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Abstract

In 1979 Kazhdan and Lusztig defined, for every Coxeter group W, a family of
polynomials, indexed by pairs of elements of W, which have become known as the
Kazhdan-Lusztig polynomials of W, and which have proven to be of importance
in several areas of mathematics. In this paper we show that the combinatorial
concept of a special matching plays a fundamental role in the computation of
these polynomials. Our results also imply, and generalize, the recent one in [12]

on the combinatorial invariance of Kazhdan-Lusztig polynomials.



1 Introduction

In their fundamental paper [22] Kazhdan and Lusztig defined, for every Coxeter group
W, a family of polynomials, indexed by pairs of elements of W, which have become
known as the Kazhdan-Lusztig polynomials of W (see, e.g., [21], Chap. 7). These
polynomials are intimately related to the Bruhat order of W and have proven to be
of fundamental importance in several areas of mathematics including representation
theory and the geometry and topology of Schubert varieties (see, e.g., [22], [23], [21],
[19], [1], [18], [2], [25], and the references cited there).

Our purpose in this paper is to show that the combinatorial concept of a special
matching (see §2 for definitions) plays a fundamental role in the computation of these
polynomials. Our results also imply the recent one in [12] about the combinatorial
invariance of Kazhdan-Lusztig polynomials. More precisely, while the result in [12] is
non-constructive and holds for Coxeter systems whose Dynkin diagram is either a tree

or affine of type A, our result is constructive and holds for all Coxeter systems.

The organization of the paper is as follows. In the next section we recall some
definitions and results that will be used in the rest of this work. In the following three
sections (§§3,4,5) we establish some preliminary results on Bruhat order, on the com-
binatorics of pairs of special matchings, and on general algebraic properties of special
matchings of Coxeter systems. In section 6 we study in detail the special matchings of
Coxeter systems of rank three. These results are then used in the following section (§7)
to obtain the main result of this work. More precisely, we obtain a classification of all
the special matchings of any Coxeter system (Theorem 7.6), from which the connection
between special matchings and Kazhdan-Lusztig polynomials (Theorem 7.8) follows.
In §8 we introduce and study a Hecke algebra naturally associated to the special match-
ings of any element of any Coxeter system and use it to show that our main result is
equivalent to the statement that a certain action of this Hecke algebra on a submodule
of the Hecke algebra of W “respects” the canonical involutions (Theorem 8.2). This,
in turn, implies that the usual recursion for the Kazhdan-Lusztig polynomials ([22,
formula (2.2¢)]) holds also when descents are replaced by special matchings (Corollary
8.4). Finally, in the last three sections of this work, we derive some consequences of
our main result. These include various closed formulas for both the Kazhdan-Lusztig
and R-polynomials. Some of these generalize well-known formulas that have appeared

before in the literature.



2 Notation, definitions and preliminaries

In this section we collect some definitions, notation and results that will be used in the
rest of this work.

We let P & {1,2,3,...}, and NEPp U{0}. For a € N we let [d] o {1,2,...,a}

(where [0] o 0) and [0, d] o [a] U {0}. We write S = {aj,...,a,}< to mean that
S ={ay,...,a,} and a1 < --- < a,. The cardinality of a set A will be denoted by
|A| and its power set by P(A), for r € N we let (f) o {SC A:|S|=r} Given a
polynomial P(q), and i € Z, we denote by [¢'](P(q)) the coefficient of ¢* in P(q).

By a graph we mean a pair G = (V, E) where V is a set and E C (‘2/) We call

the elements of V' wertices and those of E edges. A matching of GG is an involution
M :V — V such that {v,M(v)} € E for allv € V.

By a directed graph we mean a pair D = (V, A) where V is a set and A C V2. We
call the elements of V' wvertices and those of A directed edges. If (a,b) € A then we
also write a — b. A directed path (respectively, undirected path) in D is a sequence
I' = (ag,...,a,) of vertices such that a;_; — a; (respectively, either a;_1 — a; or
a; — a;—q) for i =1,...,7. We then say that I" goes from ag to a,. The length of such
a path is (") & - IfT'is a directed path then we also write I' = (ap — a; — -+ — a,).
If U C V then the directed graph induced on U by D is (U, AN U?).

Given a set T' we let S(T) be the set of all bijections 7 : T — T, and S, o S([n]).
If o € S, then we write ¢ = 07 ...0, to mean that o(i) = o;, fori = 1,...,n. We also
write ¢ in disjoint cycle form, omitting to write the 1-cycles. Given o,7 € S,, we let
or Y oor (composition of functions) so that, for example, (1,2)(2,3) = (1,2, 3).

We follow [24, Chapter 3] for undefined notation and terminology concerning par-
tially ordered sets. In particular, if (P, <) is a partially ordered set (or, poset, for
short) then two elements x,y € P are said to be comparable if either x < y or y < z,
and incomparable otherwise. Given z,y € P we let [z, y] o {z€eP: z<2z<y}and
call this an interval of P. If |[x, y]| = 2 then we say that y covers z and we write z <y.
An element z € [z,y] is said to be an atom (respectively, a coatom) of [z, y] if z < 2
(respectively, z < y). A poset P has a minimum (respectively, mazimum) if there is
an element, denoted 0 (respectively, 1), such that 0 < z (respectively, z < 1) for all
x € P. We say that a poset P is graded if P has a minimum and there is a function
p: P — N such that p(0) = 0 and p(y) = p(z) + 1 for all 2,y € P with 2 < y. (This
definition is slightly different from the one given in [24], but is more convenient for
our purposes.) We then call p the rank function of P. A sequence (xg,z1,...,z,) of

elements of P is called a chain if xo < 21 < ... < x,. We then also say that the chain
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Figure 1: A special and a non-special matching

goes from x( to x,. The integer r is called the length of the chain. The Hasse diagram
of P is the graph H(P) ¥ (P, E) where E % {{z,y} € (¥) : either x <y or y <z}

Following [7] we say that a matching M of the Hasse diagram of P is special if
u<v = M(u) < M(v),

for all u,v € P such that M (u) # v. A different, but equivalent in the case of Eulerian
posets, concept has also been introduced in [11].
So, for example, the dotted matching of the poset in Figure 1 is special while the

dashed one is not. The following result is easy to prove.

Lemma 2.1 Let P be a graded poset, M be a special matching of P, and u,v € P be
such that M(v) <v and M(u) > wu. Then M restricts to a special matching of [u,v].

Two posets P and () are isomorphic if there exists an order-preserving bijection
f: P — @ such that f~! is also order-preserving. A poset P is a Boolean algebra of
rank r if there is a set X of cardinality 7 such that P is isomorphic to P(X), partially
ordered by inclusion.

We assume from now on that all intervals in P are finite. Let Int(P) o {(z,y) €
P?: z <y}. Given a commutative ring R the incidence algebra of P with coefficients
in R, denoted I(P; R), is the set of all functions f : Int(P) — R with sum and product
defined by

(f + )&, 9) < fz,y) + g(z,y)

and

(f)(x,y) = Y fl@,2)g(zy),

z<z<y
for all f,g € I(P;R) and (z,y) € Int(P). It is well known (see, e.g., [24], §3.6, and
Proposition 3.6.2) that I(P; R) is an associative algebra having § as identity element
(where §(z,y) L if e = y, and ) otherwise) and that an element f € I(P; R) is
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invertible if and only if f(x,z) is invertible for all x € P. If f is invertible then we
denote by f~1 its (two-sided) inverse.

By a composition of n € P we mean a sequence o & (o, ..., ) (for some s € P)
of positive integers such that a; + ... + as = n. We let |a| o Yoi i, la) =
and T'(a) def {as,a5 + a5_1,...,a5+ ... + az}. For n € P we let C, be the set of
all compositions of n and C def Unsi Cn Given (au,...,a4), (Br,...,0) € Cy we
say that (aq,...,a5) refines (By,...,0) if there exist 1 < iy < ip < -+ < 441 < s
such that Z;k:ik—l'i‘l a; = f for k =1,...,t (where i def 0, i def s). We then write
(a1, ... a5) <. (B1,...,0). It is easy to see that the map ( + T'([3) is an isomorphism
from (C,, <.) to the Boolean algebra of subsets of [n — 1] ordered by reverse inclusion.

Let n € N. By a lattice path of length n we mean a function I' : [0,n] — Z such
that ['(0) = 0 and |I'(¢) —I'(¢ — 1)| = 1 for all i € [n]. Given such a lattice path I" we
let

NI Y fien—1]:I3) <0},

D) L {ie0,n—1]:T@E+1)—T() =1},

() €, and T &) — 1 — |N(T)|. Note that n ¢ N(T') and that d (') = Z@n,
Let £(n) denote the set of all lattice paths of length n. Given S C [n — 1] we let

E(S,n) ¥ {T € L(n): NI) =5}
For a € C,, we define, following [6], a polynomial Y, (q) € Z[q] by letting

Talg) € (=)@ Y7 (=g
FeE(T(a)n)

We follow [21] for undefined Coxeter groups notation and terminology. Given a
Coxeter system (W, S) and w € W we denote by ¢(w) the length of w with respect to
S, and we let

Dr(w) € {se S: t(ws) < L(w)},

Dy (w) & {s €8 : lsw) < lw)} = Dr(w™) and &, o (=)™ We call the
elements of D(w) (respectively, Dy (w)) the right (respectively, left) descents of w. We
denote by e the identity of W, and we let T’ o {wsw™ :w € W, s € S} be the set of
reflections of W. For u,v € W we also write £(u, v) & (v) — l(u).

We denote by B(W) the Bruhat graph of W. Recall (see, e.g., [21, §8.6], or [14])
that this is the directed graph having W as vertex set and having a directed edge
from u to v if and only if u=!'v € T and f(u) < £(v). The transitive closure of B(W)
is a partial order on W that is usually called the Bruhat order (see, e.g., [21, §5.9])
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and that we denote by <. Throughout this work, we always assume that W, and its
subsets, are partially ordered by <. There is a well known characterization of Bruhat
order on a Coxeter group (usually referred to as the subword property) that we will
use repeatedly in this work, often without explicit mention. We recall it here for the
reader’s convenience. By a subword of a word s;s; - - s, we mean a word of the form

SiySis *** Sip, Where 1 <4y < -+ <4 < gq.

Theorem 2.2 Let u,w € W. Then u < w if and only if every reduced expression for

w has a subword that is a reduced expression for u.

A proof of the preceding result can be found, e.g., in [21, §5.10]. It is well known that
W, partially ordered by Bruhat order, is a graded poset having ¢ as its rank function.
Given v € W and s € Dg(v) (respectively s € Dp(v)) we define a matching ps (
respectively, As) of the Hasse diagram of [e, v] by ps(u) = us (respectively, A\s(u) = su)
for all u < wv. It then follows easily from the “Lifting Property” (see, e.g., [8, Theorem
1.1], [21, Proposition 5.9] or [4, Proposition 2.2.7]) that ps (resp., As) is a special
matching of [e,v]. We call a matching M of the Hasse diagram of an interval [e, v] a
multiplication matching if there exists s € S such that either M = A\, or M = p;.

For A C W we denote by < A > the subgroup of W generated by A. If J C S we
let Wy €< J > and W/ & {weW : Dg(w) C S\ J}. The following result is well

known and a proof of it can be found, e.g., in [21].

Proposition 2.3 Let J C S. Then:
(i) everyw € W has a unique factorization w = w”’ -wy with w’ € W7 and wy € Wy;
(ii) for this factorization: £(w) = £(w”?) + £(wy).

There are, of course, left versions of the above definitions and results. Namely, if we
let
W LweW : Dp(w) C S\ J}= W), (1)

then every w € W can be uniquely factorized w =;w - w, where ;w € W; and ‘w €
JIW, and then {(w) = £(yw) +£("w). If J C S and w € W we let W;(w) N [e, w].
It is known (see, e.g., [20, Lemma 7)) that there exists a unique maximal element in
W;(w) that we denote w[J], so that W;(w) = [e, w[J]].
Let ACT and W’ ¥< A >, Following [21], §8.2, we call W' a reflection subgroup
of W. It is then known (see, e.g., [21], Theorem 8.2) that (W', S’) is again a Coxeter
def

system where §' & {teT: Nt)nW’' ={t}}, and N(w) = {t € T : l(wt) < (w)}.
We call the elements of S’ the canonical generators of W’. We say that W' is a dihedral
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reflection subgroup if |S'| = 2 (i.e., if (W', S’) is a dihedral Coxeter system). Following
[16] we say that a total ordering < of T is a reflection ordering if, for any dihedral
reflection subgroup W’ of W, we have that either a < aba < ababa < ... < babab <
bab < b or b < bab < babab < ... < ababa < aba < a where {a, b} 4 &/, The existence
of reflection orderings is proved in [16], §2. Let < be a reflection ordering, and s € S.
Define a total ordering <® on T' as follows. For ti,t, € T set t; <° t5 if and only if
one of the following conditions apply: 1) t; <t < s; 2) t1,t2 > s and st;s < stas; 3)
t1 < s < tg; 4) to = s. Similarly, we define <, by letting ¢; <, t5 if and only if one of
the following conditions is satisfied: 1) t1,ts < s and st1s < stas; 2) s < t1 < ta; 3)
t1 < s <ty; 4) t; = s. It can be proved (see Proposition 2.5 of [16]) that these orders
are still reflection orderings, and that (<;)* ==<°.

