BILINEAR FORMS ON THE DIRICHLET SPACE

1. INTRODUCTION

r—2
For 1 <r < o0, let dA,(z) := (1 — |z|2) dA(z). The Dirichlet space D,. is the
collection of functions that are analytic on the unit disc D such that the following
norm is finite,

1, = 1FO)" + / ()" dA, (2)

For s > —1 we define two different linear operators that will act on the space
LP(D;dAy). We first have

Ps(f)(z2) := Cs/D<1_|w'>f(w)dA(w).

(1- zﬁ)%s

We will also need a variant of this operator, but where we taken the absolute value
of the kernel. We set

—_ w2 s
P(f)(2) = s / Wﬂw)m(w).

|1 — 2w

It is well known that for s > —1 these operators are bounded on LP(D; dA,).
Now define a bilinear form 7} on the space of polynomials P on the disk by

Tb(fvg)z<fgvb>p27 f,gGP,

where (-, ->D2 is the inner product for the Dirichlet space D = D given by

gy = (0)g0) + / f(2) 7 ()dA(2).

We can no longer assert that the norm || Hyl||,, of the Hankel operator Hy from D
to D_ is the same as the norm ||T}||,, of the bilinear form T}, on D, x Dy, since the
inner product for the Dirichlet space involves derivatives. For a positive measure
poon the disk, let [|illp_cureson P€ the (possibly infinite) norm of the inclusion
P C L%(u) with inner product (-,-), on P. It is shown in Rochberg and Wu [6]
that ||Hy|lp = [b(0)] + |46 ]l p—carteson- Here we show the same for T5.

Theorem 1. Let b be holomorphic on the unit disc D. Then Ty, extends to a
bounded bilinear form on Dy, x Dy if and only if for r = p, q the measure dy » (2) =
b/ (2)|" dA,(2) is a Carleson measure for the Dirichlet space D,.. Moreover,

ITsll = [60) + .l p, —Carteson T 110.allp, —carteson -

1
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2. PROOF OF THE THEOREM

Suppose first that for » = p,q, pp, is a D,-Carleson measure. For f,g € P we
have

Ty (f9)] = 'f(O)g(O)b()+/D(f’(2)g(2)+f(2)9’(2))b’(z)dA(Z)

AN

IA

1O+ ([ 17 F da )(/w (N vy >)
([ @ )(/|f ) dian >)

S (|b(0)| + H'U’b’p”Dp—C'arleson + ||/1’b’q”73q—0arleson) ||f||D17 ||g||Dq .
Thus T has a bounded extension to D, x D, with

||TbH S c (|b (O)| + Hubvanpr,'arleson + ||iu‘bqu’Dq7Carleson) :

Conversely, suppose that Tj extends to a bounded bilinear form on D, x D,.
Then with g = 1 we obtain

[(F0)pl =T (f, DI < Tl | £llp, [11p,
for all polynomials f € P, which shows that b € D, and
(2.1) 1bllp, < ClITo]l-

Repeating this argument, but interchanging the roles of p and ¢, we also see
that,

(2.2) [bllp, < ClITull-
Also, note that letting f = g = 1 we see that
(2.3) 6(0)] < |5l -

We next observe that is suffices to prove only one of the measures is Carleson
for the appropriate space. Suppose that we have shown ||ub7p||Dp,cmeson STl

Then, it is easy to see that the bilinear form Fy, : D, x Dy — C given by

Fo(f.g) == To(f.9)— / V(2) () (2)dA(2)~5(0)£(0)g(0) = / T/ (2)9(=)dA(z)

is also bounded with norm controlled by

[Eoll < 20 Toll + [[opllp, — carteson
S T
with the last line following from the supposition that we already knew the estimate
for the norm of the D,-Carleson measure p;, was controlled by ||T3|. But, it is

also easy to see that
[Eb]| ~ |

and so we can conclude that |[s.4llp _cureson < IIT5|l. Thus, it suffices to show
q

that one of the measures pp 4 or pp, is Carleson for the appropriate space with

£ (0)g(0)b(0)] + / 1 (2) g ()Y (2)] dA() / £ (2) g ()Y (2)] dA(z)
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Carleson measure controlled by ||T3||, the other follows from the above argument.
Additionally, because of this, we can suppose that p < 2 < ¢, and we only need to
show that (1 4 is Dg-Carleson.

