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Abstract

We investigate injectivity in a comma-categoryC/B using the notion of the “object of sections”
S(f ) of a given morphismf : X → B in C. We first obtain thatf : X → B is injective inC/B if
and only if the morphism〈1X, f 〉 : X → X×B is a section inC/B and the objectS(f ) of sections
of f is injective inC. Using this approach, we study injective objectsf with respect to the class
of embeddings in the categoriesContL/B (AlgL /B) of continuous (algebraic) lattices overB. As a
result, we obtain both topological (every fiber off has maximum and minimum elements andf is
open and closed) and algebraic (f is a complete lattice homomorphism) characterizations.
© 2005 Elsevier B.V. All rights reserved.
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0. Introduction

The relevance in various fields of mathematics of the notion of injectivity is well known
and injective objects, with respect to a classH of morphisms, have been investigated for a
long time in different categories. For instance, in the categoryPosof partial ordered sets and
monotonemappings, injective objects, with respect to the class of regular monomorphisms,
coincide with the complete lattices, while, in the categorySLat of (meet) semilattices and
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semilattice homomorphisms, injective objects are precisely the locales (see[5]) and in
the categoryBoo of boolean algebras and boolean homomorphisms, they coincide with
complete boolean algebras. In the categoryTop0 of T0 topological spaces and continuous
functions, injective objects have an algebraic characterization, given by Scott in[11], as
continuous lattices (viewed as topological spaces with the so-called Scott topology). Using
a result ofWyler in[15], it turns out that, in the categoryTop of topological spaces, injective
spaces are exactly those with aT0-reflection given by a continuous lattice. Since any con-
tinuous lattice is then injective inTop, every object in the categoryContL of continuous
lattices and Scott-continuous functions (i.e. functions preserving directed sups, see, e.g.
[8]) is injective inContL with respect to the classH of topological embeddings between
continuous lattices. (The same happens for the categoryAlgL of algebraic lattices (see e.g.
[8]) and Scott-continuous functions.)
Recently, new investigations on injective objects have been developed in comma-categor-

ies C/B (whose objects areC-morphisms with fixed codomainB) (see[13,14,3,6,7]).
“Sliced” injectivity is related to weak factorization systems, a concept used in homotopy
theory, particularly for model categories. In fact,H-injective objects inC/B, for anyB
in C, form the right part of a weak factorization system that has morphisms ofH as
the left part. So it may be useful to know the nature ofH-injectives inC/B and in this
direction there are results in the categoryPos (by Tholen, Adámek, Herrlich, Rosicky),
forH given by the class of regular monomorphisms. In this case (and in the more gen-
eral case of the categoryCat of small categories and functors, whereH is given by
the class of full functors) for a morphism to be injective is equivalent to be (if viewed
as a functor) topological, a notion introduced in the 1960s (for a systematic treatment
see[2]).
In this paper, we approach the study of “sliced” injectivity in a categoryC with prod-

ucts by using the notion of the “object of sections”S(f ) of a given morphismf : X→B
in C, where S is a right adjoint to the functor�B : C → C/B, which assigns
to B the second projection�XB : X × B → B. (If C has also equalizers, the exis-
tence ofS is equivalent to say thatB is cartesian inC, that is to the existence of a
right adjoint for the functor “product withB” (−) × B.) When such a functorS exists,
we find thatf : X → B is injective inC/B if and only if the morphism〈1X, f 〉 :
X → X × B is a section inC/B and the objectS(f ) of sections off is injective
in C.
Using this result, we first find a new characterization of injective morphisms in the

categoryPos (see Theorem 2.1). In the cartesian closed categoriesDcpo (�Cpo) of di-
rected complete (�-complete) posets and continuous maps (see e.g.[8,9]), our theorem
shows that injective morphisms with respect to the class of regular monomorphisms
are necessarily isomorphisms, since injective objects (with respect to the same class) are
trivial.
The main result is obtained by the application of our Theorem 1.2 to the category of

ContL (and to its subcategoryAlgL ). In this way we get characterizations of injective mor-
phisms (with respect to topological embeddings)f between continuous (algebraic) lattices,
both topological (every fiber off has maximum and minimum elements andf is open and
closed) and algebraic (f is a complete lattice homomorphism, i.e.f preserves arbitrary
sups and arbitrary infs).
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1. Injective morphisms via sections

We recall that, given a classH of morphisms in a categoryC, an objectI isH-injective
if, for anyh : U → V inH and anyu : U → I , there exists an arrows : V → I

such thatsh=u. In particular, this means that, in the comma-categoryC/B (whose objects
areC-morphismswith fixed codomainB),f isH-injectiveif, for any commutative diagram
in C

with h ∈ H, there exists an arrows : V → X

such thatsh= u andf s = v.

