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ABSTRACT. In this paper we prove a compensated compactness theo-
rem for differential forms of the intrinsic complex of a Carnot group.
The proof relies on a L°~Hodge decomposition for these forms. Be-
cause of the lack of homogeneity of the intrinsic exterior differential,
Hodge decomposition is proved using the parametrix of a suitable 0-
order Laplacian on forms.
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1. INTRODUCTION

In the last few years, so-called subriemannian structures have been largely
studied in several respects, such as differential geometry, geometric measure
theory, subelliptic differential equations, complex variables, optimal control
theory, mathematical models in neurosciences, non-holonomic mechanics,
robotics. Roughly speaking, a subriemannian structure on a manifold M
is defined by a subbundle H of the tangent bundle T'M, that defines the
“admissible” directions at any point of M (typically, think of a mechanical
system with non-holonomic constraints). Usually, H is called the horizontal
bundle. If we endow each fiber H, of H with a scalar product (,),, there is
a naturally associated distance d on M, defined as the Riemannian length
of the horizontal curves on M, i.e. of the curves v such that 7/(t) € H, ).
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Nowadays, the distance d is called Carnot-Carathéodory distance associated
with H, or control distance, since it can be viewed as the minimal cost of a
control problem, with constraints given by H.

Among all subriemannian structures, a prominent position is taken by
the so-called Carnot groups (simply connected Lie groups G with stratified
nilpotent algebra g: see e.g. [3], [27], [29]), which play versus subriemannian
spaces the role played by Euclidean spaces (considered as tangent spaces)
versus Riemannian manifolds. In this case, the first layer of the stratifica-
tion of the algebra — that can be identified with a linear subspace of the
tangent space to the group at the origin — generates, by left translations,
our horizontal subbundle. Moreover, through the exponential map, Carnot
groups can be identified with the Euclidean space R™ endowed with a (non-
commutative) group law, where n = dim g.

In this picture, horizontal vector fields (i.e. sections of H) are the natural
counterpart of the vector fields in Euclidean spaces. In the Euclidean setting,
several questions in pde’s and calculus of variations (like, e.g., non-periodic
homogenization for second order elliptic equations or semicontinuity of vari-
ational functional in elasticity) can be reduced to the following problem:
given two sequences (Ey), and (Dy,), of vector fields weakly convergent in
L?(R™), what can we say about the convergence of their scalar product? The
compensated compactness (or div—curl) theorem of Murat and Tartar ([19],
[20]) provides an answer: it states basically that the scalar product (Ej, Dy)
still converges in the sense of distributions, provided {div Dy, : k € N} and
{curl B, : k € N} are compact in H;!(R") and (H,;!(R"))"("=Y/2, respec-
tively.

When attacking for instance the study of the non-periodic homogenization
of differential operators in a Carnot group G, it is natural to look for a similar
statement for horizontal vector fields in G. In fact, a preliminary difficulty
consists in finding the appropriate notion of divergence and curl operators
for horizontal vector fields in Carnot groups. To this end, it is convenient
to write our problem in terms of differential forms, and to attack the more
general problem of compensated compactness for sequences of differential
forms. Indeed, we can identify each vector field Ej with a 1-form 7, and
each vector field Dy with the 1-form ;. Then, the compactness of curl Ej, is
equivalent to the compactness of dn,. Analogously, denoting by * the Hodge
duality operator, the compactness of div Dy, is equivalent to the compactness
of xd(*v), and hence to the compactness of d(*v;). With these notations,
if ¢ is a smooth function with compact support and dV denotes the volume
element in R", then (Ey, Di)p dV = oni A xyg.

Thus, a natural formulation of the compensated compactness theorem in
the De Rham complex (€2, d) reads as follows (see, e.g., [15] and [22]):

Ifl<s <00, 0<h; <nfori=1,2, and 0 < € < 1, assume that
as € Lt (R™, QM) for i = 1,2, where i + é =1 and hy + hy = n. Assume

loc
that
(1) af — a; weakly in L (R",Q") ase— 0,
and that
(2) {daZ} is pre-compact in W, 1% (R", Q+1)
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fori=1,2.
Then

(3) / pai Aas — par ANag ase — 0
n Rn

for any ¢ € D(R").
Thus, when dealing with Carnot groups, we are reduced preliminarily to
look for a somehow “intrinsic” notion of differential forms such that

e Intrinsic 1-forms should be horizontal 1-forms, i.e. forms that are
dual of horizontal vector fields, where by duality we mean that, if v
is a vector field in R™, then its dual form v% acts as v¥(w) = (v, w),
for all w € R™.

e Some “intrinsic” exterior differential should act between intrinsic
forms. Again, the intrinsic differential of a smooth function, should
be its horizontal differential (that is dual operator of the gradient
along a basis of the horizontal bundle).

e “Intrinsic forms” and the “intrinsic differential” should define a com-
plex that is exact and self-dual under Hodge *-duality.

It turns out that such a complex (in fact a sub-complex of the De Rham
complex) has been defined and studied by M. Rumin in [26] and [25] ([24]
for contact structures), so that we are provided with a good setting for our
theory. For sake of self-consistency of the paper, we present in Section 2 the
main features of this complex, that will be denoted by (Ef,d.), where d :
Eg — Eg“ is a suitable exterior differential. We stress now that a crucial
property of d. relies on the fact that it is in general a non homogeneous
higher order differential operator. To better understand how this feature
affects the compensated compactness theorem, we begin by sketching the
basic steps of the proof in the Euclidean setting. The crucial point consists
in proving the following Hodge type decomposition: if 0 < € < 1, let o be
compactly supported differential hA-forms such that

4) o =~ a ase—0 weakly in L5(R", Q")
and
(5) {da®} is compact in ngcl’s(R”, QhFLy,

Then there exist h—forms w® and (h — 1)—forms )¢ such that
e w° — w strongly in L& (R™, Q") ;

loc

e 1) — 1 strongly in Lj (R", Q=1

o o = w® + dy°.
Roughly speaking (for instance, modulo suitable cut-off functions), the proof
of the decomposition can be carried out as follows (see e.g. [22]).

e let A := dd + dé be the Laplace operator on k—forms, where § = d*

is the L? formal adjoint of d;
e we write

af = AA71af = §dA7 1o + dSA™1af

o we set
W = 0dA e = A Ndas
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that is strongly compact in Lj (R"), since do® is strongly compact
in W, 5(R");

loc
e we set

Y = 06A" el
that converges weakly in I/VlicS (R™) and hence strongly in L{ (R™).

loc
If we want to repeat a similar argument, we face several difficulties. First of
all, the “naif Laplacian” associated with d., i.e.

Ocde + dcbe

where 6. = d}, in general is not homogeneous (and therefore, as long as we
know, we lack Rockland type hypoellipticity results and optimal estimates
in a “natural” scale of Sobolev spaces). Even if d. is homogeneous, as in the
Heisenberg group H", such a “Laplacian” is not homogeneous. For instance,
on 1-forms in H', é.d,. is a 4th order operator, while d.d. is a 2nd order one.
This is due to the fact that the order of d. depends on the order of the forms
on which it acts on. In fact, d. on 1-forms in H' is a 2nd order operator, as
well as its adjoint 0. (which acts on 2—form), while é. on 1-forms is a first
order operator, since it is the adjoint of d. on O—forms, which is a first order
operator.

Though in the particular case of 1-forms in H' this difficulty can be
overcame as in [2], by using the suitable homogeneous 4th order opera-
tor d.d. + (d.6.)? defined by Rumin ([24]) that satisfies also sharp a priori
estimates, the general situation requires different arguments.

In general, the lack of homogeneity of d. can be described through the
notion of weight of vector fields and, by duality, of differential forms (see
[26]). Elements of the j-th layer of g are said to have (pure) weight w = j;
by duality, a 1-form that is dual of a vector field of (pure) weight w = j will
be said to have (pure) weight w = j. Vector fields in the direct sum of the
first j — 1 layers of g are said to have weight w < j. Thus, a non-vanishing
1-form is said to have weight w > j if it vanishes on all vectors of weight
w < j. This procedure can be extended to h-forms. Clearly, there are forms
that have no pure weight, but we can decompose E{} in the direct sum of
orthogonal spaces of forms of pure weight, and therefore we can find a basis
of E(})’ given by orthonormal forms of increasing pure weights. We refer to
such a basis as to a basis adapted to the filtration of E(’} induced by the
weight.

Then, once suitable adapted bases of h-forms and (h+1)-forms are chosen,
d. can be viewed as a matrix-valued operator such that, if o has weight p,
then the component of weight ¢ of d.« is given by a differential operator in
the horizontal derivatives of order ¢ —p > 1, acting on the components of «.

The following two simple examples can enlight the phenomenon. We
restrict ourselves to 1-forms, and therefore we need to describe only Eé and
Eg. For more examples and proofs of the statements, see Appendix B.

Let G := H! = R3 be the first Heisenberg group, with variables (z,y, ).
Set X := 0, +2y0, Y := 0y —2x0;, T := 0;. The dual forms are respectively
dz, dy and 0, where @ is the contact form of H'. The stratification of the
algebra g is given by g = Vi @ Va, where V; = span {X,Y} and Vo =
span {T'}. In this case, E} = span {dz,dy} and E3 = span {dx A 0,dy A 6}.
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These forms have respectively weight 1 (1-forms) and 3 (2-forms). As for
1-forms, the exterior differential d. acts as follows:

1
de(axdr + aydy) = —Z(X2ozy —2XYax +YXax)dz N0

1
- 4@V Xay - Yiax — XYay)dy A6

= Pi(ax,ay)dz A0+ Py(ax,ay)dy A 6.

Notice that P;, P are homogeneous operators of order 2 (=3-1) in the hor-
izontal derivatives.

Consider now a slightly different setting. Let G := H' x R, and denote by
(x,7,t) the variables in H' and by s the variable in R. Set X,Y,T as above,
and S := Js. The dual form of S is ds. The stratification of the algebra g is
given by g = V1 @ Vs, where V; = span {X,Y, S} and V, = span {T'}. In this
case E} = span {dz,dy,ds} and E3 = span {dx Ads,dy \ds,dz AO,dy N6}
Thus, all 1-forms have weight 1, whereas 2-forms have weight 2 (dx A ds and
dy A ds) and 3 (dz A 6 and dy A 0). The exterior differential d. on 1-forms
acts as follows:

dc(axdl‘ + aydy + Oésds) =P (Ozx, Ozy)dib’ A6
+ Py(ax,ay)dy N0+ (Xag — Sax)dz ANds + (Yag — Say)dy A ds,

where P;, P, have been defined above. Thus, the components of d. are
homogeneous differential operators of order 2 or 1.

To overcome the difficulties arising from the lack of homogeneity of d., we
rely on an argument introduced in [26] (when dealing with the notion of CC-
elliptic complex). Let us give a non rigorous sketch of the argument. Denote
by Ag the positive scalar sublaplacian associated with a basis of the first
layer of g (Ag is a Hérmander’s sum-of-squares operator). Remember that,
once adapted bases of E(’} and E(}}H are chosen, d. can be viewed as a matrix-
valued differential operator, whose entries are homogeneous operators in the
horizontal derivatives. Then we can multiply d. from the left and from the
right by suitable diagonal matrices whose entries are positive or negative
fractional powers of Ag, in such a way that all entries of the resulting
matrix-valued operator are 0-order operators. By the way, this notion of
order of an operator, as well as all combination rules that are applied, have
a precise meaning only in the setting of a pseudodifferential calculus. We rely
on the CGGP-calculus (see [5] and Appendix A). In such a way, we obtain
a “0-order exterior differential” d., and eventually a “O-order Laplacian”
de(d.)* + (d.)*d., that, thanks to [26] and [5], has both a right and a left
parametrix. Thus, we can mimic the proof we have sketched above for the
De Rham complex (again, working in a precise pseudodifferential calculus
allows the composition of different operators).

It is worth noticing that the lack of homogeneity of the exterior differ-
ential d. affects also the natural hypotheses we assume in order to prove
Hodge decomposition and compensated compactness theorem for forms in
Ep. Indeed, in the Euclidean setting, assumptions (4) and (5) are natu-
rally correlated by the fact that the exterior differential d is a homogeneous
operator of order 1, which maps continuously Lj (R™) into I/Vlgc1 *(R™). In-
stead, when we are dealing with the complex (Ef,d.), given a sequence of
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h-forms o that converges weakly Lj (R", Eg), then the different compo-
nents of d. o converge weakly in Sobolev spaces of different negative orders,
according to the weight of the different components. For instance, if we de-
note by W&ﬁ;‘z(R”) the Sobolev space of negative order —k associated with

horizontal derivatives (see Section 3), then in our model examples H! and
H! xR, with an obvious meaning of the notations, assumption (5) for 1-forms
becomes

{P;(a%,a5 )} compact in W@i’;(R”), i=1,2,
when G = H!, and
{Pi(a5%,a5)}  compact in Wgs(R™), i=1,2,
as well as
{Xa§ - Sa5}, {Yag — Say}  compact in Wg 2% (R")

C
when G = H! x R.