2.1. Sketch of Proof. Let {I;} be a finite collection of disjoint intervals in T and
let U;T'(1;) denote the Carleson tents in ID. We will chose the collection of intervals
{I;} later to extremize a capacity problem.

()02 2)77? - ~
Set By(z) == |V/(2)] (1 — |z ) . Define the following function

e )
o= | F 2 9RO 040

Then f, € D, since one can show that |£(0)| < ||T3]9"" and

(fmeran) s ([werane) R

SO ||quDp <3| " < 0o. Also, observe that for G = U,;T(I;) and G denoting an

“enlargement” of the set G (done in such a way that cap, G~ cap, G) we have

f(;(z) = P, (V'Byxa) (2)
=V (2)B4(2)xc)(2) + Ps (V' Byxe) (2) — V' (2)Bq(2)xc (2)
= V(2)By(2)xc(2) + Ps (V' Bexc) (2) = Ps (V) (2)Bq(2)xc) (2)
= V(2)Ba(2)xa(2) + Ps (V'Bexa) (2)xg(2) + Ps (V'Bexe) (2)Xg.(2)
=Py (V'xg) (2)Bq(2)xc(2) = Ps (V'Xg.) (2)Bq(2)xc(2)

= V(2)B(2)xc(2) +P (b’ﬂquM 2)xg-(2) = Ps (Vxg.) (2 xa(z)
P, (V8ixa\a) (Dxa(2) + Ps (Vxa) (z)@(z)xG\G(z) [Ps,ﬂqu e)xa(?)
= V(2)fy(2)xa(2) + <><>

Thus, f;(z) is b'(2)B4(2) localized to the set U;T'(I;), up to an error given by a
sum of commutator type terms. Adding and subtracting common terms one can
see that the commutator term can be decomposed into parts localized to the set
U,;T'(I;) and its complement. Namely,

E,(0)(2) = Ps(t'Byxa) (2)xge(2) = P (b'xg.) (2)Bq(2)xc(2)
—Ps (b/ﬁqxé\c) (Z)Xé(z) +Ps (b/Xé) (Z)ﬁq(z)X§\G(z)
+[Ps, 8] (V' xz)xa(2)

Note that when ¢ = 2 the last commutator above vanishes since §2(z) = 1.

Let ¢ be an extremal for the capacity of the set of intervals. We use the dyadic
tree on the unit disc to construct this function. We then set g := 2. If we
substitute these functions into the bilinear form Ty, we find
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Ty(forg) = BO)F(0)g(0) + /D T (fa(2)6' () + £1(2)9(2)) dA(z)
— D0)/(0)g(0) + / T (2)8a(2)x0, 701, (2)g(2)dA(2)

/ TR W)e(dAG) + [ TEI()9()aA)

= )+ (3) + (4).
We need to estimate each of the terms (1), (2), (3), (4), and |Tp(fq,g)]. We will
prove either these terms can be estimated by [T} || cap, (U;1;) or
etn,q (U;T (1)) + C(e) || Ty ||? cap, (VN1 1))
Hb,q (M54 Ly b Py \Vj=11j

where € > 0 is a small number that can be chosen at the end.
With these estimates, we conclude the proof as follows. First, observe that

fin,g (U7, T(15)) (2) = C||Ty||* cap, (U;I;)
= Ty(f:9) — (1) = (3) = (4) = C||ITy[|* cap, (U}211;) -
Then, taking absolute values and using the estimates we claim, we see that
tvg (UL T(I) < [To(fgs )l + (D] +[3)] + [(4)] + C [ To ]| cap, (UL 1)
< eCppg (VST (1) + C(e) 1T cap, (U321 1) -
Choosing ¢ sufficiently small, we see
ting (U321 T (1)) STl cap, (UN., 1)

and so pp 4 is a Dg-Carleson measure. This would then prove the Theorem.