Notation. From now on, injective will denoteH-injective forH the class of regular
monomorphisms inC.

If a categoryC has finite products, we can state that an objectB is cartesian(or expo-
nentiable) in C if the functor(−)× B : C → C has a right adjoint(−)B .
Let us now consider the functor�B : C → C/B, which assigns the second projection

�XB : X×B → B to any objectX and the forgetful functor�B : C/B → C, which assigns
to anyf its domain. IfC also has equalizers (i.e.C has all finite limits), by Proposition 1.1
in [10], �B has a right adjoint if and only if the functor�B ◦ �B has a right adjoint. But
�B ◦ �B coincides with the functor(−)×B, which by definition has a right adjoint when
B is cartesian inC. In conclusion we have that

Proposition 1.1. B is cartesian in a categoryC with finite limits if and only if the functor
�B : C → C/B has a right adjointS : C/B → C.
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Following the proof of Proposition 1.1 in[10] in the caseB is cartesian, given the
morphism� := �X

B

B : XB × B → B, by adjunction we obtain̂� := XB → BB , which
represents a constant morphism of value 1B . Then, for anyf : X → B, the objectS(f )
is obtained as the equalizer inC of the two morphismŝ�, f B , where the latter is the
“composition withf ”. This means thatS(f ) can be interpreted as the object of sections
of f in C. This object turns out to be very useful to obtain a characterization of thosef

injective inC/B. In fact:

Theorem 1.2. Let�B�S : C/B → C.
f : X → B is injective inC/B if and only if the following two conditions are satisfied:

1. 〈1X, f 〉 : X → X × B is a section inC/B;
2. the objectS(f ) of sections off is injective inC.

Proof. Let f be injective inC/B. Since〈1, f 〉 is a regular monomorphism, corresponding
to the commutative diagram

there exists an arrowr : X×B → X such thatr〈1, f 〉 = 1x andf r = �XB . This means that〈1, f 〉 is a section inC/B.
We now have to show thatS(f ) is injective inC. Givenv : U → V andu : U → S(f ),

by adjunction there exists a morphism̃u : U × B → X such thatf ũ = �UB . We can then
consider the following commutative diagram:

By injectivity of f there exists an arroww : V × B → X such thatw(v × 1B)= ũ and
fw = �VB . By naturality,ŵv = u, whereŵ : V → S(f ) is the right adjunct ofw.

Now, letf fulfill the Conditions 1 and 2. SinceS(f ) is injective inC, �S(f )B is injective in
C/B (see, e.g.[6, Corollary 1.6], but it follows directly from the definition). Furthermore,
since〈1, f 〉 : X → X × B is a section inC/B, there exists a corresponding retractionr
in C/B with r〈1X, f 〉 = 1X, and its right adjunct̂r : X → S(f ). If e : S(f ) × B → X
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denotes the counit of the adjunction, we have the following commutative diagram:

We deduce thate〈r̂ , f 〉 = r〈1X, f 〉 = 1X. Thenf is a retract (bye) of the injective�S(f )B

in C/B. This means thatf is injective inC/B. �

2. Injective objects in Pos/B

Let Posdenote the category of partially ordered sets and monotone mappings. In such
a category injective objects, with respect to the class of regular monomorphisms= order
embeddings (mapsh with x <y iff h(x)<h(y)), coincide with the complete lattices (see,
e.g.[2]). In Pos/B, injectivity (again with respect to order embeddings) has been studied
and various characterizations of such injective objects are known (see, e.g.[13,3]). In this
case (and in the more general case of the categoryCat of small categories and functors,
whereH is given by the class of full functors) for a morphism to be injective is equivalent
to be (if viewed as a functor) topological, a notion introduced in the 1960s (for a systematic
treatment see[2]). Since the categoryPosis cartesian closed, i.e. every objectB is cartesian,
we can apply Theorem 1.2 toPos/B and find a new characterization:

Theorem 2.1. f : X → B is injective inPos/B if and only if the following two conditions
are satisfied:

(a) 〈1X, f 〉 : X → X × B is a section inPos/B;
(b) fibers off are injective inPos, i.e. anyf−1(b) (as a sub-poset ofX) is a complete

lattice (in its own right).

