
Trasformate di Fourier in L1(R)

Date le seguenti funzioni,

- calcolare x̂ e X;

- stabilire se x̂ ∈ L1(R), se x̂ ∈ L2(R), se x̂ ∈ L1(R) ∩ L2(R);

- scrivere la formula di inversione che permette di esprimere x in funzione
di X:

1. x : R→ R , x(t) = H(t− α)te−αt +H(2α− t)e2αt , α > 0 ;

2. x : R→ R , x(t) = H(t− 1)e−2t +H(t)−H(t+ 2) ;

3. x : R→ R , x(t) = H(t+ 2)(1− e−t)−H(t) ;

4. x : R→ C , x(t) = eit χ[−1,1](3t+ 1) ;

5. x : R→ R , x(t) = e−2t χ[−2,2](t) ;

6. x : R→ R , x(t) = e−
(t−7)2

5 ;

7. x : R→ R , x(t) = χ[−α/2, α/2](t− α
2
) , α > 0 ;

8. x : R→ R , x(t) = χ[−α/2, α/2](t+α)+χ[−α/2, α/2](t−α) , α > 0 ;

9. x : R→ R , x(t) = (t+2)χ[−2,−1)(t)+χ(−1,1)(t)+ (2− t)χ(1,2](t) ;

10. x : R→ R , x(t) = (t+ 2)χ[−2,−1)(t)− t χ[−1,0](t) + t χ[0,1](t)

+(2− t)χ(1,2](t) ;

11. x : R→ R , x(t) = (−t−2)χ[−2,−1)(t)+t χ(−1,1)(t)+(2−t)χ(1,2](t);

12. x : R→ R , x(t) = (t+ β)eαtH(α− t), α, β > 0 ;

13. x : R→ C , x(t) = e−i2t[H(t+ 1)−H(t− 2)] ;

14. x : R→ C , x(t) = H(t+ α)e−t(α−βi), α, β > 0 ;

15. x : R→ R , x(t) = te−|t| ;

16. x : R→ R , x(t) = |t|e−|t| ;

17. x : R→ R , x(t) = te−πt
2
;

18. x : R→ R , x(t) = cos(2πt)e−4πt2+4 ;
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19. x : R→ R , x(t) = H(t) sin(2πt)e−2πt ;

20. x : R→ R , x(t) = sin(2π|t|)e−2π|t| ;

21. x : R→ R , x(t) = sin(2πt)e−2π|t| ;

22. x : R→ R , x(t) = t2e−3tH(t) ;

23. x : R→ R , x(t) = eαtH(−t) , α > 0 ;

24. x : R→ C , x(t) = χ[−α/2, α/2](t)e
iβt , α > 0, β ∈ R ;

25. x : R→ R , x(t) = χ[−3/2, 3/2](t− 3
2
) cos(5t) ;

26. x : R→ R , x(t) =
sin2(α t)

t2
, α > 0 ;

27. x : R→ C , x(t) = (t− i)−2 ;

28. x : R→ R , x(t) =
1

(t− α)2 + β2
, α ∈ R, β > 0 ;

29. x : R→ R , x(t) =
1

t2 − t+ 1
;

30. x : R→ R , x(t) =
1

t2 + 2t+ 4
;

31. x : R→ R , x(t) =
t

t4 + 1
;

32. x : R→ C , x(t) =
2

πi(t− i)(t2 + 1)
.

Risultati

1. x̂(ω) = α(α+iω)+1
(α+iω)2 e−α(α+iω) + 1

2α−iω e
2α(2α−iω);

2. x̂(ω) = e−(2+iω)

2+iω −
e2iω−1
iω ;

3. x̂(ω) = e2(1+iω)

1+iω + e2iω−1
iω ;

4. x̂(ω) = 1−e−
2
3 i(1−ω)

i(1−ω) ;

5. x̂(ω) = e2(iω+2)−e−2(iω+2)

2+iω ;
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6. x̂(ω) =
√

5π exp(−7iω − 5
4 ω

2);

7. x̂(ω) = 1−e−iωα
iω ;

8. x̂(ω) = 1
iω(eiω

3
2α − eiωα2 + e−iω

α
2 − e−iω 3

2α);

