o<fB<a 5
< ‘k(m et+£) )/\{®em}‘ 7
o<ﬁ<a v

which is bounded by a constant C' using the induction assumption with m — ¢ <

m, together with the fact that 3 > AB > « if k(m S0 () is nonzero. The

boundedness of ‘Q(Wm t) (D,yk&m t))’ follows from (8.38), and this completes the
¥

proof of Lemma 8.11.

8.3. Carleson measures. Here we characterize Carleson measures on the
holomorphic Besov space HBy, ,,, (7).

THEOREM 8.12. Let 1 <p < oo and 1 < m < M. Then there are A and 0 in
the construction of the Bergman tree, sufficiently small and large respectively, such
that p is a HB, y, (1,)-Carleson measure, i.e.

1

(8.44) ( Z [f (@) 1 (a)) <C ||f||HBp,m(Tn) )
a€T,
if and only if the tree condition (3.2) holds, i.e.
p/
(8.45) A u] <> P <o, acT,.
Bza \v=p B>a

PROOF. We first show that (8.45) implies (8.44). To see this, note that by
Definition 8.9 with ¢ = 0 and (8.40) with f in place of A, we have

f@IF@+Y F1D4F(40) A (" (5 - AB)}|

=1 o< Bl

> QZZ’”DMA B)

o<l

<|f(o +CZZ \D€ (AB)] 5 +| D QUs"DasA ()

= 10<B<a ! o< Bl
<|f (o) +Clg(a),

where
= DL (AB)] 1, +1QasDasf (B)].
=1

However, because the terms ‘Dfnf (Aﬁ)’AB are large when ¢ < m, the ¢ norm of g
is not dominated by ||f 5, , (7,)- Instead we must iterate (8.40) with A replaced
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¢ ‘ ¢ :
first by Dy, f, £ <m, then by D,* , Dy} f, and in general by

DLf=Dp . ..D2 , Dbf  sp=01+0+ ..+,
where ¢ = ({1, £s, ..., lx) is now a k-tuple, k < m. The resulting estimate is
F@I< Y | Dl Dl Diaf (0)] + Clg (@),
Sp<m
where ¢ is now given by

(846)  g(8)= > | Dk, --Diaf (A°5)

Sp=m

(8.47) + 30 Qi DD, D f

Sp=m

Ak

Akg

Using this, together with our assumption (8.45) and Theorem 3.1, we have

(Z f(a)l”u(a)>p <o)+ (Z Iy (a)M(a)) :

aeT, a€eT,

<clifol+ (Z |g<a>|P> !

a€T,

<Clflus,,.(1.)
which is (8.44). The final line above is proved in more detail in (8.59) below.

REMARK 8.13. The Bergman norm | D, f (Af) |A/3 of DY, f (Ap3) arises naturally
in (8.46) as a pointwise bound for the expression | D%, f (A8) A {®* (8 — AB)}|. The
somewhat simpler scaled Euclidean norm =48 |Df ¢ (AB)| does not provide
a pointwise upper bound for this, and this is one reason why we choose to use
the slightly more complicated Bergman norms over the scaled Euclidean norms.
Another reason is the growth estimate (8.6) for functions in HB,, ,,, (7,,) that ensures
point evaluations are continuous linear functionals on HB,, ,, (7). The Bergman
norms are also natural in view of the almost invariant seminorms H”*B,, _ defined
on the ball in Definition 6.3. On the other hand, it seems likely that one can
develop the theory of holomorphic Besov spaces on Bergman trees using the scaled
FEuclidean norm together with Schur lemma techniques, just as on the ball, but we
will not pursue this here.

Conversely, we show that the dual of (8.44) implies (8.45). Let k(™ be the
(scalar-valued) reproducing kernel for HB,,,, (7). Since

> @) = 3 (1)) g o)

a€T, a€eT, m

(©)
= <<f > g(a)p(a) k&m’°)>> :
aETn m
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(8.44) and Proposition 8.10 imply the dual inequality

HB,/ . (Tn)
(0)
= sup £ g(@) p(e) ka
|‘f‘|HBp1m,(Tn)§1 a€T, m
- | Y f@@
”fHHBp m(Tn)— a€T,
< sup 1N 2o gy 1191l Lo
I o
<C ||g||LP/(M) .
By Definition 8.9 with ¢ = 0, this implies in particular that
(8.48)
’Dzz (Z g(a) (@) kﬁ;”m) < |2 9@ nle)k?
€T, HB(T,)  NlecT, HB, . (T.)
<C ||g||LP/(N)

Note as always that we may assume p has finite support.
We now restrict g to be nonnegative in (8.48). From the first part of (8.43) in
Lemma 8.11, and the fact that the support of DZ’,}Lk(am’O)

[0, ), we obtain that

is contained in the geodesic

||I*9N||zp’(7)

' ()
<C | gl p@)r ™ Re (DK™ () A} )
a€Tn e’ (+)

= C||pmmdty ( g (@) p (o) DK™ (7)/\{®m7}>

acTy e’ (v)
<C —md(’y)Dm ( g )k(m ,0) ( )>

a€Tn ' ()
<C|Dy <Z g (@) p(a) k™ (v)) < Cligllze )

o€ Tn HB()(T,)

for all g > 0 by (8.48). This yields (8.45) as required upon taking g = xg(a)-

8.4. The holomorphic restriction map. In the special case where f arises
as the restriction f=TF ={F(ca)}l,er, of a holomorphic function F' € B, (B,,),
m > 22 then D! f (a) =~ FUY) (cy) for 1 < ¢ < m, and using Taylor’s formula we
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will see that QU™'D, f is controlled by F(m+1 . Similarly, D, f (o) = F® (a) +
{DE, f (o) = F®) (@)}, and we will show that each term in this sum is also controlled
by F(™+1) In this way we will obtain the following Besov space restriction theorem,
as well as the corresponding multiplier space restriction theorem:

THEOREM 8.14. Let m > 27". Then provided 6 is chosen large enough in the
construction of the Bergman tree T, , the restriction map

TF ={F(a)} where TF (o) = F (¢q),

aETn ’

is bounded from By, (By,) to HBy ., (Ty), and if in addition p < 2+ —5, then T is
also bounded from Mp,s,) to Myg, . (T,)-

The proof of the first assertion in Theorem 8.14 will be given immediately
below. The more difficult second assertion will be the content of Subsubsection
8.4.1, and will require the lengthy proof of Lemma 8.17, characterizing the pointwise
multipliers of HB, ., (75,).