Proof. The necessary conditions are trivial. Vice versa, if Condition (a) holds andr :
X × B → X is a retraction of�XB over f , for any b ∈ B, r(x, b) ∈ f−1(b), since
f (r(x, b))=b, andr(x, b)=x, wheneverb=f (x). Since anyf−1(b) is a complete lattice,
we can define a mapsm : B → X by sm(b)= minimum off−1(b). This map is trivially a
section off and is monotone. In fact, ifb1�b2,

sm(b1)�r(sm(b2), b1) since r(sm(b2), b1) ∈ f−1(b1).

By monotony ofr, r(sm(b2), b1)�r(sm(b2), b2)= sm(b2), sinceb2= f (sm(b2)).
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This allows us to say thatsm is the minimum of the pointwise ordered posetS(f ), given
by the monotone sections off . In order to prove the injectivity ofS(f ) in Pos, all we need
to show is that inS(f ) there exists a supremum of any non-empty family(si)i∈I . For any
b ∈ B, we define(∨S(f )si)(b) =

∨
f−1(b)si(b). This function is trivially a section and is

monotone. In fact,
if b1�b2,∀i ∈ I, si(b1)�si(b2)�∨

f−1(b2)si(b2) := s2.
But si(b1)= r(si(b1), b1) � r(s2, b1), by monotony ofr. Thens1 := ∨

f−1(b1)si(b1)�
r(s2, b1)�r(s2, b2)= s2.
This suffices to prove thatS(f ) is a complete lattice, that is an injective object inPos.

The Conditions 1 and 2 of Theorem 1.2 are therefore satisfied and we can conclude thatf

is injective inPos/B. �

3. Injective objects in Dcpo/B and �Cpo/B

In this section, we are going to consider the categoriesDcpo (�Cpo) of directed
complete (�-complete) posets and continuous maps (see e.g.[8,9]). We shall need some
definitions and standard results about them (for which see[8]).

Definition 3.1. A posetB in which every directed subset (�-chain) has a supremum is
called adirected complete(�-complete) posetor dcpo(�-cpo) for short.

Dcpo’s (�-cpo’s) are usually considered as topological spaces when endowed with the
Scott topology (�-Scott topology), whereC is closed inB if it is a lower set closed under
suprema of directed subsets (�-chains). A mapf : A→ B between dcpo’s (�-cpo’s) is

1. continuous with respect to the Scott topologies (�-Scott topologies) if and only iff
preserves directed sups (sups of�-chains);

2. a regular monomorphism if and only if it is a continuous order embedding;
3. a topological homeomorphism if and only if it is an order isomorphism (f andf−1 are
monotone).

It is known that inDcpo (and in�Cpo) there are regular monomorphisms that are not
topological embeddings (see, e.g. the example due to Moggi in[12]). This fact enables
us to say that the Sierpinski space is not injective with respect to the class of regular
monomorphisms. But any topological embedding is a regular monomorphism inDcpo(and
in �Cpo), so that any object injective with respect to the class of regular monomorphisms
is a continuous lattice, since continuous lattices are the injective objects with respect to the
class of topological embeddings inDcpoand in�Cpo (the proof is the same that the one
in [11] for the categoryTop of topological spaces). It follows that the injective objects with
respect to the class of regular monomorphisms inDcpoand in�Cpo are trivial, since any
continuous lattices with at least two elements has the Sierpinski space as a retract.
BothDcpoand�Cpo are cartesian closed, so we can apply Theorem 1.2, obtaining that

any injectivemorphismwith respect to the class of regular monomorphisms has exactly one
section and then it is necessarily an isomorphism.
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4. Injective objects in ContL/B

Now we turn our attention to the categoryContL of continuous lattices and continuous
maps (see e.g.[8,9]). We first need to recall some definitions and standard results (for which
see[8]).