9. x̂(ω) = − 2
ω2 (cos(2ω)− cosω);

10. x̂(ω) = − 2
ω2 (cos(2ω)− cosω + 1);

11. x̂(ω) = 2i
ω2 (sin(2ω)− 2 sinω);

12. x̂(ω) = (α + β)e
α(α−iω)

α−iω −
eα(α−iω)

(α−iω)2 ;

13. x̂(ω) = e−i(ω+2)−e−2i(ω+2)

i(ω+2) ;

14. x̂(ω) = eα(α+i(ω−β))

α+i(ω−β) ;

15. x̂(ω) = −4iω
(1+ω2)2 ;

16. x̂(ω) = 2(1−ω2)
(1+ω2)2 ;

17. x̂(ω) = − iω
2π e

−ω
2

4π ;

18. x̂(ω) = e4

4

(
e−

1
16π (ω+2π)2+ e−

1
16π (ω−2π)2

)
;

19. x̂(ω) = 1
2i

( 1
iω+2π(1−i) −

1
iω+2π(1+i)

)
;

20. x̂(ω) = 2π+ω
4π2+(ω+2π)2 + 2π−ω

4π2+(ω−2π)2 ;

21. x̂(ω) = 1
i

( 2π
4π2+(ω−2π)2 −

2π
4π2+(ω+2π)2

)
;

22. x̂(ω) = 2
(iω+3)3 ;

23. x̂(ω) = 1
α−iω ;

24. x̂(ω) = 2
ω−β sin

(
α
2 (ω − β)

)
;

25. x̂(ω) = 1
2i

(1−e−3i(ω−5)

ω−5 + 1−e−3i(ω+5)

ω+5

)
;
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26. x̂(ω) = π
2 (2α− |ω|)+;

27. x̂(ω) = 2πωeωH(−ω) ;

28. x̂(ω) = π
β e
−iαωe−β|ω|;

29. x̂(ω) = 2π√
3
e−i

ω
2 e−

√
3

2 |ω|;

30. x̂(ω) = π√
3
eiωe−

√
3|ω|;

31. x̂(ω) = −iπe−
|ω|√

2 sin ω√
2
.

Trasformate di Fourier in L2(R)

Dopo aver stabilito se x ∈ L1(R), se x ∈ L2(R), se x ∈ L1(R) ∩
L2(R), calcolare x̂ e X nei seguenti casi:

1. x : R→ R , x(t) =
t

t2 + 1
;

2. x : R→ C , x(t) =
it

(t− i)2 ;

3. x : R→ C , x(t) =
1

t− 2i
;

4. x : R→ C , x(t) =
it

t2 + 1
;

5. x : R→ R , x(t) =
t

1 + 4t2
;

6. x : R→ R , x(t) =
t

t2 + 2t+ 5
;

7. x : R→ R , x(t) =
t

t2 + αt+ (2α)2 , α > 0 ;

8. x : R→ R , x(t) =
t3 + 1

(t2 + 9)2 ;
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9. x : R→ R , x(t) =
t+ 3

t2 + t+ 3
.

Risultati

1. x̂(ω) = −iπ sgn(ω)e−|ω|, per quasi ogni ω ∈ R;

2. x̂(ω) = −2π eω(ω + 1)H(−ω), per q.o. ω ∈ R;

3. x̂(ω) = 2πi e2ωH(−ω), per q.o. ω ∈ R;

4. x̂(ω) = sgn(ω)π e−|ω|, per q.o. ω ∈ R;

5. x̂(ω) = −sgn(ω)πi4 e
− |ω|2 , per q.o. ω ∈ R;

6. x̂(ω) = −π
2 (1 + 2i sgn(ω))eiω−2|ω|, per q.o. ω ∈ R;

7. x̂(ω) = − π√
15

(1+i
√

15 sgn(ω))ei
α
2ω−

√
15
2 α|ω|, per q.o. ω ∈ R;

8. x̂(ω) = πe−3|ω|

54 (81ωi+3|ω|−sgn(ω)54i+1), per q.o. ω ∈ R;

9. x̂(ω) = π√
11

(5− i
√

11 sgn(ω))e
i
2ω−

√
11
2 |ω|, per q.o. ω ∈ R.
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