PROOF. We first prove a stronger assertion for Besov spaces by induction on
m. To state this stronger version, we need to recast the seminorms ||~||*prm B,) Ve
introduced for Besov spaces on the ball in Section 6, in the language of the discrete
tensors we are using on the Bergman tree. This is easily accomplished by observing
that for f € H (B,,), and z,« € B,,, we have

(8.49) DS )] = |79 ()] -
Indeed,

o = {(1-1af) 2 (1-1)

d(a)

=|f'(2) {T—d(a)pa + T_TQO(}‘Q

- Z gz ()€ {rid(Q)Pa + Tﬁ#@@z}

2

%

2

:Z gj (2) <R—d(a)ei’R—d(oz)ei>
=1 @),

and the general case ¢ > 1 can be verified by expanding each of the /¢-tensors
D! f(z) and £ (2) as a sum of the basis tensors ¢! ® ... ® e, and then using
definitions. Then by Lemma 6.4 we have

m—1
1115, @, = D [V £(0) +<
By (Br) ;)’ | Z /K

provided m > 2?”.
To fully exploit this realization of the Besov space norm, we now define the
Besov space B(?n (B,,) of t-tensors on the ball.
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DEFINITION 8.15. The space B](szn (B,,) consists of all holomorphic t-tensor-
valued functions A on the ball B,, such that the norm

m—1 ) p %
=0 o

a€eT,
is finite.
Note that A(™) (2) is a (t + m)-tensor and }A(m) (2) |a is its norm in the Hilbert
space S&Hm) given by \/<A(m) (2),Alm) (z)>(t+m). If A is a polynomial, then

[e%

t+m
2

’A(m) (2)] <Camy (1 — |2|2) . zeK,,
o

and we thus see that the space B,(,t,zﬂ (B,,) contains all polynomials if p (HT’”) —n—

1> -1, orm> 27". One can in fact show that the above norms are equivalent for
different m,m’ if both ¢ +m and ¢t +m’ are greater than 2?”, but we will not need
this fact. We will use however the trivial inequality

2n

(8.50) HA@)H < [|Allm tm> =5

BUTD (Ba) (Br)”
for holomorphic t-tensor valued functions, which uses only the definitions and the
identity (A)* = A€+,
We now extend the definition of the restriction map 7' to t-tensor-valued func-
tions A on the ball by
TA ={A(a)} where TA (a) = A (cq) .

The stronger assertion we will prove by induction on m is:

a€T,

2n

(8.51) ”TAHHBSLI < CHAHBS)M(IB,L)’ t+m > ?

(Tn)

The case t = 0 is the required Besov space restriction theorem.
The case m = 0 of (8.51), i.e.

S A@E<c Y /K A () dAn (=),

a€eT, a€T,

follows immediately from the mean value equality for holomorphic functions and
tensors,

(8.52) A(a) = / . A (2)dM, (2),

followed by an application of Minkowski’s inequality with the norm |-|_, and then
observing that ¢, (Ko) =~ K,. Inequality (8.52) is in turn a consequence of the
mean value equality A (0) = fB(O,%) A (z) d\, () and the invariance of the measure
dA,.

Now fix 0 < m,t < M with t +m > 2?” and make the induction assumption
that (8.51) holds for all smaller m’ < m and 0 < ¢’ < M satisfying ¢’ +m’ > 27"
By Definition 8.9 we have, with a = T'A,

p

_ 14 p m,t
5 ol 0, ) = 12 OF + 2 1Dhall ey + [ @7 0P] o
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To estimate the term ||Dma||HB<t+e> n (8.53) we write

) (T |
Dla=T (A“’) + (Dfna -7 (A“)» :

and estimate the terms

(®) H
(8.54) HT (A ) HB(TD (T,)
and
¢ 0
(8.55) |pha—T(a®)[" 509 1

separately. The first term (8.54) is easy by the induction assumption:

fr(s)

since (t +£) + (m —£) =t +m > 22 and then (8.50) yields

p

HB(t+£l (T) (H’Z) (]B )

0)
HT (A( )H B (T,) = C”A”B(%(B )’

,m—~

To handle the second term (8.55), let al¥) =T (A(e)) denote the restriction of
the holomorphic (¢ + ¢)-tensor AW to the tree, and use the structure inequality
(8.37) with v/ = D! a —al®)| to obtain

cmZ‘Déafaz)

‘Lmt) (DLa,..., D) — L") (a<1>,...,a<m>)

[e3

- ‘P&mv“DQA —ylm
(67

_ ‘V&m,t)

N
where the vectors U&m’t) and V&m’t) in (8(@) are defined by

Ul = gim (a<1>, a<m>) = L{mY (A<1>, A<m>) :
V(mt) = Doa— UMY = D,A — UM™Y,

By a generalization of the local oscillation inequality (6.16) in Proposition 6.5, with
the scalar f replaced by a t-tensor A, we have the estimate (recall we are identifying
a with ¢,),

(8.56)

'V&m,t)

(03

m N
= {A (o) fA(a)fZDan(oz)A@Z (o a)}
=1

<C (/ ) |Am+1 (Z)|Z d\, (z)) <C (/ . |A™ (2)|7 d, (z)) .

Altogether we can now estimate the second term (8.55) above using the embedding

oo (T) CHBYD (T,

p,m—L
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where Ef 4y (Tn) is the space of t-tensor-valued functions A on the tree with

1Al 7. <Z|A<a>|§> <,

a€T,
to obtain
p
8.57 HDf -7 (A@) <cC H ‘D _T (AW)
(8.57) m HBJTO (T,) — m aller(T,)
aller(Ty,)
;
<C<Z/ |A™ (2)|2 d), (2 ))
aeT,
< C ||A||B(t+m)(IB )

To estimate the term || Q(m’t)DAHZP(T ) in (8.53), we note that the minimizing
property (8.38) yields

(8.58) ‘Q&m’”DQA

-  min jD A — Ly
@ xe&M x...xem™

[0

A" ()] d, (z)) " and

Thus by (8.56) we can bound ‘Q,(xm’t)’DaA‘ by C (fK
so “ ;

< CAJl}

m,t)
[tex DAl o D @

<of|vem|

£ (Tn)
by (8.57). This completes the proof of the first assertion in Theorem 8.14.

8.4.1. Multiplier restriction. We now turn to proving that 7' is bounded from
the ball multiplier space Mp (g, to the tree multiplier space Myp, . (7,) for 2—" <
p < 2+ =5 First we record a variant of the ball multiplier Theorem 4.2 using the
derlvatlves D"; in place of V™.

LEMMA 8.16. Let ¢ € H* (B,,) N B, (B,,) and m > 2?". Then ¢ is a multiplier
on B, (By,) if and only if

ppe {] |pzelar, @}

is a By (By,)-Carleson measure on B,

PROOF. Since the operators D;" satisfy the same product rule as V™, and can
be used in place of V™ in the seminorm for B, (B,,) when m > % by Lemma 6.4,
the proof of Theorem 4.2 applies almost verbatim. This completes the proof of
Lemma 8.16.