We denote by H(W) the Hecke algebra associated to W. Recall that this is the free
Z[q?, ¢ 2]-module having the set {T},, : w € W} as a basis and multiplication such
that

o { Tovs, if (ws) > (w), @
qTws + (¢ — )T, if L(ws) < L(w),
for all w € W and s € S. It is well known that this is an associative algebra having T,

as unity and that each basis element is invertible in H(W). More precisely, we have

the following result (see [21, Proposition 7.4]).

Proposition 2.4 Let v € W. Then

(val)_l = q—ﬁ(v) Z(_l)g(um Ru,ﬂ(‘]) Tu,

u<v

where R, ,(q) € Z[q].

The polynomials R, , defined by the previous proposition are called the R-polynomials
of W. It is known that deg(R,,) = ¢(u,v), and that R, ,(¢) = 1, for all u,v € W,
u < v. It is customary to let R, ,(q) © 0 if u £ v. We then have the following

fundamental result that follows from (2) and Proposition 2.4 (see [21, §7.5]).

Theorem 2.5 Let u,v € W and s € Dg(v). Then

R (q) _ { Rus,vs(Q)v ’LfS € DR(“’)? (3)
o Rus0s(q) + (¢ — D) Rus, if s & Dp(u).

Note that the preceding theorem can be used to inductively compute the R-polynomials
since f(vs) < f(v). There is also a left version of Theorem 2.5. Sometimes it is
convenient to use a related family of polynomials with nonnegative integer coefficients.

This is introduced in the following, which is a simple consequence of Theorem 2.5.
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Proposition 2.6 Let u,v € W. Then there ezists a (necessarily unique) polynomial
Ru..(q) € N[q] such that

Ruu(q) = ¢2" ™ R, (q% — q‘%> - (4)

We let ¢ be the canonical involution of H(W). So for all P(¢) € Z[q2,q 2] «(P)(q) Lof
P(qg7") and for all w € W «(T,,) o (T,-1)~t. A proof of the following fundamental

result can be found, e.g., in [21], Theorem 7.9.

Theorem 2.7 For each w € W there exists a unique element C! € H(W) such that
u(Cl) =CY, and
Oqlu = q_@ Z Pu,w(Q) Ty,

u<w

where Py, .,(q) =1 and P,.,(q) € Z[q| has degree smaller than @ if u < w.

We call the basis {C!, : w € W} the Kazhdan-Lusztig basis of H(W). The polynomials
P, .,(q) defined by the preceding theorem are called the Kazhdan-Lusztig polynomials
of W. For u,w € W we let f(u,w) o [q%(é(“’w)_l)](Puw(q)) if u < w and £(u,w) is
odd, and f(u, w) o 0, otherwise. Kazhdan-Lusztig polynomials have been first defined
in [22] and play a prominent role in several branches of mathematics including repre-
sentation theory (see, e.g., [1], and the references cited there), and algebraic geometry

and topology of Schubert varieties (see, e.g., [22], [23], and [2]).

3 A combinatorial property of Bruhat order

In this section we prove a combinatorial property of Bruhat order on a Coxeter group
which plays a fundamental role in all that follows. Its proof uses the following lemma
which is proved in the same way as Lemma 3.1 of [14], and whose proof we therefore

omit.

Lemma 3.1 Let (W,S) be a Cozeter system and t, ..., ts, € T (n € P) be such that
tity = t3ty = ... = tg,_1la, # €. Then W’ L {t1, ..., tan} > is a dihedral reflection

subgroup.

We can now prove the main result of this section. It immediately implies Proposition
7 of [26].

Theorem 3.2 Let (W, S) be a Coxeter system and a,b € W be such that either |[{w €
W:iw<a,w<ab}| >3 or|[{weW :w>a,w>b}| >3. Then a =b.
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Proof. We prove the assertion in the first case, the proof for the other one being
entirely similar.

Suppose that a # b and let z,y,z € {w € W : w < a,w <b}. Let t1,...,t6 € T
be such that at; = x, at3 = y, ats = z, bty = x, bty = y, btg = z. Then att, =
atsty = atstg = b so tity = t3ty = tstg # e. This, by Lemma 3.1, implies that
W {t1,...,t¢} > is a dihedral reflection subgroup. Clearly, a,b,x,y,z € aW’.
But, by Theorem 1.4 of [14], the subgraph of the Bruhat graph of W with vertex set
aW' is isomorphic, as a directed graph, to the Bruhat graph of W’ (considered as
an abstract Coxeter system), which is a contradiction since W' is a dihedral Coxeter
system, and z,y, z are incomparable. Hence a = b, as desired. O

The following result, though already known (see [12, Theorem 2.4]), is a direct
consequence of Theorem 3.2, and will be used in the sequel. We call an interval [u, v]
in a poset P dihedral if it is isomorphic to a finite Coxeter system of rank < 2 ordered
by Bruhat order.

Corollary 3.3 Let (W, S) be a Cozeter system, and u, v € W. Suppose that [{z €

[u,v] : z < v} = 2. Then [u,v] is a dihedral interval.

Proof. It is well known that, for all z,y € W such that y < z and {(y,z) = 2, [y, z]
is a Boolean algebra of rank 2. Using this and Theorem 3.2 it is easy to prove, by
induction on i, that [{w € [u,v] : {(w,v) =i}| = 2 for all i € [{(u,v) — 1], as desired.
O

4 Pairs of special matchings

In this section we prove some combinatorial properties of pairs of special matchings
which are needed in what follows. More precisely, since a matching is an application
from the set of vertices of a graph to itself, we can compose special matchings as
functions. Given two special matchings, M and N, we look at the structure of the
orbits of (M, N), the group generated by M and N. Most of the results in this section
hold for any graded poset.

For x € P we denote by (M, N)(z) the orbit of z under the action of (M, N). We

begin with the following simple but fundamental observation.

Lemma 4.1 Let P be a finite graded poset, and M and N be two special matchings of
P. Then the orbit (M, N)(u) of any u € P is a dihedral interval.
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M(X) N(X)
NM(x) MN(x)
MNM(X) NMN(X)

Figure 2: The orbits (M, N)(u) are dihedral intervals

Proof. Since P is finite, the orbit (M, N)(u) is also finite. Therefore there exists
x € (M, N)(u) such that M(z) <x and N(x) <z. If M(x) = N(z) then (M, N)(u) =
{z, M (z)} and we are done. Else, by the definition of a special matching we have that
NM(z) < M(z), NM(z) < N(z), MN(z) < N(x), and MN(z) < M(x). If MN(x) =
NM (z) then (M, N)(u) = {z, N(z), M(z), NM(z)} and we are done. Otherwise we
conclude, similarly, that M NM (z)<INM (z), MNM (z)<AIM N (x), NMN(x)<IM N (x),
and NMN(xz) < NM(z) (see Figure 2). If MNM(x) = NMN(x) then we are done,
else we continue in this way. Since (M, N)(u) is finite there exists [ € P such that

MNM .. (xr)=NMN.. (xr)and the result follows. O
——— ——

! 1
We say that a graded poset P avoids K34 if there are no elements a4, ag, as, by, be €

P, all distinct, such that either a;<1b; for alli € [3], j € [2] or a;>b; for alli € [3], j € [2].

So, for example, a Coxeter group under Bruhat order avoids K3, by Theorem 3.2.

Proposition 4.2 Let P be a finite graded poset that avoids Kso, v € P, and M and
N be two special matchings of P such that M(v) # N(v). Let v € P\ {M(v),N(v)}
and suppose that either

i) M(v)<v, N(v)<v and v' <wv, or
i) M(v)>wv, N(v)>wv and v' > v.

Then
(M, N)(v)| = [(M,N)(v)].

Proof. We prove the statement only in case i), case ii) being similar. Suppose that
(M, N)(v)| = 2n, (M, N)(v')| = 2m. Note that, since v’ ¢ {M(v), N(v)}, (M, N)(v)N
(M, N)(v') = (). Therefore, no element of (M, N)(v) is matched by either M or N to
an element of (M, N)(v"). This, by the definition of a special matching, and a simple
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Figure 3: The case n =3 and m > n

induction on k, implies that

MNM - (o)) SMNM--(v) , MNM---(t/y ANMN ---(t/),
—_— T Y Y Y=

k k k k-1
and
NMN () QNMN--.(v) ., NMN---(v) QMNM---(v/),
k k k k-1
for all k& € [n]. Therefore, m > n. If m > n, then MNM---(v') # NMN ---(v').
—— ——

But MNM ---(v) = NMN ---(v), and this contradicts the fact that P avoids K32 (see
—_— —_— )

n

Figure 3)n O

We now restrict our attention to the case where P is an interval of the form [e, v],
with v € W. In this case we often refer to a special matching of [e,v] simply as a
special matching of v.

The following is the main result of this section.

Lemma 4.3 Let u,v € W, u < v and M and N be two special matchings of v.
If (M,N)(u)] = 2m > 2, then there exists v’ and a dihedral interval I such that
e,M(e),N(e) € I, (M,N)(u)| =2m and (M,N)(u') C I. In particular, if M(e) #

N(e), then Wing(eyn(e)y contains an orbit of cardinality 2m.

Proof. Without loss of generality we may assume that M(u), N(u) < u. We claim
that we can find a sequence u = wuy > ug > -+ > uy such that M(w;), N(u;) < g,
(M, N)(u;)] = 2m for all i € [k], and [e,u;] is a dihedral interval. In fact if {z €
le,u] + z<u} = {M(u),N(u)} then we are done by Corollary 3.3. Otherwise let
us € {z € le,u] : z<qu} \ {M(u), N(u)}. Then, by Proposition 4.2, |(M, N)(ug)| = 2m
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and M (ug) <ug, N(ug) ug. If {z € [e,us] : 2 <<us} = {M(uz), N(ug)} then our claim
is proved. Otherwise let ug € {z € [e,us] : 2 Qua} \ {M(uz2), N(uz)} and continue as

above. This proves our claim, and the result follows. O

5 Algebraic properties of special matchings

In this section we establish some algebraic properties of special matchings of Coxeter

groups that are needed in the proof of our main result.

Lemma 5.1 Let u,w € W, u < w and M be a special matching of w. Suppose that
u & Uy Wiem(e)y, and that M(u) > u. Then

Hz € le,u]: v <<u and M(x)>x}| > 2. (5)

Proof. By Lemma 2.1, given an element v with v > M (v), M restricts to a special
matching of [e,v]. In particular M(e) < v. Hence, if M(e) £ u, then M(x) > z for all
x € |e,u|, and the assertion is proved.

If M(e) < wu then, by our hypotheses, the interval [e,u] is not dihedral and, in
particular, [e, M (u)] has at least two coatoms distinct from u, say x; and xs. Then,
by the definition of a special matching, M (z;) < x; and M (x;) <wu for i = 1,2, and (5)
follows. O

The next result is a fundamental tool in our proof.

Lemma 5.2 Let u,w € W, u < w and M be a special matching of w. Suppose that
M(z)==zs
for all v € J,cg Wisy (u), where s o M(e). Then M(u) = us.

Proof. We proceed by induction on ¢(u) the statement being trivial if £(u) = 0. We
may assume that M (u) > u, else the statement follows by induction. Furthermore,
we may clearly assume that u & J,cg Wissy. Hence, by Lemma 5.1, there exist two
distinct elements u; and wuy such that w; < u and M(w;) > u;, for ¢ = 1,2. By our
induction hypothesis M(u;) = w;s, for i = 1,2. Therefore us covers u, M(u;) and
M (us) and, by the definition of a special matching, M (u) also covers u, M(u;) and
M (us). Hence M(u) = us by Theorem 3.2.0
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Note that the reasoning used to prove Lemma 5.2 also proves that if M and N
are two special matchings of w and M(xz) = N(z) for all z € J,cg Wisy(u), where
s = M(e), then M(u) = N(u).

