A degenerate parabolic equation
arising In image processing

G. Citti -M.Manfredini *

1 Introduction

We prove here an existence result for solutions for a parabolic equation, with non
local coeflicients arising in image processing. An image is a bounded function
u : D — R defined on a rectangular region D. If the function w is not regular,
the image is noisy and it is not possible to use it directly in applications, but
is necessary to smooth it by means of a nonlinear evolution problem, with
Neumann boundary data. To this end different model have been proposed.
Perona and Malik proposed in [PM] the following anisotropic diffusion model:

Opu = div(f(|Du|)Du) in D x [0,T],

with a suitable decreasing function f. Even though numerical experiments
provide the desired regularization effect, the problem can be ill posed from
an analytic point of view for particular choice of the function f, and really few
is known about its solutions (see [KK], [K]). Then the model was modified in
different ways: in [CLMC] the following equation was proposed,

Opu = div(f(|DGy * u|)Du) in D x [0,T],

where G, is a Gaussian kernel depending on a parameter . For the associated
problem with L? initial datum, also existence and uniqueness was proved in
[CLMC]. In [ALM] and [AE] non divergence versions of the same operator was
proposed, whose simplest form is

Du
| Dul

Ou = f(|DGy * u|)|Du|div( ) + g(u) in D x [0,T).

The existence of solutions was proved with viscosity solutions methods. Equa-
tions of this type has received a lot of attention because of its geometrical
interpretation: models defined in terms of motion by mean curvature have been
proposed by [0S], [S], and model related to properties of the principal curvatures
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are due to [CS], [ST], [SOL] We also refer to [ES], [CGG], [GGIS], [IS], [S], [GG],
for the application of viscosity methods to mean curvature equations. Similar
techniques can be applied to the study of movies, which can be considered as
family (ug)geo,1 of images.

In [AGLM] the authors introduced a new model in an axiomatic way, requir-
ing that the solutions satisfy maximum and comparison primciple, and are in-
variant with respect to suitable groups of transformations. The resulting model
- which has a viscosity solution by construction - and it is the following one

Oyu = |Du|(sign(curv(u))acc(u))+sign(curv(u)) u(+,0) = uo,

where curv(u) is the mean curvature of the graph of u, and the acc(u) repre-
sents the acceleration of the movie in the direction of the spatial gradient. By
simplicity of notations we will denote

ct(u) = \Du|(sz’gn(curv(u))acc(u))+

In [G] it is proved that clt(u) has the following discretisation, which we will use
here as a definition of it.

clt(u)(x, 0,6) = ming, 4+ oo {|u(x LEL0 4 pt) —ulz, 0,0+ (1)

|u(z — &2,0 — p,t) —u(z,0,t)| + | < DGy *xu, &g — & > |}
where (z,0) € R x R.
Afb ={¢eR" :z+€eQ, gl <2r}
Ay ={¢eR" iz —geQ g <2}

A new model was introduced in [SMS]:
Oyu = h(clt(u))div, (f(|D.Gxu|)Dyu) in Dx[0, R]x[0,T] wu(-,-,0)=wug, (2)

where h is of class C1([0,00[,R), f is of class C?(]0,cc[,R) and nonnegative.
Besides
h is nondecreasing and satisfies h(0) =0,

f is decreasing and satisfies f(0)=1.

In their paper the authors provide a numerical discretisation of the equation,
and some numerical experiments - see also [LS], [ZSL], [MSL]. Here we provide
a first existence result under the simplified assumptions that

infclt(ug) >m >0, and sup h'(s) <« inf h(s), (3)

[m,1] [m,1]

where « is small. A possible choice of h is the following:

s2

o+ s2’

h(s) =



where « is sufficiently small. Note that, also in this simplified assumptions, the
equation is degenerate, since its second order term only depends on the variables
x. Besides the coefficients of the equation are non local. We refer the author to
[ALM], [BN], [C], for other results concerning parabolic differential equations
with nonlocal coefficients.