Definition 4.1. Let B be a dcpo. We recall that, fora, b ∈ B, a>b (read:way below) if,
wheneverb�

∨
D for D directed subset, we already havea�d for somed ∈ D.

A dcpo iscontinuousif every element is>-approximated, i.e.

∀b ∈ B, b =
∨
Qb, whereQb = {b′ ∈ B : b′>b}.

If B is a continuous dcpo and a complete lattice, then it is called acontinuous lattice.

Proposition 4.2. LetB be a continuous lattice.

1. Each pointb has a neighborhood basis consisting of the setsPb′, with b′>b.
2. b = ∨{∧U,U open inB, b ∈ U}
3. b = ∨{∧U ′, U ′ in a neighborhood basis ofb}

It is well known thatContL is a cartesian closed category (see[8]). If we want to apply
Theorem 1.2 toContL , we need to know injective objects with respect to the class of
regular monomorphisms. But, as in the previous section, these injectives are trivial, since
also inContL there are regular monomorphisms that are not topological embeddings, as
the following example (suggested by M. Escardó) shows:

Example 4.3. LetQ = [0,1]2 be the square with the componentwise order.Q is a con-
tinuous lattice, where(x, y)>(x′, y′) ⇔ x <x′ andy <y′. U ⊆ Q is Scott open iff it is
an upper set open in the ordinary topology induced by the plane. LetL = {(x, y) ∈ Q |
y = 1− x} ∪ {(0,0), (1,1)}. The induced order is the discrete one on the diagonal and
(0,0)�(x, y)�(1,1). ThenL is trivially a continuous lattice and the sets(x, y) ∪ (1,1)
are open in the Scott topology onL, while they are not open in the topology induced by
Q. This means that the inclusioni : L → Q is a regular monomorphism that is not a
topological embedding.

Consequently, as inDcpo, injective morphisms with respect to the class of regular
monomorphisms inContL are only the isomorphisms. We can then consider inContL
injectivity with respect the classH of topological embeddings between continuous lat-
tices. As far as objects are concerned, continuous lattices are the injectives in the category
Top with respect toH (see[11]) and this implies that every object inContL is injective in
ContL .
Now we state some properties of injective objects (with respect to the above classH) in

the categoriesContL/B.
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Proposition 4.4. Letf : X → B be injective inContL/B. Then

1. every fiber off (as a sub-poset ofX) is a continuous lattice(in its own right).
2. f has a maximal section and a minimal section.

Proof. Sincef is injective, there exists a retractionr : X × B → X in ContL/B of �XB
overf . For anyb ∈ B, the restrictionrb of r to X × {b} gives rise to a retraction ofX
over f−1(b). Therefore, alsof−1(b) is a continuous lattice. Furthermore, if we denote
with maxC and minC the maximum and minimum elements of a complete latticeC,
r(maxX, b)= rb(maxX)=maxf−1(b) andr(minX, b)= rb(minX)=minf−1(b). This
means that the restrictions ofr, respectively, to{maxX} ×B and to{minX} ×B give rise
to a maximal section and to a minimal section off . �

Remark 4.5. The above proposition remains valid forf injective inAlgL /B, whereAlgL
denotes the full subcategory ofContL given by algebraic lattices (a complete lattice is said
to bealgebraicwhen any element is a directed sup of compact elements, where an element
x is compact whenx>x, see e.g.[8]).

In order to apply Theorem 1.2, we use thatContL is a full subcategory ofTop closed
under the formation of function spaces, i.e. every continuous latticeB is cartesian inTop
and any spaceAB is inContL , whenA andB are inContL .
Now we are ready to characterize injective objects inContL/B.