The next “invariance” property relating special matchings and parabolic subgroups

will be used often in the sequel.

Proposition 5.3 Let w € W and M be a special matching of w. Then, for all J C S
such that M(e) € J, M stabilizes Wy(w).

Proof. We prove that u € W;(w) implies M (u) € W;(w) by induction on ¢(u), this
being trivial if £(u) = 0. We may clearly assume that M (u) > u. Let x < M (u), x # u.
Then M (z) <w and by our induction hypothesis x € W;(w). Hence all the coatoms of
le, M (u)] are in Wy (w), so M(u) € W;(w). O

We conclude this section with a result which shows that if an element w € W has
a special matching which is not a multiplication matching on the atoms of [e, w] then

w must satisfy certain constraints.

Lemma 5.4 Let w € W, M be a special matching of w, s def M(e), and r,t € S.

Suppose that M(t) = ts # st and M(r) = sr # rs. Then rst £ w. Furthermore, if
rt # tr, then rt £ w.

Proof. Suppose rt < w. Then, by the definition of special matching, M (rt) > rt,
M(rt) > ts and M(rt) > sr. If rt # tr there are no such elements and this proves the
second part of the statement. If rt = tr then necessarily M (rt) = tsr. If rst < w then

M (rst) would cover both tsr and rst and there are clearly no such elements.0

6 Coxeter systems of rank 3

In this section we study special matchings in Coxeter systems of rank 3. These results
are applied in the next section to rank three parabolic subgroups of general Coxeter
systems.

Throughout this section (W, S) is a Coxeter system of rank 3, and S &of {s,r t}.
We fix w € W, a special matching M of w and we assume that M(e) = s.

For z,y € S we denote by - - - zyx (respectively zyx - - ) a word given by alternating
x and y that ends (respectively begins) with z. Inside any single proof, if the length of
such a word is not specified, it is assumed to be arbitrary but fixed. The expressions

considered for an element of a Coxeter system are always assumed to be reduced.
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Figure 4: Proof of Lemma 6.1

Lemma 6.1 If sr,st <w, rs # sr, st #ts, M(t) =ts and M(r) =rs, then M(st) =

sts and M (sr) = srs.

Proof. By symmetry it suffices to show that M(st) = sts. By definition of a special
matching M (st) > st and M(st) > ts, so M(st) € {sts,tst}. Similarly, M(sr) €
{srs,rsr}. Suppose M(st) = tst. If str < w then M (str) > tst and M (str) > M(sr).
But there are no elements covering both tst and M (sr), so str £ w. Similarly srt € w.
Now consider a reduced expression for w. Then tst and either srs or rsr are both
subwords of it and it is easy to see that these conditions force that either str or srt is
also a subword, contradicting the fact that str € w and srt € w.0O

The next technical result is used repeatedly in what follows.

Lemma 6.2 Suppose M(t) =ts and M(r) =rs, but M # ps on Wy (w). Let zo be
a minimal element of Wisn(w) such that M(xo) # xos. Then

{zor,rao}, if sr=rs,

{rzo}, if sr# rs.

Proof. Clearly, s & Dg(z) and M (xo) > x. Let g = afa---tst where a = s if k is
—_———

{u <w: ur> xg, u¢W{57t}}§{

even, a = t if k is odd and {«, S} = {s,t}. Since M # p, (I;n Wisy(w) we conclude
that st < w and st # ts. Let u be such that u < w, u> o, and u Wy, and assume
u & {xor,rae} if sr =rs and u # rxg if sr # rs. So u is obtained by inserting a letter
r in the unique reduced expression of z.

Let y ' wu. Then y < u, hence the elements in Wy, 4 (y) are all strictly smaller
than xo. Furthermore, the elements in W,y (y) are all < srs if sr # rs or < sr if
sr = rs. Hence, by Lemmas 5.2 and 6.1, M (y) = ys. Since xy and y are both covered
by u, M(u) > u, M(u) > M(xo) = faf---tst # afa---sts and M(u) > M(y). Then

O
it is not difficult to see that these two last conditions force M(u) = yst which is a

contradiction since, as one can verify, yst # u.O
In what follows we will often consider three distinct sets of hypotheses. For conve-

nience and brevity we list them here.
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Figure 5: Proof of Lemma 6.2

(1) M(t) =ts #st, M(r) =rs # sr and M # p; on W, (w).
(2) M(t) =ts#st, M(r) =rs=sr and M # p; on W,y (w).
(3) M(t)=ts # st, M(r) = sr #rs.

Under hypotheses (1) and (2) we let zy € Wy, 43 (w) be the unique minimal element
of Wis s (w) such that M(xg) # wos and afa. .. tst be its unique reduced expression
(note that s € Dg(z0))-

Proposition 6.3 Under the hypotheses (1) any element uw < w has a reduced expres-
sion of the form (---rpr)n(afa---), where n € {e, B}.

Under the hypotheses (2) any element uw < w has a reduced expression of the form
(«--rBr)n(afa---)o, where n € {e,B}and § € {e,r}.

Under the hypotheses (3) any element v < w has a reduced expression of the form

(«--tst)e(rsr---), where e € {e,s}.

Proof. It is clear that in all cases it is enough to prove the statement for u = w, the
general result following by the subword property.

(1) Let afBa - - - tst be a subword of a reduced expression of w such that afa - - - tst =
xo, with the first o chosen as left as possible and the last ¢ chosen as right as possible.
Consider the leftmost r that appears right of the first « of this subword. By Lemma
6.2, no s can appear to the left of this r, and ¢tr = rt. Hence we obtain a reduced
expression for w where no r appears after the first letter o and the thesis follows.

(2) If tr = rt then the result is clear. If tr # rt then reasoning as in the previous
case we conclude that either no t appears to the left of this r or no t appears to its
right, and the result again follows.

(3) Consider a reduced expression for w and look at the rightmost letter ¢ and at
the leftmost letter r of this reduced expression. If this ¢ appears to the left of this r
we are done. Otherwise, by Lemma 5.4, there cannot be a letter s between them and

rt = tr. So these two letters are adjacent and the result follows.O
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We can now prove one of the main results of this section. We say that an element

w € W is dihedral if the interval [e, w] is a dihedral interval.

Theorem 6.4 Let (W,S) be a Cozeter system of rank 3, w € W, M be a special
matching of w, and s < M(e). Then there exists x € S\ {s} such that either M = X,
or M = ps on Wiy (w).

Proof. We may clearly assume that w is not dihedral, that M is not a multiplication

matching and, by Proposition 5.3, that

4 ¢ {[Wersy(w)], [We sy (w)]}- (6)

In particular, rs # sr and ts # st.

Note that the result is true for a special matching M of w if and only if it is true
for the special matching M of w=! defined by M (z) % (M(z=1))7", for all # < w™. If
M(r) =rs and M(t) = ts then, by Lemma 5.2, M # p, on Wi, (w) U Wi,y (w) so M
satisfies the hypotheses (1) (possibly by exchanging the roles of r and t). If M(r) = sr
and M(t) = st then M satisfies the hypotheses (1). If M(r) = sr and M(t) = ts
M satisfies the hypotheses (3). If M(r) = rs and M(t) = st then M satisfies the
hypotheses (3). So we only need to consider two cases.

If M is in case (1) we have that § = s otherwise, by Proposition 6.3, Wy, o (w) =
{e,s,r,rs} and this is not possible by (6). By contradiction, suppose that M # ps on
Wi st (w), and let yo € Wi, 53 (w) be a minimal element such that M (yo) # yos. Then,
since w is not dihedral, yot < w by Proposition 6.3. This, by Lemma 6.2, implies that
Yot = tyo, which is a contradiction since ts # st.

If M is in case (3) we claim that either M = p, on Wy, o (w) or M = A, on Wy, oy (w).
We prove this by induction on ¢(w). By Proposition 6.3 w = (\«@)8(@/-) (this

being a reduced expression) where ¢ € {e,s}. By (6) we have thalfz h,k > % Let w,
and wy be the two coatoms of [e,w] obtained by deleting, respectively, the first and
the last letter of this reduced expression of w. By definition of a special matching,
there exists i € {1,2} such that M restricts to a special matching of [e, w;]. We assume
1t = 1 the case ¢ = 2 being similar. By our induction hypothesis either M = p; on
Witsy(wi) or M = Ay on Wy, o (wy). In this second case k is odd and we are done
since Wi gy (w1) = Wy (w). If M = py on Wi g (wr) then Wy g (w) \ W g (wr) =
{H@’ Hf&g} and since, by Proposition 5.3, M stabilizes W o (w) we necessarily

k k+1
have M(;--tst) = .- - sts and hence M = p, on Wy o (w).O
k k1 ’

The next result describes how M acts on [e, w], under hypotheses (1), (2) and (3).
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Proposition 6.5 Under the hypotheses (1) if u < w, uw = (---rpr)n(afa---) where
n € {e, 0} and B ¢ Dr(---rpr), then M(u) = (---rfr)M(nafa---).

Under the hypotheses (2) if u < w, u —rpr)n(afa---)d where n € {e, 3},
de{er} and B ¢ Dg(---r0r), then M(u) = (---rfBr)M(nafa---)J.

Under the hypotheses (3) if u < w, uw = (---tst)e(rsr---) where ¢ € {e,s} and
s ¢ Dp(rsr---), then M(u) = M(---tst)e(rsr---).

~—~

./ T~~~

Proof. (1) We proceed by induction on ¢(u) the case ---rfr = e being trivial and
the case nafa--- = e following by Lemma 5.2 if 3 = ¢ and by our hypotheses and
Theorem 6.4 if § = s.

So suppose that ---rfr # e and nafa--- # e. If M(nafa---) <nafa--- then
(«--rBryMnafa---) < (---rBrynafa--- (since B ¢ Dg(---rfr)) hence, by our in-
duction hypothesis, M(---rBrM(nafa---)) = (---rfr)nafa--- = u and the result
follows. So we may assume that M (nafa---) > nafa---. Now let x € Dp(---rfr).
Then zu < u and by our induction hypothesis M(xu) = z(---rfr)M(nafa---), so
zu < M(zu), v < M(u) and M(zu) < M(u). Now let v be the unique element
such that v < nafa--- and M(v) > v. Then (---rfr)v < u and M(---rfrv) =
(«--rBr)M(v) by our induction hypothesis. Since (---rfr)M(nafa---) covers u,
M(zu) and M(---rfrv) = (---rpr)M(v) and these three elements are distinct, we
necessarily have M(u) = (---rfr)M (nafa---).

(2) We proceed by induction on ¢(u). We may again assume that M (nafa---) >
nafa - - - else the statement follows by induction.

Suppose first that ---r8r = e. Then we may assume § = r and nafa--- # e
else the result is trivial. So, if we define v as in case (1), we have that v < vr < u
and nafa--- <u. Hence M(v) <9 M(nafa---) and M(vr) > M(v). Therefore, by
the definition of a special matching, M (vr),u, M(nafa---) << M(u). On the other
hand, M (nafa---)r>wu, M(nafa---), M(vr) (since M (vr) = M (v)r by induction),
so M(u) = M(nafa---)r by Theorem 3.2.

If ---rfBr # e and nafa - - - = e the result follows from Lemma 5.2 and if - - - 70r # e
and nafa- - - # e the proof is similar to case (1).

(3) This is very similar to case (1) and is therefore omitted. O

We can now prove the second main result of this section.

Proposition 6.6 Under the hypotheses (1) write w = ( n(afa---), with n €

B
h
{e, B8} and B ¢ Dg(---rpr). If h>2 and B € Dr(w), then Mg = \gM.
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Under the hypotheses (2) write w = ( In(afac---)o, withn € {e, 3}, 6 € {e,r}

---7"/87"
h
and 3 ¢ Dg(---rPBr). If h > 2 and B € Dr(w), then Mg = \gM.

Under the hypotheses (3) write w = (---tst)e(rsr--:), with € € {e,s} and s ¢

h
Dp(rsr---). If h > 2 and s € Dr(w), then Mps = psM.

