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Abstract

We investigate injectivity in a comma-categdZy B using the notion of the “object of sections”
S(f) of a given morphisny : X — B in C. We first obtain thaf : X — B is injective inC/B if
and only if the morphisnily, f) : X — X x B is a section irC/B and the objecf(f) of sections
of f is injective inC. Using this approach, we study injective objeg¢twith respect to the class
of embeddings in the categori€sntL /B (AlgL /B) of continuous (algebraic) lattices ovBr As a
result, we obtain both topological (every fiber pthas maximum and minimum elements afids
open and closed) and algebrajtié a complete lattice homomorphism) characterizations.
© 2005 Elsevier B.V. All rights reserved.
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0. Introduction

The relevance in various fields of mathematics of the notion of injectivity is well known
and injective objects, with respect to a clagsof morphisms, have been investigated for a
long time in different categories. For instance, in the cateBosof partial ordered sets and
monotone mappings, injective objects, with respect to the class of regular monomorphisms,
coincide with the complete lattices, while, in the categbhat of (meet) semilattices and
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semilattice homomorphisms, injective objects are precisely the locale§59esnd in

the categoryBoo of boolean algebras and boolean homomorphisms, they coincide with
complete boolean algebras. In the categfg, of Tp topological spaces and continuous
functions, injective objects have an algebraic characterization, given by Sdatt]iras
continuous lattices (viewed as topological spaces with the so-called Scott topology). Using
aresult of Wyler irf15], it turns out that, in the categofyp of topological spaces, injective
spaces are exactly those witlTgreflection given by a continuous lattice. Since any con-
tinuous lattice is then injective ifop, every object in the categogontL of continuous
lattices and Scott-continuous functions (i.e. functions preserving directed sups, see, e.g.
[8]) is injective inContL with respect to the clas®’ of topological embeddings between
continuous lattices. (The same happens for the catejgty of algebraic lattices (see e.g.

[8]) and Scott-continuous functions.)

Recently, new investigations on injective objects have been developed in comma-categor-
ies C/B (whose objects ar€-morphisms with fixed codomai®) (see[13,14,3,6,7).
“Sliced” injectivity is related to weak factorization systems, a concept used in homotopy
theory, particularly for model categories. In fagt;-injective objects inC/B, for any B
in C, form the right part of a weak factorization system that has morphism#’ cs
the left part. So it may be useful to know the naturextfinjectives inC/B and in this
direction there are results in the categ®ys (by Tholen, Adamek, Herrlich, Rosicky),
for # given by the class of regular monomorphisms. In this case (and in the more gen-
eral case of the categoi@at of small categories and functors, whe#é is given by
the class of full functors) for a morphism to be injective is equivalent to be (if viewed
as a functor) topological, a notion introduced in the 1960s (for a systematic treatment
see[2]).

IrE t]gis paper, we approach the study of “sliced” injectivity in a catedgonyith prod-
ucts by using the notion of the “object of sectior’f) of a given morphisny : X— B
in C, where § is a right adjoint to the functodlz : C — C/B, which assigns
to B the second projectiony : X x B — B. (If C has also equalizers, the exis-
tence of S is equivalent to say thaB is cartesian inC, that is to the existence of a
right adjoint for the functor “product wittB” (—) x B.) When such a functo§ exists,
we find thatf : X — B is injective inC/B if and only if the morphism(1y, f) :

X — X x B is a section inC/B and the objectS(f) of sections off is injective
in C.

Using this result, we first find a new characterization of injective morphisms in the
categoryPos (see Theorem 2.1). In the cartesian closed categ®rag® (wCpo) of di-
rected completedf-complete) posets and continuous maps (see[®,9]), our theorem
shows that injective morphisms with respect to the class of regular monomorphisms
are necessarily isomorphisms, since injective objects (with respect to the same class) are
trivial.