2.2. Term (1): Notice that term (1) is trivial. We have that |6(0)| < || 75|, | f(0)] <
I T]|7" and |g(0)] < cap, (U, 1;), so

(D] S NT5 )1 cap, (UL 1) -

2.3. Term (2): Next, note that term (2) is also easy to handle. By the definition
of 3,(z) we have

= [Wer (1= 1) o (RlaAe)

But, by construction we have that g(z) = 1+C cap, (U;yzllj) on the set U;T(1;),
and so we have

(2)

o (UT(05)) + Coeap, (UY115) [ (2" 42

= qu(UjT(I‘))+C||bHD Capq( j=IIj)
= png (UT(1;)) + O (1T cap, (UJL115))

which is the estimate that we seek.
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2.4. Term (3): Recall that we are letting G = U§V:1]j and G is denoting an en-

largement of the set G done in such a way so that the capq(é) ~ cap,(G). Using
the decomposition of E,(b") we see that term (3) decomposes as

b (2)Ps (V'XGe) (2)84(2)xa(2)9(2)dA(2)

/
/
- /Db,(Z)]PS (blﬁqxé\c) (2)xa(2)g9(2)dA(2)
/
/

b (2)Ps (V'xg) (2)Bq(2)xa\ ¢ (2)9(2)dA(2)

o

'(2) [Ps, Bq] (V'xz)xa(2)g(2)dA(2)
(34) +(38) + Bc) + (3p) + (3p)-

We handle each of these terms separately.

2.4.1. The Term (34): This is the easiest of the terms in (3). Note that by Hélder’s
inequality we arrive at

Ba)l = ‘/ V' (2)Ps (V' Bexc) (2)9(2)xg. (2)dA(2)
< [ WEIsOIP. W) ()] ac)

([ woruarane)” ([ eomoerae)”

1442
S llbllp,” cap, (UiLL 1)
S )" cap, (U15) -

IN

With the second to last line following from the fact that for z € G¢ we have
l9(2)] < cap, (U;jI;). We also used the fact that P, is a bounded operator and
similar computations to demonstrate that f, € D,,.

2.4.2. The Term (3p): We need an estimate of

(35) = / (IR, (Fxa.) (2)8a(2)9(2)xa (2)dA(2).
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We first observe that, using the inequality ab < “p—p + %, we find

ol = [ [FEIR. () (18,1902 xa (1A
< e / V()P By(2) X6 (2)dAy (2)
+C(e) / P, (xg.) (2)] 9(2)] xe(2)dAq (2)
D
<

et g (UT(L)) + C(e) / B, (V] X&) (27 19(2)|° X (2)dAq(2).

The functions B, (|b'| xg.) and |g| x¢ in the last integral have “disjoint” sup-
ports. Using this observation and a Schur-type argument, we claim the last in-
tegral is controlled by C'||T;||* cap, (U;I;). With this estimate, term (3p) is then
controlled by

B8)| < g (U;T(I;)) + C | To[|* cap, (U;1;),

which is what we needed to show.
2.4.3. The Term (3¢): We next need to handle the following term:

Be) = [ TR (VBix66) (xg(2a(:)aA(2)

Using Holder’s Inequality we find that

([wer |g<z>|Qqu<z>)1/q (f

([wer |g<z>|quq(z>)” ([ pomnenase i”dAp<z))”p

( [wer |g<z>|quq<z>)1/q (1 (616)) "

We can arrange the enlargement G so that we additionally have the property

|(3c)

IN

P, (blﬁqX§\G) (z)‘p dA;n(Z)) v

N

i (G\G) < eung ().
Also, using the arguments related to term (4) we have that
/D '(2)|" [9(2)|* dAq(2) < € (pv,q (Ui ) + C | To]|* cap, (U;1;)) -
Using these estimates and the inequality that ab < %p + %, we have

|(30)| < Cepp g (U;I;) 4 C | To||* cap, (U; L) ,

which is the estimate that we seek.
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2.4.4. The Term (3p): We now handle the term

(0= [ FEIP. (V'x6) (532D (Do) aAL)

This is one of the easier that we have to estimate. Using Holder’s Inequality we
see that

1/q
|(3p)|

IN

1/p
( /é\G V()Ba(2) dAp<z>> ( [ I 0xg) <) xa\G(Z)qu(2)>

N

1/q
(etthg (G)7 ( [wer X@(Z)qu(2)>
< (eptng (GNP (14 g (G = /P(1+ )Yy 4 (G) .