Proof. By Lemma 4.3, we know that two special matchings M and N of w commute
if and only if they do inside the dihedral intervals containing M (e) and N(e).
Since, by Theorem 6.4, M = p, on Wy, 1 (w) it is clear from Proposition 6.5 that
MMNg = AgM on Wy, o (w). So we only have to show that Mg = A\gM on Wy o (w).
Let u % Bag--- € Wiy (w). We claim that if M(u) > u then M(u) = Baf---.
—— ——

k k+1
In fact, consider v o Orafa---. It is clear that v <v < w. By Proposition 6.5
——
k-1

we have that M(v) = frM(afa---). Since, by the definition of a special match-
——

k—1

ing, M(v) > M(u) we necessarily have M(afa---) > afa---. By Proposition 5.3,
k—1 k—1
M(aBa---), M(u) € Wispn(w), so M(u) = Baf---.
(ﬁk ); M(u) € Wis i (w) (u) ﬁkﬁ
-1 +1

Now consider an orbit of (M, \g) inside Wi, (w) of cardinality greater than 2.
Let z be the smallest element of this orbit, say z = afa---. Then \g(z) = faf---,
—— ——

k-1 k
forcing M = ««-. Then b laim M (A = o= Ag(M
orcing M(z) = afa en by our claim M(\g(z)) = faf 3(M(2)), so

k k+1
(M, Ag) (2)| = 4.

The proof of case (3) is very similar and is therefore omitted. O

7 Main result

In this section we prove the main result of this work. More precisely, we describe
explicitly all the special matchings of any (element of any) Coxeter system and deduce
from this that Kazhdan-Lusztig and R-polynomials can be computed using special
matchings. Throughout this section (W, .S) is a fixed, but arbitrary, Coxeter system.

We begin with the following immediate consequence of Proposition 5.3 and Theorem
6.4.

Lemma 7.1 Let w € W, M be a special matching of w and s = M(e). Then there
exists at most one x € S such that M # X\ and M # ps on Wi, .3 (w).
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Proof. Suppose there are two such elements, say ¢ and r. By Proposition 5.3, M
restricts to a special matching of [e, w[{s,r,t}]], and this contradicts Theorem 6.4.0

The next technical lemma is used in the proof of Proposition 7.3.

Lemma 7.2 Let w € W, M be a special matching of w and s = M(e). Let t,r € S
be such that M(t) = ts # st and M(r) = sr # rs and let ky,...,k, € S\ {s}
(p € N) be such that kjs = sk; for j € [p]. Suppose that rky---kyit < w and
U(rky---kpt) = p+2 . Then there exist hy,...,h, € S and i € [0,p] such that
rky - kyt = hy - hitrhigy - - hy.

Proof. By Proposition 5.3 and Lemma 5.4 (applied to the interval [e, w[{s,r,t}]] ),
we have that tr = rt, so the result holds if p = 0.

We proceed by induction on p. Let u o rky - - - kpt. It suffices to show that either
Dp(u) # {r} or Dg(u) # {t}, the result then following by induction on p. It is clear
that &y - - - kyt < uw. Furthermore, by Lemma 5.2, M (k; - - - kyt) = ky - - - kpts. Similarly
M(rky---ky) = srky---k,. Therefore, since M is a special matching, M(u) > u,
ki---kpts, srky---k,. If r is the unique left descent of uw and ¢ is its unique right
descent then necessarily either r € Dy (M(u)) or t € Dg(M(u)) (or both). Suppose
r € Dr(M(u)) the other case being similar. Since r £ ky - - - kyts and M (u)>ky - - - kyts
we have M(u) = rky --- kyts. Now, since rky - - - kyts > srky - - -k, and ¢ ﬁ srky -k
we have 7k - - - kps = srky - - - kp, which implies sr = rs and this is a contradiction.O

Given w € W, a special matching M of w, and s < M (e) we let

JY re s M@r)=sr}

and
J Y e T rs s},
so that
S'\NJ ={res": M(r)=rs},
where §' & {res:r<w}.
Proposition 7.3 Let u < w. Then v’ € W\

Proof. Fix a reduced expression of u/. Suppose, by contradiction, that {r € S: r <
u’} N J" # (). Consider the rightmost letter of J' appearing in this expression, say 7.
Then consider the first letter ¢ ¢ J after r. Between r and ¢ there cannot be any s by
Lemma 5.4, and there can only be letters commuting with s. By Lemma 7.2 after a
finite number of steps we find a reduced expression of u”/ that ends with a letter in J

which is a contradiction.O
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Proposition 7.4 Let t € S be such that M is not a multiplication matching on
Wisy(w).  Suppose that M(t) = ts and let 1o = aBa--- be the minimal element
in Wisn(w) such that M(zo) # xs. Then a £ (u’)158 for all u < w.

Proof. It is clearly enough to prove the statement for v = w since if u < w then
(u”)tst < (w’){*?}. Note first that s € Dg(x), so 19 = afa---tst, and xg = 2f < w’.
Consider a reduced expression for w”’ and a subword of this expression of the form
afa---tst, chosen with the leftmost o and the rightmost t. Consider the first letter
r which appears after the first a distinct from s and ¢. Then, by Lemma 6.2, either
this letter can be “pushed” to the left of the first o, or it appears after the last t. So
we may assume that the first such letter r» appears after the last . By Lemma 6.2, all
the letters that appear after the last ¢ necessarily belong to .J. So w’ has a reduced
expression in which after the first letter a there are only letters s and ¢ and this clearly
implies the statement.O

In the next result we use the geometric representation of (I, S) (see, e.g., [21, §5.3]).

We denote by «, the positive root corresponding to an element r € T'.

Lemma 7.5 Lett € S be such that M(t) = ts but M # p, on Wy o (w), and u < w.

Then
(w8 (- tst) e W,
k

for all 1 < k < mf(s,t).
Proof. Let r € J. We wish to show that
(w8 - tstr) > 0((u!) B8 - tst). (7)

If r = s orr € J' then, by Proposition 7.3, (7) is clear, so assume that r € J\ (J'U{s}).
We will prove that (u”){s#(---tst)(a,) is a positive root, and (7) will follow from well
known facts. Since r € J \ (J' U {s}) we have that r & {s,t} and rs = sr. If rt = tr
then (u”){H (.- tst)(a,) = (u!)¥%(a,) = (u’)(a,) is a positive root since r € J. If
rt # tr then a simple induction shows that, for all 1 < k& < m(s,t),

e tst(ay) = ap + bag + coy
k

for some b,c € R, b,c > 0. By Proposition 7.4 we know that either s £ (u”)!**} or
t £ (u’)t>. Say s £ (u’){5t. Then the coefficient of o in (u? )5 (. + ba + cay) is

equal to b, so (u’)**(a, + bay + cay) is a positive root, as desired. O
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We can now prove one of the main results of this work. It describes explicitly any

special matching of any element of any Coxeter group. Note that foranyu € W, J C S

and s,t € S we may write u = u’uy; = (u’) ()5 10 (wg) B uy).

Theorem 7.6 Let (W, S) be a Coxeter system, w € W, M be a special matching of w
and s = M(e).

(1) If there exists a (necessarily unique) t € S such that M(t) = ts but M # ps on
Wisn(w), then

M) = ()2 () oy () ),
for all u < w.
(i) If M is a multiplication matching on Wi, s (w) for all x € S, then
M(u) = u’suy,
for all u < w.

Proof. (i) We proceed by induction on ¢(u) the result being clear if ¢/(u) = 0. Note
that, by Proposition 5.3, M ((u”) (s (s} (us)) € Wisy(w) and so, if we set

0 W) M (W) g g () ©Huy),

then, by Lemma 7.5, (v J){st} (sp(vg) = ((u‘]){st} sy (u ))

If v & M (u) < u then by induction u = M(v) = (v/)5 M ((v7) 54 {s}<UJ)>{S}(UJ)
and so by what we just remarked (u”){*" = (v/)8 () (5 1 15 (wg) = M ((07) (503 53 (1)),
and ¥ (uy) = 3 (v;). Hence M(u) = (v”) (07 (50 (3 (vg) oy = ()M ((0)) (s
(s(us)) ©H(uy), as desired. We may therefore assume that M (u) > u. Similarly, we
may assume that M ((u”) s s3(wr)) & (W) sy 53 (wr).-

If u = (u’)!* then, by Proposition 7.4, either s £ u or t £ u. Therefore, if
a € Uyes Wia,sy(u), then either a € {s,t} or, by Proposition 7.3, a € Wy, . (u) for
some r € S\ J', r # t. Hence, by Lemma 7.1, M(a) = as so M(u) = us by Lemma
5.2 and the result holds in this case. Similarly, the result holds if u =%} (u;), while it
is trivial if u = (u”) {54y {53 (ws).

Now consider the following three definitions:
1 If (u)) 58 £ e let 21 € Dr((w!)=9) and w; & 21w

2. If (u”)gsy s3(ug) # € let v < (u”)gsy (s3(wy) be such that M(v) > v and let

uy & () 5 uy).
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3. If tH(uy) # e let 25 € Dp(tH(uy)) and ug def uTs.

By our last remark we may assume that there exist i, j € [3], i # j, such that u; and
u; can be defined as above. Applying our induction hypothesis to u;, and u; we have
that M (u;) >, M (u;)>u;, and (u”)9 M ((w!) (50 5 (ws)) ¥ () covers M(y;) and
M(u;). On the other hand, by the definition of a special matching, M (u) > M (u;),
M (uy). Since (u”) UM ((u”) (s (51 (ws)) ¥ (uy) >u and M(u) > u we conclude from
Theorem 3.2 that M (u) = (u”)® M ((u”) (s s3(ws)) ¥ (us), as desired.

(ii) This is similar and simpler than case (i) and is left to the reader.O

The main link between special matchings and Kazhdan-Lusztig polynomials is given

by the following result.

Theorem 7.7 Let (W, S) be a Cozeter system, w € W \ {e}, w not dihedral, and M
be a special matching of w. Then there exists a multiplication matching N of w such
that NM(u) = MN(u) for all u < w, and N(w) # M (w).

Proof. Note first that the result is true for a special matching M if and only if it is
true for the special matching M defined in the proof of Theorem 6.4. Hence we may
assume that M is in one of the cases of Theorem 7.6.

Suppose M is in case (i). Then, by Lemma 7.1, M = p, on Wi,z (w) for all
ye S\ J, y#t and M = \; on Wi, (w) for all s € J'.

If ()5t # elet x € Dy((w’)5W). If = ¢ {s,t} then M = py on W,y (w)
so MA, = A\M on Wi,z (w) and we are done by Lemma 4.3. If 2 € {s,t} then,
by Proposition 7.4, = 3 and there exists r € S, r < (w”)!*} such that Br # rf.
Furthermore, by Proposition 7.3, » € S\ J so M(r) = rs. Let K dof {r,s,t}, then
by Proposition 5.3 M and Mg restrict to special matchings of [e, w[K]] = Wi (w) and
M satisfies either the hypotheses (1) or (2) in §6. Therefore, by Proposition 6.6,
MM = AgM on [e,w[k]] and hence on Wi,y (w) and the thesis follows by Lemma 4.3.
Note that M(w) # Az(w) by Theorem 7.6.

If (w” )%t = e then necessarily 1*}(w;) # e (otherwise w is dihedral) and we proceed
in a similar way considering a right descent  of {*}(u;). In this case M will satisfy the
hypotheses (3) in §6 and one concludes that Mp, = p, M.

If M is in case (ii) the proof is similar and simpler and is left to the reader.O

It is worth noting that the above result does not hold if w is dihedral.

We can now prove the main result of this work, which shows that Kazhdan-Lusztig
and R-polynomials can be computed using special matchings. It immediately implies

the main result of [12].
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Theorem 7.8 Let (W,S) be a Cozeter system, w € W and M be a special matching
of w. Then

Ru,w(q) = qCRM(u),M(w)(Q) + (qc - 1) Ru,M(w)(Q)

for all u < w, where ¢ < 1 4f M(u) > u and ¢ €00 otherwise.

Proof. We proceed by induction on ¢(w), the result being clearly true if ¢(w) < 2. So
let £(w) > 3. If w is dihedral then the result is easy to check, so suppose that w is not
dihedral. Then, by Theorem 7.7, there exists a multiplication matching N of w such
that NM(u) = MN(u) for all u < w, and N(w) # M(w).