The main result is obtained by the application of our Theorem 1.2 to the category of
ContL (and to its subcategordgL ). In this way we get characterizations of injective mor-
phisms (with respect to topological embedding$)etween continuous (algebraic) lattices,
both topological (every fiber of has maximum and minimum elements gh open and
closed) and algebraicf(is a complete lattice homomorphism, i.£.preserves arbitrary
sups and arbitrary infs).
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1. Injective morphisms via sections

We recall that, given a clasg” of morphisms in a category, an object/ is #-injective
if, foranyh : U — Vin # and anyu : U — I, there exists an arrow: V — [

U u
hl e
/

v

such thakhs = u. In particular, this means that, in the comma-categof$ (whose objects
are%-morphisms with fixed codomaiB), f is # -injectiveif, for any commutative diagram
in%

|

I

N\

v —4

|

X

' s
V B

|

v

with & € 7, there exists an arrow: V — X

K

S

U
hl s f
Vv

B
such thath = u and fs = v.

l

AN
N

.

Notation. From now on, injective will denote# -injective for /# the class of regular
monomorphisms irc.

If a categoryC has finite products, we can state that an objs cartesian(or expo-
nentiablg in C if the functor(—) x B : C — C has a right adjoint—)2.

Let us now consider the functdfz : C — C/B, which assigns the second projection
ng : X x B — Bto any objectX and the forgetful functoEp : C/B — C, which assigns
to any f its domain. IfC also has equalizers (i.€.has all finite limits), by Proposition 1.1
in [10], 11 has a right adjoint if and only if the functd's o 11 has a right adjoint. But
2 p o I coincides with the functof—) x B, which by definition has a right adjoint when
B is cartesian irC. In conclusion we have that

Proposition 1.1. B is cartesian in a categor@ with finite limits if and only if the functor
Ilg : C — C/B has aright adjointS : C/B — C.
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Following the proof of Proposition 1.1 ifiL0] in the caseB is cartesian, given the
morphismo := X" : X8 x B — B, by adjunction we obtaift := X? — B, which
represents a constant morphism of valge Then, for anyf : X — B, the objectS(f)
is obtained as the equalizer @ of the two morphisms, f8, where the latter is the
“composition with f”. This means thaf(f) can be interpreted as the object of sections
of f in C. This object turns out to be very useful to obtain a characterization of tfiose
injective inC/B. In fact:

Theorem 1.2. LetIIg4S : C/B — C.
f : X — Bisinjective inC/B if and only if the following two conditions are satisfied

1. (1x, f): X — X x Bis asectioninC/B;
2. the objectS(f) of sections off is injective inC.

Proof. Let f be injective inC/B. Since(1, f) is a regular monomorphism, corresponding
to the commutative diagram

there exists an arrow: X x B — X such that (1, f) =1, and fr = = . This means that
(1, f) is a section irC/B.

We now have to show tha&t( f) is injective inC. Givenv : U — V andu : U — S(f),
by adjunction there exists a morphism U x B — X such thatfu = ng. We can then
consider the following commutative diagram:

UxB —%s x

UXIB\[\ lf

By injectivity of f there exists an arrow : V x B — X such thatw(v x 13) =u and
fw= ng. By naturality,wv = u, wherew : V — S(f) is the right adjunct ofv.

Now, let f fulfill the Conditions 1 and 2. Sincg&( f) is injective inC, n‘;(f) is injective in
C/B (see, e.g[6, Corollary 1.6] but it follows directly from the definition). Furthermore,
since(l, f) : X — X x B is a section inC/B, there exists a corresponding retraction
in C/B with r(1x, f) = 1x, and its right adjunct : X — S(f).Ife: S(f) x B > X
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denotes the counit of the adjunction, we have the following commutative diagram:
X xB

TAXIB

XxB —— X

We deduce that(r, ) =r(lyx, f) =1x. Thenyf is aretract (by) of the injectivevrfg(f)
in C/B. This means thaf is injective inC/B. [