Our compensated compactness result for horizontal vector fields is con-
tained in its simplest form in Theorem 5.1, that can be derived by standard
arguments from a general statement (Theorem 4.13) for intrinsic differential
h-forms, that holds whenever all intrinsic h-forms have the same pure weight
(this is always true if h=1).

In Section 2 we establish most of the notations, and we collect more or
less known results about Carnot groups and the basic ingredients of Rumin’s
theory. In Section 3 we introduce from the functional point of view all the
function spaces we need in the sequel, with a special attention for negative
order spaces (which turn out to be spaces of currents). Moreover we empha-
size the connections between our function spaces and the pseudodifferential
operators of the CGGP-calculus. In Section 4 we establish and we prove
our main results: Hodge decomposition and compensated compactness for
forms (Theorems 4.1 and 4.13). In Section 5 we apply our main results to
prove a div—curl theorem for horizontal vector fields (Theorem 5.1). We
illustrate several different explicit examples, and we apply the theory to the
study of the H-convergence of divergence form second order differential op-
erators in Carnot groups. In Appendix A we summarize the basic facts of
the theory of pseudodifferential operators in homogeneous groups as given in
[5]. Moreover, we prove representation theorems and continuity properties
for pseudodifferential operators in our scale of Sobolev spaces. Finally, in
Appendix B we write explicitly the structure of the intrinsic differential d,
and we analyze a list of detailed examples.

2. PRELIMINARY RESULTS AND NOTATIONS

A Carnot group G of step k is a simply connected Lie group whose Lie
algebra g has dimension n, and admits a step  stratification, i.e. there exist
linear subspaces V1, ..., V,, such that

6) g=Vid..aV, [W,V]=Vi, V.#{0}, V,={0}ifi>x,

where [V, V;] is the subspace of g generated by the commutators [X, Y] with
X eViandY €V;. Let m; = dim(V;),fori =1,...,kand h; = mi+---+m;
6



with hg = 0 and, clearly, h,, = n. Choose a basis eq, ..., e, of g adapted to
the stratification, i.e. such that

€h;_1+1---»€h; 18 a basis of V; foreach j =1,... k.

Let X ={Xj,...,X,} be the family of left invariant vector fields such that
Xi(0) = e;. Given (6), the subset X,..., X,,, generates by commutations
all the other vector fields; we will refer to Xy, ..., Xy, as generating vector
fields of the group. The exponential map is a one to one map from g onto
G, i.e. any p € G can be written in a unique way as p = exp(p1 X1 +
-+« + ppXy). Using these exponential coordinates, we identify p with the
n-tuple (pi,...,pn) € R™ and we identify G with (R",-), where the explicit
expression of the group operation - is determined by the Campbell-Hausdorff
formula. If p € G and i = 1,...,k, we put p* = (pp,_,41,---,Ph;) € R™, s0
that we can also identify p with (p!,...,p") € R™ x ... x R™= = R",
For any x € G, the (left) translation 7, : G — G is defined as

2o TpZ =X 2.
For any A > 0, the dilation 0y : G — G, is defined as
(7) ON(T1y ey ) = N2y, o ATy,

where d; € N is called homogeneity of the variable x; in G (see [10] Chapter
1) and is defined as

(8) dj =1 whenever hj_1 +1 < j <hy,

hence l =dy = ... =dm;, <dm+1=2<...<d, =K.
In addition, we remind that

O - Ory = Ox(w - y)
and that the inverse 7! of an element z = (x1,...,2,) € (R, -) has the
form
7 = (—xy, ..., —2p).

The Lie algebra g can be endowed with a scalar product (-,-), making
{Xi,...,X,} an orthonormal basis

As customary, we fix a smooth homogeneous norm |- | in G such that the
gauge distance d(x,y) := |y x| is a left-invariant true distance, equivalent
to the Carnot-Carathéodory distance in G (see [27], p.638). We set B(p,r) =
{a € G; d(p.q) <r}.

The Haar measure of G = (R",-) is the Lebesgue measure £" in R". If
A C G is L™measurable, we write also |A| := L"(A).

We denote by @ the homogeneous dimension of G, i.e. we set

Q= Zidim(%).
i=1

Since for any z € G |B(xz,7)| = |B(e,r)| = r®|B(e, 1), Q is the Hausdorff
dimension of the metric space (G, d).

The subbundle of the tangent bundle T'G that is spanned by the vector
fields X1, ..., X, plays a particularly important role in the theory, and it
is called the horizontal bundle HG; the fibers of HG are

HG, =span {X1(2),..., Xm, (@)}, z €G.
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A subriemannian structure is defined on G, endowing each fiber of HG

with a scalar product (-, -); and with a norm | - |, making the basis X;(x),
..y Xm, () an orthonormal basis.

The sections of HG are called horizontal sections, and a vector of HG,
is an horizontal vector.

If f is a real function defined in G, we denote by ¥ f the function defined
by Vf(p) := f(p~!), and, if T € D'(G), then VT is the distribution defined
by ("T'|p) := (T|V¢) for any test function ¢.

Following [10], we also adopt the following multi-index notation for higher-
order derivatives. If I = (iy, ... ,4,) is a multi-index, we set X = X1 ... Xin,
By the Poincaré-Birkhoff-Witt theorem (see, e.g. [4], 1.2.7), the differential
operators X' form a basis for the algebra of left invariant differential opera-
tors in G. Furthermore, we set |I| := 41 +- - -+, the order of the differential
operator X', and d(I) := dyiy + - - - + dyi, its degree of homogeneity with
respect to group dilations. From the Poincaré-Birkhoff-Witt theorem, it
follows, in particular, that any homogeneous linear differential operator in
the horizontal derivatives can be expressed as a linear combination of the
operators X! of the special form above.

Again following e.g. [10], we can define a group convolution in G: if, for
instance, f € D(G) and g € L (G), we set

loc

9) frgp) = /f(Q)g(q‘lp) dq forpeG.

We remind that, if (say) ¢ is a smooth function and L is a left invariant
differential operator, then L(f * g) = f * Lg.
The dual space of g is denoted by /\1 g. The basis of /\1 g, dual of the

basis Xi,---, Xy, is the family of covectors {61,---,60,}. We indicate as
(-,-) also the inner product in A'g that makes 61, -- ,6, an orthonormal
basis.

Following Federer (see [8] 1.3), the exterior algebras of g and of A\’ g are

the graded algebras indicated as /\*g — é/\kg and /\*g _ é/\kg
k=0 k=0

Where/\ng/\og:]Rand7 for 1 <k <n,
/\kg::span{Xil/\---/\Xik:1§i1<---<ik§n},
k
/\ g:=span{fi, A--- A0 11 <i3 <---<ip <n}.

The elements of A, g and /\k g are called k-vectors and k-covectors.

We denote by ©F the basis {0, A--- A0, 11 <iy < -+ <ip <n}of A

The dual space \'(A, g) of A\, g can be naturally identified with A a.
The action of a k-covector ¢ on a k-vector v is denoted as (p|v).

The inner product (-, -) extends canonically to A\, g and to /\k g making
the bases X;, A--- A X;, and 6;; A---A0;, orthonormal.

As in [8] 1.7.8, we denote by * the Hodge duality operator

*:/\kg<—>/\nikg and *:/\kg<—>/\n_kg,

for 1 <k <n.



If v € A\yg we define vf € A" g by the identity (v¥w) := (v,w), and
analogously we define ¢ € A\, g for € N a.
To fix our notations, we remind the following definition.

Definition 2.1. If VW are finite dimensional linear vector spaces and
L:V — W is a linear map, we define

ML\, V=AW
as the linear map defined by
(ApL)(vr A--- ANwp) = L(v1) A--- A L(vp,)
for any simple h-vector vi A--- Avp, € A\, V
AL N'w— Ay
as the linear map defined by
(A"L)(@)|vr A=+ Avn) = (| (ML) (v A -+ Awy))
for any a € /\h W and any simple h-vector v1 A--- Awvp € A\, V.
Starting from A, g and /\h g, we can define by left translation fiber bun-

dles over G that we can still denote by A, g and /\h g, respectively. To do

this, for instance we identify /\h g with the fiber /\Z g over the origin, and
we define the fiber over x € G by putting

A, 8= Qndn)(\\, o)

)

and, respectively,

A, 8= (dr, (A o)

e
forany pe Gand h=1,...,n.
The inner products (-,-) on A\, g and /\h g induce inner products on each
fiber /\h7pg and /\Z g by the identity

(Apdry(v), Apdry(w))p == (v, w)

and
(N'dryi (), Atdr,-1 (8))y = (e, B).
Lemma 2.2. If p,q € G, then

Apdry : /\h’pg — /\h,qu

Athq_1 : /\Zg — /\Zpg

and

are isometries onto.

Definition 2.3. If a € /\1 g, a # 0, we say that o has pure weight k, and
we write w(a) = k, if of € Vj. Obviously,
hi
w(a) =k if and only if a = Z a;bj,
J=hi—1+1
9



with ap, 4+1,...,an, € R. More generally, if a € /\hg, we say that « has
pure weight £ if o is a linear combination of covectors 6;, A --- A 8;, with

Remark 2.4. If o, 8 € N'"g and w(e) # w(f), then (a,3) = 0. Indeed,
it is enough to notice that, if w(f;, A --- A 6;,) # w(@;, A--- A06j,), with
i1 <19 < --- < ipand j; < jg <--- < jp, then for at least one of the indices
¢=1,...,h, i # j;, and hence (0;; A---AN0;,,0;, N---N0Oj,) =0.

We have
h M
(10) Neo= P As
p=Mmin

where /\h’p g is the linear span of the h—covectors of weight p and M ,inin,
M are respectively the smallest and the largest weight of h-covectors.

Since the elements of the basis ©" have pure weights, a basis of /\h’p g is
given by ©"P := 0" N /\h’p ¢ (in the Introduction, we called such a basis an
adapted basis).

As pointed out in Remark 2.4, the decomposition in (10) is orthogonal.
We denote by IT"P the orthogonal projection of /\hg on /\h’pg.

The identification of /\h g and /\Z g vields a corresponding identification
of the basis ©" of A" g and ©F of /\Z g. Then ©F := A¥(dr,-1)0" is a basis
of /\Z g. Notice that the Lie algebra g can be identified with the Lie algebra
of the left invariant vector fields on G = R"™. Hence, the elements of ©” can
be identified with the elements of ©" evaluated at the point 2. Through all
this paper, we make systematic use of these identifications, interchanging
the roles of left invariant vector fields and elements of A g.

Keeping in mind the decomposition (10), we can define in the same way
several fiber bundles over G (that we still denote with the same symbol
AP g), by setting AP g := A" g and AP g := A¥(dr,-1) A" g. Clearly,
all previous arguments related to the basis ©" can be repeated for the basis

o,

Sections of A, g are called h-vector fields, and sections of /\h g are called
h-forms. We denote by Q; (Q") the vector space of all smooth sections of
A g (of A" g, respectively) and by d : Q" — Q" the exterior differential
acting on h-forms.

We denote also by Q"P the vector space of all smooth h—forms in G of
pure weight p, i.e. the space of all smooth sections of /\h’p g. We have

max
My

(11) o= @ ot

p:M}rlnin
Lemma 2.5. We have d(\"Pg) c N""'Pg, ie., if o € N"Pg and da # 0
is a left invariant h-form of weight p, then w(da) = w(a).

Proof. See [26], Section 2.1. O
10



Let now a € Q" be a (say) smooth form of pure weight p. We can write

a= Z o 0, with a; € £(G).

oheohr
Then
do = Z Z(Xjai)ej/\ﬁlh+ Z Oézdezh
ohcohr j oheoh»

Hence we can write
d=dy+di+---+dg,

doa: Z ald@h

oheohr

where

does not increase the weight,

dia = Z i(X]O[Z)QJ A th

ohcohp j=1
increases the weight of 1, and, more generally,
da= Y > (Xje)h A0l k=1 .k
0hcehr w(f;)=k

In particular, dy is an algebraic operator, in the sense that its action can be
identified at any point with the action of an operator from /\h g to /\h+1 g
(that we denote again by dp) through the formula

(doa)(x) = Z oi(z)dot = Z i () dob?,
oheohr ok eohp

by Lemma 2.5.
Analogously, &g, the L?-adjoint of dy in Q* defined by

/ (doc, B) dV = / (o, 508) AV

for all compactly supported smooth forms o € Q" and 3 € Q"1 is again
an algebraic operator preserving the weight.

Definition 2.6. If 0 < h < n we set
E! := ker dy Nker 6y = ker dg N R(dp)* c Q"

Since the construction of Eg is left invariant, this space of forms can be
viewed as the space of sections of a fiber bundle, generated by left transla-
tions and still denoted by E!.

We denote by N, ,‘fi“ and N the minimum and the maximum, respec-
tively, of the weights of forms in E{}.
If we set Eg’p = Bl N Q"P ) then
Nmax
By = P E*.
p=Nmin
11



max
h .
p:N;;ﬂln

all p. The assertion follows by proving that a;, € E. Indeed, by definition,
Nmax

0 = dopa = Zp:hN;:ﬂn dooy. But w(dpay,) # w(doay) for p # ¢, and hence

the dpay’s are linear independent and therefore they are all 0. Analogously,

dpap = 0 for all p, and the assertion follows.