Fix u < w. There are four cases to distinguish. We consider only two of them, the
other two being exactly similar. Since M (w) # N(w), we have that M (w)> NM (w) =
MN(w) <« N(w) so M restricts to a special matching of [e, N (w)].

a) N(u)>u, M(u)<u

Then, since MN(u) = NM(u), M(u) < MN(u) < N(u). Therefore, by Theorem 2.5

and our induction hypothesis,

Ruw = qRynw.Nw) T (@ — 1) Ry nw)

= qRyN@) MNw) + (@ — 1) Raru), MN(w)
= ¢ Ryy.vuw) + (@ = 1Ry varw)
= Ruyr(u), M)

as desired.
b) N(u)>wu, M(u)>u

If M(u)# N(u)then MN(u) > N(u) and MN(u)> M(u) so, by Theorem 2.5 and our
induction hypothesis

Ruw = qRN@.Nw) + (= 1)Runw)
= (¢ RN ,MN@w) + (@ — 1) Rn@w),MN@w))
+(¢ — 1)(q Ry wy + (¢ = 1) Ry pn(w))
= ¢ RNar(u),Nv(w) + Q(q — 1) R (u),N M (w)
+q(q = 1) Ry var) + (0 = 1)* Runasw)
= ¢ Ru(w,mw) + (¢ — 1) Rupr(w),
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as desired. If M (u) = N(u) then we have similarly that

Ru,w = qRN(u),N(w) + (CI - 1)Ru,N(w)
= qRyNw),MNw) + (@ = 1)(qRyM@w)mN@w) + (¢ — 1) Rupnw))
= ¢ Ry mw) + (¢ — 1) Ruar(w)

and the result again follows. O

8 A Hecke algebra action

In this section we introduce and study, for each v € W, a Hecke algebra naturally
associated to the special matchings of v and an action of it on the submodule of the
Hecke algebra of W spanned by {7}, : v < v}. This action enables us to reformulate
in a very compact way our main result, which turns out to be equivalent to the state-
ment that this action “respects” the canonical involutions ¢ of these Hecke algebras
(Theorem 8.2). This, in turn, implies that the usual recursion for the Kazhdan-Lusztig
polynomials (see, e.g., [21, §7.11] ) holds also when descents are replaced by special
matchings (Corollary 8.4) thus giving a poset theoretic recursion for the Kazhdan-
Lusztig polynomials which does not involve the R-polynomials.

Let v € W and &, be the collection of all the special matchings of v. We denote by
(/Wv, S,) the Coxeter system whose Coxeter generators are the elements of S, and whose
Coxeter matrix is given by m(M, N) o o(MN), the period of M N as a permutation
of e, v]. We denote by H,, the Hecke algebra of W, and by H,, the submodule of H (W)
defined by

H, & GB Z[q%, q_%}Tu.
u<v
Our first result states what is the action of ﬁv on ‘H, that we wish to study. It is

a natural generalization, and unification, of the left and right multiplication actions of
H(WDL(U)) and H(WDR(v)) on Hv.

Proposition 8.1 Let v € W. Then there exists a unique action of 7'7@ on H, such
that, for allu <wv and any M € S,,

’ Ty + (¢ — 1)1, otherwise.

Proof. The uniqueness part is trivial. To prove the existence we only have to check
that To (T (7)) = ((¢ — )Ty + ¢)(T,) for all w < v and M € S,, and that, if
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M,N €S, and m & m(M, N), then

?M(TNV(TM(' (Tw))) = In(Ta (T (- (T2)))) (9)

for all u < vw. The proof of the first part is a simple verification and is left to the reader.

To prove the second one let M, N € S, be such that m(M, N) = m and u < v. If
|(M, N)(u)| = 2d then necessarily d divides m. Let (W', {a,b}) be a dihedral Coxeter
system of order 2d. We define a poset isomorphism ® : (M, N)(u) — W’ by

(- MkNM(uo» = Wb,
for all k& € [2d], where ug is the smallest element in (M, N)(u), and extend this to a
linear map @ : H((M, N)(u)) — H(W’) (where H({(M, N)(u)) is the submodule of
H, spanned by {1, : = € (M,N)(u)}) by ®(T,) & To( for all z € (M, N)(u). Then
it is clear that ®(Ty(T,)) = T,®(T,) and ®(Ty(T,)) = T,P(T,) for all x € (M, N)(u).
There follows that

(T (Tn(Tu (- (1)) = T LT, - O(T)

d d
= T, 1.7, ---9(T),)
——

= O(Tn(Tu(Tn(--(T3))))-
d
Hence TM(TNLTM(--;(Tm)))) = Tn(Tu(Ty(--+(Ty)))) for all z € (M, N)(u) and (9)
d d

follows. O

As pointed out by one of the referees, it would be interesting to know if the many
(conjectural, in general) nonnegativity properties of structure constants of the Hecke
algebra as a left module over itself with respect to various combination of bases (see
[17]) extend to properties of the action just defined of H, on H,. Another natural
question is to determine when the permutation action of /VIZ, on [e,v] is faithful, or
when H, is a faithful ﬁv-module.

We can now state and prove the first main result of this section, which is a compact
reformulation of our main result (Theorem 7.8) in terms of the action of H, on H,.
Note that, by Proposition 2.4, H, is invariant under the involution ¢ defined on H(W).
For convenience, we use the same symbol ¢ also for the corresponding involution of the
Hecke algebra ﬁy.
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Theorem 8.2 Let v € W. Then for all h € 'H,, he ﬁv

(h(h)) = () (u(R)).

Proof. We may clearly assume that h = T;, for some u < v and h = Ty, where M is
a special matching of v.
Suppose first that « << M (u). Then, by (8) and Proposition 2.4, we have that

UTor(T)) = UTarey) = (Ta—1) = —2ug™ " Zex M

On the other hand

UTa)((Tw) = Ty (T,71)
= ('"Tu = (1= g ))(eug "™ Y erRen To)

= guq_g(U)< Z (q_lga:Ra:,u TM(x) - (1 - q_l)ExRx,u Tx)

<M (z)
+ 3 (@7 R (0T + (0= D) = (1= ¢ )eeRen T2))
x>M (x)
- _Z(U)< Y aleRuwa T~ Y (1-q¢ euReals
M (z)<z M(z)>x
Z 8JURM(;L’ ),u )
M(z)>x
= €uq4(u)< Z q Sx x,M(u T - Z q 636 z,M(u T)
M (z)<x zaM (z

by Theorem 7.8 and the assertion follows in this case.
Suppose now that w > M(u). Then applying what we have just proved to M (u)
yields that

T2 = 1) = T (Tarcw) = {Tan) ((Tar)) = T (T )
Therefore, by Proposition 8.1, Ty (T ) = Ty M(wy-1- Hence
(Tu(Tw) = WqTmw + (¢ —1)To)
= ¢ Ty + @ =T
=TT + (- DT
= (¢ Tu— (1 —¢ NT)
= TNTA)
= UTh)(e(T0)),
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and the result again follows. O

Recall from §2 the definition of the Kazhdan-Lusztig basis {C] : v € W} of the
Hecke algebra of W.

Theorem 8.3 Letv e W and M € S,. Then, for all x < v,

Chuw + Z w(z,z)CL, if M(z) >z,
Cy(Ch) = 1 {a: M() <}
(g2 +q72)C%, if M(z) <z,

m H,.

Proof. Suppose that M (z)>xz. Let, for brevity, Dy o Cu(C) =2 or(e)any P2, ) CL

To prove that Dy, = 05\4(3;) we use the characterization of the Kazhdan-Lusztig basis
given in Theorem 2.7. It is clear from Theorem 8.2 that ¢(Das(z)) = D) - So we

only need to show that if

_e(M(2)) ~
u<M(x)

then ﬁM(ILM(I)(q) =1 and ﬁ%M(I)(q) € Z[q] has degree < 10(u, M (z)) if u < M(z).
We distinguish two cases.
Suppose u < M(u). Then Ty (C.) involves T, with coefficient q_[(Tx)qPM(u)@. It

T

follows easily that the coefficient of T, in C,(C%) is

_tM(@)) _tM(2))

q 2 qPM(u),x<Q> +q 2 Pu,:t:(‘])'

£(z)

On the other hand, if ut> M (u), Ta(C%) involves T, with coefficient ¢~ 2 (Pas(u) 2(q) +
(¢ —1)P,.(q)). Again it follows easily that the coefficient of T, in C,(C%) is

_ AWM (x)) _ (M (2))
2

q PM(U)JJ(q) +q un,x(Q)'

Finally, the coefficient of T}, in > fi(z,2)C” is in both cases

_ _ =)
> f(zx)g 7 Pas(g).

{z:M(2)<z}

So, if we set ¢ = 1 if M(u) <u and ¢ = 0 otherwise, we only have to show that the

polynomials

£(z,M(=))

¢ Puwo(@) + ¢ Pusl@) — D Tlz2)g P,.(q)

{z: M(z)<z}
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have the prescribed degree conditions.This is done in exactly the same way as in the
proof of [21, Theorem 7.9] (see [21, § 7.11]) and is therefore omitted.

Assume now that M(x) < x. We proceed by induction on ¢(z). If (x) = 1 then
necessarily © = M(e) and the result is easy to verify. So assume ¢(x) > 2. Then by

what we have just proved we have that

O, =Ch(Chyw) — Y Tilz M(x))CL. (10)

{z: M(z)<1z}

Therefore, since C},Ch, = (¢2 + ¢~ 2)C;,

Cu(Ch) = (CLCW(Chuw) — Y Tz, M(2))Chy (CL)

{z: M(z)<1z}

— (¢ +q 7)C.,

by (10) and our induction hypothesis, as desired. O
Theorem 8.3, and its proof, imply the following poset theoretic recursion for Kazhdan-

Lusztig polynomials, which generalizes formula (2.2¢) of [22].

Corollary 8.4 Let u,v € W, u <wv, and M be a special matching of v. Then

—c c _ £(z,v)
Puu(q) = 4" Puwy (@) + € Pusiwy(@) — Y Tz, M(v))q * Pu:(q)
{z: M(z)<z}

where ¢ =1 if M(u) <u and ¢ =0 otherwise. O

We illustrate Corollary 8.4 with an example. Let v =3421 € S;. One may check
that v has 5 distinct special matchings, N, ps, p3, A2, Ay which are shown in Figure 4.
Using Corollary 8.4 for the special matching N we obtain

_ £(z,v)
Pe,v = qPN(e),N(U) + Pe,N(U) - Z ;U/(Za N(U))q 2 Pe,z
{z:N(z)<z}

= qPissuugne+ Pesso— (1-q- Peqaso+1-q- Pesoia +1- q* - P.132)
= qlg+ 1)+ (g+1)—qg—q—¢*.

Note that using the other 4 special matchings we obtain genuinely different computa-

tions for P, 3491. Namely,

¢g+1—¢q using pa,

g+ (1+¢q)—q—q using ps,
Pe,3421 = .

q+1—q using Ao,

q+(1+q)—q—q using A;.
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Further covering relations

Figure 6: The special matchings of 3421
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The reason for this is that the special matching NV is not isomorphic to any other special
matching of [e, 3421]. In fact, suppose that ® is a poset automorphism of [e, 3421] and
M 1is a special matching of [e, 3421] such that ® o M = N o ®. Then $(1324) = 1324
and ®(3412) = 3412. Therefore M(e) = 1324 and M (3421) = 3412, but N is the only
special matching of [e, v] satisfying these two conditions so M = N. Actually, more
is true. Namely, let u € S,, be such that [e,u] = [e, 3421] (poset isomorphism). Since
le, v] has only three atoms we deduce that any reduced expression of u contains exactly
3 generators, say s;, s; and s, with 7 < j < k. If these indices are not consecutive
we would have at most 4 permutations of length 2 smaller than v so we may assume

L and

that v € S;. But in S4 there are only 3 permutations of length 5, namely v, v~
4231, and [e,4231] has 4 coatoms. Hence the special matching N of [e, 3421] is not
isomorphic to any multiplication matching of any element in any symmetric group.
In fact, with more work one can show that the special matching N of [e,3421] is not
isomorphic to any multiplication matching of any element in any Coxeter system (even

infinite). We leave this to the interested reader.

9 Regular sequences

Our purpose in this section is to generalize, using our main result, an algorithm and a
closed formula of Deodhar ([10, Algorithm 4.11} and [9, Theorem 1.3]) for the Kazhdan-

Lusztig and R-polynomials, respectively.

Definition 9.1 Let v € W. We say that a sequence (M, ..., M) (where { o ((v))
is a regular sequence (of special matchings) for v if, for all i € [¢], M; is a special
matching of My --- My(v).

Note that, in particular, M; --- M,(v) = e. The regular chain associated to a regular
sequence (M, ..., My) for v is (vg,...,v,) where v; def M-+ My(v) = M;--- M(e),
fori=0,...,¢ Clearly, e = vy <v; <+ <dvy =v and M;(v;_1) = v;, for i =1,... ¢.