2. Injective objects in PogB

Let Posdenote the category of partially ordered sets and monotone mappings. In such
a category injective objects, with respect to the class of regular monomorphismter
embeddings (mapswith x < y iff 4(x) < h(y)), coincide with the complete lattices (see,
e.g.[2]). In Pog B, injectivity (again with respect to order embeddings) has been studied
and various characterizations of such injective objects are known (sef,3%3j). In this
case (and in the more general case of the cateGatyof small categories and functors,
where# is given by the class of full functors) for a morphism to be injective is equivalent
to be (if viewed as a functor) topological, a notion introduced in the 1960s (for a systematic
treatment sef?]). Since the categoijosis cartesian closed, i.e. every objéis cartesian,
we can apply Theorem 1.2 Ros/ B and find a new characterization:

Theorem 2.1. f : X — B isinjective inPog/ B if and only if the following two conditions
are satisfied

(@) (1x, f) : X — X x Bisasection irPoy B;
(b) fibers of f are injective inPos i.e. any f~1(b) (as a sub-poset o) is a complete
lattice (in its own righ).

Proof. The necessary conditions are trivial. Vice versa, if Condition (a) holdsrand
X x B — X is a retraction ofn’é over f, foranyb € B, r(x,b) € f~1(b), since

f(r(x,b))=b,andr(x, b)=x, wheneveb = f(x). Since anyf ~1(b) is a complete lattice,
we can define a mag, : B — X by s,, (b)= minimum of f~1(»). This map is trivially a
section off and is monotone. In fact, i1 < by,

5m(b1) <r(sm(b2), by) since r(s,(b2), b1) € f~H(by).

By monotony ofr, (s (b2), b1) <r(sm(b2), b2) = sm(b2), sincebz = f (s (b2)).
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This allows us to say that, is the minimum of the pointwise ordered posgl), given
by the monotone sections ¢t In order to prove the injectivity af (/) in Pos all we need
to show is that inS(f) there exists a supremum of any non-empty famiy; ;. For any
b € B, we define(\/s(f)si)(b) = \/ffl(h)s,- (b). This function is trivially a section and is
monotone. In fact,

if by<ba, Vi € 1, 5i(b1) <si(b2) <V p1(p,)5i (b2) = 52.

But s; (b1) = r(s;(b1), b1) < r(s2, b1), by monotony of-. Thens; := \/f—l(bl)sl‘ (b1) <
r(s2, b1) <r(s2, b2) = s2.

This suffices to prove thai( f) is a complete lattice, that is an injective objectFios
The Conditions 1 and 2 of Theorem 1.2 are therefore satisfied and we can conclufle that
is injective inPosy/B. [

3. Injective objects in Dcpg B and wCpo/ B

In this section, we are going to consider the categoblepo (w Cpo) of directed
complete (p-complete) posets and continuous maps (see[&.9]). We shall need some
definitions and standard results about them (for whicH8pe

Definition 3.1. A posetB in which every directed subset{chain) has a supremum is
called adirected completéw-completé posetor dcpo(w-cpo) for short.

Dcpo’s (w-cpo’s) are usually considered as topological spaces when endowed with the
Scott topology ¢-Scott topology), wher€ is closed inB if it is a lower set closed under
suprema of directed subsets-€hains). A mapf : A — B between dcpo’sf-cpo’s) is

1. continuous with respect to the Scott topologi@sScott topologies) if and only iff
preserves directed sups (supsmsthains);

2. aregular monomorphism if and only if it is a continuous order embedding;

3. atopological homeomorphism if and only if it is an order isomorphigrarid f ~* are
monotone).

It is known that inDcpo (and inw Cpo) there are regular monomorphisms that are not
topological embeddings (see, e.g. the example due to Mogdi2}). This fact enables
us to say that the Sierpinski space is not injective with respect to the class of regular
monomorphisms. But any topological embedding is a regular monomorphisopim(and
in w Cpo), so that any object injective with respect to the class of regular monomorphisms
is a continuous lattice, since continuous lattices are the injective objects with respect to the
class of topological embeddingsrcpo and inw Cpo (the proof is the same that the one
in [11] for the categoryfop of topological spaces). It follows that the injective objects with
respect to the class of regular monomorphisni@épo and inw Cpo are trivial, since any
continuous lattices with at least two elements has the Sierpinski space as a retract.
BothDcpoandw Cpo are cartesian closed, so we can apply Theorem 1.2, obtaining that
any injective morphism with respect to the class of regular monomorphisms has exactly one
section and then it is necessarily an isomorphism.