Indeed, if o« € EZ, by (11), we can write o = 3 ap, with o, € QMP for

We denote by H%’f the orthogonal projection of Q" on Eg P,

We notice that also the space of forms Eg P can be viewed as the space
of smooth sections of a suitable fiber bundle generated by left translations,
that we still denote by Eg P,

As customary, if Q C G is an open set, we denote by (€2, ESL) the space
of smooth sections of E}. The spaces D(Q, E}) and S(G, E}) are defined
analogously.

Since both Eg P and E(’} are left invariant as /\h g, they are subbundles of

/\h g and inherit the scalar product on the fibers.
In particular, we can obtain a left invariant orthonormal basis =} = {f;l}

of ESL such that
Nmax

(12) == U ="

p=Nmin
where Eg’p = E2hn /\h’p g is a left invariant orthonormal basis of Eg P All the
elements of Eg’p have pure weight p. Without loss of generality, the indices
j of Eg = {ﬁjh} are ordered once for all in increasing way with respect to the
weight of the corresponding element of the basis.

Correspondingly, the set of indices {1,2,...,dim ESL} can be written as
the union of finite sets (possibly empty) of indices

max
Nh

{1,2,....dmE}} = | J I,

p=Npmin
where
jel}, ifandonlyif & e=?.

Without loss of generality, we can take
=l1._ gLl

Once the basis O} is chosen, the spaces S(Q,E{{), D(Q,ESL), S(G,Eg)
can be identified with £(Q)4mEs | D(Q)dmE | §(G)dmEq | respectively.
Proposition 2.7. [[26]/If 0 < h <n and * denotes the Hodge duality, then

«El = Eph,
By a simple linear algebra argument we can prove the following lemma.

Lemma 2.8. If 3 € Q"1 then there exists a unique a € Q" N (ker dg)*
such that
50d004 = 50ﬂ
12



Definition 2.9. Let o, 3 be as in Lemma 2.8 Then we set
o= dglﬁ.
In particular

a=dy'p ifand only if dpa — 3 € ker dp.

Remark 2.10. We stress that dg 1is an algebraic operator, like dy and .
Finally, we notice that

(13) i ' (N e c N

Since daldo = Id on R(dal), we can write dald = Id + D, where D
is a differential operator that increases the weight. Clearly, D : R(d, ho
R(dy 1). As a consequence of the nilpotency of G, D¥ = 0 for k large enough,
and the following result holds.

Lemma 2.11 ([26]). The map dy*d induces an isomorphism from R(dy")
to itself. In addition, there exists a differential operator

N
P=> (-1)*D*¥, N €N suitable,
k=0

such that
Pdy'd = dy'dP = Tdg ).

We set QQ := Pdo_l.

Remark 2.12. If « has pure weight k, then Pa is a sum of forms of pure
weight greater or equal to k.

We state now the following key results. Some examples will be discussed
in detail in Appendix B.

Theorem 2.13 ([26]). There exists a differential operator d. : Bl — EM
such that
i) d> =0;
ii) the complex Ey := (E§,d.) is exact;
iii) the differential d. acting on h-forms can be identified, with respect
to the bases Eg and Eg“, with a matriz-valued differential operator
L .= (ij) If j € I&p and © € Iél:;l, then the LZ]- ’s are homoge-
neous left invariant differential operators of order ¢ — p > 1 in the
horizontal derivatives, and Ll}fj =01ifj € I&p and i € I&qul, with
q—p<l1.

In particular, if h = 0 and f € EJ = £(G), then d.f = Y4 (Xif)0} is
the horizontal differential of f.
The proof of Theorem 2.13 relies on the following result.

Theorem 2.14 ([26]). The de Rham complex (2*,d) splits in the direct sum
of two sub-complexes (E*,d) and (F*,d), with

E :=kerdy' Nker(dy'd) and F :=R(dy")+R(ddy"),

such that
13



i) The projection llg on E along F is given by g = Id — Qd — dQ.
it) If Ilg, is the orthogonal projection from * on Ef, then Il I gIlE, =
HEO and HEHEOHE = HE
iii) d. =g, d1g.
iv) *E = F* (in the sense of the the L*(G,Q*)-duality).

Remark 2.15. We have
(14) dIlg = Il gd.

Indeed, we can write @« = Ilga + IlIpa, and hence da = dllga + d1lpa.
But E and F' are complexes, so that dllpa € F and dllga € F; therefore
Ilgda =llgdllga + llgpdllpa = dllga, and we are done.

Moreover, by Theorem 2.14, iv), if & € Q" and 3 € Q"" are compactly
supported forms with 0 < h < n, we have

(15) / a A (HEﬂ) = /(HEa) A (HEﬂ) = / (HEa) A L.
G G G
Finally, if o« € Q" and g € Eg*h with 0 < h < n, we have
(16) ap=Iga) ApB.
Remark 2.16. If ¢; € D(G, Eé”) for i = 1,2 with hq + 1 4+ he = n, we have
/ ey Apa = (—1)M / Y1 A detha.
G G

Indeed

/dc% Ahg = /(HEO dIlg 1) Ao

G G
- /G (dTTg 1) A (by (16))
- / d (M) Avin) + (—1)P / (I 1) A di

G G

= (=1 /G (Tlg 1) Adipy  (by Stokes theorem)
— (~1y /@ G A (gdi)  (by (15))
— (~1) /G 1 A (dTIg(e))  (by (14))
— (~1) /@ U1 A (detbn)  (again by (16)).

Proposition 2.17 ([26], formula (7)). For any a € Eg’p, if we denote by
(IIgc); the component of Ilpa of weight j (that is necessarily greater or
equal than p, by Remark 2.12), then

(Ipa), =

(17) (Mpa)pinir = —dy ' (D de(Mpa)y ri1—r).
1<t<k+1
14



Proposition 2.18. Let j,p,k be fixed, N;fbnin <p <N g€ I&p, and
0 <k < M —p. Then there exist homogenous left invariant differential

operators Qz,p+k,j,i7 1€ I£+k, of order k, such that, if a = aj§§?, then
h h
Mpa)pek = D (Qpprnjics)0i-
el
Therefore

max
Mprax—

P
pa= Y > (Qprrsics)di-

k=0 ierh
Proof. The proof can be carried out by induction on k. O

Remark 2.19. We can notice that, if a € Eg’p, then d.a has no components
of weight j = p. Indeed,
IIpa = a + terms of weight greater than p.

Thus
dllgpa = dypa + terms of weight greater than p.

But dgpa = 0 by the very definition of Eg P and the assertion follows.

Definition 2.20. If 2 C G is an open set and 1 < h < n, we say that T is
a h-current on Q if T is a continuous linear functional on D(Q, E}) endowed
with the usual topology. We write T' € D'(€2, EL).

Any (usual) distribution 7' € D'(2) can be identified canonically with an
n-current T € D'(2, Ef) through the formula

(18) (Tla) := (T|+a)

for any a € D(Q, EY).
If =p = {¢h) .. .fgim gn ) s a left invariant basis of Eland T € D'(Q, EY),
0
then there exist (uniquely determined) T, ..., Ty, Eb € D'(2) such that

T=7) TiL(x}),
J

where ~ ~

(T L(+€)19) := (Ty)lo A &)
for all ¢ € D(Q, EL). Currents can be viewed as forms with distributional
coefficients in the following sense: if o € E (€, EJ), then o can be identified
canonically with a h-current T, through the formula

(19) (Tolp) == / kA @
Q
for any o € D(Q, E}). Moreover, if a = > ozjfjh then
To =Y a;L(+¢])
J
(see [1], but we refer also to [7], Sections 17.3 17.4 and 17.5.).

The notion of convolution can be extended by duality to currents.
15



Definition 2.21. Let ¢ € D(G) and T € &'(G, El) be given, and denote
by V¢ the function defined by Vio(p) := ¢(p~!). Then we set

(pxTla) :=(T"¢ )
for any a € D(G, E}).
We need a few definitions. We set
(20) 0= {p; I&p 40} and |Z}| = card 7%

Let
m = (mN}anin, e ,mN}anaX)

be a |Z}'|-dimensional vector where the components are indexed by the el-
ements of I{f (i.e. by the possible weights) taken in increasing order. We
stress that, since weights p such that I&p = () can exist, then some con-
secutive indices in m can be missed. In the sequel we shall say that m
is a h-vector weight. We say that m > 0 if m, > 0 for p € I(’)‘, and
that m > n if m, > n, for all p € I(’)‘. We say also that m > n if
my, > n, for all p € Ig. Finally, if mg is a real number, we identify
mo with the h—vector weight mg = (mg,...,mg). In particular, we set
m—mg = (mN;Lnin — mo,..., mN;zmx - mo).

Definition 2.22. A special h—vector weight that we shall use in the sequel
is the h-vector weight N, = (m Nymins - , mymax) with

m, =p for allpEIé‘.

If all h-forms have pure weight Np, i.e. if N;L“in = N;"® := Nj, then a
h-vector weight has only one component, i.e. m = (my;,).

3. FUNCTION SPACES

Through the next sections, we use notations and results contained in
Appendix A and basically relying on the pseudodifferential operators and
their calculus of Christ, Geller, Glowacki & Polin ([5]). Briefly, we refer
to their operators as to CGGP-operators, and we call CGGP-calculus the
associated calculus.

Let {X1,..., X, } be the fixed basis of the horizontal layer g; of g chosen
in Section 2. We denote by Ag the nonnegative horizontal sublaplacian

mi
Ag = — Z:XJ2
j=1

If 1 < s <ooandaée C, we define A in L*(G) following [9]. If in addition
m > 0, again as in [9], we denote by W{"*(G) the domain of the realization

of Ag/ in L* (G) endowed with the graph norm. In fact, since s € (1, 00)
is fixed through all the paper, to avoid cumbersome notations, we do not

stress the explicit dependence on s of the fractional powers Ag/ % and of its
domain.

Proposition 3.1. The operators Agﬂ are left invariant on Wi (G).
16



Proof. The proof is straightforward, keeping in mind the form of Ag/ 2 (9],
p.181), and the representation of the heat semigroup associated with Ag
([9], Theorem 3.1 (i)), O

We remind that

Proposition 3.2 ([9], Corollary 4.13). If1 < s < oo and m € N, then the
space W"*(G) coincides with the space of all u € L*(G) such that

Xl e L3(G)  for all multi-index I with d(I) = m,
endowed with the natural norm.

Proposition 3.3 ([9], Corollary 4.14). If 1 < s < co and m > 0, then the
space W (G) is independent of the choice of X1,..., Xm,.

Proposition 3.4. If1 < s < oo and m > 0, then S(G) and D(G) are dense
subspaces of Wi (G).

Proof. The density of D(G) is proved in [9], Theorem 4.5. If m € NU{0}, by
Proposition 3.2, S(G) C W{"*(G), since the vector fields X1, ..., X, have
polynomial coefficients (see [11], Proposition 2.2). Thus, by [9], Proposition
4.2, S(G) ¢ W{"*(G) for m > 0. Morevoer, since D(G) is a dense subspace
of W{"*(G), the assertion follows. O

Definition 3.5. Let m > 0, 1 < s < oo be fixed indices. Let @ C G
be a given open set with £"(092) = 0 (from now on, even if not explicitly
stated, we shall assume this regularity property whenever an open set is

[¢]
meant to localize a statement). We denote by W ¢&*(€2) the completion
in WE"*(G) of D(Q). More precisely, denote by v — rqu the restriction

operator to €); we say that u belongs to V([)/'gs(Q) if there exists a sequence
of test functions (ug)reny in D(Q) and U € W"*(G), such that uj, — U in
WE*(G) and u = rU. On the other hand, since in particular u; — U in
L*(G), necessarily U = 0 outside of Q. Therefore, if u = rqU; = rqUs with
U1, Uz both belonging to the completion in WZ"*(G) of D(2), then Uy = Us,
so that, without loss of generality, we can set

Hu”v?/g”(ﬂ) = ||p0(U)||Wg“(G),

where pg(u) denotes the continuation of u by zero outside of .

It is well known that Wé’fo .(G) is continuously imbedded in Wll/ (rk+1),s (G)

ocC
(see [23]); thus, by classical Rellich theorem and interpolation arguments

([9], Theorem 4.7 and [28], 1.16.4, Theorem 1), we have:
Lemma 3.6. Let Q C G be a bounded open set. If s > 1, and m > 0, then
I/f/g’S(Q) is compactly embedded in  L*(€2).

Proposition 3.7. If m >0, 1 < s < o0 and Q2 C G is a bounded open set,
then

m/2
[l gy 14" Po(w) 12+(c)

when u € W §°(Q) and po(u) denotes its continuation by zero outside of 2.
17



Proof. By Definition 3.5,
2
[l ey = P00z = 1T o)1),

so that we have only to prove the reverse estimate.

