A SIMPLE COMBINATORIAL PROOF OF A
GENERALIZATION OF A RESULT OF POLO
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ABSTRACT. We provide a simple combinatorial proof of, and generalize, a
theorem of Polo which asserts that for any polynomial P € Ng] such that
P(0) =1 there exist two permutations v and v in a suitable symmetric group
such that P is equal to the Kazhdan-Lusztig polynomial P .

1. INTRODUCTION

In [5] Kazhdan and Lusztig defined a family of polynomials with integer co-
efficients in order to construct a class of representations of the Hecke algebra
associated to any Coxeter group W. These polynomials are indexed by pairs of
elements of W and have become known as the Kazhdan-Lusztig polynomials of
W. For an introduction to these polynomials see [4, Chapter 7|. Kazhdan-Lusztig
polynomials always have constant term equal to 1 and it was conjectured in [5]
that the coefficients of these polynomials are non-negative. This has been proved
if W is a (possibly affine) Weyl group in [6], but is still open for arbitrary Coxeter
groups.

In [9] Polo associated to each polynomial P with non-negative integer coeffi-
cients and constant term equal to 1 a pair of permutations (u,v) in a suitable
symmetric group such that the Kazhdan-Lusztig polynomial indexed by (u,v)
equals P. The proof of this result uses the interpretation of the Kazhdan-Lusztig
polynomials in terms of intersection cohomology of Schubert varieties, considering
certain resolutions of singularities of Bott-Samelson type.

The main goal of this paper is to give a simple combinatorial proof of a gener-
alization of this result using ideas developed in [3]. More precisely, we consider
a class of Kazhdan-Lusztig polynomials, which includes those considered in [9].
This class of Kazhdan-Lusztig polynomials is indexed by pairs of permutations
(u,v) where v is an arbitrary almost unimodal permutation (see §3) and we es-
tablish a linear recursion for them. These recursion relations allow us to compute
these polynomials explicitly.

The paper is organized as follows. In the next section we collect some notation,
definitions and results that are needed in the sequel. Section 3 is devoted to the
proof of the main result (Theorem 3.6).
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2. NOTATION AND PRELIMINARIES

In this section we collect some definitions and results that are used in the proofs
of this work.
We let N := {0,1,2,3,...} be the set of non-negative integers. For n,m € N,

we let [n,m] :={n,n+1,...,m} (so [n,m] =0 if n > m), and [n] := [1,n]. For a
sequence iy, g, ..., 4, and j € [n], we denote by ¢y,...,1;,...,1, the subsequence
U1y --,%5—1,%+1,- -, In Obtained by suppressing the entry i;.

Given a set T we let &(7T) be the set of all bijections of T. To simplify the
notation we denote by &(n) instead of G([n]) the symmetric group on n elements.
If o € &(n), then we write 0 = 0103 ...0, to mean that o(i) = o; for i € [n],
and call this the one-line notation of o, while we denote by s; the transposition
(1,0 +1). Given o,7 € &(T), we let o7 := 0 o1, i.e. we compose permutations
as functions, from right to left.

Given o € &(n), the descent set of o is

Des(o) :={d € [n—1]: 04> 0441},
and the length of o is defined by the number of inversions
l(o) :=1inv(o) := # {(a,b) € [n] X [n] : a < b,0, > 0} .

For example, if 0 = 635241 then Des(c) = {1,3,5} and ¢(0) = 12. If u,v €
S(n) we also denote £(u,v) := £(v) — £(u).

Throughout this work we view &(n) as a poset ordered by the strong Bruhat
order. We are not going to define this order in the usual way (see [4, §5.9] for its
definition), but we shall use the following characterization of it (see, e.g., [1, §3.2]
or [8, Proposition 2.1.11]). For 0 € &(n) and 1 < h < k < n, let 6™* be the h-th
entry in the increasing rearrangement of o(1),...,0(k). Then, for u,v € &(n),
we have u < v if and only if u* < vP* forall 1 <h <k <n-—1.

For u,v € &(n) we also write u < v to mean that v < v and ¢(u,v) = 1.

The Kazhdan-Lusztig polynomials are polynomials with integer coefficients
indexed by the set of all pairs (u,v) of permutations, and we denote them by
P?(q). We refer the reader to [4, Chapter 7] or to the original paper of Kazhdan
and Lusztig [5] for an introduction to this family of polynomials. It is well-known
that P?(q) equals 1 if either u = v or u < v and vanishes if and only if u £ v.
The degree of a Kazhdan-Lusztig polynomial P}, where u < v, is known to be
smaller than or equal to £(¢(u,v) — 1) and the coefficient of ¢2@)=1 (in the
case where £(u,v) is odd) is denoted by p(u,v); in particular we have p(u,v) =1
whenever u < v. We also set p(u,v) := 0 if £(u,v) is even.