Second, we prove the analogue of the tree multiplier Lemma 7.4 for the holo-
morphic Besov space HB) ., (7,,). We only need the sufficiency statement in the
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sequel. In order to state the lemma, we begin by expressing the Besov space norm
HB,y,, (7,,) as an ¢ norm of appropriate quantities. We have

15,z = £ @F + 3 | £ IDss @ e, )

a€T, b=t
O+ 3 [eron. s+ 3 10ns @
046771 (XeTn
+ > |Iph (a)HZBy:g_, (T.)
=1 o

. ¢ p
Now write each term HDn;f a)HHBffi,f,gl(%) as

HDfVllf(a)HZB;el) (T =[Dpf@))+ > ‘ng’m_el)DaDﬁif’p

acT,
m—t1 ph ¢ P
+ E Dy =Dy f )a
aETn
m— ll 1 p
+ > HD‘Z . DA F(a)
m—~_1 (£1) )
P HB, ", (Tn)

to get

m—1
sy =1 OF + 3 D4 (0)

=1
p ol P
+30 3 |elmmani|
aeT, 41—1aeT
LY @it S S ot
a€T, l1=1a€cT, @

m—1m—~0;—1

+3Y P

(e1) :
l1=1 t3=1 HBP';*Zl (Tn)
Continuing in this way we arrive at the desired formula (let sy = €1 + ... + £g):

p
(8:59) /15, 1) = D |PicsssDia_s, Ditf (0)]

Sp<m

+ Z Z ‘Q(m Sk—1,5k— 1)’D Df"lc ISk - Df%fz

sk=m acT,

+ 33 P D (@)

sg=m acT,

p
a

LEMMA 8.17. Let m > 2?", Then f € Myg, . (1.) if and only if f is bounded

and {w ()} ,c7 i a HBy . (T,)-Carleson measure, where
(8.60)

= Z ‘Dék D@l ‘ Z ‘Q(m Sk—1,Sk— I)D Dék 1 Délfp
m—Sg—1" m

m—Sg—_2°
Sp=m Sp=m
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For the proof of this characterization of the pointwise multipliers of H By, ,,, (75,),
we will need the embeddings

(8.61) HBy2(7,) CHB,2(7,), 1<g<r<oo

2
HBl)ym (%) = HBp,m’ (7;1) s m, m' > j
p

The embedding HBy 2 (7,) C HB,>(7,) for ¢ < r is automatic from Definition
7.14 and the embeddings of ¢9 spaces. The equality HBy, ,, (7,) = HBp v (75,) for
m,m’ > 2?” is established in the following lemma.

LEMMA 8.18. HBy,, (7,) C HBp 1 (Tn) form > 0, 1 < p < oo; and
HBy, 1 (T,) = HByp () for m,m’ > 27".

PROOF. We first show by induction on m that
< >
|Algpo ) SCIAlpe s 1<p<o0m20,

for all t-tensor-valued functions A on the tree 7,,. We have from (8.37) that

P _ p P (1,) p
A2, 7y = 1A ©)F + D1 A,y + [0DA]
p p
~|A (o) +||P19DA + e A
o (T,) r(T,)

<[A(f"+C HDAHZ(TH)
<A ) +C AL,

=ClAIP .

The significant inequality above is DA,z ) < C|A|}, (7, which cannot be
reversed for general functions A. This establishes the case m = 0 of the induction.
Now from the case m = 0 applied to the (¢ + 1)-tensor Dy A we have

A7 =|A ()" + ID2Al% 5

HB{')(T.) o)
2 p (2=t) b
+ HDQAHHBp,O(Tn) + HQ DA 2(Tn)
<|A (o)’ + ||D2A||II)—IBP,0(,T1L)
" eHpAll”
+ HDQAHHBP,O(TTL) + HQ DA o (T,)
~|A (o) + Hp(u)pA P i HQ(Z,t)DA p
e (Ty) ()
~ A (0)[" + IDA[G (1,
p p
~A )P+ |[PCODA| o+ |et0DA
() (Tn)

N

which is the case m = 1, and the general case is left to the interested reader.
This proof of the opposite inequality,
2n

(8.62) ||f||HBp7m(Tn) <c ”fHHBpm&l(’Tn) , m> 7’
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is similar to the proof of the analogous Theorem 2.1 on the ball - see Theorem 6.1
of [Zhu]. To illustrate we prove only the case m = 1 of (8.62), the case m = 0
being trivial. We must show that |[fll ;5 | (7.) < ClIfllyp, ,(7,) provided p > 2n.
Recall that

17115,3) = 1 @+ 1D g, oy + | 22021,

12z, oz ~ 1 @1+ 12, 2,y + 13 |, ooy + || Q20D

(T,
Now we have
(1,0)
LV PPRNERES (oAl
[Pt oo
27 (Tn) 27 (Tn)
~ HDf”b(Tn)
S
27 (Ty) 2 (Tn)
. 2 (2,0
~ 102 s, oy + 103 s, o,y + [ Q50D

and thus it suffices to show that |\D2f||Hpr0(Tn) <C ||D2f||HB,,,1(Tn)’ or

Y ID:f (@) <C (Isz O+ > IDiDafIl+ Y \QS%Qszj’;)

a€T, a€T, a€eT,

~ |Daf ()" + )

a€T,

~|Daf (o) + D [DaDafl,
a€T,

p p
PLODD, | + 3 | OD, Dy f|
¢ aeT, o

i.e.

(8.63) Yo IDaf (@) <C <D2f(0)|p + ) Ia sz(d)lﬁ)

aceT, a€T,

(we use the convention A Dyf (0) = Daf (0)).
Now using (8.2), (8.3) and the operator

d(a)

> Qa

(Rid) (a) _ rid(a)Pa + ,r,i
as in Definition 8.2, we have

(R7Yf') (a) = f' () (R (a)

Yooar | ® (@

o<y<a

ST R ) () RY () (R (o),

o<y<a
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and thus the estimate

(8.64) D2 f (@), = |(R™Dsf) (a)]
< > IR aDof) MR () (R ()]
= Y I®Y () (R (@) |a Daf ()], -

We now claim that
(8.65) |(RY) (7) (R™%) ()] < Or 7
To see this we expand the product of operators as
(RY) () (R™) (a)
= (Td(V)Py + T@Qw) (r—d(a)Pa n T_#QCJ

_d()—d(v) _d()—d(v) a() _d(a)
—_ 2 {7" 2 PP, +772 P,Qa+7" "2 QyFPy + Q?wCch} )

which reduces the proof of the claim to

a(v)

1P, Qa| < Cr— 5"