We want to show preliminarily that the map u — AG/ o(u) from W Q)

to L*(G) is injective. Let u € VV(G *(Q2) be such that Am/ o(u) = 0.
If (pc)e>o are group mollifiers, by the left invariance of AG/ 2, we have
pe x po(u) € D(G) and Ag/Q(pE * po(u)) = 0 for e > 0. By [9], Theo-
rem 3.15 (iii), keeping in mind that D(G) C Dom (Ag) for all « > 0,
if N is an integer number such that N > m/2, then AY(pe * po(u)) =
Agim/QAmﬂ(p x po(u)) = 0, so that p. * pp(u) = 0, e.g. by Bony’s maxi-
mum principle. Then, taking the limit as ¢ — 0, pp(u) = 0, and eventually
u = 0.

We can achieve now the proof by using a simple form of the following
Peetre-Tartar lemma (see, e.g., [6], p. 126):

Lemma 3.8 (Peetre-Tartar). Let V, Vi, Vo, W be Banach spaces, and let
A; € L(V,V;) be continuous linear maps for i = 1,2, the map Ay being
compact. Suppose there exists co > 0 such that

(21) lvllv < co(llArollv, + [[A20]lv,)

for any v € V. In addition, let L € L(V,W) be a continuous linear map
such that

(22) Ly 4, =0
Then there exists C > 0 such that
(23) [Lv|[w < CllA2v|lv;

for anyv e V.

For our purposes, we choose V = I/(ID/E’S(Q), Vi =V, =L5G), W =
Wms(G), Ay = po, A2 = Agﬂ opyg, L = pop. Indeed, A; := pq is
a compact map from I/?/gs(ﬁ) to L*(G), by Lemma 3.6. On the other
hand, we have already pointed out in Deﬁnition 3.5 that po(u) € W™3(G),
so that AZpo(u) € L*(G), and AL po(u)|zs@) < Ilpo(w)llwms(c) =
[|lu H me (@) (again by Definition 3.5). Thus Ay := A /2 5 po Wms(Q) —

LS(G) continuously. The same argument shows that (21) holds. On the
other hand, we have shown that ker A2 = {0}, so that (22) holds.
Then (23) reads as

el e = [lpo(w)lwm.e(@) < CIIARpo(u)l|Ls ()
(Q)

achieving the proof of the proposition. O

Lemma 3.9. If m > 0 let P,, € K™% be the kernel defined in Theorem
6.16 and Remark 6.17. If Q CC G is an open set, R > Ry(s,G,m,Q) is
sufficiently large, and u € D(QY), then

lullwr ey ~ OU(Pw) r)ull o) = 1A AUl o),
18



with equivalence constants depending on s, G, m, Q.

Proof. By Proposition 3.7, there exists cqg > 0 such that (keeping in mind
that we can think pg(u) = u)

1AL 2ull @) < llullwms @) < ca |AE *ullLx@)-
By Remark 6.17, we have
AL = O((Pu)r)u + Su,
where Su = u * (1 — ¢g)P,,. Hence
1AZ 2l 16y < NOUPm)RYull o6y + 1w * (1 = 1R) Pl 12 (c)-

On the other hand, by [9], Proposition 1.10, and a standard argument (see
e.g. [16], [17])

|ux(1 = ¥R)Pmllns@) < Csllullps@) - I(1 = ¥r)PullL1 @)
< C(s,G,m)R™"|[ull o) < C(5,G,m)R ™™ol AL *ul 1o ()
1 m/2
< §HAG/ ull s (@),
provided R > Ry(s, G, m,2). Therefore
m/2
ATl 1o (@) < 200((Pr) R)ull Loy
and hence
[ullwms ) < 2¢0 O(Pn) r)ul s (@)-
Conversely,
IO((Prn) r)ull s (@)
m/2
< 1ALl o) + e * (1= ¥R) Pl o)
3 3
< SIAE Pulsg) < 5 lulwz+o)

This achieves the proof of the lemma.
O

Definition 3.10. Let 2 C G be an open set. If m > 0 and 1 < s < o0,

W ™*(Q) is the dual space of Vc[)/'g’s/(Q), where 1/s 4+ 1/s' = 1. Tt is well
known that, if m € N and € is bounded, then

W™ (Q) = { Z XTr fr e L?(Q) for any I such that d(I) = m},
d(I)=m

and

HUHWGT"”’S(Q) ~ inf{z I f1llzs) ;s d(I) = m, Z X' fr =u}.
I

d(I)=m
Proposition 3.11. If1 < s < oo and m,m' >0, m' < m, then
WS (G) = WI(G) and W;™*(G) — W5™*(G)

algebraically and topologically.
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In addition, if Q is a bounded open set, 1 < s < oo and m,m’ > 0,
m/ < m, then
I/f/g’s(ﬁ) is compactly embedded in Wg/’S(Q)
and
Wém/’s(Q) is compactly embedded in W5 ™*(9).

Proof. The first assertion is nothing but [9], Proposition 4.2. As for the
second assertion, take first R > 0, and let Qg be a sufficiently large bounded

open neighborhood of Q. If u € I/?/g’s(Q), by Lemma 6.22, we can write
U= A((_;’Z/Q o Aglﬂu + pSu,

where ¢ € D(p) and S € OC™*°. By Lemma 6.11, the map u — pSu

is compact from V([)/gS(Q) to ng’S(QO). As for the first term, the same
property follows from Proposition 6.18, Lemma 6.7, and Lemma 3.6.
Finally, the third assertion of the proposition follows by duality. O

Remark 3.12. The compactness result of Proposition 3.11 can be improved
as in the Euclidean space (see e.g. [18], Section 1.4.6). For sake of simplicity,
let us restrict ourselves to the case m € N and m’ = 0. We have

I/(I]/g’s(Q) is compactly embedded in L7(1)
and
L7 (Q) is compactly embedded in Wém’sl(Q),
if s, 8" and o, ¢ are Holder conjugate exponents, provided o(m—Q/s)+Q >
0.

Definition 3.13. If m > 0 is a h-vector weight, 0 < h < n, and s > 1,
we say that a measurable section « of E(’}, o= Ep Zjelgyp ajfjh belongs to
W& (G, Ep) if, for all p € I, i.e. for all p, Nt < p < NmaX_ guch that
I, # 0,

a; € We"(G)

for all j € I&p, endowed with the natural norm.

The spaces WG@’S(Q, E}), where (2 is an open set in G, as well as the local
spaces Wz (Q, E}) are defined in the obvious way.
Since

h
card Io,p

We'(Q, El) s isometric to H (WE™*(G))
pEILY
then
o WG (2, El) is a reflexive Banach space (remember s > 1);
o CX(Q, EM N WE"(Q, Bl is dense in WZ*(Q, E}).

[¢]
The spaces W &°°(Q, E}) are defined in the obvious way.
We can define and characterize the dual spaces of Sobolev spaces of forms.
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Proposition 3.14. If 1 < s < o0, 1/s+1/s' =1,0< h < n, m is a
h—vector weight, and Q C G is a bounded open set, then the dual space

(V([)/%‘S/(Q, E(})Z))* coincides with the set of all currents T € D'(Q, E}) of the
form (with the notations of (18))

(24) T=3 ) TiL(x)

P jely,
with T; € Wg ""*(Q) for all j € I&p and for p € Il'. The action of T on
the form a =3, Zjelg’p ajf? EWg" (Q,El) is given by the identity
(25) T(a)= > (Tjlay).
v i,
In particular, it is natural to set
W™ (Q, B = (WE* (2, EM)”.
Moreover, if T is as in (24)

WMl ms () = >0 “E”W(;mp’s(a)'

p jelggp

Proof. Suppose (24) holds. If a =} Ziel{; ;&M is smooth and compactly
:q

supported in €, then (keeping in mind that the basis {5;’} is orthonormal,
so that & A *5’7 = 6;;dV')

ZZTL*§h|a ZZZZTL*§h|%§h>

p ]6]071) p Jel&p q Zejqu
=3 3 Y Blae) Axely =0 Y (Tilas),
P jerg, 9 i€lf, @ ierl,

Thus, clearly, if T; € W(;mq’s(Q) for all 7 € I&q and for ¢ € I}, then the
map o — 37, 3¢ n (Tjlag) belongs to (W™ (2 Ef))"

Suppose now T € (I/;/%’SI(Q,E(’}))*. Since D(Q, B}) — I/f/%’s/(Q,Eg),
then T can be identified with a current that we still denote by T'. Thus, by

(19), we can write
T=> 2. T,
P jellh,
If: e I&p for some p € Z!' and f € D(Q), we can consider the map
F=ATIfE) =) Y (Tilfel A (<)) = (Tilf).
p ]EI&p
Because of the boundedness of T', we get

TN < CIIE ot gy = O gt

that yields T; € W ""°(Q). This achieve the proof. O
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4. HODGE DECOMPOSITION AND COMPENSATED COMPACTNESS

In this section we state and we prove our main results, i.e. a Hodge decom-
position theorem for forms in £ and — as a consequence — our compensated
compactness theorem in Ej. Through this section, we assume that h, the
degree of the forms we are dealing with, is fixed once and for all, 1 < h < n,
even if it is not mentioned explicitly in the statements.

From now on, we always assume that an orthonormal left invariant basis
{gjf} of Eg has been fixed for all £ = 1,...,n, and therefore pseudodif-
ferential operators acting on intrinsic forms or current and matrix-valued
pseudodifferential operators can be identified. We use this identification
without referring explicitly to it.

Theorem 4.1. Let s > 1 and h = 1,...,n be fized, and suppose h-forms
have pure weight Ny,. Let Q@ CC G a given open set, and let of € L*(G, E(’})ﬂ
E'(9Q, E(’}) be compactly supported differential h-forms such that
o ~a ase— 0 weakly in L*(G, E})
and N N
{dc.a} is pre-compact in W(;(*h“_ h)’S(G, Eb.
Then there exist h—forms w® € L (G,E}) and (h — 1)-forms 1 €
s (G, Eb™YY such that
i) w® — w strongly in LY (G, E}) ;
ii) ¥° — 9 strongly in L}, (G, Egil) ;
i) of = w® + dy”.
We can choose w® and ¥° supported in a fixed suitable neigborhood of €).
Moreover, if the af are smooth, then w® and ¥° are smooth.

Remark 4.2. We stress that d. : L*(G, E}) — ((;(ﬁh“_Nh)’s(G,E(’}). In-

deed, if @ = Zie}ﬁ,wh a]f;-‘ € L*(G,El) and (d.a); is a component of
weight ¢ of d.a, then (keeping in mind that h-forms have pure weight Np,)
(der)i =3 LZ ;0j, where LZ ; is a homogeneous differential operator in the

horizontal vector fields of order ¢ — Nj, > 1, so that (d.«); € Wé(q_Nh)’s (G).
On the other hand (N, — Nj)q = ¢ — Np, and the assertion follows.

The proof of Theorem 4.1 entails several preliminary statements.

Definition 4.3. Let R > 0 be fixed. If 0 < h < n, following Rumin we
define the “O-order differential” acting on compactly supported h-currents
belonging to &'(B(e, R), E}) by

do = Ay d AN

where N, is defined in Definition 2.22. By Lemma 6.13, the definition is
well posed, and
d.: &'(B(e,R),El') — £ (B(e,3R), E}).
Analogously, we define the following “0O-order codifferential” acting on com-
pactly supported (h 4 1)-currents belonging to &'(B(e, R), EF*1):
8. = A%’E{Q de A(_}%h“ﬂ.
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Again the definition is well posed, and
6. : £ (B(e, R), EMY) — £'(B(e,3R), EY).
By Theorem 6.8(a) in Appendix A,

Notice also that
=0, 62=0 (modOC™™).
Let now T'=3 Zjelgp TJI_(*fgl) € &'(B(e, R), E}) be given.

By Theorem 2.13, the differential d. acting on h-forms can be identified
with a matrix-valued differential operator L" := (Lh ) where the Lﬁj’s are

homogeneous left invariant differential operator of order ¢ —p if j € I&p and
€ I)f'. Thus, by Definition 6.19, we have

—_—

deT=3" 3" 3" 3" (A% Ll AVLT) (=€),

a ert i p<djerl,

Analogously, if T =} Zjel(})z+1 f}l_(*fj}.‘*l) € &(B(e, R), E)™), then
sP

o, T = ZZZ Z Aq/2 trh A p/2 T;)L(+€M).

hog< h41
q 4e] 7q‘1 p]EI P

Proposition 4.4. Both d. and 5; are matriz-valued pseudodifferential oper-
ators of the CGGP-calculus, acting respectively on &' (G, El') and £'(G, Eé‘“).

Moreover d ~ Pl .= (PZJL) where

(26) Py =P_gx(L};P,) ifi €I}t and j € If,
and 5 ~ QM= (Q ), where
(27) QY =Px('LlP_y) ifiely, and je I

Proof. Take i € [&Jq“l and j € IO,p' Statement (26) follows by proving that
—q/2 th 2 h
AGH Ly ALk ~ Prgx(Li; )
The proof of (27) is analogous. Thus, notice first that, by (49) and Lemma

6.12, the cores of Lf»fj Aép}ég and Aéq}? are, respectively, Lﬁij and P_,.
Hence the assertion follows by Theorem 6.8 (c). O

Remark 4.5. With Rumin’s notations (see [25], [26]), when acting on So(G, E}),
Oo(P") = aY.
An analogous assertion holds for Oy(Q").