In the computation of Kazhdan-Lusztig polynomials we will make use of the
following well-known relation that they satisfy (see, e.g., [5, (2.2.c)]).
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Theorem 2.1 (Kazhdan-Lusztig). Let u,v € &(n), u < v and d € Des(v). Then

v —C VS C VS [(.Z,‘U) ¥4
Plq)=q¢"Puiq)+ ¢ Pl (@) — > q  p(zvsa)Pi(q),
{z<vsq:deDes(z)}

where ¢ = 1 if d € Des(u) and ¢ = 0 otherwise.

The following result is a useful property of Kazhdan-Lusztig polynomials that
will be used repeatedly in the sequel (and that can be easily deduced from The-
orem 2.1) and we record it as a proposition for future reference (see [5, §2]).

Proposition 2.2. Let u,v € &(n), u < v, and d € Des(v). Then

Py (q) = Py, (@)
Remark 2.3. Proposition 2.2 implies directly that if z,w € &(n), z < w, are such
that p(z,w) # 0 and £(z,w) > 1, then Des(z) D Des(w).

Let w € &(n). We denote by w the permutation of &(n — 1) obtained from
w by suppressing the value n from its one-line notation. Similarly, we denote
by w the permutation of &(n — 1) obtained from w by suppressing the value 1
and re-scaling. For example, if w = 35214 then w = 3214 and w = 2413. The
following proposition is a special case of |2, Theorem 4.4] and of |9, §4], and its
proof can also be found in |3, Proposition 2.9|.

Proposition 2.4. Let u,v € &(n) be such that u='(n) = v='(n). Then

Py(q) = Pz(q).
On the other hand, if u=*(1) = v (1), then

Py (q) = Pi(q).
Remark 2.5. Note that if v~*(n) = 7 then £(v) = £(¥) + n — i. It follows that,
if u < v satisfy v~ !(n) = v~'(n), then we have ¢(u,v) = £(u,v) and hence, by
Proposition 2.4, u(u,v) = u(@,v).

There are some special cases where the Kazhdan-Lusztig polynomials can be

computed explicitly. Let 1 <e; <ey <---<e; <nand f, < fr_1 <--- < fi be

the remaining elements in [2,n — 1], so that 7 = n — 2 — 4. The following theorem
is the main result of 9] and will be generalized in §3.

Theorem 2.6 (Polo). Let ey,...,e; f1,..., fr be as above. Then

weeim frofr1 1 fr i
Pelleelz...ef_lz,-fi...ﬂ,ifrn (@) =1+ E g7
{j:e;>fr}

Theorem 2.6 implies the arbitrariness of Kazhdan-Lusztig polynomials. In fact
let P(q) € N[g] be such that P(0) = 1. Then P(q) = 1+ >7%_ g% for some
I1<ag <ay<---<a;. fwesetej=a;+j+1,forjei]andn=aqa;+i+2
we have, by Theorem 2.6,

P€1€2--- en fifr—11fr (q) = P(Q)

ley...e;—1€fi-..fr—1frn
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3. MAIN RESULT

Let v € &(n). We say that v is unimodal if there exists an index ¢ € [n] such
that Des(v) = [i,n — 1]. For example, v = 35786421 is a unimodal permutation
in &(8).

The following result is a special case of [7] (see also [1, Theorem 8.1.1] and |8,
Theorem 3.7.5]). However, its proof is so simple, and in the spirit of this work,
that we have included it for completeness.

Lemma 3.1. Let u,v € &(n), v be a unimodal permutation and u < v. Then
PJ(g) =1.

Proof. We proceed by induction on n, the statement being trivial for n = 1.
Suppose Des(v) = [i,n — 1] and hence v—!(n) = i. Then, since v < v, we have
u~!(n) > i. So, by repeated use of Proposition refmaxdeg, we may assume that
u~!(n) = 4. Hence, by Proposition 2.4, P’(q) = P2(q) and the claim follows by
our induction hypothesis, since ¥ is also a unimodal permutation. 0

We say that an element v € &(n), n > 2, is almost unimodal if the permutation
v € &(n — 1) obtained from v by deleting 1 and re-scaling is unimodal.
When we also need to stress the fact that 1 appears in a given position in the
one-line notation of v, we say that v is (1 — j)-almost unimodal if it is almost
unimodal and v™(1) =7 .
For example the permutation 2576143 is a (1 — 5)-almost unimodal permuta-
tion.
Note that a permutation v € &(n) is unimodal if and only if it is either (1 — 1)-
almost unimodal or (1 — n)-almost unimodal. With this terminology, Polo’s the-
orem (Theorem 2.6) is concerned with Kazhdan-Lusztig polynomials Py, where v
isa (1 — n—1)-almost unimodal permutation, and the main goal of this paper is
to generalize this result to polynomials P, where v is a generic almost unimodal
permutation.

