
Degree elevation for p-B�ezier curvesG.Casciola �S.Morigi yand J.S�anchez-Reyes zAbstractA class of single-valued curves in polar coordinates, which we referto as p-B�ezier curve, has been recently presented by S�anchez-Reyesand independently discovered by P.de Casteljau. From their de�nitionand expression in terms of the Fourier basis it is obvious that everycurve of degree n can be expressed as a curve of degree kn, for anynatural value k.In this paper, we provide a formula for degree elevation and wedescribe a simple and e�cient implementation of it.Keywords: Degree elevation; Curves in polar coordinates; Rational curves.1 IntroductionThe p-B�ezier curves are a special class of rational B�ezier curves recently pre-sented in (S�anchez-Reyes, 1990) and independently in (P.de Casteljau, 1994)where they are referred to as Focal B�ezier curves. These curves have beenobtained by re-examining, in polar coordinates, the algorithm for evaluat-ing a rational B�ezier curve in Cartesian coordinates (which we call c-B�eziercurve). This was made possible by an interpretation in polar coordinates ofits well-known geometric meaning. It is interesting to note that the recursivealgorithm for evaluating a rational B�ezier curve de�nes, in polar coordinates,�Department of Mathematics, University of Bologna, Bologna, ItalyyDepartment of Mathematics, University of Bologna, Bologna, ItalyzDepartment of Mechanical Engineering, ETSEIB, Polytechnic University of Catalonia,Barcelona, Spain 1



certain sinusoidal functions that form the direct analog, in the trigonomet-ric �eld, of the Bernstein polynomials. Note that in both (Goodman andLee,1984) and (Lyche and Winther, 1979) similar functions, called trigono-metric polynomials, were de�ned, but there they used half angles.This class of curves is interesting because it allows modeling and databest-�tting problems to be dealt with in polar coordinates. One advantage ofthis class of curves is that it provides a fast response to the Point MembershipClassi�cation problem in solid modeling. In addition, recently in (Neamtuet al., 1996) and (Pottmann, 1996), it has been shown that these curves playa chief role for constructing a certain family of rational curves and surfaceswith rational o�sets. The generalisation that has been made for spline curvesin (S�anchez-Reyes, 1992) and for single-valued surfaces in cylindrical andspherical coordinates in (S�anchez-Reyes, 1991) and (S�anchez-Reyes, 1994) iseven more interesting. All these are ideal for modeling since they have thesame properties as the c-B�ezier curves.Tools such as knot-insertion, subdivision, and knot-removal are automati-cally derived from the procedure followed to generate these curves, as pointedout in (S�anchez-Reyes, 1990). Another fundamental tool is degree elevationwhich, for example, is needed to build a surface starting from several pro�lecurves with di�erent degrees.This paper is organized as follows. Section 2 introduces the notationneeded to describe p-B�ezier curves, and Section 3 introduces the degree ele-vation problem. In Section 4, a formula for the degree elevation of p-B�eziercurves is presented and, in Section 5, some details regarding its implementa-tion are given.2 Single-valued curves in polar coordinatesA p-B�ezier curve c(t) of degree n is de�ned as:c(t) = ( �(t) = 1=p(t)�(t) = ntwhere �(t) denotes the polar angle and �(t) is the radius. Without loss ofgenerality, t 2 [��;�], and the restriction 2n� < � holds. The functionp(t) = nPi=0 ciAi;n(t) is a trigonometric polynomial given in terms of Bernsteintrigonometric basis functions Ai;n(t) de�ned as follows:2



Ai;n(t) = �ni� sinn�i(�� t) sini(t+�)=T n; T = sin(2�):It is easy to show that functions Ai;n(t) span the linear spaceTn = span nsinn�i(t) cosi(t)o i = 0; :::; nof trigonometric polynomials of degree n, see (Goodman and Lee,1984).Moreover, it was also shown in (Lyche and Winther, 1979) thatTn = ( spanf1; cos(2t); sin(2t); cos(4t); sin(4t); ::; cos(nt); sin(nt)g ; n evenspanfcos(t); sin(t); cos(3t); sin(3t); ::; cos(nt); sin(nt)g ; n odd.The coe�cients ci and the Greville radial directions �i = �n�+2i�; i =0; ::; n de�ne the control points in polar coordinates Pi = (c�1i ; �i) of c(t).As an alternative to the geometric approach followed in (S�anchez-Reyes,1990) to obtain p-B�ezier curves from c-B�ezier curves, we present an analyticalproof by changing the coordinates.Let c(t) be the p-B�ezier curve represented as a scalar function�(�) = 1nPi=0 ciAi;n(�=n)where � 2 [�n�; n�], then the corresponding curve in Cartesian coordinateswill be given by �(�) cos �sin � ! : (1)Substitute in (1) the following relations (Goodman and Lee, 1984)cos � = nXi=0 cos(�i)Ai;n(�=n) sin � = nXi=0 sin(�i)Ai;n(�=n)and the relationship between the functions Ai;n(�=n) and the Bernstein poly-nomial functions Bi;n(u) (S�anchez-Reyes, 1994)Ai;n(�=n) =  cos(�=n)cos� !n Bi;n(u) u 2 [0; 1]3