We set o
Ay = 8ed. + d.5..
The following assertion is a straightforward consequence of Theorem 6.8

and Proposition 4.4.
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Proposition 4.6. A((G?R is a matriz-valued 0-order pseudodifferential oper-
ator of the CGGP-calculus acting on £'(G, E}), and

Mg~ A = (AF)),

where

Ay = (QuxPl + Py sQp ).
L

Remark 4.7. As in Remark 4.5, with the notations of [25], [26], when acting
on Sy(G, Ep),
On(AG) = On(Q") 0 d:Oo(P") + Oo(P" ") 0 8.00(Q" ")
=o6YdY +dYsY =Og,.
Theorem 4.8. For any R > 0 there exists a (matriz-valued) CGGP-pseudodifferential
operator (Ag’)R)_l such that

(28) AT Ay =1 on €(G,E}) (mod OC™),
and
(29) ADRAY) T =1 on E(G,E}) (mod OC™).

Proof. Keeping in mind [5], Theorem 5.1 and Theorem 5.11, it follows from
Rockland’s condition (see Theorem 6.4), that is satisfied by [25], that there

exists (A((G?))_l € K9 such that
(A T=AG) = AP =(AF) T =4,
The assertion follows taking now (A(((g)R)_l = O((Ag]));il) for R>0. O
Remark 4.9. If a € &'(B(e,r), E}), then, by Lemma 6.13, both
supp (Ag{)R)_IAg{)Ra and supp (A87%A87%)_1a

are contained in a fixed ball B depending only on r, R. Thus, we can multiply
the identities (28) and (29) by a suitable test function ¢ that is identically
one on B, and then we can replace the smoothing operators S appearing in
(28) and (29) by operators of the form S, that maps &' (G, E%) in D(G, E}).

Proposition 4.10. For any R > 0

(30) (AP e =d(ATR) T on €(G,E})  (mod OCT),
and

(81)  (ATR e =6(ALR) " on E(G,E]) (mod OC™),

Proof. By duality, it is enough to prove (30). In the sequel, S will always

denote a smoothing operator belonging to OC™> that may change from

formula to formula, and, with the same convention, we shall denote by Sy
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an operator of the form ¢S, with S € OC™ and ¢ € D(G). Keeping in
mind Remark 4.9, we have

AR T AR (AT T + Sy

)

G,R
Sede + debe)de(AS ) ™ + So

= (Agk)™

= (A ) debede (A + S
= (AR " e(Bede + dede) (A R) !
= (AR AL (AL )T+ S
= (AR M. + So.

O

Remark 4.11. We can repeat the arguments of Remark 4.9 also for (30) and
(31).

Proof of Theorem 4.1. In the sequel, S will always denote a smoothing op-
erator belonging to OC™*° that may change from formula to formula, and,
with the same convention, we shall denote by Sy an operator of the form
©S, with S € OC™™ and ¢ € D(G). Moreover, without loss of generality,
we may assume of € D(Q, EL). Take now R > 0 such that Q C B(e, R); by

Lemma 6.13, AGJE’l/Q ¢ € D(B(e,2R), E}) and therefore, by (29),

() AGHAGRAGH " — AR " = SAGR o,

with S € OC™*°. Since supp A(O) (A( ) ) A N’”/Z af C B(e,4R), we can

multiply the previous identity by a cut-off functlon ¢ = 1 on B(e,4R)
without affecting the left hand side of the identity. Thus, we can write
(32) as

(33)  ALR(ALR) " Ag "0 — AZR a7 = pSAGH %0t = Shat,
by Lemma 6.10. From (33), it follows easily that

) AREAL AL A e = ARG a2 s

so that, by Lemma 6.22 and arguing as above,

(35) AGEAD LAY AR Pt = of + Spat.

)

If we write explicitly A(E},)R in (35), we get
(36)
o = A5, A A A A

Nh 1/2 Nh 1/2

+ AT AL do A
—I—S()Oé .—Il+[2+SOO[ .
By Lemma 6.22,
= de G AT 8 AR (AW AR af + Spat
= do* + soof.

AGl 6. AGE (A AR P

N2
(37)
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Thus (36) becomes
(38)
of = ARPATN 5. AT A T 4o AW T agh e
+ Spa® + dp® = Wt + dpt.

We want to show that (1)~ and (w*)e~0 converge strongly in L{ (G, Ej~)

and Lj (G, El), respectively. As for (¢°).~0, by Proposition 6.21, (Aé%hmaa)@o
converges weakly in WN’“ (G, El). On the other hand, by Proposition 6.18,

(0) \—1 A=Np/2 ¢

((AG R Der °) £>0
by Proposition 6.18, (A_Nh/Q(A(O) )~ IAGIX{LﬂaE) =0
WzNh’ (G, El'). We remind that all intrinsic h-forms have the same weight
Np,, so that all the components of a form in E{! belonging to Wg 2N (G,El
belong to the same Sobolev space W2Nh’ (G, El).

For sake of simplicity, denote now by BJ‘E-, j € I& N, & generic component
of A Nh/2(A( ) =) TAL Nh/Qa that converges weakly in W2N’“ (G, EY).
If i [07q1 (q < Np), then the i-th component of 6.5 is given by tLj,zﬂ;.
Keeping in mind that L;; is a homogeneous differential operator in the hor-

converges weakly in Wﬂh’s(G, E}). Thus, again

converges weakly in

izontal vector fields of order Nj — ¢, then (tLj’lﬂj)DO converges weakly
in WN’”Lq’ (G), so that, eventually, the i-th component of (¢%).~o con-
verges weakly in WNh %*(G). Then the assertion follows by Rellich theorem
(Proposition 3.11), since supp ¢ is contained in a fixed neighborhood of €2,
and g < Np.

Let us consider now (w®)e~0. By Lemma 6.11, we can forget the smoothing
operator Sy. By Proposition 4.10 and Remark 4.11, we can write

Agh Aﬂh/Qé A_ﬁhﬂ/zAG]]\;hH/zd ANh/Q(A(E})R) lA h/2 af
(39) = ARPAR s AP T A Y d. o + Spaf
_ANh/2(A( ) ) IANh/25 A NhH/QA(_;%hH/QdCOz + Soat.

By Proposition 6.21,

7h+1+Nh7

“Npr)2 A —Npiq/2 . )
AN/ AGE}L“/ de of  is pre-compact in W ¢ (G, ED).

G,R

h+1
Iy,

“Np11/2 =N, /2 .
AG’}’L“/ AG;{L“/ dc a°. We know that 3 is pre-compact in Wéﬁﬁh’ (G, EMY).
Moreover notice that d.0; is a h-form, and therefore, by assumption, has pure
weight Ny, If i € I(f)L,Nh (N, < p), then the i-th component of 6035 is given
by tLj,Zﬂ;. Keeping in mind that L;; is a homogeneous differential operator
in the horizontal vector fields of order j —i = p — Np, then (.35); is pre-
. “Np.1/2 =N, . 1/2 . .
compact in W(Q;]}ZLC (G). Thus, § AGE’I“/ AG}h“/ d. of is pre-compact in

Wé];ifc (G, E}). Again, by Proposition 6.21, Ag: ’}{25 A Nh“/QA(;%’L“/Q d. af

is pre-compact in W(Gfﬁ)’c (G, El"). As above, we can rely now on the fact that
26
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all components of ANh/2(5 A NHI/ZA;;;”“/Qd af have the same weight
and hence belong to the same Sobolev space, to conclude that

PR e R

is pre-compact in W@ﬁ)’f (G, E}). Then, we achieve the proof of the theorem
using again Proposition 6.21.

Finally, the last statement follows by Lemma 6.13 and Theorem 6.8, (b).

O

Lemma 4.12. Ifa € £(G, El) with2 < h <n and § € £(G, E}""2), then
dd.a N (IIgB) = 0.
Proof. By Remark 2.15, we have
ddca N (IIgp) = (IIgdde.a) A3 = (dllpd.a) A S
= (lIg, dlIgd.a) A B = (dcdea) A5 = 0.
O

Theorem 4.13. If1<sl<oo 0<hy <nf0ri—12 and 0 < e <1,
assume that of € Ly (G, E ?) fori=1,2, where - Jr* =1 and h1+hy = n.
Suppose hq forms have pure weight Ny, (by Hodge duahty, this implies that
also ha-forms have pure weight Ny, = Q — Ny, ). Assume that, for any open

set Qo CC G,

(40) of — a; weakly in L* (Qo, EI),
and that
—(Np. 1—Nn,)ssi ,

(41) {d.a5} is pre-compact in WGE(;’”H i) (G, E})
fori=1,2.

Then
(42) /gpai/\agﬁ/gpal/\az

G G

for any p € D(G).

Proof. By Remark 4.2, without loss of generality we can assume that both
aj and o5 are smooth forms. In addition, let us prove that, if {2 is an open
neighborhood of supp ¢, then

_(ﬂhiJr]_Nhi))sl

(43) de(pai) is pre-compact in We (Q,E).

An analogous argument can be repeated for a5, where ¢ € D(1) is iden-
tically 1 on supp ¢. Thus, without loss of generality, we could restrict
ourselves to prove that

(44) /ai/\agﬁ/al/\ag
G G

when (40) and (41) hold and a; € D(Q, Ep) for i = 1,2.
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In order to prove (43), set 5° := d.(paj), with ¢ = Zq Z.thlJrl ﬁfﬁf“.
Ifai =3, ng&;(aﬁ)jfgfb, then, by Theorem 2.13, when i € IhH'1 we have

= > (Li(elad))

p<<1j51h
_(pZZL a1 +ZZ Z ﬂ/‘P Q'yal))
P<djer}, P<qjeih 1<ly|<q—p

Ni+ D> D> Y. (Py)(@y(e))),

P<qjerp 1<h|<q—p

where P, and @), are homogeneous left invariant differential operators of
order |y| and g — p — ||, respectively, in the horizontal derivatives. By

(41), @(de(a5)); is compact in Wg “""*(Q). On the other hand Q,(a5);

is bounded in W((;(q_p_h')’s(ﬁ), and therefore compact in Wé(q_p)’s(Q) by
Proposition 3.11, since |y| > 0. This proves (43).
We can proceed now to prove (44). By Theorem 4.1 we can write

of =dop; +wi, i=1,2,

with ¢¢ and wf supported in a suitable neighborhood Qg of {2 and converging
strongly in L* (o, Eé“) Thus the integral of af A o5 in (44) splits into the
sum of 4 terms. Clearly, 3 of them are easy to deal with, since they are the
integral of the wedge product of two sequences of forms, at least one of them
converging strongly. Thus, we are left with the term

/%%A%%,
G

with ¢ € D(Qq, Ei') for i = 1,2. By Remark 2.16, we have

/@%A@@zo
G

since d2 = 0. This achieves the proof of the theorem. O

5. DIV-CURL THEOREM AND H-CONVERGENCE

We state some dual formulations of our main theorem for horizontal vector
fields in G, i.e. for sections of HG. Since in this case the compensated
compactness theorem takes a form akin to the original form of the theorem
proved by Murat and Tartar, we can refer to it as to the div — curl theorem
for Carnot groups. In this case, our compensated compactness theorem
applies for any Carnot group G, since, as pointed out in Example 7.1, Eé
consists precisely of all forms of pure weight 1. In addition, as in [12] and
[2], the div — curl theorem makes possible to develop a theory of the H-
convergence for second order divergence form elliptic differential operators
in Carnot groups of the form

) {&“:Zle“wawwzfewh”m>
u=0 on 0,
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with application for instance to non-periodic homogenization. Here A(z) :=
(@i j())ij=1,. ,m, is @ m1 x my elliptic matrix with measurable entries.

We stress again that L is elliptic with respect to the structure of the group
G, but is degenerate elliptic as an usual differential operator in R™.

If V is an horizontal vector field, i.e. if V' is a section of HG, as customary
we set

divg V := (sxdo(xVF))?,
and
curlg V = (d. V)"

Moreover, if f is a function, we denote by Vg f the horizontal vector field
Vef = (Xif, ., X, f). Set now Eyjp, := (EM) (with the induced scalar

product). An orthonormal basis of Ey; is given by X, ..., X,,,, and hence
the horizontal vector field V' can be written in the form V := Z;n:ll V; X
and therefore identified with the vector-valued function (Vi,...,Vy,). In

the sequel, we write also (Vx,,...,Vx,, ). Thus divg V' = > 1) X;V;. The
Dirichlet problem (45) takes the form

(46)

Lu = —divg(A(z)Vgu) = f € Wg (Q),
u=0 on OfN.

If we refer to the examples of Appendix B, the operator curlg on a hori-
zontal vector field V' takes the following forms:

e Example 7.2: if V = (Vx, Vy), then
curlgV = P1<Vx, Vy) XANT + PQ(V)(, Vy) Y AT.