Lemma 3.2. Let j € [n — 1] and z,w € &(n), z < w, £(z,w) > 1, be such that
w is (1 = j)-almost unimodal and j € Des(z). Then u(z,w) = 0.

Proof. We proceed by induction on n, the result being clear for n = 2. So suppose
n > 3 and let 1 := w!(n).

If j < i—1 then, by Remark 2.3, we may assume that [i,n — 1] C Des(z) and
the condition z < w forces 271(n) = w™!(n) = i. Then, by Remark 2.5, we have
l(z,w) = £(Z,w) and p(z,w) = u(Z,w), and the claim follows from our induction
hypothesis since w is still (1 — j)-almost unimodal and j € Des(Z).

If j = i—1 then, by Remark 2.3 and the hypothesis j € Des(z), we may assume
that [1 —1,n—1] C Des(z). But this is incompatible with z < w since w=!(n) =i
and the result again follows.

If j > i then, by Remark 2.3 and the hypothesis j € Des(z), we may assume
that [i,n — 1] C Des(z) so z7*(n) = w!(n) = i. Then, by Remark 2.5, we have
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L(z,w) = £(Z,w) and p(z,w) = u(Z,w), and we conclude again by our induction
hypothesis since w is (1 — j — 1)-almost unimodal and j — 1 € Des(z). O

Let 1 < e < ey < ---< e <nbefixed and f, < f,_1 < --- < f; be the
remaining elements in [2,n — 1], so that r = n —i — 2. We also set f, := n. For
J € [n] we let

er...ej1lej...eifo... fr, if j<i+1,
(31) v; = 61...6i1f0..-f'ra lf]:Z+1,
61---eifO---fj—i—21fj—z'—1---fr7 lf] >1+ 1.

Note that v; is a generic (1 — j)-almost unimodal permutation and that, for
j € [n—1], vj+18; = v;.

Lemma 3.3. Let j > 1 and v be a (1 — j+1)-almost unimodal permutation such
that 7 < v™(n). Suppose that u < v is such that u(1) =1 and u(h + 1) = v(h)
for h € [j — 1], and let a .= u(j +1). Then

Pl(q) =1+ — k;(a) — 1)g,
where, if we set v(0) := 0, kj(a) :==max{l € [0,5 — 1] : v(]) < a}.

Proof. Without loss of generality we may assume that v = vy (see equation
(3.1)), with j < i+ 1. It follows that

u=1le;...e_1a%* - %,

where * - - - x stands for a suitable permutation of [n] \ {1,e1,...,€e;_1,a}.

We proceed by induction on j. If j = 1 then k;(a) = 0 and the result follows
by Proposition 2.2 used with d = 1, Proposition 2.4 and Lemma 3.1.

Now suppose that j > 1. It is easy to check that

(3.2) {z <wvj;18; =v;: j € Des(z)} = 0.

If kj(a) = j — 1 then e;_; < a and hence, by Theorem 2.1, Lemma 3.2 used with
w = vj, and (3.2), we have

Pyti(q) = qPyi(q) + Py (q)

eiea...e;—11le;...e; fo...fr erea...ei_1 1 e;...e; fo...fr
= QPN @) + PRRIGS ET a).
The first term in the right-hand side is zero since us; £ v;. So the result follows
by our induction hypothesis since u < v; by the so-called lifting lemma (see, e.g.,
[4, Lemma 7.4 (b)]), and k;_1(ej_1) = Jj — 2.

Now let kj(a) < j — 1 and hence a < e; ;. We have us; < vs; = vj, by the
lifting lemma (see, e.g., [4, Lemma 7.4 (a)]). We claim that we have also u < v;.
In fact, in the notation of §2, we have U;L’k = v?fl for all k # j and all h < k. The
claim follows since u < v;;; and u™/ = U;L’j for all h < j. So, by Theorem 2.1,
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Lemma 3.2 and (3.2), we have

Pyt () = P (q) +aP7(q)
PeleQ...ej,l lej...eifo...fr (C]) + quleQ...ej,l 1 ej...eifo...fr (C])

lejp..ej_saej 1% - x lep...ej_gej 1% = x
= 14+(—-1=kj_1(a) —1)g+gq,
by our induction hypothesis, and the proof is complete, since k;_1(a) = k;(a). O
Now let u:=1e;...e;f1... frn and denote, for 0 < h <a <7,
Uh,a ‘= USi+aSita—1"" " Sit+h+1,

ie. upe = ler...efi... foo1fafn- j‘; ...frm (for h > 1). For example, if
e; =3, e =5 and n = 7 then (fo, f1, fo, f3) = (7,6,4,2) and u, o = 1354627.
Note that uy, = u for all h <17 and up ¢S4 = Up—1,4.