F. Cagliari, S. Mantovani / Journal of Pure and Applied Algebra 204 (2006) 79 -89 85

4. Injective objects in ContL/B

Now we turn our attention to the categd@pntL of continuous lattices and continuous
maps (see e.§B,9]). We first need to recall some definitions and standard results (for which
see[8]).

Definition 4.1. Let B be a dcpo. We recall that, far, b € B, a <b (read:way below if,
wheneven < \/ D for D directed subset, we already have d for somed € D.
A dcpo iscontinuoudf every element is< -approximated, i.e.

Vbe B.b=\/ L b, where | b={b' € B:b'<b).

If B is a continuous dcpo and a complete lattice, then it is calle@héinuous lattice
Proposition 4.2. Let B be a continuous lattice

1. Each pointb has a neighborhood basis consisting of the setsg, with b’ <b.
2. b=\/{A\U,UopeninB,b e U}
3. b=\/{AU’', U’ in aneighborhood basis @f}

It is well known thatContL is a cartesian closed category ($8p. If we want to apply
Theorem 1.2 taContL, we need to know injective objects with respect to the class of
regular monomorphisms. But, as in the previous section, these injectives are trivial, since
also inContL there are regular monomorphisms that are not topological embeddings, as
the following example (suggested by M. Escardé) shows:

Example 4.3. Let O = [0, 1]2 be the square with the componentwise ordgiis a con-
tinuous lattice, wheréx, y) < (x’, y') & x <x’ andy <y’. U € Q is Scott open iff it is

an upper set open in the ordinary topology induced by the planel lef(x, y) € Q |
y=1-x}U{(0,D0), (1, 1)}. The induced order is the discrete one on the diagonal and
0,0<(x,y)<(1,1). ThenL is trivially a continuous lattice and the sdts y) U (1, 1)

are open in the Scott topology dn while they are not open in the topology induced by
Q. This means that the inclusian: L — Q is a regular monomorphism that is not a
topological embedding.

Consequently, as ilbcpo, injective morphisms with respect to the class of regular
monomorphisms irContL are only the isomorphisms. We can then conside€amtL
injectivity with respect the clasg# of topological embeddings between continuous lat-
tices. As far as objects are concerned, continuous lattices are the injectives in the category
Top with respect to# (seg[11]) and this implies that every object@ontL is injective in
ContL.

Now we state some properties of injective objects (with respect to the abovex)ans
the categorie€ontL /B.
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Proposition 4.4. Let f : X — B be injective inContL /B. Then

1. every fiber off (as a sub-poset of) is a continuous latticéin its own righy.
2. f has a maximal section and a minimal section.

Proof. Sincef is injective, there exists a retractien X x B — X in ContL /B of ng
over f. For anyb € B, the restrictiornr;, of r to X x {b} gives rise to a retraction of
over f~1(b). Therefore, alsof ~1(b) is a continuous lattice. Furthermore, if we denote
with maxC and minC the maximum and minimum elements of a complete latice
r(maxX, b) =rp(maxX) =max f ~1(b) andr(min X, b) = r,(min X) =min £ ~1(b). This
means that the restrictions afrespectively, tdmaxX} x B and to{min X} x B give rise

to a maximal section and to a minimal sectionfof [

Remark 4.5. The above proposition remains valid féiinjective inAlgL / B, whereAlgL
denotes the full subcategory @bntL given by algebraic lattices (a complete lattice is said

to bealgebraicwhen any element is a directed sup of compact elements, where an element
x is compact when < x, see e.g[8]).