A standard procedure for finding solutions of the Cauchy problem for a
parabolic equation on a square with Neumann boundary conditions is to extend
the initial datum ug on all the space by reflections and periodicity and prove
that the resulting Cauchy problem on all the space has periodic solutions. We
then prove the following;:

Theorem 1.1 Let ug be a periodic, Lipschitz continuous function defined in
R™ x R, satisfying condition (3) and 0 < wug(z,0) < 1. Then there exists a
constant T' > 0, and a periodic viscosity solution u of problem (2), defined on
R™ x R x [0,T], Lipschitz continuous in (x,0) and Hélder continuous in t. For
any fized 0, and any fived o € [0,1] the function

(x,t) — ug(z,t) = u(z,0,t) (4)

is of class C*+1T/2(R"x]0, T[) in the variables x and t. Besides, there exist
constants Ky and Ko such that if ug and vy are bounded by 1, periodic and
Lipschitz continuous functions on R™ x R, the corresponding solutions u and v
satisfy

lu = vl Loo (rrsr xo,ry) < K1€™2 |[ug — vo|[poe (rrt1)- (5)

The structure of the second order term of the operator in (2) can be described
as follows. We call Lip(D) the set of Lipschitz continuous functions on a set D,
Bd(D) theset of bounded functions, and

Lu = 2_4: ai(u)(z,0,t)0; iu + Z; bi(u)(z,0,t)D;u, (6)

where
ai,b; : Lip(D) N Bd(D) — Lip(D) N Bd(D),

for every compact D in R™ x R. There exist constants Cy, C such that for every
D, for every u € Lip(D) N Bd(D), for every i = 1,---n, for every (z,0,t) € D

Co < ai(u)(z,0,t) < Ci(|[ulloc + 1), bi(u)(z,0,1) < Ci([Jullec +1).  (7)
The following condition is satisfied:
|On(ai(uw))] + |0 (bi(w))] < Crasup |Ohul + Ch, (8)

where « is a suitably small constant, satisfying

2 Cs 2_00(14_466;12)_1'

a :nQexp(—6n2)12802 and 7 =51
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For every Lipschitz continuous functions v and v
|ai(u)(z,0,t) — a;(v)(z,0,t)] + [bi(u) (2,0, 1) = bi(v)(z,0,1)| < Chf|u—vl[es. (9)

Finally, if D = R™ x R, a; is invariant with respect to translations: for every
fixed we call
a;(u(-, -+ 60,))(x,0,t) = a;(u)(x,0 + o, t). (10)

Theorem 1.1 is then a consequence of the following more general result:

Theorem 1.2 Let ug be a Lipschitz continuous function defined in R™ x R,
satisfying condition 0 < wug(x,0) < 1. Then there exists a bounded, Lipschitz
continuous viscosity solution u of problem

u = Lu in R % [0, T (11)
u(z,0,0) = ug(x,0) in R

For any fized 0, and any fized o € [0, 1] the function ug defined in (4) is of
class C?+1%2/2 jn the variables © and t. Besides, the stability condition (5) is
verified.

The proof of this result follows essentially the main ideas of the classical exis-
tence results, as find in the [LUS], or the user guide, but, due to the degeneracy
of the operator, we have to organize in an new way the estimate of the gradient
(Dpu, Ogu) of the solution. Indeed, using the Bernstein method, we first prove
an a priori bound only for the spatial gradient D u. Using this estimate, we
obtain a stability inequality for the solutions, from which we deduce the esti-
mate of Jgu. The fact that the coefficients depend globally on the unknown u
introduce some additional technical difficulties. Indeed, even though we use an
elliptic regularisation, and we always work with regular functions, we are forced
to use an approach proposed by [CLM] for studying the viscosity solutions.