Theorem 4.6. Letf : X → B be a continuous map between continuous lattices. TFAE:

1. f : X → B is injective inContL/B;
2. 〈1X, f 〉 : X → X × B is a section inContL/B;
3. every fiber off has maximummaxf−1(b) and minimumminf−1(b) elements and the

functionss
M
, sm : B → X, defined bys

M
(b) =maxf−1(b) andsm(b) =minf−1(b),

respectively, are sections off in ContL ;
4. f is a complete lattice homomorphism, i.e. f preserves arbitrary sups and arbitrary

infs.
5. every fiber off has maximummaxf−1(b) and minimumminf−1(b) elements and

the restrictionsf|Mf and f|mf of f , respectively, to Mf = {maxf−1(b)| b ∈ B}
and to mf = {minf−1(b)| b ∈ B} are order isomorphisms, i.e. topological
homeomorphisms;

6. every fiber off has maximummaxf−1(b) and minimumminf−1(b) elements andf
is open and closed.

Proof. In order to prove the equivalence betweenConditions 1 and 2, since anyB inContL
is cartesian inTop, we can apply Proposition 1.1 toTop, proving the existence ofS(f ) in
Top. Under the assumption of Condition 2, it is routine to show thatS(f ) is a retract of
the continuous latticeXB . HenceS(f ) is injective inTop and then it is inContL . This
means that�B�S holds also inContL . Now we can apply Theorem 1.2 toContL , having
the equivalence between 1 and 2.
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Let now Condition 3 hold.s
M
, sm are monotone functions if and only if, for anyb ∈ B,

maxf−1(b) = maxf−1{b′ | b′ �b} and minf−1(b) = minf−1{b′ | b′ �b}. But the ex-
istence of such maximum and minimum elements for anyb ∈ B is equivalent to say-
ing thatf has right and left adjoint (see, e.g.[1, Proposition 3.1.10]). This last condi-
tion, X andB being complete lattices, is equivalent (by the Adjoint functor theorem for
posets) to saying thatf is a complete lattice homomorphism, i.e.f preserves arbitrary
sups and arbitrary infs. Iff preserves arbitrary sups and arbitrary infs, sup and inf inX
of any fiberf−1(b) belong to it, then any fiber has maximum and minimum elements.
Now let x1 andx2 belong toMf with f (x1)< f (x2). Thereforef (x1 ∨ x2) = f (x1) ∨
f (x2) = f (x2), so thatx1 ∨ x2 is in the same fiber of whichx2 is the maximum ele-
ment, thenx1 ∨ x2 = x2. In an analogous way we can prove that alsof|mf is an order
isomorphism, so that Condition 5 holds. But Condition 5 is equivalent to Condition 3,
sincef|Mf andf|mf are, respectively, the inverse maps ofsM and sm , restricted to their
images.
Now supposef injective. By Proposition 4.4, Condition 3 holds andf−1(b) is a contin-

uous lattice. Then, ifU is an open set ofX, Ub =U ∩ f−1(b) is open inf−1(b), hence an
upper set. This means thatb ∈ f (U) if and only if maxf−1(b) ∈ U , sof is open if and
only if f|Mf is open. In an analogous way, it can be proved thatf is closed if and only if
f|mf is closed. Obviously, iff is open and closed, its bijective restrictionsf|Mf andf|mf
are topological homeomorphisms, corresponding to order isomorphisms.
We have then proved till now that

2 ⇔ 1 ⇒ 3 ⇔ 4 ⇔ 5 ⇔ 6

In conclusion, it is sufficient to show that3 ⇒ 2 .
We then need to prove the existence of a retractionr : X × B −→ X of �XB over f

in ContL/B. Let us consider(x, b) ∈ X × B, the familyV = {V |V open inX, x ∈
V andV ∩ f−1(b) �= ∅} and the familyU = {U |U open inB, b ∈ U}.
In correspondence of any(x, b), we can then define the familyW = {W |W =

〈idX, f 〉−1(V × U), for V ∈ V andU ∈ U}.
Any W is an open subset ofX, but not empty, sinceV ∩ f−1(b) �= ∅, for anyV ∈ V.