Let D be another horizontal vector field. In this case, assumption
(41) of Theorem 4.13, with o := V% and *a := D¥, becomes

P;(Vx,Vy) compact in WéQ’Sl(G), i=1,2

loc

and
divgD compact in W 1.5 (G).

loc

e Example 7.3: if V = (Vx, Vy, Vs), then

curlgV = Pl(Vx,Vy)X ANT + Pz(Vx,Vy) YANT
+ (XVsg —SVx) X NS+ (YVs —SW)Y A S.

As above, (41) of Theorem 4.13 becomes

P;(Vx,Vy) compact in W_Q’SI(G)7 i=1,2

Jloc

XVs—SVx, YVs — SVy compact in W@l’sl(G),

loc
and
divgD compact in WGTLSQ(G).

loc
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e Example 7.4: if V = (Vx,, Vx,, Wy, V33, Vs), then
curlgV = (Xiax, — Xeax,) X1 A Xo + (Yiay, — Yooy, )Y1 A Y
+ (Xiay, — Yoax, ) X1 AN Yy + (Xoay, — Yiax,) Xo A Y]

+ (Xjas — Sax,) X1 A S+ (Xaag — Sax,) X2 A S,

+ (Yias — Say, )Y1 A S + (Yaas — Say,)Ya A S
Xioay, —Yiax, — Xoay, + Yoax, 1
V2 V2
Here, assumption (41) requires that all the coefficients of curlgV, as

well as divg D, are compact in W US1(G), and Wg 11(;? (G), respec-

loc

(Xl/\Yi —XQ/\YQ).

tively.
L] Example 7.5 iV = (VXl, VXQ, VX3, VX4, VX5, VXG), then

curlgV = (Xiox, — Xzax,) X1 A Xz + (X1 (Xiax, — Xeax,)
— Xgax, ) X1 N Xy
+ (Xo(Xjax, — Xoax,) — Xagax,)Xa A Xy
+ (Xo(Xoax, — Xzax,) — Xsax,) X2 A X5
+ (X3(Xoax, — Xsax,) — Xsax,) X3 A Xs..
As above, (41) of Theorem 4.13 becomes

. —1,s1
Xiax, — Xgax, compact in Wg 3 H(G),

X1 (Xiox, — Xoax,) — Xyax,, Xo(Xiax, — Xoax,) — Xsox,,
Xo(Xoax, — Xzax,) — Xsay, compact in W&ZSI(G),

loc

X3(Xoax, — Xsax,) — Xsax, compact in W s (G),

JJoc
and
divgD compact in W "%2(G).

e Example 7.6: if V = (V1,V3), then "
curlgV = (Xo(X1Va — XoVi) — X3Va)Xa A Xs
+ (X1 ( X3V — (X1X2 + X3)V1) — Xy V1) X1 A Xy
As above, (41) of Theorem 4.13 becomes
Xo(X1Va — XoVp) — X3V, compact in W(;’Q’sl(@),

loc

X1(X7Ve — (X1 X2 + X3)Vi) — X4Vi compact in Wg %' (G),

loc
and
divgD compact in W 1.5 (G).

loc
e Example 7.7: if V = (Vi, 13), then
curlgV = (X1 (XiVe — X1 XoVi — X3Vi) — XuVi) X1 A X4
+ (Xa(Xo X1V — X5Vi — X3Va) — X5Va) Xo A X5

1
+ 5 (N (X0 Vs - X2V — X3Va) — X5V

+ Xo(X7Vo — X1 XoVi — X3V1) — XyVa) (X1 A X5+ Xo A Xy).
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Here, assumption (41) requires that all the coefficients of curlgV are
compact in W >¥1(G), and that divg D is compact in Wg 2°2(G).

loc
Theorem 4.13 yields the following result that generalizes to arbitrary
Carnot groups Theorem 3.3 of [12] and Theorem 5.5 of [2] , extending to
the setting of Carnot groups Theorem 5.3 and its Corollary 5.4 of [15].

Theorem 5.1. Let @ C G be an open set, and let s,0 > 1 be a Holder
conjugate pair. Moreover, with the notations of (20), ifp € I3 (i.e. if p > 2
is the weight of an intrinsic 2-form), let a(p) > 1 and b > 1 be such that

Qs Qo
> d b> .
Q+p-1s " 77 Qto
Let now G* € L§ (Q, HG) and D* € L7 _(Q, HG) be horizontal vector fields
for k € N, weakly convergent to G and D in L; (2, HG) and in L{ (2, HG),
respectively.
If the components of {curlg G*} of weight p are bounded in Lf(p)(ﬂ, HG)

for p € I2 and {divg D*} is bounded in L (Q, HG), then

loc

(G¥, D*Y — (G, D) inD(Q),

a(p)

i.e.
| (6@ P @hept@) e — [ (@) D@)ole) da
for any p € D(Q).
Proof. We want to apply Theorem 4.13 (with its notations) to the forms
of .= (GF) and ok := «(DF)Y,

taking h1 =1, ho =n—1, s1 = s, sy = 0.
The assertion will follow by showing that {divg D*} is compact in W l(0)

loc
and the components of {curlg G*} of weight p are compact in Wé_lfc’s(ﬁ).
Indeed, p — 1 is precisely the component of index p of Ny —1 = Ny — Nj.
But this follows by a simple computation from Remark 3.12, since

i) LY (9, HG) is compactly embedded in W@%&Z(Q)’
ii) La(p)(ﬂ, HG) is compactly embedded in Wégfgs(ﬁ).

loc

Indeed, in order to prove i), it is enough to notice that
V(1-Q/s)+Q>V(1-Q/s+Q(1-1/0-1/Q)) =0,
whereas, to prove ii) we notice that

Q

o) (0~ 1-QJo) + Q> alp) (p -1~ 2 Q- TS

05 )) = 0.
O

In particular, as we pointed out above, Theorem 5.1 makes possible to
extend the notion of Murat-Tartar H-convergence (see e.g. [20]), given
in [12] and [2] for G = H", to an arbitrary Carnot group G. In fact, the
definitions given in [12] and [2] are naturally stated in general Carnot groups
as follows.
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Definition 5.2. If 0 < o < 8 < o0 and 2 is an open subset of G, we denote
by M(a, 3;2) the set of (m x m)-matrix-valued measurable functions in 2
such that
1
(A@)&,Orn = ZIA@)E[Rn  and - (A@)¢, Ezm = alelin
for all ¢ € R™ and for a.e. z € ().

Definition 5.3. We say that a sequence of matrices A* € M(a, 3;Q) H-
converges to the matrix A/f € M(c/,3';Q) for some 0 < o/ < ' < oo, if
for every f € W 1’2(9), called uy the solutions in I/(Ij/;f(Q) of the problems
—divg (A*Vgu) = f, the following convergences hold:

U — Ugo N I/?/éz(ﬁ) — weak
ARV gy, — A Ve in L2(Q; HG) — weak.
Therefore s is solution of the problem —divg (AfVgue) = f in Q.

Repeating verbatim the arguments of Theorem 4.4 of [12], we can show
now that the sets M («, 3; Q2) are compact in the topology of the H-convergence.

Theorem 5.4. If0 < a < 3 < 00 and Q2 is a bounded open subset of G, then
for any sequence of matrices A" € M(«, 3;Q) there exists a subsequence A*
and a matriz A*S € M(a, 8;Q) such that A¥ H-converges to A/,

6. APPENDIX A: PSEUDODIFFERENTIAL OPERATORS

To keep the paper as much self-contained as possible, we open this ap-
pendix by reminding some basic definitions and results taken from [5] on
pseudodifferential operators on homogeneous groups.

We set
Sp={ues : / z%u(z) dz =0}
G

for all monomials z¢.

If « € Rand a ¢ Z* := NU {0}, then we denote by K® the set of the
distributions in G that are smooth away from the origin and homogeneous
of degree «, whereas, if « € ZT, we say that K € D'(G) belongs to K¢ if
has the form

K = K + p(z)In|z|,
where K is smooth away from the origin and homogeneous of degree «, and
p is a homogeneous polynomial of degree «.

Kernels of type a according to Folland [9] belong to K=, In particular,
if0 < a < @, and h(t, x) is the heat kernel associated with the sub-Laplacian
Ag, then (][9], Proposition 3.17) the kernel R, € L. (G) defined by

Ru(z) = F(;/Q) /Ooo 1oLy ) i

belongs to K* €.
If K € K, we denote by Og(K) the operator defined on Sp by Op(K)u :=
u*x K.
Proposition 6.1 ([5], Proposition 2.2). Oy(K) : So — So.
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Theorem 6.2 (see [16], [17]). If K € K~9, then Oy(K) : L*(G) — L?*(G).
Remark 6.3. We stress that we have also

So(G) € Dom (Ag*?)  with a > 0.
Indeed, take M € N, M > a/2. If u € Sy(G), we can write u = A(][\;f[v, where

V= (OQ(RQ) o OQ(RQ) 0---0 Oo(RQ))U S SO(G)

(M times). Since v € Dom (A¥) N Dom (Aglia/z) (by Proposition 3.4),

then u = A¥v € Dom (Aéam), and Ag_aﬂv = AéaﬂAgv, by [9], Propo-
sition 3.15, (iii).
Theorem 6.4 (see [14] and [5], Theorem 5.11). If K € K=9, and let the
following Rockland condition hold: for every nontrivial irreducible unitary
representation m of G, the operator Tr is injective on C*>°(x), the space of
smooth vectors of the representation w. Then the operator Oy(K) : L*(G) —
L?(G) is left invertible.

Obviously, if Og(K) is formally self-adjoint, i.e. if K = YK, then Oy(K)
is also right invertible.

Proposition 6.5 ([5], Proposition 2.3). If K; € K%, i = 1,2, then there
exists at least one K € K@te2tQ gych that

Oo(K2) 0 Op(K1) = Og(K).

It is possible to provide a standard procedure yielding such a K (see [5],
p.42). Following [5], we write K = KoxKj.

We can give now a (simplified) definition of pseudodifferential operator
on G, following [5], Definition 2.4.

Definition 6.6. If o € R, we say that C is a pseudodifferential operator of
order o on G with core K if
1) K e D'(G xG).
2) Let 3 := —Q — . There exist K™ = K™ ¢ K’*™ depending
smoothly on z € G such that for each N € N there exists M € ZT
such that, if we set

M
K, — Z K;n = EM(:L" ')7
m=0
then Ey € CN(G x G).
3) For some finite R > 0, supp K, C B(e, R) for all z € G.
4) If u € D(G) and = € G, then
We write K ~ " K™, K = O(K), and r(K) = r(K) = inf{R > 0 such that 3) holds}.
We let
OC*(G) := {pseudodifferential operators of order @ on G}.
Clearly, if £ € OC*(G), then K : D(G) — £(G). Moreover, K can be
extended to an operator K : £'(G) — D'(G).
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Lemma 6.7. If supp u C B(e, p), then supp Ku C B(e, p + r(K)).
Ifvy=(v1,...,v) € (ZT)", for any f € D'(G) we set
M'yf = $7f7
and, if X = (X1,...,X,,) is our fixed basis of g, we denote by o,(X) the
coefficient of 27 in the expansion of (y!/|y|!)(x - X)),

Theorem 6.8 ([5], Theorem 2.5). We have:

(a) If K := O(K) € OC*(G), then there exists a core K* such that

O(K*) € OC*(G) and
(v, Ku) 2y = (O(K™)v, u) 12(g)

for all u,v € D(G).

(b) If K € OC*(G), V C G is an open set, and u € E'(G) is smooth on
V, then Ku is smooth on V.

(c) If Ky € OCHG), K; ~ >, K™, i=1,2, then K := Ky 0 Ky (that
is well defined by Lemma 6.7) belongs to OC***t*2(G). Moreover
K~ K™, where

Kn= % 71,[(—M)W(Kém*[cm(X)(K{)x],
d(y)+j+e=m "

where 0,(X) acts in the x-variable.

Theorem 6.9 (see [5], p.63 (3)). If K € OC°(G), then O(K) : LV (G) —
L7 (G) is continuous. In particular, by Lemma 6.7, O(K) : LP(G) N

E'(B(e,p)) — LP(G) continuously.

We say that a convolution operator u — u* E(z,-) from £ to D’ belongs
to OC~*°(G) if E' is smooth on G x G. We notice that, properly speaking,
OC~°°(G) is not contained in OC*(G) for o € R, since E(z, -) is not assumed
to be compactly supported.

If 7,8 € OCY(G), we say that S =T mod OC~® if S — T € OC~*(G).

A straightforward computation proves the following results

Lemma 6.10. If S € OC*(G), ¢ € D(G), and O(K) € OC™(G) for
m € R, then both (¢S) o O(K) and O(K) o (¢S) belong to OC~>°(G).