For example, if W = S, and v = 4231 then the sequence (M, ..., Ms) illustrated
in Figure 5 is a regular sequence for v. Note that, if s;--- s, is a reduced expression
for v, then (As,,...,As,) and (ps,,-..,ps,) are two regular sequences for v. Thus, the
concept of a regular sequence is a generalization of that of a reduced expression. We
say that a regular sequence M = (Mj, ..., M,) for v comes from a reduced expression

if there is a reduced expression s --- sy of v such that either M = (A,,,...,Ay,) or

M = (psy; -1 Ps,)-
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Figure 7: A regular sequence of special matchings

Our first result is the analogue, for any regular sequence, of a well known result for

reduced expressions.

Lemma 9.2 Let v € W, and (M, ..., M,) be a reqular sequence for v. Then for all
u < v there exist 1 < iy < ... < i < { such that (M; M,

i) 18 a reqular sequence
for u.

IERREE)

Proof. We proceed by induction on ¢ the statement being trivial for £ = 1. So as-
sume that ¢ > 1. Note that (M,...,M,_1) is a regular sequence for M,(v). Let
u < wv. If My(u) <u then, by Lemma 2.1, M,(u) < M,y(v) so by induction there exist
1 <4 <...<i < -1 such that (M; M;,

hence (M;,, ..., M, , M,) is a regular sequence for u. If My(u) > u then, by Lemma 2.1,

-, M) is a regular sequence for M,(u),

u < My(v) and we conclude again by induction. O

The next result is a sort of converse of the previous one. It is used repeatedly

throughout the rest of this work, often without explicit mention.

Lemma 9.3 Let v € W and (M, ..., M) be a reqular sequence for v. Then the
composition M, --- M;, (e) is defined for any 1 < iy < iy < --- < iy < /L.
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Proof. Let (vp,...,v;) be the regular chain associated to (My,..., M;). We proceed
by induction on k, the claim being clear if k = 0. Solet 1 < i1 < ip < -+ < 1 </,
with & > 1. By our induction hypothesis u def M;, ,---M; (e) is defined. Hence
u <w;,_, <wv;, . But, by the definition of a regular sequence, M;, is a special matching
of v;,. Therefore M;, (u) is defined, as desired. O

Let v € W and M = (M, ..., M,) be a regular sequence for v (so ¢ = ¢(v)). Given
S ={i1,...,ix}< C [{] we let

where y & m(SN[j—1]). We also let
B(S,0E D e(8)
JElNS

and

def
da(S) = ei(9).
jes
Note that (M;
Let, for brevity,

M;,) is a regular sequence for M;, - - - M;, (e) if and only if dy(S) = 0.

172

(S, 0) % d, (S, 0) + dy(S).

We say that S is distinguished, with respect to M, if d;(S,¢) = 0. In the case that
M comes from a reduced expression this concept coincides with the one introduced by
Deodhar in [9, Def. 2.3]. We denote by D(M) the set of all subsets of [¢] which are
distinguished with respect to M, and we let, for u € W,

def

D(M), = {S€DM) : n(S) = u}.

We can now prove the first main result of this section. It is a combinatorially
invariant closed formula for the R-polynomials (and so for the R-polynomials) which

generalizes Theorem 1.3 of [9].

Theorem 9.4 Letv e W and M = (M, ..., My) be a reqular sequence for v. Then

éu v(Q) = Z qé(v)—\S|’

SED(M),

for allw e W.
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Proof. Our proof is similar to the one given in [9, §5], but simpler, so we present it
here.

The result is clear if u £ v, so assume u < v. We proceed by induction on ¢ Ly (v),
the result being trivial if £ = 0. So assume ¢ > 1 and let, for convenience, M o M,.
We distinguish two cases.

a) M(u) < u.

This implies that if S € D(M), then ¢ € S by the definition of a distinguished subset.
Note that (M, ..., M,_1) is a regular sequence for M (v). Define a map

@ D(M)u B D(Mla s 7M€*1)M(“)

by letting ¢(S) = S\ {¢} for all S € D(M),,. The map ¢ is well-defined and bijective
since ¢ € S. Therefore, by Theorem 7.8, Proposition 2.6 and our induction hypothesis

Z qe(v)—\s\ _ Z qe(v)—\s -1 _ RM(u),M(’U)(q) = Ru,v(q)'
SeD(M)y S'€D(M1,.c.;, My_1) ar(u)
b) M(u) > u.

def

Let DIM); & {S € DM), : ¢ ¢ S} and DIM)F ¥ {S € DIM), : ¢ € S}.
Define a map ¢ : D(M), — D(My,...,My_1), UD(M, ..., Me_1)rw) by letting
o(S) =S\ {¢} for all S € D(M),.

We claim that ¢ is a bijection, that ¢(D(M),) = D(M,..., M;_1), and that
©(D(M)f) = D(Mi, ..., Mo_1)m@). All the verifications are obvious, except for the
surjectivity of p. But if 8" € D(My, ..., My_1), then S" € D(M), (since M (u)r>u), and
if S" € D(My, ..., My_1)n) then S” U {{} € D(M), and this proves the surjectivity.

Therefore, by Theorem 7.8, Proposition 2.6 and our induction hypothesis,

Z '@ = Z qf(M(v))*IS/IH_i_ Z qZ(M(v))*\S”I

SED(M)u S'ED(My,.... My 1) S ED(Mi-es Me—1) 01 ()
= qR%M(v)(Q) + RM(u),M(v)(Q)

= Ru,v(Q)a

as desired. O
The preceding result has the following consequence, which is needed in the rest of

this section.

Corollary 9.5 Letv € W and (M, ..., M) be a regular sequence for v. Then 7 is a
bijection between {S C [{] : di(S, ) = da(S) = 0} and [e, v].
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Proof. Clearly, 7(S) € [e,v]. Furthermore, since [¢“®“*)](R,.,) = 1 for all u € [e,v], we
conclude from Theorem 9.4 that for each u € [e, v] there exists a unique distinguished
subset .S, such that 7(S,) = u and |S,| = ¢(u). Since a subset S C [{] is distinguished
if and only if d;(S,¢) = 0, and £(7(S)) = |S] if and only if dy(S) = 0, the result
follows.O

In order to prove the second main result of this section we need some further
properties of the action of the Hecke algebra 7/-21, on the module H, defined in §8. The
next result is the analogue, for regular sequences, of Proposition 3.5 of [10]. Its proof

is similar to that of Proposition 3.5 of [10] and is therefore omitted.

Proposition 9.6 Let v € W and (M, ..., M) be a reqular sequence for v. Then

z / ! /
qZCMZ(CMg_l( (CM1 Zq SOT, Tr(s), (11)

SCl]

m H,.

For brevity, we call a Coxeter system (W,S) nonnegative if its Kazhdan-Lusztig

polynomials P, , have nonnegative coefficients for all u,v € W.

Proposition 9.7 Let (W, S) be a nonnegative Cozeter system, v € W, and (M, ..., My)
be a reqular sequence for v. Then there exist L, € N[q% + q_%], for each x < v, such
that L, =1 and

Chp,(Chyy (- (Chp, (TL)))) = > LoC. (12)
z<v
Proof. Let, for brevity, C’ C” fori=1,...,¢. We proceed by induction on ¢ > 1,
(12) being clear if £ =1 (with L, = 0).
So let £ > 2 and suppose that (12) holds for £—1. Then there exist L, € N[g2 +¢ 2]
for each x < M,(v) such that

C)_1(Ch_y(-+- (C Z L.C.,

x<M[
and L vy = 1. Therefore, by Theorem 8.3,
CUCIA - (@m)) = ¢ Y L)
<My (v)
{z<Mq(v): My(z)>a} {2 My(2)z}

+ > (q% +q7%)L,CL,

{z<My(v): My(z)<z}



and the result follows. O
We can now prove the second main result of this section, which plays a fundamental

role in the algorithm.

Theorem 9.8 Let (W, S) be a nonnegative Cozxeter system, v € W, (M, ..., M;) be
a reqular sequence for v, and A C {x € [e,v] : L, # 0}, v € A. Then there esists
E CP()) such that

g2 Z "SI sy = Z L,C.. (13)

Se& €A

Furthermore, for any y € A\ {v}, y is mazimal in A\ {v} if and only if

do Y qe0)» e (149)

and

deg( Z qd(s’€)> < f@,v) (15)

2
{Se€&: n(S)=x}

for all y < x < wv. If these conditions are satisfied then

Ly = Z qd(S’g)iw + Z qe(y—év)*d(szf) (16)
{Se€: m(8)=y, d(5,0)> "4} {Se€: n(S)=y, d(S,0)> ey

and

P,, = Z 150 _ Z g ) =d(S) (17)

{Se€: m(S)=y, d(S,6) < Lv)y {Se&: m(S)=y, d(S,0)>1Lr)y

£(y)

Proof. Let z € [e,v]. The coefficient of T}, in the right-hand side of (13)is > 4 Lyq™ 2 Py .
Since, by Proposition 9.7 and our hypotheses, L, and P, , are Laurent polynomials in
q% with nonnegative integer coefficients for all x,y < v, by Propositions 9.6 and 9.7 we

have

] _ ey e
> L PPy <Y Lg ® Py=q2 3 ey
yeA ysw (SeP([0)): 7(S)=z}

where the < is coefficientwise, and this implies (13).
Now let y be a maximal element of A\ {v} and x € [e,v]. Comparing the coefficients
of T, on both sides of (13) we obtain that

Yo 0 = YL, (18)

{Se&: n(S)=x} 2€A
Ly,v) .
— Lyq 2 + Pyﬂ” lf T = y? (19>
Pa:,va ify<x<v,
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and (14) and (15) follow since L, # 0 and L,(q) = L,(¢"'). Conversely, let y € A\ {v}
be such that (14) and (15) hold. Then, by (18),

z€A

for all y < # < w. Since L, and P, , are Laurent polynomials in q% with nonnegative
coefficients for all x, z < v, this implies that x € A for all y < x < v, so y is maximal
in A\ {v}.

Finally, if y € A\ {v} satisfies (14) and (15) then by (19) we have

Z qd(s,é) — Lqu + P,
{seé: n(S)=y}

and (16) and (17) follow since deg(P,,,) < Z(%—”) and L, € Nl¢z +¢2]. O

Theorem 9.8 yields an inductive, entirely poset theoretic way of computing the
Kazhdan-Lusztig polynomials, which generalizes the one given in [10]. In fact, let
v € W and assume that we have already computed the polynomials P, , for all z,y < v.

Take a regular sequence for v, and from it compute, for each x < v, using Propositions
9.6 and 9.7, the coefficient P, of T, in

(v)
qéT Z Lxcg/c-
r<v

We apply Theorem 9.8 to the set A = {z € [e,v] : L, # 0}. If deg(P,) < @ for

all < v then by Theorem 9.8 there are no maximal elements in A\ {v} so A = {v}.

Y L.C.=C]

z€[e,v]

Hence

and P, = P, , for all x < v. Otherwise, let y < v be a maximal element such that
deg(P,) > “&Y. Then, by (16),
q@Ly = Z aiq’ + Z a;g" @),

where Y .., a;q' aof P,. Since, by induction, we have already computed P, , for all

x € [e,v] we may compute the differences

£(y,v)

P.=P,—q * L,P,, (20)

for all z € [e,v]. Clearly, P, is the coefficient of T, in

q@ Z L,C..

z€le,v]\{y}
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If deg(PL) < @ for all z < v then Theorem 9.8 applied to A \ {y} gives
Y L.C,=C,
z€le,v]\{y}

and hence P, = P, , for all z < v. Otherwise, let y; < v be a maximal element such
that deg(P,,) > Z(y—;’”), and repeat the above procedure with y; in place of y (note that
y1 Z# y by (20)). After at most |[e,v]| — 1 steps this process will stop.

As an immediate consequence of Theorem 9.8 we obtain the following result which,
in the case that the regular sequence comes from a reduced expression, is closely related
to Theorem 4.12 of [10].

Corollary 9.9 Let (W,S) be a nonnegative Cozeter system, v € W, and (M, ..., M)
be a reqular sequence for v. Then there exists £ C P([{]) such that

Pu,v(Q) = Z qd(S,K)’

{Se&:m(S)=u}

for allu <w.

Proof. This follows immediately by taking A = {v} in Theorem 9.8. O

10 A bijection

Our purpose in this section is to establish a bijection between subsequences of certain
regular sequences and certain paths in an appropriate directed graph. This bijection
has several nice properties, and transforms the concepts and statistics used in the

previous section into familiar ones on paths.