For simplicity of notation we let

. PUitht1 — per-eifofifp1l fafnyr - fr
Fha Pun,a () Plel...eifl...fh_lfafh...fa...f,n(q)'

Remark 3.4. Note that, for 0 < &' < h < a <7, we have P,.""*'(q) = Fjy p. In
fact, since [i + h+ 1,7 + a] C Des(v;yx11) we have, by Proposition 2.2,

Pyt (q) = Putilisivacsiea (@) = P () = Pu ™ (@) = -

The following result is a linear recursion satisfied by the polynomials Fj, 4.
Theorem 3.5. Let 2 < h<a <r. Then
Fh,a = Fh—l,a + th—l,h—l - th—2,h—2 - (fh—2 — fh-1— 1)4-

Proof. We want to deduce our statement using Theorem 2.1 with v = v;p41,
U = tp, and d =i+ h € Des(viypt1). By Lemma 3.2, used with w = v;1p, the
sum appearing in Theorem 2.1 can be restricted in this case to the set
Z :={z<vjip: i+ h € Des(z)}.
The set Z is given by the permutations z obtained from v, by swapping 1 either
with fj_o or with any of the entries e; such that f, 1 <e; < fr_2. So, if we let
gj =€1... €j,116j+1 ce eifo ce fh*?ejfhfl ce. fr we have
Z = {Vish—1y U{G : fa1 <ej < faa}

Now note that ¢; is (1 — j)-almost unimodal and that all the other hypothesis
of Lemma 3.3 are satisfied with v = (; and v = up, (and j = j — 1). Thus, it

follows that Py (q) = 1.
So we may conclude that

tha = P;’;—Zi;-:iwh (q) + qP;’;':;hﬂswh (q) — Z QP;h’a (Q)
2€EZ

= Puth (@) +qPrit(q) —aPrith - (q) —#4{ : for <€ < fa2}q
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Now Pyt (q) = Fh_1,, by definition, while Pt (¢) = Fj,_15—1 and Py, (¢) =
Fy_op_2, by Remark 3.4. The claim follows since, clearly, #{j : fr-1 < e; <
fh2} = foo— foo1— L. O

Theorem 3.6. Suppose that either h=a=0o0r1 < h<a<r andlet fo:=n
and f_1:=n+1. Then
h
Fro=14(fa1—foth—1—0a)q+ > (fak — fakr — 1) "
k=2

Proof. For h = a = 0 the claim is Fyo = 1 and this follows directly from
Lemma 3.3. For h = 1 we have to show that Fy, = 1+ (n — f, — a)q.
By Lemma 3.3 we have Fi, = 1+ (i — k;j11(fa))g, where, setting ey := 0,
kiv1(fs) = max{l € [0,i] : ¢ < f,}, and we claim that these two expressions
for F , agree. In fact, since the entries in [n] which are smaller than or equal to
faareexactly 1,e1,..., €k (fa)s fr> fre1s-- -, fa we have f, = 14k 1 (fo)+r—a+1,
and the claim follows, recalling that n = r +7+ 2. So we may suppose h > 2 and
proceed by induction on h.

By Theorem 3.5 we have

Fro=Fh 10+ qFhp1—qFho2n2— (fa2—fo1—1)q
So, using our induction hypothesis, we can compute all the coefficients of Fj,,
by looking at the right-hand side of this equation. Note that an easy inductive
argument shows that deg(F},.) < h. So, for k € [0, h], we let ¢, be the coefficient
of ¢* in Fy, ,. Tt is clear that ¢y = 1. The coefficient of ¢ in Fj, , is

a = (fhe—fot+th—2-a)+1-1~(fpo—fr1—1)

= (fbr1—faoth—1-a}

and so it agrees with our statement.
For k € [2,h — 1] the coefficient of ¢* in F}, , is

c = (fhw1—Sforx—"UD+rr—fowrn -1~ o1 —fore—1)
= Jfhk = Sr-ks1 — L.
Finally, we have ¢, = fo — fi1 — 1, and the proof is complete. O

If h = a Theorem 3.6 gets a much simpler form.

Corollary 3.7. For h=0,...,r we have

h
Fun=1+Y (for—fors1—1)¢"

k=1
In particular

Fr,r =1+ Z(frfk - f'rfk—|—1 - 1) qk-
k=1
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The second equality in Corollary 3.7 is an equivalent reformulation of Theo-
rem 2.6, that is, the result of Polo that we have referred to in the title of this
work.
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