where parameters u and � are related by the equation:u = 12 "1 + tan(�=n)tan� # : (2)Then �(�) in Cartesian coordinates will admit the following c-B�ezier curverepresentation: Q(u) = nPi=0QiwiBi;n(u)nPi=0wiBi;n(u) u 2 [0; 1]with weights wi = ci, and control points Qi =c�1i  cos(�i)sin(�i) ! :Vice-versa every c-B�ezier curve with an associated p-B�ezier curve is char-acterized by the following properties or constraints:1. control points Qi on Greville radial directions regularly spaced by a 2�angle,2. kQik2 = 1=wi.3 The degree elevation problemFrom their de�nition and expression in terms of Fourier basis it is obviousthat every p-B�ezier curve of degree n can be expressed as a curve of degreekn, for any natural value k.Suppose n is even. The curve of degree n can be written in terms of theFourier basis of arguments 2it or 2i�=n, i = 0; :::; n=2, but also of arguments2ik�kn or 2iks, with ki = 0; :::; kn=2, and s 2 h��k ; �k i : Thus, s corresponds tothe parameter of a curve of degree kn. Analogously for n odd.It must be stressed that the p-B�ezier curves of degree n are not a subsetof those of degree n + 1. Hence, in general, a curve of degree n cannot beexpressed as a curve of degree n + 1, except for the case of a line segment.A straight line is given by a trigonometric polynomial p(t) that is a linearcombination of Fourier bases of argument �, which are always contained inthe linear space Tn regardless the value n.4



Given the explicit relation between a p-B�ezier curve, see Section 2, itseems natural to ask oneself whether it would be possible to derive a de-gree elevation algorithm by means of reparametrizations. In fact the degreeelevated curve c(s), of degree kn, has an associated Cartesian curve Q(v)that can be directly obtained from Q(u) by means of the following rationalreparametrization function of degree ku = 12 �1 + 1B tan (k arctan [(2v � 1)A])� (3)where A = tan(�=k) and B = tan�. Relation (3) is deduced from therelationship (2) between parameters u and t and the analogous between pa-rameters v and s. In (Casciola et al., 1996), an explicit formula for theweights of the rational Cartesian curve Q(v) is provided, but this leads to arather involving expression.In the next Section we present an alternative formula for the degree-elevation, based on geometric concepts, which allows a simpler and moree�cient implementation.4 The degree elevation formulaAt �rst glance it seems that there is no geometric algorithm for degree-elevating a single-valued curve in polar coordinates. This holds true exceptfor the simple case of a line segment.Assume we have a segment c(t) of degree 1, t 2 [��;�], spanning anangle 2�, and that we want to express it as a curve c(s) of degree k, s =t=k over [��k ; �k ]. As the new control points lie on the line segment, thecoe�cients for the new representation are readily obtained by evaluatingp(t) at regularly spaced angular values tj over [��;�]:tj = ��+ 2j�k ; j = 0; : : : ; k:For the particular case of a segment with coe�cients c0 = 0 and c1 = 1,we have: 5



p(t) = sin(� + t)=Tp(tj) = sin(2j�k )=T; j = 0; : : : ; kp(s) = kPj=0 p(tj)Aj;k(s):By equating p(t) = p(s), we obtain the relationship:sin(�+ t) = kXj=0 bj sink�j(�k � s) sinj(�k + s)=Sk; S = sin(2�k ) (4)where we denote by bj the j-th constant coe�cient:bj = �kj� sin(2j�k ); j = 0; : : : ; k: (5)In a similar way, for the case of a line segment with coe�cients c0 = 1and c1 = 0, we would obtain for sin(� � t) an expression, that we will call(4bis), analogous to (4), in which the coe�cient bj is replaced by aj, whereaj = bk�j j = 0; : : : ; k: (6)Equations (4) and (4bis) are exactly what we need to degree-elevate ageneral curve spanning an angle 2n� from degree n to kn.It is worth mentioning that such coe�cients aj, bj depend only on theangle spanned by the curve and its �nal degree.Theorem 1 Let p(t) = nPj=0 cjAj;n(t); t 2 [��;�] be a generic trigonometricpolynomial of degree n, thenp(s) = knXr=0 crAr;kn(s); s = t=k; s 2 ���k ; �k �where cr = dr�knr �T n (7)6