If x̃ ∈ W , f (x̃) ∈ U and thenf (W) ⊆ U . It follows that
∧
f (W)�

∧
U and then, by

Condition (4) equivalent to (3)

f
(∨ ∧

W
)

=
∨
f

(∧
W

)
=

∨ ∧
f (W)�

∨ ∧
U = b

byProposition4.2 (2).On theotherhand,b ∈ f (W), for anyW ∈ W, so thatb�f (
∨ ∧

W).
If we then define

r(x, b)=
∨ ∧

W ,

f (r(x, b))= b. We are going to show that such anr is a retraction.
Since any open neighborhood ofx has a non-empty intersection with

f−1(f (x)), (x, f (x)) hasV × U as a neighborhood basis. Therefore,W is a neighbor-
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hood basis forx ∈ X. Hence, by Proposition 4.2(2),
x =

∨ ∧
W = r(x, f (x)),

i.e. 〈1X, f 〉r = 1X.
Let now(x1, b1)�(x2, b2). If V 1 is an open neighborhood ofx1 with V 1 ∩ f−1(b1) �=

∅, thenV 1 is an upper set and so maxf−1(b1) ∈ V 1. But also maxf−1(b2) ∈ V 1, since
maxf−1(b1)� maxf−1(b2), because themaximumsectionsM ismonotone.Consequently
V 1 ∩ f−1(b2) �= ∅. Furthermore, any open neighborhoodU1 of b1 is an upper set, hence
an open neighborhood ofb2. This means that the familyW1 (defined as above for(x1, b1))
is contained in the analogous familyW2 (defined for(x2, b2)). Consequently

r(x1, b1)=
∨ ∧

W1�
∨ ∧

W2= r(x2, b2),
i.e.,r is monotone.
Let (x, b)= ∨

(x�, b�), where(x�, b�)� is a direct subset ofX × B.
Since r(x�, b�)�r(x, b),

∨
r(x�, b�)�r(x, b). Suppose

∨
r(x�, b�)< r(x, b). Then

there should exist an open subsetO of X with r(x, b) ∈ O and
∨
r(x�, b�) /∈O. By

definition of Scott topology, it should existW ∈ W such that
∧
W ∈ O. But W =

〈idX, f 〉−1(V × U), with V an open neighborhood ofx, such thatV ∩ f−1(b) �= ∅ (and
then maxf−1(b) is inV ) andU an open neighborhood ofb. Since(x, b)=∨

(x�, b�), ∃�1
with (x�1, b�1) ∈ V × U .
But the maximum sections

M
: B → X preserves directed sups. Then

V � maxf−1(b)= s
M
(b)= s

M

(∨
b�

)
=

∨
s
M
(b�)=

∨
maxf−1(b�),

so there exists�2 ∈ � such that maxf−1(b�2) ∈ V .
Let now (x�3, b�3)�(x�1, b�1), (x�2, b�2). Then maxf−1(b�3) ∈ V . ThereforeV ∩

f−1(b�3) �= ∅. Consequently,V × U is an open neighborhood of(x�3, b�3) in X × B
and ∧

W�r(x�3, b�3)�
∨
r(x�, b�).

But this is impossible, since
∧
W ∈ O,∨ r(x�, b�) /∈O, with O upwards closed. This

means that
∨
r(x�, b�) = r(x, b). In conclusion, we have proved thatr is a retraction of

�B overf in ContL/B. �

Corollary 4.7. Letf : X → B be a continuous map between algebraic lattices. TFAE:

1. f : X → B is injective inAlgL /B;
2. 〈1X, f 〉 : X → X × B is a section inAlgL /B;
3. every fiber off has maximummaxf−1(b) and minimumminf−1(b) elements and the

functionss
M
, sm : B → X defined bys

M
(b) =maxf−1(b) and sm(b) =minf−1(b),

respectively, are sections off in AlgL .
4. f is a complete lattice homomorphism, i.e. f preserves arbitrary sups and arbitrary

infs.
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5. every fiber off has maximummaxf−1(b) and minimumminf−1(b) elements and the
restrictionsf|Mf andf|mf of f , respectively, to Mf = {maxf−1(b)| b ∈ B} and to
mf ={minf−1(b)| b ∈ B} are topological homeomorphisms, i.e. order isomorphisms;

6. every fiber off has maximummaxf−1(b) and minimumminf−1(b) elements andf
is open and closed.

Proof. Condition 1 implies Condition 3, byRemark 4.5. If Condition 3 holds,f is an object
of AlgL /B injective inContL/B, sof is injective inAlgL /B.
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