But, this is an acceptable term since for e chosen sufficiently small, we can hide
this term back on the left hand side of the main estimate.

2.4.5. The Term (3g): Here we consider the term which vanishes when ¢ = 2:

(2.4) (3) = / () [Ps. a] (V'x5) (2)9(2)x5(2)dA(2).

We wish to obtain an estimate for the commutator [Py, 5,] that is better than the
estimates for the operators IP;3, and 3,P, individually. Computing, we see

V(2)xg(2) [Ps, 5] (V'xg) () (B (Bg (V'xg)) (2) — By (2) Ps (M'xg) (2)) ¥ (2)x5(2)

1 Jw?) .
- /]D) u {By (w) = B4 (2)} b (w)b' (2) x g (w)dA(w) x5 (2).

(1— ZE)SJr2

[Ps, Bab' | (0'x@)(2)xg(2) + [Ps, V] (Bob'xg) (2)xg(2)-

Key to the rest of the argument is the following Lemma. Define the following
norm on functions (not necessarily analytic) by

7]l = sup (1 = |2[*)[V(2)].
z€D

Note that if v is analytic then we have ||y||q = [|b]|z, where B(ID) is the Bloch
space.

Lemma 1. For 1 < p < oo we have that
[Ps,~] : L*(D, dAp) — LP(D,dA,)

with ||[Psv’Y]HLP(dAp)_)Lp(dAp) Sl
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Assume Lemma 1 for the moment. With this we can conclude the estimate of
(3g). To do this, we proceed as follows.

o) < [ WEIPaaT] 0] @A) + [5G [BLF] (0x0) () 1AL
< (/ |g<z>|qcqu<z>)l/q ([ 1e.0 <b'xa><z>\”dAp<z>)1/p
([ |g<z>|quq<z>)1/q ([1e.5] wqb'xa)(z)!”dAp(z))l/p
< Clal, |15 ([ |b'<z>|”xa<z>dAp<z>)1/p+||b'||% (f wq(z)b’(z)”X@@)dAp(z))l/p]
< Caap, (@) 1015 16]p, + 1bl5 1015, ]

< Ceap, (G)[IT3].

This is the estimate that we seek. In the course of the proof above, we used
that dA, is a Dp-Carleson measure. This follows from the observation that for any
compact subset F of the boundary T we have

/ dA,(2) < cap, (E),
T(E)

which is the geometric characterization of the D,-Carleson measures.
We now wish to estimate the difference

By ()~ 8, (2) = | (1= ) Bw)|" — |(1- 1) p(2)

and since ¢ > 2, we first consider the difference

(1 . \z|2) b (2) — (1 - |w|2) b (w) = Db (2) — Db (w),

q—2

where Db (2) = (1 - |z\2) b’ (2) is the invariant derivative.

Let v (t) be the Bergman geodesic joining w to z, i.e. + : [0,1] — D with
v(0) = w and v (1) = 2. Also, let 8(z,w) is the length between the points z
and w measured in the Bergman or Poincaré metric in the unit disk. Then the
fundamental theorem of calculus and the chain rule give

td

; 220 (v (1)) dt

1
- / Y (0b) (v (1) ¥ (¢) dt.

Db (z) — Db (w)

For a function h : D — C define
wVh(z
Qn(z) = SHP{W tw E (C\{O}} .