For this it is enough to show that the adjoint (P,Qq4)" = oy = Qo Py has norm

bounded by cr—*3. However, for a unit vector v, P,v = Ay where A is a complex
number of modulus at most one, and so

QaPyv] = [Qa (M)| = Xy = Pu (M)

(v —a)-@)a

= LX| D)
|atf

(v —a) —

a(v)

<2hy—al <C(1-pP)" =or %,

[N

by (8.3).
Combining (8.64) and (8.65) we obtain

_d(a)—d(v)
IDaf (@), <C > =7 [aDaf (V)

o<y<a

‘We write this as

ID2f ()], <C > K (o, 8) 6 Daf (B)l

BeT

where the kernel K («, () is given by x(o,q] (5) rzldB)—=d(@)]  We now apply Schur’s
test, Lemma 5.17, with auxiliary function with h (8) = r*4(%). We have

DK (@B h(B) =Y rE 0D, =i < O ()

BeT BLa

/
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provided % + p't > 0. We also have using the “sparse” argument of Lemma 7.3,
that for € > 0,

DK (a,@)h() =y rlma)dphd0)
BET =
<G Z (TnJrE)M F(pt=3)(d(B)+k0) .3 d(B)
k=0

< Ceh (B)?

provided n + ¢ + pt — % < 0, where ¢ is chosen so large in Definition 2.7 that

1
2N < prte - Now since p > 2n, we can choose
e > 0, and then Schur’s test shows that

1
1 z—n—e
5 < t < m for some

(ZDaf(a)IZ> <C > |I>_K(a.B)|aDof (8)]

aeT a€T |BET

<C Y 1aDfG]

BeT

which is (8.63) as required. This completes the proof of the case m = 1 of (8.62).
The general case is similar and is left to the interested reader. The proof of Lemma
8.18 is complete.

PRrROOF. (of Lemma 8.17) We first prove the sufficiency assertion of the Lemma
8.17. Let f be bounded and suppose that {w(a)},cs is a HBp n (T,)-Carleson
measure where w is as in (8.60). Then if g € HBp ., (7,), we must show that
fg € HB, , (7,,) with norm control

Hf9||HB,, m(Ty) = <C ”gHHBp m(Tn)
where C' depends on the Carleson norm [|w|| ¢y, reson Of {w (@) }4c7- We have
(8.66)
1, oy = D [Pl Dl Dit (£9) ()]

Ssp<m

M—Sk_1,Sk—1 Lr—1 p
+ > ’QSX DD, D (f9)]

sp=m a€T,

3 3 P, Dl () (@)

sk=m a€cT,

p

(e

Consider first the case that s; = m in (8.66), so that ¢; = m. We must show
that
(8.67)

Z ‘Q “ O)D fg ‘ Z |Dm fg |P < ¢ HwHCarleson HgH:}j{Bp,m(Tn) :
a€cT, a€eT,
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To see this we write

Da (f9) = {(f9) () = (f9) ()}},
=f(@){ag(a)}l, +g(@){a fla)}y,

+{n flay) b gloy)}i,,

and using the definitions of D!, f (a) and D!, g (a) we obtain

m N
Da (f9) = 1 (a) {Z 51 Dlg (o) A {&" (a5~ a)}}
=1 j=1
N

+9(a) {Z;Dfnﬂa) A& (0~ a)}}
=1

+ f (@) Q9D g + g (@) Q™OD, f
+ {2 f (o) A g(aj)}?]:y

j=1

Now using (8.35), the j** component in the final term above is

Em:l'Dﬁlf(a)/\{tge (aj —a)} §m l,Dfng(aM{@@e (aj —a)}
0! 17
=1

+ ( %Dfnf (@) A {&" (a; — a)}) (Q&m’O)Dag (%‘))

where the first line is

m m

S o (Dh (@) A e (0 = )}) (Dhg () A {6 (0 = )})
k=1¢=1
- Z Z kllg! (Dfnf () ® Dy, g () @ (o — a)
k=1 (=1

=3 [ (7) @i @eDhg@)]| & (a;-a).
£=1
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Altogether we have

368 (fo)(ay) =Y [Z (1) @it @ e Dby (@)

r=0 L¢=0

®" (aj — )

~

.Dfng (@) A& (a; — a)}) (Q&m’O)Daf (%‘))

NE
=| =

+

+
/_\p
Iz
|

D83 @) 116" 0y ) (2 )

o~

=1

+(QG 0D f (ay)) (QUDag (ay))
Recall the notation [A|, =1/(A, A>S) introduced in (8.23). The first term on

the right side of (8.68) lies in M,,, and by the fact that P, and Q, are orthogonal
projections onto M, and Mz respectively, we thus have

(8.69) Q0D ( ‘ Z IDEf( ‘Qm 0p g‘

+ Z DL ()],
(=1

+ | QD f| | QU Dy

QD, f|

As in the proof of the corresponding multiplier characterization on the ball, Theo-
rem 4.2, we set

(8.70) g = —2

aqé ?7 1 S E S m — 17
and continue by estimating the 7 norm of the first terms on the right side of (8.69)
by

m—/{

1

< { ) nyi,Lfm)V;qz}”
a€T,
1
pqe |
x { > |9 ODag }
a€eT, ¢

< Hf”zl)—[qu;’g(’];L ||g||HBp‘m (T2)

S DLf ()]

aeT,

< Hf”I;qu o (Tw) ||g||HBp m(Th)

< Hf”I;JBpm o ”g”HBme)’

where we have used first that

pq E
{ S i } < Clfllun,,

OCET;L

for ¢ > 2"4 = 37", and m > ¢ (the case m = ¢ is by definition, and the case m > ¢
£

follows easﬂy), and then (8.61). The ¢P norms of the remaining terms in (8.69) are
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handled similarly and thus we have obtained

p
(8.71) > (Q&mmpa (fo)| <Clflus,,.cznlolis, ...
a€T,

<C HwH%arleson HQH;;IBPm(’Tn) ’

which is the first half of (8.67).
The other half of (8.67) requires that

(872) Z |Dm fg ‘P < c ”w”Carleson ”g”HBp m(Tn) "
a€T,

To prove this we write

(8.73)

m

> (7)) s @e D )

m

+ {Dm U@ - Y (1) 0rf @0 Dy <a>)} 7

£=0

where the first term is what one expects from Liebniz’ rule, and the second term is
the error. With g, and ¢, as in (8.70), we estimate the first term on the right side
of (8.73) by

(8.74) > Dptf (@)@ Dhg (o)l

a€eT,
<Y |Dptf (e I |DLg ()]f

a€eT,
%
e
Z’Dm “fa |pqe} {Z|D P‘I(z}
{aET a€T,
P
< HfHHB,,q[ s ||9||Hqu, (T)
<Al ||g||HBpm o
again since m — € > % = pqz and ¢ > 2% = 5;2. To estimate the second term

on the right side of (8.73), we use (8.34) to obtain

| m (f9) (@) - Z(Q”)(Dmfﬂa)@%g(a))