Lemma 6.11. If Q C G is a bounded open set, m,m' € R, 1 < s < oo, and
T € OC™*(G), then, if p € D(G), the map
oT : W (G) N E'(Q) — W (G)

18 compact.
From now on, let ¢ € D(G) be a fixed nonnegative function such that
1
supp ¢ C B(e,1) and 1 =1 on B(e, 5)

We set
YR =100y R
If K € K™, then K := ¢)rK is a core satisfying 1), 2), 3) of Definition
6.6. In addition, Kr ~ K, since we can write Kp = K + (¢p — 1)K, with
(g — DK € E(G). Thus O(Kg) € OC™ 2(G).
34



Thus, if K is a Folland kernel of type a € R, then Kpg is a core of a
pseudodifferential operator O(Kgr) € OC~*(G). In particular, if 0 < a < @,
then O((Rq)r) belongs to OC~*(G) (see [9], Proposition 3.17).

Lemma 6.12. If K € K™, and X! is a left invariant homogeneous differ-
ential operator, then

X'O(Kg) e oc~mUD=Q(G).
Moreover, the core Kg 1 of XTO(KR) satisfies
Kri~ X'K,

and
X'O(Kp) = O(X'K)g) modOC~.

Lemma 6.13. If u € £'(G) and supp u C B(0,p) then supp O(Kgr)u C
B(0,R+ p)). Moreover, if p= R, then

O(Kyp)u=ux K on B(0,R).

Proposition 6.14. Let K; € K' be given cores for i = 1,2, and let R > 0
be fized. Then

O((KgiKl)R) = O((K1>R) o O((KQ)R) mod OC™*°.

In particular, O((K1)r) o O(K2)r) = O(K) for a suitable core K with
K~ KQiKl.

Remark 6.15. As in Remark 5 at p. 63 of [5], the previous calculus can
be formulated for matrix-valued operators and hence, once left invariant
bases {{?} of El! are chosen, we obtain pseudodifferential operators acting
on h-forms and h-currents, together with the related calculus.

,,,,,

=1,...,

belong to K™ii. Then K acts between So(G)Y and Sp(G)M as follows: if
T= (Tl, ceey TM), then

O K)T:=Tx*K := (ZTj*Klj,...,ZTj*KMj).
J J

When K;; € K™ for all 4, j, we write shortly that K € K™.
If K := (Kw) i=1,..~v and K’ := (K{]) 1...m7, We write
j=1, /

.....

=
1,...,M G=1,...,M

Notice that
(47) Oo(K’) o OO(K) = O()(KliK).

In addition, if K = (f(w) is a matrix-valued pseudodifferential operator
of the CGGP-calculus, and K = (Kj;) is a matrix-valued core as above
with Kij ~ K;; for all 7,7, we write K ~ K, and K — K is a matrix-
valued smoothing operator. As above, if all the K;;’s are pseudodifferential
operators of the same order «, we refer to « as to the order of the matrix-
valued pseudodifferential operator K.
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Finally, we prove that the fractional powers of Ag, when acting on suitable
function spaces, can be written as suitable convolution operators. This is
more or less known (see for instance [5], Section 6), though not explicitly
stated in the form we need.

Theorem 6.16. If m € R and 1 < s < oo, then Sp(G) C Dom (Ag/z), and
there exists Py, € K™% such that

Ag/Qu =ux Py, foralue S(G).
Moreover, if R > 0 then

(48) O((Pm))r € OC™(G).
Coherently, in the sequel we shall write
(49) AL = O((Pw)r-

Remark 6.17. The same argument shows that, if m > 0, then D(G) C
Dom (Agﬂ), and

ATy =ux P, forall u € D(G).

Proposition 6.18. If Q) C G is a bounded open set, m,a € R, 1 < s < 00,
and T € OC*(G), then

T :Wg " (G) N E'(Q) — WE™(G)
continuously.
Proof. Suppose first m,m +a > 0. Let u € Wi *°(G) N £'(Q) be given.
Without loss of generality, we can assume u € D(£21), where €2 is a given
bounded open neighborhood of Q, since D(Q1) is dense in Wi **(G) N

E'(Q). Indeed, by Proposition 3.4, if € > 0, we can find u. € D(G) such that
]]u—u€]]Wm+a,s(G) < e. Let now ¢ € D(94) be such that 1) =1 on . Then,
G

by [9], Corollary 4.15,
||u_’lpua||W£’L+a,S(G) = H’lpu—’lpua||wén+a,5(6) S C¢||u_u5||wén+a,s(G) < C¢5

By definition, there exists a bounded open set 27 (depending only on €
and 7) such that 7u € D(Q7). If R > 0 is fixed (sufficiently large), by
Proposition 3.9, we have

| Tullyre ) ~ 1AL Tullps).
On the other hand,
Agls Tu=AZE T AGE " 2ATE  ut ooSu,
with § € OC™ and ¢y € D(G) with o9 = 1 on Qp - B(e,2R), since

A(_;(?Jra)/zAé}mga)/Qu is supported in Q; - B(e,2R). Then the assertion fol-

lows by Propdsition 6.18, since
AT A ¢ 00@),
by Theorem 6.8, and by Lemma 6.11.
This accomplishes the proof when m, m+ «a > 0. Remaining cases can be
dealt by duality.

(]
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Definition 6.19. Let T € &£'(G, E%) be a compactly supported h-current
on G of the form

T= Z Z T]I_(ﬂ{;‘) with T; € £'(G) for j = 1,...,dim E!.
p jel(’ip

Let m be a h—vector weight, and let R > 0 be fixed. We set (with the
notation of (49))

m/2T Z Z mp/2 *5])

p JEI(’)L’p

In particular, if T' can be identified with a compactly supported h-form
=32 e 1 ozj&’]h, then our previous definition becomes
P

g/ﬁ%a - Z Z )fj
p ]EI{)"p

Remark 6.20. As in Definition 6.19, if m is a h-vector weight, we define the
operator

Oo(Pr) : So(G, Ef) — So(G, Ey)

as follows: if a =3 Zje]&p oz]{;-l with a; € So(G), then
o= 3 3 (e P
P jell,
In other words, P, can be identified with the matrix ((P)q;), where
(Pp)ij =01if i # j and (P, )j]—mplfJEIop
We can write
m/2
AG'R ~ P
The following result is a straightforward consequence of Proposition 6.18,

thanks to “diagonal form” of the operator A / 2,

Proposition 6.21. Let ) C G be a bounded open set. If m and o are
h-vector weights, and 1 < s < oo, then for any R > 0

ALY WETS(G, ER) N €/(Q,EY) — WE(G, EL)
continuously.
Lemma 6.22. If m is a h-vector weight, then for any R > 0
Ap o AGY? =1 mod OC™,

and
NG o AZlE = 1d mod OC™.
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7. APPENDIX B: DIFFERENTIAL FORMS IN CARNOT GROUPS

In this Appendix, we provide a list of explicit examples of the complex
(Eo, d.) for some significant groups.

Example 7.1. First of all, we stress that in any Carnot group G the space
Eé consists precisely of all horizontal forms, i.e. of all forms of weight 1.
Indeed, notice first that on 0-forms dy = 0. On the other hand, if X;, X; are
left invariant vector fields, and 6§, € ©', by the identity

doble(Xs, Xj) = dbe(X;, X;) = —0,([ X4, X;]),
it follows that dof, = 0 if and only if 6, has weight one, since [X;, X;]| belongs
toVo@-- @ V.
Example 7.2. Let G := H' = R? be the first Heisenberg group, with
variables (z,y,t). Set X := 0, 4+ 2y0;, Y := 0y — 220, T := 0;. We have
X! = dz, Y? = dy, T" = 6 (the contact form of H'). The stratification
of the algebra g is given by g = Vi @ Va, where V; = span {X,Y} and
Vo = span {T'}. In this case
E} = span {dz, dy};
E? = span {dz A\ 6,dy A 0};
E3 = span {dx A dy A 0}.
Moreover
de(cdr + aady)

1
= HEOd(a1d$ + aody — Z(XO[Z - Yoq)@)

= D(a1dz + aady),

where D is the second order differential of horizontal 1-forms in H! that has
the form
D(apdx 4+ asdy)

1 1
= 7(}(%[2 —2XYon +YXai)dw A0 — 2(2Y Xap — Yia; — XYao)dy A6

= Pi(a1,a9)dx N0+ Po(ag,a)dy A 6.
On the other hand, if
a = ~+aizdr N0+ aszdy N0 € Eg,
then
dea = (Xagg — Yaqs)de Ady A 6.

Example 7.3. Let G := H! x R, and denote by (z,y,t) the variables in H*
and by s the variable in R. Set X,Y,T as above, and S := Js. We have
X =dz, Y% = dy, S* = ds, T? = 0. The stratification of the algebra g is
given by g = Vi @ Vi, where V; = span {X,Y, S} and V2 = span {T}. In
this case

E} = span {dz, dy, ds};

E2 = span {dx A ds,dy A ds,dz A0, dy A 0};

E3 =span {dz Ady A0,dx Ads AO,dy Ads G}
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Moreover
de(ardr + aody + asds)
= D(aidz + aody) + (Xag — Saj)dz Ads + (Yas — Saz)dy A ds,

where D is the second order differential of horizontal 1-forms in H! that has
the form D(aydz + asdy) = Pi(aq,a9)dz A0+ Py(aq, a)dy A 6.
On the other hand, if

a = a13dr Ads + assdy N\ ds + ayadx N0+ asgdy N0 € EOQ,

then
deav = (Xagy —Yayy)de Ndy N6

1

+ (Talg — Saqy — Z(X2a23 — XYOélg))dSU ANds N6
1

+ (TO[23 — Sagy — Z(YXOQ?) — Y2a13))dy AdsN8.

Example 7.4. Let now G := H? x R, and denote by (x1,z2,y1,y2,t) the
variables in H? and by s the variable in R. Set X; := 0,, + 2y;0, Y; :=
Op, —22i0;, i = 1,2, T := 0, and S := 0s. We have Xf = dx;, Yih = dy;,
i=1,2, 8" =ds, T" = 6 (the contact form of H?). The stratification of the
algebra g is given by g = Vi @& Vi, where V; = span { X1, X»,Y1,Y>, S} and
Vo = span {T'}.

Let us restrict ourselves to show the structure of the intrinsic differential
on E}, i.e on horizontal 1-forms. Using the notations of (10), we can chose
an orthonormal basis of /\h g, h =1,2,3 as follows:
h=1: oLt = (61,...,0}) = (dwy, dva, dy1, dya, ds), and ©12 = (%) = ().
h=2: 022= (9%, e ,(9%0) = (dﬂ?l Adzxo, dys Ndyo, dxy ANdyy, dxy Adys, dzo A

dy1, dzoAdys, dzi Nds, dzaNds, dyy Ads, dysAds), O3 = (02,,...,0%,) =
(dz1 N0, dzo AN O,dyy A O,dya A 0O,ds \0).
h=3: 033 =(63,..., 0:1)’0) = (dz1 A dzy N dyy,dxy A dxo A dys, dxy A dxg A
ds,dxy Ndyy ANdys, dzy Adyy Nds, dxo Adyy Adys, dyy Adys Ads, dxy A
dya A ds,dxy A dys A ds,dy; A dys A ds). O34 = (63, ... ,930) =
(dml ANdxo NG, dyy Ndyas N0, dxi Adyr A6, dxy Adys A6, dxs Adyr A
0,dxa Ndya N 0,dzy ANds N O,dxog Nds ANO,dyy ANds ANO,dys Ads A B).
We have:
dof} =0 wheni=1,...,5 dobg = 4(0% + 62);
dof? =0 wheni=1,...,10 dob?, =463, dob3y = —463,
dobiy = —405, dob7, = 463,  dobTs = 4(63 + 63p).

As usual, Eé is the space of left invariant horizontal 1-forms, and an
orthonormal basis of E} is given by {dx1, dxa, dyi, dya, ds}. In addition, the
left invariant form o =) j aj9]2- belongs to E3 if and only if

Qg — —Q3
and
ajp =12 = o3 = agg = ag; = 0.
. 2 o 2 62 L (¢2_ g2\ €2 ¢2 ¢2 ¢2
Hence an orthonormal basis of Ef is given by {&7, &3, \/5(53 €5),85, 65,85, 65,

5376%0} = {dI‘l A d:L'Q, dyl A dyg, %(dﬁl A dyl — dl‘g A dyQ), d:l?l A\ dyg, dSUQ A\
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dyy,dxy N ds,dxa A ds,dy; N\ ds,dys A ds}. In particular, the orthogonal
projection Ilg,a of o on Ej has the form

10
(50) Hga= Y oy + =52 (&~ €}).

j=1
7#3,6

We want now to write explicitly d. acting on forms a = a(x) = Z?Zl a; (x)éjl

To this end, let us write first Il;1a. Because of the structure of /\1 g, by
Proposition 2.17,

Hpia=a+~06,
for a smooth function ~, with v8 = —dal(dla), ie.
(51) do(70) + dia € ker by,
by Definition 2.9. We can write (51) in the form

4’7(d3§‘1 Ady; + dxa A dyQ)

+ (Xlag — XQOél)dJ}l Adzo + (Y1a4 — Yza3)dy1 A dys
(52) =+ (X10(3 — Yloq)darl Ady + (X10(4 — Ygal)dl‘l A dys
=+ (X2a3 — Yloéz)d.l‘z Ady + (X2044 — Ygag)dl‘g A dys
+ (X10(5 — Sal)darl ANds + (X20é5 — Sag)d.%‘g Ads,
+ (YiO% — Sag)dyl ANds + (YQOZE) — Sa4)dy2 A ds € ker dy.