Let v € W and M % (M, ..., M) be a regular sequence for v.

Definition 10.1 We say that M is B-regular if

M;(x) # MipaMiqo -+ Mgy -+ Mo M, ()
for alli €[], k € [{ —1i], and for all x € [e,v] for which both sides are defined.
Note that M is B-regular if and only if

Mi(x) # M; 1 M;_ o+ M; g+ M;_oM; 1(x)

for all i € [¢], k € [i — 1], and for all z € [e, v] for which both sides are defined.

Let v € W and M % (M, ..., M;) be a B-regular sequence for v.
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Definition 10.2 The B-graph of v, with respect to M, s the directed graph having
le, v] as vertex set and where, for any x,y € [e,v], x — y if and only if {(x) < {(y) and
there exists i € [¢] such that

y= MM My MMy -+ My My(z).

Note that, if + — y, then there is a unique ¢ € [¢] such that y = M, --- M;--- M,(z)
(for if My---M;--- My(x) = My---M;--- My(z) for some 1 < i < j < /¢ then M;(Z) =
M;_y---M;---M;_1(Z) where T f M - - My(x), which contradicts the fact that M is
B-regular). We therefore define

Ax.y) € Ay, x) < i.

For example, one may easily check that the regular sequence in Figure 5 is actually
B-regular. The corresponding B-graph is shown in Figure 6, where we have labeled all
edges * — y with A\(z,y), and we have kept all vertices in the same place for clarity.

Note that B-regular sequences always exist. In fact, given any reduced expression
$182 -+ s, of v, the sequences (Ag,, As, _,,-.., ;) and (ps,, Psy, - - -, Ps,) are B-regular,
as it is easy to check. Therefore, the concept of a B-regular sequence is a generalization

of that of a reduced expression.

One of the crucial properties of the B-graphs is that they are always directed
subgraphs of the Bruhat graph. This hinges on the following result. Recall that we
denote by T the set of reflections of a Coxeter system (W, .S).

Theorem 10.3 Let v € W, and M be a special matching of v. Suppose x,y € e, v]
are such that x='y € T. Then

M(x)"'M(y) € T. (21)

Proof. We assume that ¢(x) < ¢(y) and we proceed by induction on ¢(z,y) > 1.

If {(x,y) = 1 then z <y. If either M(z) > 2 or M(y) <y, then (21) follows
immediately from the definition of a special matching. If M(x) <z <y < M(y) then,
by Lemma 2.1, M restricts to a special matching of [M (z), M (y)]. But it is well known
(see, e.g., [3], (4.7)) that a Bruhat interval of rank 3 is isomorphic to either S5 or to the
lattice of faces of a k-gon, Py, for some k > 3. On the other hand, it is easy to see that
Py has no special matchings if £ > 4, while P3 has no special matching M satisfying

M(0) < M(1). Hence [M(x), M(y)] is isomorphic to Ss, and it is known (see the proof
of Proposition 3.3 of [14]) that this implies that M (x)'M(y) € T.
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Figure 8: The B-graph corresponding to the B-regular sequence of Figure 5

Suppose now that ¢(z,y) > 3. From our hypotheses and (the proof of) Proposi-
tion 3.3 of [14], we have that there exist a,b,c,d € [x,y], all distinct, such that ¢(z) <
l(a) < l(c) < (y), l(z) < L(b) < (d) < L(y),and {z" a,a e, cty, 2710, b7 d, d 1y, ad,

b~lc} C T. Therefore, from our induction hypothesis, we conclude that
{M(2)™ M(a), M(a)~" M (c), M(c)~" M (y), M ()" M (b), M (b)~" M(d),
M(d)~"M(y), M(a)~"'M(d), M(b)"'M(c)} CT. (22)
But (M(z)"'M(a))(M(a)"*M(c)) = (M(z)"*M(b))(M(b)"*M(c)) # e. Hence, by
Lemma 3.1,

Waane = (M(x)™ M (a), M(a)"" M(c), M(x) " M(b), M(b) " M(c))

is a dihedral reflection subgroup of W. Similarly,

Weapa = (M(x) ™" M(a), M(a) ™" M(d), M(z)~" M(b), M(b) "' M(d))

and

Wheay = (M(b)""M(c), M(c) " M(y), M (b)~ M (d), M(d) " M(y))
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are dihedral reflection subgroups of W. But W, 5 [NWoapa 2 (M(z)"*M(a), M(x)" 1 M(b)).
Therefore, by Remark 3.2 of [14], there exists a dihedral reflection subgroup W’ of W

such that W’ 2 W, 4. 0UW, 4 p.a. Similarly, WNW, ca, 2 (M (b)"*M(c), M(b)~'M(d)),

so there exists a dihedral reflection subgroup W” of W such that W"” 2 W' U W c.4.,.

This implies that

{M (), M(a), M(b), M(c), M(d), M(y)} < M(x)W".

By Theorem 1.4 of [14], there is an isomorphism of directed graphs ¢ from the directed
graph induced on M (z)W” by the Bruhat graph of W to the Bruhat graph of W”
(considered as an abstract Coxeter system). Hence, by (22), in the Bruhat graph of
W” there are edges connecting ¢(M (z)) with ¢(M(a)), ¢(M(a)) with ¢(M(c)), and
o(M(c)) with ¢(M(y)). But W” is a dihedral Coxeter group, hence for any u,w €
W" there is an edge in the Bruhat graph of W” connecting u with w if and only if
"(u,w) = 1 (mod 2), where ¢” is the length function of W” with respect to its set
of canonical generators. Therefore ¢"(¢(M(x)), p(M(a))) = "(¢(M(a)), p(M(c))) =
"(p(M(c)),p(M(y))) = 1 (mod 2), which implies that ¢’(¢(M(x)),p(M(y))) = 1
(mod 2), and hence that there is an edge, in the Bruhat graph of W”, connecting
¢(M(x)) with ¢(M(y)). But ¢ is an isomorphism of directed graphs, so there is an
edge in the Bruhat graph of W connecting M (z) with M(y), and (21) follows. O

We can now prove that the B-graphs are always directed subgraphs of the Bruhat
graph.

Corollary 10.4 Letvy,...,v, € W and N; be a special matching of v; fori=1,...,r.
Let x € W be such that N,N,_y -+ NgNyNy--- N,_1N,(z) is defined. Then

2 N.N,_1---NogN{Ny---N,_N,(z) € T. (23)

Proof. We proceed by induction on r > 1, the result being clear if r = 1. So assume
that » > 2. From our hypothesis we have that N,_y--- NoN;Ny--- N,_1(N,(x)) is
defined. Hence, by our induction hypothesis, N,.(z)™'N,_; -+ NyN;Ny - -+ N,_1(N,(z))
€ T. Therefore, by Theorem 10.3, 27 'N.N,_; -+ NoN1Ny-+- N, N, (x) € T. O

An important consequence of Corollary 10.4 is the following result, which in the
case that the B-regular sequence comes from a reduced expression is a consequence of

the Exchange Condition.

Proposition 10.5 Letv € W, (M, ..., M) be a B-reqular sequence for v, and y < v,
J € [€] be such that M;(y) is defined. Then the following are equivalent:
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i) M;(y) > y;
i) My Mj(y) > My~ Mja(y).
Proof. Assume first that i) holds. We will prove, by induction on k, that
Mjig - Mj(y) > My -+ Myt (y) (24)

for k =0,...,0 —j. If k=0 then (24) is true by our hypothesis i). So let £ > 1 and
assume, by induction, that

def def
a= Mjip_1---Mi(y) > Mjpp_r--- Mj1(y) = 0. (25)

Note that

Mjii(a) = My - Myjpa M Mgy - - My (Mg (D))
Therefore, by Corollary 10.4, M;,(a) and M;4(b) are comparable in the Bruhat order.
Hence, to prove (24), it is enough to show that

UMy 1(a)) = €M (0)). (26)
Suppose, by contradiction, that
U(Mj1i(a)) < €(M;1k(D)). (27)

From (25) we have that ¢(a) > ¢(b). This, together with (27), forces that b <@ and this

implies that M, (b) = a, since M; is a special matching. Therefore

Mjik(b) = Mjyp -+ Mya MM - - - Mg (b)

J

and this contradicts the hypothesis that (M, ..., M,) is a B-regular sequence. This
proves (26) and hence (24) and concludes the induction step.
Assume now that i) doesn’t hold, i.e. M;(y)<ty. Then M,;(M;(y)) > M,(y). Hence,

by what we have just proved

My~ - M;M;j(y) > M- - Mj1 M;(y)

J

so ii) doesn’t hold. O

Note that the above proposition does not hold if (M, ..., M) is not B-regular. For
example, let W = S5, v = 32154, (M, ..., M) = (pe3), Pa,2): Pa5), Aa,2), Y = e, and
j = 2. Then (M, ..., M,) is a regular sequence for v and Ms(e) > e but MyMsMs(e) =
12354 # 21354 = M, M;(e).

We can now prove the main result of this section, which gives a bijection between
subsequences of a B-regular sequence and certain paths in the B-graph of v. The result

is new even in the case that the B-regular sequence comes from a reduced expression.
Recall the definition of 7, dy(S, ) and dy(S) from §9.
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Theorem 10.6 Let v € W and (M, ..., M) be a B-reqular sequence for v. Then
there is a bijection between subsets S of [£] and undirected paths A = (xg,x1,...,Ts)
in the B-graph of v such that xo = v and Az, 1) < ANz, 22) < -+ < N(@s-1, Ts).

Furthermore:
i) ((A) =L—1S];

i) 2, = 7(S);

iii) dy(S,0) = |{i € [s]: i1 < a}];
iv) do(S) = §(0— {(z,) — (D).

Proof. For S = {i1, ... ix}< C [ let {ji,. ., js}< [0\ S and

i déf Rji T Rjszl (U)

for i = 0,...,s, where R; def My---M;---M, for i € [¢(]. Then z; = Rj,(x;—1) and

hence \(x;_1,x;) = j; for i € [s]. Clearly s = /¢ — k and

xi = Ry RpR; M- Me)

_ MZ...]\/ij_...]\/ij...]\/Zjl...Ml(e)

M'«Hrl (y)7

where y = w(S N [j; — 1]), for each i € [s], and means that the corresponding factor is

omitted. Hence x5 = 7(S) and, for i € [s], z;—1 < x; if and only if
Rj (i) = My Mj,(y) < Mg~ - Mj, i1 (y) = i

which, by Proposition 10.5, happens if and only if M;,(y) < y namely if and only if
€;,(S) = 1. This proves iii).
Finally, by ii),

Uzs) = k—2{a€l[k]: MM, - M(e)<t M, - M;e)}|

aclk]
It is clear that this map S +— (zg,x1,...,2) is a bijection. O

Combining Theorems 10.6 and 9.4 we obtain the following result.
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Corollary 10.7 Let v € W, and (M, ..., M,) be a B-reqular sequence for v. Then,
for allu < wv,

Ruo(q) =D ¢"™
A

where A runs over all the directed paths u = x4 — ... — 19 — 1 — Tg = v in the

B-graph of v such that X\(xg,x1) < AM(z1,29) < ... < MTs-1,25). O

In the case that the B-regular sequence comes from a reduced expression Corollary
10.7 is equivalent to Corollary 3.4 of [16] for any of a certain family of corresponding
reflection orders.

We illustrate Corollary 10.7 with an example. Consider the B-regular sequence
(M, ..., Ms) illustrated in Figure 5. Then by Corollary 10.7 we can “read off” from
the corresponding B-graph (Figure 6) that, for example,

Re..(q) = ¢ +2¢° + ¢,

corresponding to the directed paths from e to v having sequences of labels (5,4, 3,2, 1),
(5,3,2), (4,3,1) and (3).

Combining Theorem 10.6 with Corollary 9.9 we obtain the following result, which
appears to be new even in the case that the B-regular sequence comes from a reduced

expression.

Corollary 10.8 Let (W, S) be a nonnegative Coxeter system, v € W, and (M, ..., My)
be a B-regular sequence for v. Then there is a subset £ of the set of undirected paths
A = (20,21, ..., Tyn)) in the B-graph of v satisfying xo = v and X(xo, 1) < AM@1,22) <
s < Magay-1, Tya)), such that

1 u,v —_
Puu(q) = Z g2 (L) +E(2)~2d(8)
{A65: xé(A):U}

for all u < v, where d(A) = |{i € [((A)] : x;—1 > x;}|. O

Note that the subset £ can be determined using the algorithm in §9 and Theorem
9.8.