£=0

[e3%
r

LG {D; (F9) (@) = ( ‘ ) (D5 f (@) @ Diyg <a>)} '
r=1

<C

£=0
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We now compute that L™ {Dr, (fg9) ()}t = = p{™Op, (fg) and that the ;'
component of L™ {Ze o < > (Drf (o) @ Dlg (a))} is
r=1

r=14¢
RN _1z>w (D f (@) @ (= a) (Dhg (@) & (0 — a))
r=1/¢=0 e
B ;;!Df"f(a)/\{@) ) (Z g;D£ g(a) M@ (« a)})
~f(@)g(a)
= (£(0) + P{Duf (ag) (9 2) + P Dag (7)) ~ £ (@) g (0)

Thus the ;" component of

T

(8.75) Lg’”*”{D;(fg)(a)— (z)(D’“mffm)@Dfng(a))}

£=0
PO, (£9) (05) = 9 () PLODaf () = f (@) PIODag ()
=PI ODaf () P Dag (ay)
=4 (f9) (a5) = QU Da (f9) (a5) = g (o) (5 [ (a3) = Q™D f ()
— f (@) (8 g(a5) = Q"Dag (ay))
— (& F () = Q" Daf () (& 9 (a)) = Q" Dag () )

and now, noting that all products not involving a projection Q&m’o) cancel, we
obtain that the j** component of (8.75) is

Q™D (fg) (aj) + g (a) QY ID, f (ay) + f (@) Q™Y A g ()
+ A f () QU Dag (o) + & g () QU Dg f (ev;)
— QUmOD, f (a;) QU™ Dag (a5)
or simply
f () QU™ Dag () + g (o) QU VDo f ()
— Q™D (fg) (o) — QU Da f (o) QT Dag (o))
=TI (o) + II (o) + 111 (az) + 1V (o).

To handle the sum

D @)=Y If (el

acT, aeT,

Q9D g (e,
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we simply use the boundedness of f together with the definition of ||g||%; By (To)"
To handle the sum

p
S )l = Y L9 (el [ Duf (ay)|
a€T, a€eT,
we use the inequality

QGO f (a)] < w(e)

together with our assumption that {w ()} ez is a H B, (7,)-Carleson measure.
The sum Y .o [IT1 ()| is controlled by (8.71), and the final sum is easy:

SV (el < C < > \ngwpaff”) 2 ( > |t ODag 2p> 2
a€T,

a€eT, a€eT,

<C ||f||’;132,]1m(7n) ||9||If)132p1m(7;1)
<C ||f||1;13p‘m(7n) ||9||1;13p,m(7") :

This completes the proof of (8.67), which is the case s; =1 in (8.66).

The remaining cases s = ¢1 + ... + {;, = m with k > 1 are handled similarly,
using repeated application of Hélder’s inequality on products of tensors as in (8.74),
and using the structural inequality (8.37) to estimate the error in the Liebniz for-
mula, as in (8.73). The details are routine but long, and are left to the interested
reader. The normalizing terms

p
S Dl D, D2 (F9) (o)

Sp<m

in (8.66) are handled easily, just as the corresponding terms

S|V (0f) (0]
k=0

in the proof of Theorem 4.2 on the ball. This completes the proof of the sufficiency
assertion in Lemma 8.17.

For the necessity, a standard argument using the boundedness of the adjoint of
the multiplication operator shows that || f||., < C'||f]| Mgy ) The arguments

above can then be reversed to show that {w (a)} is a HBpm (7,)-Carleson

measure. This completes the proof of Lemma 8.17.

a€T,

Now we return to the proof of the multiplier restriction in Theorem 8.14. Let
F € Mg, ,) and set

du(z) = ) xx. (2) {/ |DELF ()] dAs (C)} dAn (2).
a€eT, K3
Since p > %" by hypothesis, Lemma 8.16 shows that 4 is a B, (B,,)-Carleson mea-

sure. Define the discretization of u in the usual way by

ple) = [ PP ah (©)-
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Since p < 2+ 1, Theorem 3.1 shows that {u (@)}, o, satisfies the tree condition
(8.45). Set

p p
w(a) = Z ‘Dfﬁ_sk—l"'Df’if(a)‘a + Z ‘Qg‘M7Sk—laSk—1)Dan}::gk72“'Dfrllf E

Sp=m Sp=m

as in (8.60) in the proof of Lemma 8.17. It will follow from Lemma 8.17 that
the restriction f = T'F lies in Myp, , (7,) if we can show that {w(a)},cr is a
H By, m (7T,,)-Carleson measure.

To this end, we invoke the following local version of (8.51):

3 ‘Dﬁ_Skfl...Df,;A ()

S=m S=m

A ) dn (2),

m—Sg—2°

v p
(m—sk71,t+5k—l)D l)ek*1 .DLA
S e Dl DA

<C
Kz

for all holomorphic ¢-tensor-valued functions A on the Bergman tree. This can be
proved by induction similar to the proof of (8.51), and we omit the details. From
this we obtain that

ro@= Y w(@

BET B>

SCZ/K

BET,: B>
— (o).

DIF (z)‘p A, (2)

ok
B

It now follows that {(x + w) (@)}, satisfies the tree condition (8.45), hence is a
H By, m (Ty,)-Carleson measure by Theorem 8.12. This finally yields that {w (@)} 7.
is a HBypm, (7,)-Carleson measure with norm bounded by that of the B, (B,)-
Carleson measure u. At long last, this completes the proof of Theorem 8.14.

Embeddings and isomorphisms. We first observe that 7, is neither a zero set
for By, (B,,), nor for Mp (g,), and hence the restriction map 7" is one-to-one from
By, (By,) to HBp m (7,,), as well as from Mg (g,) to Myp, . (1,)- Indeed, if a holo-
morphic function f in the ball vanishes on 7,,, then the admissible limits f* of f
on JB,, are zero whenever they exist, and thus f vanishes identically on the ball if
it is in the Nevanlinna class ([Rud]: Theorem 5.6.4).

Second, we observe that Lemma 8.18 shows that (P (7,,) = HB, o (7,) embeds
continuously into HB,, ,,, (7,,). As a consequence, the restriction map T' cannot be
onto from By, (B,,) to HBy, ,,, (7,,). Indeed, if T' is onto HB), ,, (7,), and o € T,,,
then there is F' € B, (B,,) such that F'(3) =0 for all § € 7, \ {a}, and F (a) = 1.
Thus F(z) is not identically zero, and hence neither is G (z) = F (z) (21 — 1)
where o = (o, ..., ). But G € B, (B,,) by Theorem 4.2, and this implies that 7,
is a zero set for B, (B,,), a contradiction. The same argument also shows that T'
cannot be onto from Mp ,) to Myg, . (1,)-

CONJECTURE. We conjecture that the above restriction maps have closed range.