and dr are the components of the vectord = nXj=0�nj �cjan�j 
 bj: (8)a and b are vectors given by (6) and (5) respectively. The symbol 
 meansconvolution between two vectors, and bj denotes j � 1 convolutions, that is,bj = b
 b
 � � � 
 b.Proof Substituting (4) and (4bis) in the expression of p(t) we obtain:p(s) = nXj=0 cj�nj � " kX̀=0 a`�k�`�`#n�j " kXi=0 bi�k�i�i#j =T n (9)where � = sin(�k � s)=S and � = sin(�k + s)=S:Multiplying and raising to a power the sums between brackets in (9) isequivalent to multiplying polynomials in Bernstein form. As the multiplica-tion of two polynomials in Bernstein form results to be a polynomial still inBernstein form with coe�cient vector given by the convolution of the coef-�cient vectors, save that a binomial factor, (Farouki and Rajan, 1988), weobtain directly the formula (8) and hence (7). 2For the particular case of degree-elevation of a line segment p(t) of coef-�cients fc0; c1g, from degree n = 1 to k, formula (8) admits a very compactclosed expression: dr = c0ar + c1br:For the general case, one could try to expand (8) to get a closed formula,following the ideas presented in (Casciola et al. 1996). Nevertheless this ap-proach leads to complex expressions that involve non-trivial cycling throughcombinations of indexes.Example. Let c(t) be a p-B�ezier curve of degree n = 2 with coe�cientsc = f1; cos(2�); 1g and t 2 [��;�], representing a unit circular arc (seeFig.1). Applying (8) and (7) we obtain:7
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2∆	 2 ∆Figure 1: Degree elevation of a circular arc from n = 2 to kn, k = 1; 2; 3; 5d = 2Pj=0�2j�cja2�j 
 bj= c0 2664 sin2(2�)4 sin(�) sin(2�)4 sin2(�)00 3775+ 2c1 2664 04 sin(�) sin(2�)4 sin2(�) + sin2(2�)2 sin(�) sin(2�)0 3775+ c2 2664 004 sin2(�)4 sin(�) sin(2�)sin2(2�) 3775c0 = c0 = 1c1 = 12cos� (c0 + c1) = cos�c2 = 16 h c0cos2� + 2c1( 1cos2� + 1) + c2cos2�i = 13[1 + 2cos2�]c3 = 12cos� (c1 + c2) = cos�c4 = c2 = 1that are the coe�cients of the curve c(s) of degree kn = 4, s 2 h��2 ; �2 i.Note that these are the same obtained in (S�anchez-Reyes, 1994), but ina di�erent manner. 8



5 Implementation and numerical resultsBased on the results of Section 4, we now present a simple algorithm fordegree elevation. Equation (8) can be interpreted as the evaluation of aB�ezier curve of degree n and coe�cients cj , replacing the parameter u by thevector b, (1 � u) by a, and multiplications by convolutions when required.Therefore, any known algorithm to evaluate a B�ezier curve can be employed;in particular the algorithm that we implemented uses the de Casteljau scheme(see Farin, 1993) as follows:Input: c initial coe�cient vectorn initial degreek multiplying factorOutput: c �nal coe�cient vector1. preproc(a,b,bckn)2. for i=0,nd[i,0]=c[i]m=1for j=1,nfor i=0,n-jd[i]=sumvect(conv(k+1,a,m, d[i]),conv(k+1,b,m,d[i+1]))m=m+k3. ps=pow(sin(2�),n)for r=0,k � nc[r]=d[0,r]/(ps�bckn[r])In step 1. the preproc procedure computes the vectors a and b in (6)and (5) and the vector bckn containing the binomial coe�cients �knr �; r =0; : : : ; kn. Steps 2. evaluates (8) by employing the de Casteljau scheme. Asalready commented, we replace the traditional parameters (1 � u) and u bythe vectors a, b respectively, and now each iteration involves two convolutionsand a sum of vectors instead of two products and a sum of numbers. Steps 3.evaluates the �nal coe�cients of the degree elevated curve by applying (7).Thus we have managed to decompose our problem in terms of standard,well-known algorithms and then we open up many possibilities. For example9



