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Abstract

An inductive proof using the recursion formula for B-splines is given for
the derivative of a B-spline function in terms of two B-splines of lower order.
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Introduction

Recently de Boor and Hdllig [3] developed the B-spline functions theory in a more
elementary, autonomous manner without using the divided differences.

B-spline functions were defined via recurrence relations, thus avoiding the traditional
B-spline definition as divided difference of a truncated power function.

All the basic properties are now derived using Marsden’s identity and the dual
functionals.

In particular the dual functional is used to prove the relation between the spline
coefficients and those of its derivative as well as those of the spline with the insertion
of a knot.

Recently, Barry and Goldman presented an inductive proof using the recursion for-
mula of Boehm’s knot insertion technique [1].

In this note we propose a proof by induction of the derivative B-spline recursion
formula.

These results are aimed to make the B-spline theory also more elementary.



Let A = {#;}i=—m+1,..m+k be a sequence of nondecreasing reals, called knots. The
B-splines of order m, subordinate to A, are the functions {Q; (%) }i=—m+1,..x de-
fined by the recurrence relation

(2=2)Qim—-1 (@) +(Titm —2)Qit1,m-1(x) - .
sz(l‘) = Titm—T; if T < Tipm
| 0 otherwise
with 1 |
Q' 1(1‘) = Tig1—T; Zf T << Tit1
; 0 otherwise.
Theorem

Let z; < x;.,n, and suppose D, is the right derivative operator, then for m > 1

Qi,m—l(l‘) - Qi—l—l,m—l(l’)‘

Tifm — X1

DyQim(r) = (m —1)

We use the right derivative operator because the spline functions @Q; () could not
be derivable in certain knots.

de Boor’s original proof of this result used the divided difference definition of B-
spline [2]. Later a proof using dual functionals was given [3]. In this note a third
proof will be given. Although this is slightly more cumbersome, it is also more
elementary because it uses neither divided differences nor dual functionals but only
induction and the recursion formula for B-splines.

Proof

We proceed by induction on m using the above recurrence relation.
For m=2

DyQuale) = — D (& — 2)Qur (1) + (w142 — 7)Quirs ()] =

Tit2 — T4
if we derive and observe that the @; () are piecewise constant functions, we obtain

= ;(Qlyl(lﬂ) - Q’i+1,1(x))'

Tito2 — T
Assume now that it holds for m-1
1
D+Qz‘,m($) = 7D+[($ - %‘)Qi,m—l(f) + ($i+m - $)Qi+1,m—1($)] =

Titm — T



if we derive and then apply the induction hypothesis

- ! [Qz m— 1( ) (37 - :cz)(m - 2) Qi’m_Q(l‘) _ Qi"‘lam—? (1‘) +

Titm — X5 Titm—-1 — X5

)Qi+1,m72(x) - Qi+2,mf2(aj)

Litm — Ti41

| =

~Qit1m—1(2) + (Tigm — 2)(m — 2
to apply the recursion formula, these terms are rearranged and

xZ; _ xrT — X;
(m = 2) LT o) + (= 2) =2 Q1 o)
Titm—1 — T Tivm — Tiy1

is added and subtracted to obtain

= {Qz m— 1( ) ( — 2)[(1‘ _ xi)Qi’m_Q(l‘) + (xi—l—m—l B x)Qi-I—l,m—Q (LL‘)

1+

Litm = Titm—-1 — Tj
Titm—1 — T —Z;
— —2)— —2)— +
(m )me e Qz+1m 2($) ( )me — Qz-l—lm 2($)

—Qit1m 1(x) _ (m . 2)[(31? — x¢+1)Qi+1,m;<x) wL_(zZJrm — x)Qi+2,m72(x)
+m i+1

1+

T = Tip1 Titm —
—2) T Qi —2) T L O a(2)} =
Hm )«Ti+m — Tit1 Qusrm-(@) +(m )xi+m Tit1 Q +1m-2(2)}

= {sz 1(@) +(m = 2)Qim—1(x) — (M — 2)Qiy1,m—2(x)+

Ti4m —

—Qi+1,m—1($) - (m - 2)Q¢+1,m71(5€) + (m - Z)Qi+1,m—2(37)} =

= é(m — 1)[Qz,m_1(1’) - Qi-l—l,m—l(x)]l:l'

Titm — T

We have chosen to use non-normalized B-splines simply to cut down notation in the
proof.
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