8.5. The modified Bergman tree. In this subsection, we construct a modi-
fied Bergman tree 7,, that satisfies the structural inequality (8.37) for all 0 < m+t <

M, where M is chosen so large that M > 27" forall 1 < p < o0, eg. M =2n will
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do. Our construction will also have the property that given a sequence Z = {z,}°
in the ball satisfying the separation condition in (5.1),

B(ZZ,O)SC[}(Z“Z]), 1§Z#‘]<OO,

we can arrange to have Z C 7,. This property is crucial for the arguments in
Section 5 on interpolating sequences. We now recall (8.37): for 0 <m+t < M, we
have

(8.76) Cm Z }vf|a < ‘Lg""t) (vl, ...,vm)‘ <Cp Z |Vz|a ,
=1 . =1

where

Jj=1

N
N
= {3 otio -t} e (e)”
=1 j=1
and x = (vl, ...,Vm) € &(f“) X 5&t+2) X ... X €ét+m). The main point here is that
the constants ¢, and Cy, in (8.76) are independent of o € 7,,. Indeed, it is not

hard to see that, given a construction of the Bergman tree 7, = {a},c, , we can

perturb the centers v = c, slightly so that the expression ‘L( ‘ vanishes only

when x vanishes. However, we need a uniform version, and to see this we will use
the equivalence of norms on a finite dimensional vector space together with unitary
maps and the affine maps ¢, (2) = a+¢l, (0) z. These latter maps have the property
that v, takes Ky to K, approximately, and thus we can initially fix our attention on
the root kube K. The argument is however complicated by the fact that while we
localize our perturbations to a sufficiently small portion of Ky that the affine maps
1, are a good approximation to the corresponding automorphism ¢,,, we must also
perturb a large enough number of points in that portion in order that (8.76) holds.
For convenience in notation, we will prove only the case t =0 < m < M as given
n (8.34) above,

m
(8.77) Cm, Z ‘Ve|a < ‘Lgm’o) (v1
—1

e|a’

where

m N
Lm0 = {;: %Vé At (o - a)}} ,ox= (v, vT).
=1

It suffices to take m = M.

To begin, we will assume that a perturbation has already been performed on
the first (N = 1) generation of centers ¢} in the construction of the Bergman tree
7., as given in section 2 above, so that {cjl }j is not contained in the zero set of any

nontrivial complex polynomial of degree at most M. This will require that some

of the centers cjl- are displaced a small distance away from the sphere & 39 ON which

they initially resided in the construction. We now construct a fized collection of

points £ with the above zero set property, and then use unitary and affine maps to
transplant these points as replacements for certain of the remaining centers cé\' .

Let II denote the real (2n — 1)-dimensional vector space perpendicular to e; =
(1,0,..,0) € B,, iec.
I={ze€C":Rez =0}.
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Let D denote the Euclidean ball of radius % centered at the origin in II,

1

and let £ = {z; }}]=1 be a maximal p-separated subset of D in the Bergman metric,
ie.

5(Zivzj)2pa fOfi;éj,
B(z,€)<p, forzeD,

where 0 < p < A will be chosen later. Note that we can arrange to have J as large
as we wish by taking p sufficiently small. We also suppose that 6 is large enough
that D C K.

We now perturb the points z; slightly by moving them to points z§ so that

B (z5,25) < e < p,

and such that the set of points £ = {2 }JJ: | is not contained in the zero set of any
nontrivial polynomial F' on C" of degree at most M. This can be done provided
J is large enough, which in turn follows from choosing p small enough (the zero
set property will necessarily force some of the points zg to lie outside the space II).
Now define VM) (C") to be the vector space of polynomials on C" of degree at
most M that vanish at the origin. Then for all { € C" the expression

2

J
1E = [ STIF (- o)
j=1

is a norm on VM) (C"). Another norm on V) (C") is given by [x|,, where
x = (v!,...,vM) is the unique element such that F (z) = Zé\il Fvin{®*z}. Since
the vector space VM) (C") is finite dimensional, these norms are all equivalent, and
uniformly so for ¢ in any compact subset K of C™. Such a K will be fixed below.
We now transport these points and norms to K, where v is a child of a, by
induction on N where a = cé-v is in the N** generation of the construction in
Section 2. Solet N > 1 and o = cj»v so that d (o) = N. We will perturb certain of
the children of « as follows. Let a® be the unique point on the sphere S(d(a)+%>9

(where the children of « currently reside) such that

Pya)p™ = 2o = Pya)p
for a € 7T,, (see the construction of the Bergman tree prior to Lemma 2.8). We now
pick a unitary map U, that takes e; to I%I and use the map 1,+U,, where ¥, is
the affine map defined above, to transport points and norms to U,ec(a) K-

The points £ = {z;}jzl are taken by the affine map 1,~U, to a set of points

T J
Ea = {O‘]/}j=1 = {wa*UaZ;}jzl ’

whose Bergman distance from o* is at most a constant C. Indeed, to see this we
note that

B, a%) = B (¢ar (o) ,0)
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since the automorphisms preserve the Bergman distance, and thus it suffices to
prove

(8.78) B (earta-Uazj,0) < C.
However, a calculation shows that
z
(8.79) Pata (2) = 1ta 2
which in particular yields |¢qtbq (2)] < L if [2] < %, and thus (8.78) as required.
To calculate (8.79), we obtain from (2.2) and (2.3) that

1
2

a—Pz—(l—\a|) a?