knn 2 3 4 5 6 7 8 16 321 38:0 22:6 19:1 14:7 12:8 10:7 9:59 4:81 2:412 12:4 10:0 8:14 6:77 5:78 5:04 4:46 2:32 1:183 7:42 6:20 5:17 4:32 3:74 3:27 2:91 1:53 0:794 5:30 4:56 3:79 3:20 2:76 2:42 2:16 1:14 0:595 4:12 3:57 2:99 2:53 2:19 1:92 1:71 0:91 0:476 3:37 2:95 2:47 2:10 1:81 1:59 1:42 0:76 0:397 2:85 2:50 2:10 1:79 1:55 1:36 1:21 0:65 0:338 2:47 2:18 1:83 1:56 1:35 1:19 1:06 0:57 0:2916 1:19 1:07 0:90 0:77 0:67 0:59 0:53 0:28 0:1532 0:59 0:53 0:45 0:38 0:33 0:29 0:26 0:14 0:07Table 1: Convergence of control points to the curve; each entry has to bemultiplied by 10�3we could apply the Discrete Fourier Transform technique in order to computeconvolutions for extremely large k and n values.Our implementation, in spite of computing all convolutions directly asa sum of products, turns out to be very e�cient also for k and n greaterthan those practically used in CAGD applications. The complexity analysisshows that the number of products and divisions computed by the proposedalgorithm is O(k2n4). Furthermore, since it involves only sums and productsof positive quantities, it is intrinsically stable.We can check that the proposed algorithm enjoys good numerical prop-erties by means of a convergence test of the control polygon of the degree-elevated curve to the curve itself for high values of k. We have chosen atest curve of unit coe�cients cj = 1, j = 0; � � � ; n. As a measure of theconvergence, we have computed in Table 1 the magnitude:maxi=0;���;knjp(�i)� cijfor di�erent values k, n. All calculation have been carried out using double-precision 
oating-point arithmetic. A convergent behaviour is clearly ob-served by reading Table 1 in columns.The control polygons in the example of Fig.1, obtained by successivedegree elevation, also show a convergence to the curve.10



6 ConclusionsWe have developed a simple algorithm for elevating the degree of p-B�eziercurves from degree n to kn, where k is an arbitrary natural number. Thiswork carries over to the degree elevation of single-valued spline curves inpolar coordinates, that is, piecewise p-B�ezier curves, through the followingsteps: (a) decompose the spline curve in polar coordinates into piecewisep-B�ezier curves (knot-insertion); (b) apply degree elevation to each p-B�eziercurve, and (c) remove unnecessary knots (knot-removal).In the Cartesian case, in (Piegl and Tiller, 1994), it is shown that thismethod is very competitive with existing direct algorithms for the degreeelevation of B-spline curves.AcknowledgmentsThis research was supported by CNR-Italy, contract n.95.00730.CT01 andby the Direccio General de Recerca of the "Generalitat de Catalunya", Spain.ReferencesCasciola G., Lacchini M., Morigi S. (1996), Degree elevation for single-valued curves in polar coordinates, Technical Report no.13, Dept. Math.,University of Bologna.de Casteljau P. (1994), Splines Focales, in: Laurent P.J. et al.eds., Curvesand Surfaces in Geometric Design , Peters A.K. Wellesley, 91-103.Farin G., Curves and Surfaces for CAGD, A practical guide, third edition,Academic Press, 1993.Farouki, Rajan (1988), Algorithms for polynomials in Bernstein form,Computer Aided Geometric Design, 5, 1-26.Goodman T.N.T. and Lee S.L. (1984), B-Splines on the circle and trigono-metric B-Splines, in: Singh S.P. et al.eds., Approximation theory and splinefunction , Reidel D. Publishing Company, 297-325.Lyche T. andWinther R. (1979), A Stable Recurrence Relation for Trigono-metric B-Splines, Journal of Approximation theory, 25, 266-279.Neamtu M., Pottmann H., Schumaker L.L. (1996), Homogeneous Splinesand rational curves with rational o�sets, Technical Report no.29, Institut f�urGeometrie, Technische Universit�at Wien.Piegl L. and Tiller W. (1994), Software-engineering approach to degreeelevation of B-Spline curves, Computer Aided Design, 26, 17-28.11
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