In order to apply Theorem 1.2, we use tiGntL is a full subcategory ofop closed
under the formation of function spaces, i.e. every continuous laBtitsecartesian infop
and any spacd ? is in ContL, whenA andB are inContL.

Now we are ready to characterize injective object€amtL /B.

Theorem 4.6. Let f : X — B be a continuous map between continuous lattices. TFAE

1. f: X — Bisinjective inContL /B;

2. (1, f) : X — X x Bis asectioninContL /B;

3. every fiber off has maximurmax f ~1(b) and minimurmin f~1(b) elements and the
functionss,,, s, : B — X, defined by, (b) = max f~1(b) ands,, (b) = min f~1(b),
respectivelyare sections off in ContL;

4. f is a complete lattice homomorphisire. f preserves arbitrary sups and arbitrary
infs.

5. every fiber off has maximunmax f~1(b) and minimummin f~1(b) elements and
the restrictions fjs, and fj,,, of f, respectivelyto My = {maxf~L(b)|b € B)
and to my = {min f~Xb)|b e B} are order isomorphismsi.e. topological
homeomorphisms

6. every fiber off has maximunmax f ~1(b) and minimurmin f~1(b) elements andt
is open and closed.

Proof. In order to prove the equivalence between Conditions 1 and 2, sindg iargontL
is cartesian imMop, we can apply Proposition 1.1 f@p, proving the existence df(f) in
Top. Under the assumption of Condition 2, it is routine to show t1af) is a retract of
the continuous lattice&l?. HenceS(f) is injective inTop and then it is inContL. This
means thaflz4S holds also inContL. Now we can apply Theorem 1.2 @ontL, having
the equivalence between 1 and 2.
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Let now Condition 3 holds,,, s, are monotone functions if and only if, for anye B,
max f ~1(b) = maxf~p' | b’ <b} and minf~1(b) = min f~1{p’ | b’ >b}. But the ex-
istence of such maximum and minimum elements for ang B is equivalent to say-
ing that f has right and left adjoint (see, e[d., Proposition 3.1.10] This last condi-
tion, X and B being complete lattices, is equivalent (by the Adjoint functor theorem for
posets) to saying thaf is a complete lattice homomorphism, i.£.preserves arbitrary
sups and arbitrary infs. If preserves arbitrary sups and arbitrary infs, sup and it¥ in
of any fiber f~1(b) belong to it, then any fiber has maximum and minimum elements.
Now let x; andx, belong toM ¢ with f(x1) < f(x2). Thereforef (x1 Vv x2) = f(x1) V
f(x2) = f(x2), so thatx; Vv x2 is in the same fiber of whichky is the maximum ele-
ment, thenx; v x2 = x2. In an analogous way we can prove that aﬁ;@_f is an order
isomorphism, so that Condition 5 holds. But Condition 5 is equivalent to Condition 3,
since fiu, and fj,,, are, respectively, the inverse mapssgfands,,, restricted to their
images.

Now suppose’ injective. By Proposition 4.4, Condition 3 holds afid!(b) is a contin-
uous lattice. Then, i) is an open set ok, U, = U N f~1(b) is open inf~1(b), hence an
upper set. This means thiate f(U) if and only if maxf~1(b) € U, so f is open if and
only if fiu, is open. In an analogous way, it can be proved thét closed if and only if
fim is closed. Obviously, iff is open and closed, its bijective restrictiofis;, and fj ,
are topological homeomorphisms, corresponding to order isomorphisms.

We have then proved till now that

PQeP=2060aeB®a®

In conclusion, it is sufficient to show th@ = 2.

We then need to prove the existence of a retractionX x B — X of n over f
in ContL/B. Let us consideKx,b) € X x B, the family 7" = {V|VopeninX,x €
vV andV N f~1(b) # ¢} and the familyZ = {U|U openinB, b € U}.

In correspondence of angx, b), we can then define the familyy” = {(W|W =
(idg, £)~X(V x U),for V e v andU € %)}.