#a (2) = l1—a-z ’

1

a*(1*|a|2)P27<1*|a‘)2 oz
=(1—a-2)pq(2)+|a]* P,z

Thus with w = ¥, (z), we obtain

pa(w)=(1—a-w) " {v, (w) - o Pw}

Ya (2)

where

Yo (w) = [af Paw = a = (1= [af") Putéa (2)
— (1=10P) " Quta (2) —lal? Pt (2
—a—P, {a . (1 - |a|2) Pz — (1 . |a|2)% Qaz]
—(1- |a|2)%Qa [a— (1— |a|2>Pz— (1_|a\ ) z}

- (1 —1a) [Poz + QuZ]

(
( 1 1
- (1-1al)” |- (1-1aP) " @t
)
)

z

and

l-a-w=1-a- {a—(l—|a|2

v
/N
—
|
8
\_/
Nl
N
(A

=1—laf+ (1_|a|2)a P
= (1_ |a|2) (1+a-2).
Combining these equalities yields (8.79).
Now project the set of points &, onto the sphere Sy 1)9 to obtain the set

Piny1yola = {P(NH)@ozj’}j:l. We note that the sets of points Pny1)9€a and
P(n+1)9€y are well separated from each other for o # v, N = d(a) = d(v) if 0
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and unit qubes

J
is chosen large enough. We now redefine the points {ZJI-V“}],:l

{Qj\[“}j:l in S(n41)¢ satisfying (2.15) in Subsubsection 2.2.1. We start with the

points Exi1 = Uger,:d(a)=NP(n+1)0€a- They are (1 — /re) p-separated where

r = €?’ as in (8.2). Now extend the collection Eyiy to Ej,, by adding those

original points zJN *1 that are at distance at least A from the set F N+1- The resulting

collection EY , = {}} satisfies
Al > (1 Vi) i %5
d(a:,EfV) < (1 + \/’7"8) A, T € S(d+1)9,

N+1
J

Now we proceed with the construction of the qubes @ as in Lemma 2.6, and

then construct the new kubes K. 7N +1 with new centers as in Subsubsection 2.2.1.
Finally, we repeat this construction inductively for N > 1 to obtain a perturbed
Bergman tree.
We have
Yo Upz = * + ¢l (0)Upz = a* + Tz

where T, = ¢/, (0) U, is linear, and so for F'(z) = Zéj\il FviA{®"2} and x =

(v, .., vM),

2

M N
(8.80) ‘Lng())x’Q = {Z %v‘ A (o7 — a)}}
=1 —

j=1
2

| =

viA {®£ (ozj/ — a)}

Il %
= 1]~

M= M= M=
-

=

.
Il
—

'vl AMNM'T T (o —a)}

i=1
J 1 2

S e [ T )
J=1le=1

M M
= FI2 =Y T 2 S
/=1 {=1

since the perturbed children {oﬂ" };4]:1
=T, ! (a — a*) lies uniformly in a sufficiently large compact set K, independent of
« € T,,. Thus we have proved the left-hand inequality of (8.77) for the new centers.
The right hand inequality is trivial (and not used in this paper anyway).

Finally, we can adapt this construction so that 7, contains a given sequence

Z ={z; };’il in the ball satisfying the separation condition

B(2:,0) < CB(zi,25), 1<i#j<oo.

To see this, let U, = szlKaj/ be the union of the kubes K, corresponding to
a set of perturbed points £, constructed above. Then the separation condition
implies the points z; are so well separated that no more than one of them occurs
in any U,, and in fact those U, that contain a point z; are themselves pairwise

are a subset of C (&), and we also have that ¢
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disjoint and well separated. Thus it suffices to choose the model set £ = {zg}j: L
to have the somewhat stronger property that, even after the removal of a fixed
number C' of points 2], the resulting set &’ is still not contained in the zero set of
any nontrivial complex polynomial of degree at most M. Then if a point z; from
Z lies in the kube K, we simply replace a by z;, and if necessary, modify at most
C of the neighbouring points so as not to lie too close to z;.

DEFINITION 8.19. We define HB, (7,) to be any of the spaces HB)p m, (7,,)
with m > 22,
construction of the Bergman tree T,, shows that we can use the same tree T, for all
Besov spaces HBy, pr (75,) with p > 1 if we choose M = 2n.

Lemma 8.18 shows that these spaces are identical, and the above

9. Completing the multiplier interpolation loop

We can now complete the proof of the loop of implications for Mp (g, inter-
polation on the ball for all 1 < p < 2+ ﬁ upon choosing M = 2n in the above
definition. As we will see, the following three properties of HB, (7,,) essentially
suffice to prove that Mp (g, ) interpolation implies the tree condition (3.2):

(1) The restriction map is bounded from Mp (g, to Myp, (1,)-

(2) The reproducing kernels kSO of HBy. (T,) = HB, (7,), m > %, sat-
isfy the positivity property (8.43).

(3) Carleson measures for HB, (7,) are characterized by the tree condition
(3.2).

Indeed, property 1 will show that Mp (g,) interpolation on the ball implies
My, (7,) interpolation on the Bergman tree. Then property 2 will show that the
atomic measure p associated with the interpolation sequence is a Carleson measure
for HB, (7). Finally, property 3 will then show that x satisfies the tree condition.
This will complete the multiplier interpolation loop since we have already shown
in Section 5, that if u satisfies the tree condition, then Mp (g,) interpolation holds
on the ball.

Before giving the details, we point out that property 1 follows from Theorem
8.14 if m > 2% and the structural constant 6 is large enough; property 2 follows
from Lemma 8.11 if in addition the structural constant A is small enough; and
finally, property 3 follows from Theorem 8.12 if both A is small enough and 6 is
large enough.

We now give the details. If {z; }Joil C B, interpolates Mg, (g,), i.e.

(9.1) Themap f— {f (ZJ)};; takes Mp (g,) boundedly into and onto £,

o0
j=1
with z; = cq,, then it follows easily from Theorem 8.14 that {a; }]0';1 interpolates

and if we construct the Bergman tree 7,, so that {c,},c7 contains {z;} say

MHBP(Tn)v i.e.
(9.2) Themap f — {f (aj)};il takes My, (7,) boundedly into and onto £>°.

Indeed, to see that (9.2) holds, suppose that {¢; }joil € (. Using (9.1) we can find
¢ € Mp, (B, satistying

p(z) =¢, 1<j<oo,

Yol (163350

HOO
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Now define f on the tree 7,, by

fla)=¢(c), aeT,.
Then we have
flag) =¢(ca,) =0 (z) =¢&
and Theorem 8.14 shows that
1 Matsm,crny < Cllellagy

thus establishing (9.2).

We can now use soft arguments, together with the positivity property (8.43)

o 0), with m > 2?” in Lemma 8.11, to show that the

=3

is a HB), (7,)-Carleson measure. Theorem 8.12 then shows that p satisfies the tree
condition (3.2). Finally then, to obtain that

o 1-p
O
Z < 1_‘0‘]| ) !

of the reproducing kernels k:
measure

HB,(T,)

satisfies the tree condition (3.2), we use ||kq ||HB (T ~ Yol = d(a) &
log ﬁ by (8.43).