Because of the form of {M; above, this gives
8y + Xiaz — Yion + Xoay — Yoas = 0,

i.e.

1
= _g(Xlag —Yioq 4+ Xoay — Yaag).

However, the explicit form of « does not matter in the final expression

of deo. Indeed, keeping in mind that dpow = 0, and that IIg,(di(70)) =

g, (dy AB) =0, and Ilg,(d2(a 4+ v0)) = 0, since I, vanishes on forms of
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weight 3, by our previous computation (52), we have
detr = Ty (d(c +70))

= g, (do(a +40) + di(a +70)) + I, (da(a + 48))

= g, (do(70) + drcv)

=g, (X102 — Xoon)dz1 A dzg + (Yiay — Yaoos)dyr A dya
+ (X1as — Yiag + 4y)dxy Adyy + (Xiag — Yoaq)dzy A dys
+ (Xaas — Yiag)dxe A dyy + (Xoay — Yaan + 47)dza A dys
+ (X1a5 — Sag)dx; Ads + (Xoas — Sag)dza A ds,
+ (Yias — Sag)dy; A ds + (Yoas — Say)dys A ds)

= (X100 — Xoavy)dxy A dzo + (Yiag — Yoas)dyr A dyo
+ (Xja4 — Yoan)dxy A dys + (Xeag — Yiag)dzy A dyy
+ (Xjas5 — Sag)dzy Ads + (Xeas — Sag)dzs A ds,
+ (Yias — Sag)dy; A ds + (Yoas — Say)dys A ds

Xia3 — Yia1 — Xoay + Yoan 1

\/§ \ﬁ(dxl Adyy —dxg A dyg),

by (50).

Example 7.5. Let G = R be the Carnot group associated with the vector
fields

X1 = O

Xo = O+ 2104

X3 = 03+ 1905 + 1404

and
X4 = Oy
X5 = 05+ 1106
X¢ = 0g.

Only non-trivial commutation rules are
(X1, Xo] = Xy, [Xo,X3]=X5, [X1,X5]=Xs, [X4,X3]=Xs.

The X;’s are left invariant and coincide with the elements of the canonical
basis of RS at the origin. The Lie algebra g of G admits the stratification

g=291Dg2 D gs,

where g; = span {X1, X, X3}, g2 = span{Xy4, X5}, and g3 = span {X¢}.
We set also

95 = dZE5 — IL‘le’g
94 = da;4 — xldl'g
0 = dxg— x1dxs + (331.’E2 — :L’4)d333
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and
91 = dwl, 02 = d.I'Q, 03 = dxg.
Clearly
0; = X% fori,j=1,..,6.
Moreover
dfy = —01 NBy, dbBs = —05N03, dbg=05N04—01N0s.
As in Example 7.4, let us restrict ourselves to show the structure of the
intrinsic differential on E&, i.e on horizontal 1-forms. Using the notations of
(10), we can chose an orthonormal basis of /\h g, h =1,2,3 as follows:
h=1: @1’1 = {91,02,93}, @1’2 = {94,95}, and @1’3 = {06}
h=2: 622 = {9%, 9%, 9?2)} = {91 A6y, 01 Ab3, 05 N 03}, 023 = {QZ, e, 05} =
{91 N0y, 01 NOs5,05N04,05N05,03N04, 93/\(95}, 024 = {9%0, ceey 9%3} =
{91 NBg, 02 N\Og, 03N 0g,04 N 95}, 025 = {9%4, 9%5} = {94 ABg, 05 N\ 96}
h=3: 03 = {9‘;’} = {91 A O9 N 03} 034 = {9%,,9%} = {01 A O9 N
04,00 N Oy N O5,00 N O3 A BOy,00 N\O3 A BOs,00 N\O3 A By, 0o N\ O3 A 95},
035 = {9;’,,0{’3} = {01 N2 N b, 600 N\ O3 N\ Bg,02 A O3 A bg, 01 N
04 N\ O5,05 N0y NBO5,03N 604N 95}, 036 = {9:134, - ,9%9} = {91 N7 ZWAN
Og,01 N\ O5 N Og, 0o N\ Og N Og, 05 N\ O A Og, 03 N\ Oq N bOg, 03 N O A 96};
037 = {95’0} = {94 A O5 N\ 96}
We notice that an orthonormal basis of /\h g, h =4,5,6 can be obtained by
Hodge duality.
As usual, E& is the space of left invariant horizontal 1-forms, i.e. an
orthonormal basis of E} is given by {61, 62, 03}. In addition, the left invariant
form a =3, aj0j2- belongs to E3 if and only if

as = —ag, Q=011 =012 =a13 =ay =a15 =0
and
as =ag, a3z3=a; =0.
Therefore, an orthonormal basis {¢2,...,£2} of B2 = ES’Q @ Eg’?’ is given by
{601 N O3} U {01 N BOs,05 N 0Oy,05 A 0O5,03 N 05}

In particular, the orthogonal projection Ilg,a of o € /\2 g on E3 has the
form

(53) Ig,oo =01 ANO3+ g 61 A by + agba A Oy + a7 02 N\ 05 + g 03 N b5
We want now to write explicitly d. acting on forms o = a(x) = 2?21 a;(z)0;.
To this end, let us write first [I51a. We have
g = (Igia) + (pa) + (Upa)s

=a+ (Igpia)+ (IIgia)s

= a + (1404 + ¥505) + Y606,
with

V401 + 505 = —dy ' (d1 (161 + a2l + asbs))

(54) = —dy ' (X102 — Xp01)01 A Oz + (X103 — X3001)01 A O3

+ (Xzag — X3a2)92 A 93),
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and
(55) Y605 = —dg " (d1 (vaba + 1505) + dacr)
Now (54) is equivalent to

do (7401 + 7505) + (X1 — Xaaq )01 A 02 + (X1a3 — Xz0q)61 A 63

(56) .
+ (X2a3 — X3()é2)92 A 03 € ker "M,
i.e.
(57) (—’}/4 + X9 — XQO[l)Hl A Oy + (X1a3 — X3041)91 A O3

+ (=5 4+ Xoo3 — X3a0)03 A 03 € ker ' M,
that gives eventually

Y4 = Xqjag — Xoap  and 5 = Xoag — X3an
Consider now (55), that is equivalent to

do(v606) + di (X102 — Xooy )04 + (Xoaz — X3a0)05 + docv)
=3(03 NOg— 01 N O5) + X1 (X1ag — Xoary )01 A Oy
+ Xo(X1a9 — Xoag )by A Oy
+ X3(X1ae — Xoaq)03 A 0y + X1 (Xoas — Xzag)01 A 05
+ Xo(Xoag — X3a2)02 A 05
+ X3(Xoag — X3a2)05 A 05 — X101 N Oy
— Xyaobs N0y — Xya303 AN Oy — X501001 N O5
— X50009 N 05 — X500303 A 05
= X (Xjag — Xoa1)01 A Oy + Xo(X1ag — Xoag)0a A Oy
+ (X3(X1ao — Xoaq) + 7v6)03 A Oy + (X1 (Xoas — Xzaz) — v6)01 A 05
+ Xo(Xoag — X3a2)02 A 05
+ X3(Xoag — X3a2)03 A 05 — Xgqa101 A Oy — Xy A Oy
— Xya303 N0y — X500101 A O5
— X50009 N 05 — X50303 A 05
= (X1(X102 — Xoo) — X401)0% + (X1(X203 — X300) — 76 — X5a1)9§
+ (X (X1ag — Xoay) — X4a2)02 4 (Xo(Xoaz — Xzan) — Xsa2)62
+ (X3( X100 — Xoaq) + 76 — Xa03)03 + (X3(Xoa3 — Xzaz2) — X5a3)03
€ ker ' Mj,

i.e. to
X1(Xoas — Xzaz) — 96 — Xsan — (X3(X1a2 — Xoa) + 76 — X4a3) =0
This yields

1
V6 = §(X1(X2043 — X3a) — Xsa1 — X3(X109 — Xoon) + Xya3).
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Thus
Hpia = 101 + axbs + asbs
+ (X102 — Xo0)0s + (Xoog — X302)05

1
+ §(X1(X2a3 — Xgag) — X5041 — X3(X1a2 — XQOél) + X4a3)96.

Then
dea = (X1a3 — X3041)91 A 03 + <X1<X1C¥2 — Xgal) — X4a1)91 A0y
+ (Xg(Xlon — X2a1) — X4()é2)02 A Oy
+ (XQ(X2a3 — X3042) — X5()é2)92 A 05
+ (X3(Xoaz — Xzaz) — Xsa3)03 A 05.
Example 7.6. Let G = (R*,-) be the Carnot group whose Lie algebra

isg=Vi®V,® Vs with V; = span {X;1,Xs2}, Vo = span {X3}, and
V3 = span {X4}, the only non zero commutation relations being

[XlaXQ] :X?) ) [X17X3] :X4-

The group G is called Engel group. In exponential coordinates an explicit
representation of the vector fields is

2

X9 = — —
)84 , 9 =09 + 5 03 + 1284

T2 T3 12
= —_—— — | —
X1 =01 5 O3 ( 5 + 12

X3=83+%84 , X4 =04

Denote by 61, ...,604 the dual left invariant forms. The following result is
proved in [26]: as in Remark 7.1, an orthonormal basis of E} is given by
{61,02}; an orthonormal basis of E3 = Eg’?’ ) E§’4 is given by {02 A 03} U
{61 A 04}. Moreover, bases of E3, Ej can be written by Hodge duality.
If o = 101 + gy € E(l)7 then
chz = (XQ(XlO[Q - XQOQ) - X30[2)92 AN 93
+ (X]_(X%OKQ — (XlXQ + Xg)al) - X4041)6’1 A (94.

Example 7.7. Let us consider now the free group G of step 3 with 2 gen-
erators, i.e. the Carnot group whose Lie algebra is g = Vi & Vo & V3 with
Vi = span {X1, Xs}, Vo = span {X3}, and V3 = span {X4, X5}, the only
non zero commutation relations being

(X1, Xo] =X35 , [X1,X3]=Xy4 , [X2,X3]=X;.
In exponential coordinates, the group G can be identified with R, and an
explicit representation of the vector fields is
2
x
X1=01 , Xo=0y+ 1103+ ?164 + 212905
X3 =03+ @01 +2205 , Xa=01 , X5=05.

Denote by 64,...,05 the dual left invariant forms. As in Remark 7.1, an
orthonormal basis of E} is given by {61,605}
We have dfy = df; = 0 and

df3 = —601 ANOy, dBy=—01 NO3, dbBs =—05 A 0Os.
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Using the notations of (10), we can chose an orthonormal basis of A" g,

h =1,2,3 as follows (notice that an orthonormal basis of /\h g, h=4,5can

be obtained by Hodge duality.):

h=1: @1’1 = {01,92}, @1’2 = {93}, and @1’3 = {94,95}.

h=2: 622 = {9%} = {91 A 02}, 023 = {9&,9%} = {91 A O3, 05 N 93}, 024 =
{QZ, .. ,0?} = {01 A BOg,01 N 05,05 A By,05 A 95}, 025 = {92,93} =
{93 A By, 03 N (95}, 026 = {9%0} = {94 N 95}.

h=3: 03*= {0%} = {91 /\92/\93}, 035 = {9%,0;} = {91 ANBOs Ny, 01 NOs N
05}, 036 = {92,,9;} = {91/\93/\94,91/\93/\95,92/\93/\94,92/\
93/\95}, 037 = {0;’,93} = {91 ANOy N 0Os5, 0o /\94/\95}, 038 = {9%0} =
{93 A By A 95}-

Thus, o = 0410% + -4 aloe%o € Eg if and only if
] = Qg = 3 = 0
and
as = ag,ag = ag = aqg = 0.
Therefore, an orthonormal basis of E3 is given by
1
V2

We want to show how d. acts on 1-forms o = a101 + sy € E&. To this
end, let us write llpa = a+ 303 + 7404 + y505. We apply Proposition 2.17.
We get first

{07, —=(63 + 65),67}.

’}/393 = —dgl(dloz) = —dal((Xlag - X2041)91 A 92),

ie.

—v301 A O + (X100 — Xoag)01 A O

= do(y363) + (X102 — Xoa1)01 A O € ker EMy.
Therefore
73 = Xiaz — Xoai.
Analogously,
Y404 + 7505 = —dy ' (d1(7303) + dac).

This gives

Y1 = Xiao — X1 X001 — Xza1,
Y5 = X2X1042 — X22a1 — X3052.

Eventually, we get
dea = (X1’74 — X4041)91 N (XQ’)/5 — X5042)92 A O5

1
+ §(X175 — X501 + X2’74 — X4052)(91 A 05 + 05 N\ 94)
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