11 R-regular sequences

In this section we generalize, using our main result, what is probably the most explicit
closed formula known for the Kazhdan-Lusztig polynomials which holds in complete

generality, namely Theorem 7.3 of [6].
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Let v € W, and M o (My, ..., M,) be a regular sequence for v. We denote

by Pu the set of palindromes in the alphabet {M;,..., M}, i.e. words of the form

lg—1 k—1

Definition 11.1 We say that M s a reflection regular sequence, or simply an R-

regular sequence, for v, if:

i) for p1,p2 € Pum, if p1(ug) = pa(ug) for some ug < v then pi(u) = po(u) for all
u < v for which both sides are defined;

ii) forpi,pa, ..., Pn € Pum, if p; and piyq coincide on a point, for eacht=1,...,n—1,

then p1 and p, coincide where they are both defined;
iii) M admits a reflection labeling.

We now define reflection labelings. Define an equivalence relation ~ on Py by letting
p1 ~ po if there exists ug € [e,v] such that pi(ug) = pa(uy) and taking the transitive
closure. Note that this is stronger than requiring that p;(u) = pa(u) for all u < v for
which both sides are defined. We denote by R4 o Pury/ ~ the quotient set. If p € Py
we let P be the corresponding class in Ry Note that, for each i,j € [{], M; = E if
and only if M;(e) = M;(e). Therefore, by Lemma 9.2, we may identify {M; : i € [(]}
with the set of atoms of [e,v]. We say that an element r € Ry, is defined on some
u < v if p(u) is defined for some p € r. In this case we write r(u) o p(u). Now let
(W', S”) be another Coxeter system and T” be its set of reflections. A reflection labeling

of Ry in (W')S") is amap L : Ryy — T" such that:

a) {L(M;):i€ll]} =5

b) L(M;, -~ M, -~ M) = L(M;) -+ L(M;,) - - - L(M;,) for all iy, ... ,ix € [0];

i
c) If ri,r9 € Rpq, 71 # 79, are both defined on some u < v then L(ry) # L(rs).

In particular, |S’| equals the number of atoms of [e, v].

It is not hard to see that R-regular sequences always exist. In fact, if v = s1--- 5y
is a reduced expression for v then M & (Psys- -, Ps,) 18 clearly a regular sequence for
v satisfying 1) and ii). If we denote by W’ the parabolic subgroup of W generated by
{s; : i € [{]} and by T" its set of reflections, then the map L : Pyy — T defined
DY psi vt Py, t 7 Psiy 7 Sip ot Sy sy clearly factors through Rp to a reflection
labeling. Similarly for ()g,,...,As;). Thus, the concept of an R-regular sequence is a
generalization of that of a reduced expression. On the other hand, one can show that

there are R-regular sequences which don’t come from reduced expressions.
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Although this is not obvious from the definition, an R-regular sequence is also

B-regular.

Proposition 11.2 Let v € W and M be an R-regular sequence for v. Then M is

B-regular.

Proof. Let M & (M, ..., M) and fix i € [¢]. We will show that

Mz(ﬂf) 7é My M-+ Mi—l(iﬁ)

for all k € [i — 1] and all = € [e, v] for which both sides are defined, and the result will
follow from the remarks following the definition of a B-regular sequence in §10.
Suppose, by contradiction, that there are z € [e,v] and k € [i — 1] such that
M;(x) = M;_q---M;_j---M;_1(z). Since M is R-regular this implies, by condition
i), that M;(y) = M;_1--- M;_y--- M;_1(y) for all y € [e,v] for which both sides are

defined. Let (vy,...,v,) be the regular chain associated to M. Then, in particular,
v = Mi(Ui—l) =My - M_y--- Mi—1<vi—1> =M;_q--- Mz’—k+1(%‘—k—1)-
Therefore
i=Ll(v;) = (M1 My 1 (vip1)) S l(vig1) +h—1=1i-2,

which is a contradiction. O

Note that the converse of the above proposition is not true. For example, let W = S,
and v = 3421. Then it is easy to check that M of (P2,3): P3.4): P(2,3)s A(1,2), A\2,3)) 1S a
B-regular sequence for v. However, M is not R-regular since p3)(e) = A2,3)(e) but
P2,3)(1243) # A(2,3)(1243), so condition i) does not hold.

Let v € W, M an R-regular sequence for v, and L : Ry — T’ be a reflection
labeling.

Definition 11.3 We define a labeled directed graph, that we call the R-graph of v with
respect to M, as follows. The R-graph has [e,v] as vertez set and, for any x,y € [e,v],
r —— y if and only if {(y) > £(x) and y = r(x), for some r € R,.

Note that the B-graph is a directed subgraph of the R-graph and, by Corollary 10.4,
the R-graph is a directed subgraph of the Bruhat graph.

If A = (zg =5 2y 2 -~ 5 1) is a directed path in the R-graph we write
E(A) o {r1,...,r} and if < is a reflection ordering on 7" we let
DAL, <) ¥ {i € [k—1] : L(r) = L(riy1)}- (28)
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Finally, we define an element R~ in the incidence algebra of [e, v] by letting

R.(w.y) = S ¢
{A€B(x,y):D(A,L,<)=0}
where B(z,y) denotes the set of all directed paths in the R-graph from x to y.
We can now state the first main result of this section. It is a “global version” of
Corollary 10.7 and generalizes Corollary 3.4 of [16]. The proof follows the lines of the
ones given in [13], [15] and [4, Theorem 5.3.4], and is therefore omitted.

Theorem 11.4 Let v € W, M = (My,...,M;) be an R-regular sequence for v, L :

Ry — T be a reflection labeling and < a reflection ordering on T'. Then

R, y(q) = R<(z,y)

forallz <y <w.

Now fix v € W, an R-regular sequence M for v, a reflection labeling L : Ry, — T”
and a reflection ordering < on 7". Let A € B(z,y), where < y < v. We define the
descent composition of A with respect to < to be the unique composition C(A, L, <
) < (b, ..., b;) such that by + ...+ b; = ¢(A) and D(A, L, <) = {by, by + by, ... b +
co.4bj1}. Forz,y <w, and a € C, we let

ca(m,y) € {A € B(z,y) : €(A) = |al and C(A, L, <) >, a}|. (29)

Using Theorem 11.4 one can prove the following result. Its proof is analogous to

that of Proposition 4.4 of [5] and is therefore omitted.

Proposition 11.5 Letz <y <wv, and a € C. Then

Ca($ay) = Z H[qaj](éxjflyxj)

(:L‘O ,,,,, ac,«)ECr(x:y) -]21

where C,.(x,y) denotes the set of all chains of length r from x to y, and r d:eff(oz).

We can now state the second main result of this section, which generalizes the main
result of [6] (Theorem 7.2). Its proof is the same as that of Theorem 7.2 of [6] (except
that, for a path A € B(z,y), its descent set is now defined using the reflection labeling
L, see (28)) and is therefore omitted. Recall the definition of the polynomials Y, (q)
from §2.
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Theorem 11.6 Let v € W, M be an R-regqular sequence for v, L : Rypq — T be a

reflection labeling and < be a reflection ordering on T'. Then

. 1 ERNETION)
Poy(a) — ¢V Py, (—)— S T (), (30)
q A€B(z,y)

forall x <y <w.

In the same way as Theorem 7.3 is deduced from Theorem 7.2 in [6] one obtains

the following result from Theorem 11.6 . Given n € Z and A C Z we let n — A o

{n—a: a € A}. Recall our notations concerning lattice paths from §2.

Theorem 11.7 Let v € W, M be an R-reqular sequence for v, L : Rypq — T be a
reflection labeling and < be a reflection ordering on T'. Then, for all x <y <w,

Pl“ﬂ/(Q) = Z (—1)F20+d+(r)qw
(T,A)

where the sum is over all pairs (', A) such that T is a lattice path, A € B(x,y),
Ty =4(A), NI') =4(A) — D(A,L, <), and I'(4(T")) < 0. O

Acknowledgements: We would like to thank D. Kazhdan and G. Lusztig for
some useful and inspiring conversations. We would also like to thank the referees for

a very careful reading of the manuscript, and for constructive comments. All authors
are partially supported by EU grant # HPRN-CT-2001-00272.

References

[1] H. H. Andersen, The irreducible characters for semi-simple algebraic groups and
for quantum groups, Proceedings of the International Congress of Mathematicians,
Ziirich, 1994, 732-743, Birkhauser, Basel, Switzerland, 1995.

[2] S. Billey, V. Lakshmibai, Singular loci of Schubert varieties, Progress in Math.,
182, Birkhauser, Boston, MA, 2000.

[3] A. Bjorner, Orderings of Coxeter groups, Combinatorics and Algebra, Contempo-
rary Math. vol. 34, Amer. Math. Soc. 1984, 175-195.

[4] A. Bjorner, F. Brenti, Combinatorics of Cozxeter Groups, Graduate Texts in Math-
ematics, Springer-Verlag, New York, NY, 2005, to appear.

47



[5] F. Brenti, Combinatorial expansions of Kazhdan-Lusztig polynomials, J. London
Math. Soc., 55 (1997), 448-472.

[6] F. Brenti, Lattice paths and Kazhdan-Lusztig polynomials, J. Amer. Math. Soc.
11 (1998), 229-259.

[7] F. Brenti, The intersection cohomology of Schubert varieties is a combinatorial
invariant, Special issue in honor of Alain Lascoux’s 60th birthday, Europ. J. Com-
binatorics, 25 (2004), 1151-1167.

[8] V. V. Deodhar, Some characterizations of Bruhat ordering on a Coxeter group and
determination of the relative Mébius function, Invent. Math., 39 (1977), 187-198.

[9] V. Deodhar, On some geometric aspects of Bruhat orderings. I. A finer decompo-
sition of Bruhat cells, Invent. Math., 79 (1985), 499-511.

[10] V. Deodhar, A combinatorial setting for questions in Kazhdan-Lusztig theory,
Geometriae Dedicata, 36 (1990), 95-119.

[11] F. Du Cloux, An abstract model for Bruhat intervals, Europ. J. Combinatorics,
21 (2000), 197-222.

[12] F. Du Cloux, Rigidity of Schubert closures and invariance of Kazhdan-Lusztig
polynomials, Advances in Math., 180 (2003), 146-175.

[13] M. J. Dyer, Hecke algebras and reflections in Cozeter groups, Ph. D. Thesis, Uni-
versity of Sydney, 1987.

[14] M. Dyer, On the Bruhat graph of a Coxeter system, Compositio Math., 78 (1991),
185-191.

[15] M. Dyer, Hecke algebras and shellings of Bruhat intervals. II. Twisted Bruhat
orders, Contemp. Math., 139 (1992), 141-165.

[16] M. Dyer, Hecke algebras and shellings of Bruhat intervals, Compositio Math., 89
(1993), 91-115.

[17] M. Dyer, G. Lehrer, On positivity in Hecke algebras, Geom. Dedicata, 35 (1990),
115-125.

[18] I. Frenkel, M. Khovanov, A. Kirillov, Kazhdan-Lusztig polynomials and canonical
basis, Transform. Groups, 3 (1998), 321-336.

48



[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

M. Haiman, Hecke algebra characters and immanant conjectures, J. Amer. Math.

Soc., 6 (1993), 569-595.

A. van den Hombergh, About the automorphisms of the Bruhat-ordering in a Cox-
eter group, Indag. Math., 36 (1974), 125-131.

J. E. Humphreys, Reflection Groups and Cozeter Groups, Cambridge Studies in
Advanced Mathematics, no.29, Cambridge Univ. Press, Cambridge, 1990.

D. Kazhdan, G. Lusztig, Representations of Coxeter groups and Hecke algebras,
Invent. Math. 53 (1979), 165-184.

D. Kazhdan, G. Lusztig, Schubert varieties and Poincaré duality, Geometry of the
Laplace operator, Proc. Sympos. Pure Math. 34, Amer. Math. Soc., Providence,
RI, 1980, pp. 185-203.

R. P. Stanley, Enumerative Combinatorics , vol.1, Wadsworth and Brooks/Cole,
Monterey, CA, 1986.

D. Uglov, Canonical bases of higher level q-deformed Fock spaces and Kazhdan-
Lusztig polynomials, Physical Combinatorics, Progress in Math., 191, Birkhauser,
Boston, MA, 2000, 249-299.

W. C. Waterhouse, Automorphisms of the Bruhat order on Cozeter groups, Bull.
London Math. Soc., 21 (1989), 243-248.

49