9.1. Soft arguments. We now give the above-mentioned soft arguments in
detail. For convenience in notation, we abbreviate HB, (7,,) by HB, and k&’;"o)
by ka,;. From (9.2) we obtain in the usual way that {ka]. };’il is an unconditional
basic sequence in H B,

(9.3) ijka]. <C Zajk'aj . whenever |b;| < |aq;l.
' HB,, =1 HB,,

We will now use (8.43),
r=md() Re (Dm/cgm@) (7) A {®m7}) ~1

4 (m7t) (Trb,t) ('rn,t) C fOI“ Y S o
DLk (7)\7+ ‘Qv (kaa ))W g{ ‘ 1sa

and (9.3), along with a modification of the technique of Bée’s “curious” Lemma 3.1
in [Boe], to obtain the following norm equivalence:

(9.4) Za; ; > lagl”
H aj ||HB 2T j=1
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We use the P variant (8.59) of Definition 8.9 for the scalar function f, namely

||fH?IBp(Tn) = ”fHHBp m(

‘D .Df_, pb f(o)‘p
m—Sg—_1° m—4~£1m

sp<m
+ Y X e ip iy, D]
sp=m acT,
P
3 Y P D @)
sp=m a€eT,
= HDfHZ(Tn)7

where Df is defined on the tree in the obvious way and the ¢? norm involves the
metric |-|,, as usual, together with the Rademacher functions r; (¢) in conjunction
with (9.3) to obtain

’
p P

Zaj z/l iajrj k# dt
Hk 0 |lj=1 Hk%

OCJHI{B/ HBPI HHBP, HBP/

’
p

11| o0
z/ Z o Dk%() dt.
0

' ()

Now Khinchine’s inequality holds for finite-dimensional vector spaces in place
of scalars. Indeed, if a; = (a; (z)) € CV, then

N q 7

t

S~
NE
Qﬂ
=
@9

=
2
S—
>
]
™
Qﬁ
=
QQ
=
joN

Q=

q 1

Thus with NV sufficiently large, we have that

’
p

Z“Jnk

aJHHB/ HB.,
P
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is dominated by a constant multiple of
faa
| o]
Z kjijDkOlj ()
D) o
' ()
Using (8.43), we can then continue the above with

’

P
Z“J
oo "
2\ 4|
<c|§ 32| T Re (D () 4 5
j=1 H O‘J‘HHBP/
' (y)
Let
45 () = A=) Ro Dk (3) A {£77))
Fooillas,
— Re ‘a’j‘ 7md( )Dmk ( ) /\{®m,y}.
sl 11,
We now use ||[|,2 < v/l ||][;~ and the nonnegativity of A; (v) to obtain
P’ - s
Zaa H H <C ZAj (7)?
aj HB/ =
HBp/ ep/(,y)

10

00 2

<Clq D40 [ sup  A; (7)}
1 1<j<0
o' (y)
. ¥ y
2
<C|D_4;() sup A (W)H
=1 oy NESI<00 o' (v)
€' (7)
Now set K = Zjil Wkog so that
p/
>4 Z T ‘DK, (1) p AE™}
= Tkas s,

~ Re {r-mMD:::K (1} A &™)
Using the inequality
(9.5) ) —md() DM (o ‘ DK,
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and (8.59) again, we obtain

>4 =|Re{r@Dpr Ao,
=t ' ()

<C ||DK||ép'(7)

< Oy,

Z|%|Hk

(‘YJHHB/ HB.,
P

Another application of the unconditional basic sequence property (9.3), shows that
this is dominated by a constant multiple of

Z%
|| Qj

||HB ’ HBI,/
Altogether we now have
10/ %, p’
2
a; <C a; sup A; (7) ,
> " L o WEEA O
which yields
zaj <o sw 40
I %HHB, us, 1Sj<o0 ' (v)
%
o P
<o{X 407
= ' (3)
o\
= 4 HRe {r*md(“’)Dmka. (fy)} A{R™ ’y}
P e o -7 o

1

Y

Z |aj|p/ )
j=1
since by (9.5) and (8.59) once more,
—md(y) pm m 3
[Re {1 Diika, 0} 1 V}HW(V) < C|[Dke; Nl
< Cllka; |l s,

This completes the proof of the inequality < in (9.4), and the opposite inequality
is standard.
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From the inequality < in (9.4), we obtain in the usual way that the measure

e —
H= Z Hkaa‘ HHI;BP/ 5%‘
j=1

is a HB,, (7,,)-Carleson measure, and as shown above, this completes the loop.

10. Appendix

Here we use a stopping time argument to directly prove the following lemma,
rather than by appealing to Theorem 3.1.

LEMMA 10.1. Suppose that p is a measure on a tree T satisfying the tree con-
dition (1.10), i.e.

Z I'uB? <C?I'p(a)<oo, aeT.
BET: >

If I'w < I*p on T, then w also satisfies the tree condition (1.10), and with tree
condition norm at most Cyy times that of p.

PRrROOF. (direct proof without Theorem 3.1) It suffices to prove the case when
« = o0, the root of the tree 7, i.e.

S Iw(B)? < CyC¥ I'w (o).
BeT

Let Go = {o}. Let G (o) consist of all minimal tree elements 3 > o satisfying

I*w (B) S I*w (o)
Irp(B) = " I*p(o)
We refer to the elements in G; = G (0) as first generation elements. For each first

generation element o € G1, let G (@) consist of all minimal tree elements 5 > «
satisfying

I*w () 2I*w (a)

Fp(B) = " Irp(e)
We refer to the elements in G2 = Uyeq, G (a) as second generation elements. Con-
tinuing in this way, we define generations Gy for k > 1 (actually k is at most

log, (5;’83)) with the property

I*w (B) Iw(a)
Fu(d) ~ “Tua)

Let G be the subset 7 of whose elements are Up>0Gy. For each element o € G,
let H () = Uyeg(a) [, 7) be the union of all geodesics in 7 (open at the far end)
that start at o and end at an element v of G («). This yields a pairwise disjoint
decomposition of the tree 7 given by 7 = UyegH ().

for a € Gy, B € Ggy1,0 > a, k > 0.
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We have from the defining scheme of G that

* p’ I*w(ﬁ) v * p’
I'w (@) = - I"p(B)
> > ¥ (=) o
/ I"w (o) v . o
<P I (B
> (me) X e

<2/ Yo 3TN ),

m>0 a€Gm BEH ()

G = {a €g:27m < [w(@) < 2_7”}.
I*p (o)
It is here in asserting that m > 0 that we use the hypothesis I*w (a) < I*p (). If
we let M,,, be the minimal elements in G,,,, then we have

D DD DI VT2 DI SIS DI ()

a€Gm BEH (a) YEMm a€EGm:a>y BEH (a)

<27 N ST ey

YEMm B2

<27 NPT u(y).

YEMm

where

Now using that M,, C G,,, we continue with

o'y ) Y gy () < P (1) 3T (2[*0.)('7))[*”(,7)

YEM o, ~NEMm I*:u‘ (7)
=202 1) N7 1w (y)
YEMm

<20? 27m(P" 1) (o) .
Adding these estimates up for m > 0 yields
S rwE? <27 Y 22 ) (o)
BeT m>0
< C’p/Cp/I*w (o).
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