Any W is an open subset of, but not empty, sinc& N f~1(b) # @, foranyV € 7.
If ¥ € W, f(X) € U and thenf (W) C U. It follows that /\ f(W)> A U and then, by
Condition (4) equivalent to (3)

f(\//\W)z\/f(/\W)=\//\f(W)> \/ A\U=b

by Proposition 4.2 (2). Onthe otherhands f(W),foranyW € #",sothab > f(\/ A\ W).
If we then define

ree.by=\/ A\ W,

f(r(x, b)) =b. We are going to show that such ais a retraction.
Since any open neighborhood ok has a non-empty intersection with
f_l(f(x)), (x, f(x)) has?” x % as a neighborhood basis. Therefor€,is a neighbor-
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hood basis fox € X. Hence, by Proposition 4.2(2),

x=\/\W=rx f&x),

i.e. (1x, fir=1x.

Let now (x1, b1) < (x2, b). If V1is an open neighborhood of with V1n f=1(by) #
@, thenV?!is an upper set and so mgx1(b1) € V1. But also maxf—1(bo) € V1, since
max f ~1(b1) < max f ~1(b»), because the maximum sectignis monotone. Consequently
vin r=Y(by) # ¢. Furthermore, any open neighborhodd of b1 is an upper set, hence
an open neighborhood 6$. This means that the family’* (defined as above fax1, b1))
is contained in the analogous family? (defined for(x, b2)). Consequently

r(e, b)) =\ A\ W<\ A\ W?=r(x2, b2,

i.e.,r is monotone.

Let (x, b) = \/(x, b;), where(x,, b;) 4 is a direct subset of x B.

Sincer(x;, b)) <r(x,b), \/ r(x),b;)<r(x,b). Suppose\/ r(x,, b;) <r(x,b). Then
there should exist an open subsetof X with r(x,b) € O and\/r(x;, b)) ¢ O. By
definition of Scott topology, it should exis¥ € #~ such thatA W € O. But W =
(idy, £)~1(V x U), with V an open neighborhood af such thaty N f~1(b) # ¥ (and
then maxf —1(b) is in V) andU an open neighborhood éf Since(x, b) =\/(x;, b;), 341
with (x;,,b;,) € V x U.

But the maximum sectios, : B — X preserves directed sups. Then

Vs maxf o) =s, (1) =5, (\/b:) = \/ s, b:) = \/ max ),

so there existd, € A such that may‘l(biz) eV.

Let now (x,,, by,) > (x5, by,), (x;,, b;,). Then maxf—l(bgs) € V. ThereforeV N
f—l(b&) # ). Consequentlyy x U is an open neighborhood ¢f,,, b;,) in X x B
and

/\ W<r(x),, b5 < \/ r(x;,b;).

But this is impossible, sincA W € 0, \/r(x;, b;) ¢ O, with O upwards closed. This
means thal/ r(x,, b)) = r(x, b). In conclusion, we have proved thais a retraction of
Ilg over finContL/B. O

Corollary 4.7. Let f : X — B be a continuous map between algebraic lattices. T.FAE

1. f: X — Bisinjective inAlgL /B;

2. (1x, f) : X > X x Bis asection irAlgL /B;

3. every fiber off has maximummax f ~1(b) and minimummin £ ~1(») elements and the
functionss,,, s, : B — X defined by, (b) = maxf~1(b) ands,, (b) = min f~1(b),
respectivelyare sections off in AlgL.

4. f is a complete lattice homomorphigire. f preserves arbitrary sups and arbitrary
infs.
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5. every fiber off has maximurmax f ~1(») and minimurmin £ ~1(») elements and the
restrictionsﬁMf and fim; of f, respectivelyto My = {maxf~1(b)|b € B} and to
m ¢ ={min f~L(b)| b € B} are topological homeomorphisrise. order isomorphisms

6. every fiber off has maximunmax f ~1(b) and minimurmin £ ~1(») elements and’
is open and closed

Proof. Condition 1 implies Condition 3, by Remark 4.5. If Condition 3 holfi$s an object
of AlgL /B injective inContL /B, so f is injective inAlgL /B.
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