Here B(z) is the matrix that gives rise to the Bergman metric at the point z.
Continuing from above we have the following, upon taking absolute values we find,
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Db(2) = Db(w)| =

/0 Y (©) (v (1)1 (1) dt

A
<
o]
>

) (v (1) (B)] dt

; Qou (YD) (B(y(1)Y'(1),7 (1))t

B(z,w) sup Qop(§)-
£eb

IN

IN

The last line we have used the definition of the length 3(z, w). Next, one observes
that Qr(z) = |Dh(z)|. This follows from the proof of the equivalences of (a), (b)
and (e) in Theorem 3.1 of [7] (one can note that the analyticity plays no role in
these equivalences). With this observation, we have the following,

Db (2) = Db (w)] < B(z,w) Sup D(D)(E)]-

Let B denote the Bloch space on the unit disc ID. This is the set of all analytic
functions on D such that

2
1l = sup (1= 1217} 1/ ()]
zeD
Using the standard definition of the Bloch space and the equivalent norm,
N
2
1lls ~sup (1= 1217) " |r(z)]
zeD
one sees that
sup D (D) (2)| < [1bll5 -
z€D
Since ¢ > 2, and D, C B we then have the following estimate holding,
—2 -2
1B4(2) = Bg(w)| S Bz, w) [bll5 " < B(z,w) Ibllp,”-

We now substitute this estimate into the definition of the commutator and find
the following:

IN

1 fwl?)’
’[Psyﬂq] (b,X(N;) (Z)’ Cs Hb“%TIQ /D (_ZwsL |b/(w)| Xé(w)ﬁ(Z,w)dA(w)
= co b5 B (B2, ) V] xg) (2)

Using Exercise 21 on page 79 of [7] we have the following Lemma at our disposal,

Lemma 2. Let —1 < s and suppose 1 < p < co. Then the operator

&1 = [ B(Z’E)_(:WT ) ftaraa

is bounded on LP(D;dA,).



10 BILINEAR FORMS ON THE DIRICHLET SPACE

Then, one notes that B (B8(z,-) V'] x5) (2) = & ('] x5) (2) and we will use
this Lemma to handle the second term.

We further substitute this estimate back into (3g) given by (2.4). We thus see
the following,

Be)l < /le’(Z)H[IP’s,ﬁq] (b'xa) (2)] la(2) | xg(2)dA(2)

S Hbll%f/mlb’(Z)\lg(Z)le(Ib’lxa) (2)xg(2)dA(2)

TANVANVAR

s ([ 19 e xaeaae) ([ o000 1ng) <z>)”><@<z>dAp<z>)l/p

Using estimate of the D, and D, norm of b by the norm of the bilinear form 73,
we arrive at

IN

1/q

IA

ol < o2 ( |b/(2)|q|9(Z)|qXé(Z)qu(2)>1/q ([ (e <z>)”xa<z>dAp<z>)l/p
< mi ([ wer |g<z>|qxa<z>qu<z>)l/q (f |b'<z>|an<z>dAp<z>)1/p
< 1B ol ([ e g<z>|qxa<z>qu<z>)1/q
< 1mit (e |g<z>|qxa<z>qu(z>)1/q.

We are left showing that this last integral can be estimated by the norm of the
bilinear form 7Tp and the capacity of the collection of intervals.

2.5. Term (4): This is one of the more challenging terms to handle. We first
observe that by Holder’s inequality, we have that

@) = / (2) fu(2)g (2)dA(2)dA(z)

< 2/D|b’(z)\Ifq(Z)\I@(Z)Hw'(z)ldA(Z)

< / V(2)] |o(2)] dAg(2) + C(e) / P o) ddy(2)
= (4A)+(4B)

Now, consider term (44). We will use the properties of the extremal function ¢
to estimate this integral. We split the integral into three separate regions.

(41) = {/ + / ~ + / ~ }b'<z>|‘1|so<z>|"qu<z>
U; T(15) U; T(I;)\U; T(15) (u,T(Iy))°

But, using the properties of the function ¢, and that the collection of intervals
{I;} was extremeal we arrive at

(44) < € (g (UjI;) + C | Tp||? cap, (U;1;))
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As for term (4p), we again note that the functions ¢ and f, have disjoint sup-
ports. Applying the Schur argument, we can conclude that

(4p) < [[Tu]|* cap, (U;1;)
All together, we have
(D] S g (UiL;) + | Tol|” cap, (U;1)
2.6. The Term |T(fq,9)

.
.
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