Let us give a more detailed sketch of the proof. In Section 2 we consider the
elliptic regularisation of the operator L:

Leu=Ya;0;;u+0ppu+ »_ bi(u)dsu, (12)
i=1 i=1

and we first prove the existence of solutions of the Cauchy problem

Oy = L.u inQ
u(

$797t) = U()(fE,e) m 8*Q (13)

on the bounded cylinder @ = Bpg x [0,T], with parabolic boundary 9*Q. In
particular, with a suitable modification of the Bernstein method we prove that
the gradient of the solution satisfies the following estimate

1Dzul| o= (@g) + €llBullLe(@r) < C

for a constant C' independent of R and e. Letting R — oo we find a solution on
all Q = R x [0, 7).



In Section 3, using the fact that the estimate of the z- gradient is independent
of &, we prove an uniqueness and stability result for solutions of (13) on R"*! x
[0,T7]:

Theorem There exist constants Ky and Ko such that if u and v are two
solutions Lipschitz continuous and bouded of (13) with initial data ug and vg
respectively, then

|l — ]| oo (rrt1xqo,7]) < K1€™2T||ug — vol|poc (rrs1).-

Let us note explicitly that this results holds even if the comparison principle
is not satisfied. Finally we deduce the boundeness of dyu from this estimate.

In Section 4 we see that equation (2) satisfies these assumptions, and we
conclude the proof of Theorem 1.1, with an other regularisation procedure.

Acknoledgment

We are deeply indebted with F. Sgallari for bringing the problem to our
attention, and with A. Sarti for many useful conversations on the subject of
their model.

2 A priori bound of the spatial gradient

In this section we prove the existence of a solution of the initial value problem
(13). The proof is based on an a priori estimate of the spatial gradient. For
simplicity we will introduce the following notation:

O =0mh=1-n, 0Oy =edy. (14)
Then this operator in (12) will be written as

n+1 n

Ls = Z al-gm-u -+ Z bl(u)gzu, (15)
=1 =1

where a,4+1 = 1 and also this last coefficients satisfies assumptions (7), (8), (9)
with the same constants Cy and C; independent of £. We consider the Cauchy
problem (13) on the bounded cylinder Qr = Bgr % [0, 7], with initial datum

0 <wug(z,0) <1 in Bg. (16)
We first note that the solutions of (13) satisfy the maximum principle, so
that (16) implies
0 <wu(z,0,t) <1 V(z,0,t) € B x[0,T].
As we noted in the introduction the classical gradient estimate can not be

applied directly, since the coefficients depend globally on u. Hence we suitably
modify the Bernstein method in order to apply it to our situation.



Theorem 2.1 If u € C?(Q) N Lip(Q) is a solution of problem (13) on the
bounded cylinder Q = Br x [0,T], then there exists a constant Cy independent
of R and € such that

€
ID2ul| L= (@) + €llBot|[Loe(@r) < €T ([Dato]| oo () + €llDpul| L= (1))

where D, is the gradient with respect to the x—variable. A possible choice of 51
18
0

where Cy and Cy are defined in (7) and (8).

Proof If ¢ is an increasing function to be chosen later, we can always represent
w in the form: u = ¢(@). Then the function @ is a solution of

n+1 n+1 ¢,, u n "
Oy = 4 1 % % u)? bi 8i7'
U ; iU+ Z a; 5 (0;0)° + ; (u)d;u

Let % be a nonnegative function in C§°(Qg). Multiplying by 5h(1/)5hﬂ) we get

n+1

/ 8,0y (0, 1) dxdfdt = / > ai(u)d; ;udy (10p ) dadfdt+ (17)

n+1 ,, _ _ n o "
/ Z ¢’ (0B (vyn)dodod + / Z;bi(u)amah(waha)dxdﬁdt.

Let us consider one term at a time. Integrating by parts the first one we get

/atuah YOy u)dzdodt = L /(Ghu) Oppdadldt. (18)
The second becomes
n+1 . _ N
/ > ai(u)0; 110y (YO 1) dedfdt = (19)
i=1

n+1 n+1

/ Z@hal 8y ;udy i dadidt + / Zaal 0y nubpunpdzdodt+

n+1 n+1

/ Zal Bri)>pdadodt + - / Zal (Ont)*Dytpdaxdfdt.

Hence inserting (18) and (19) in (17), summing over h, and denoting

n+1
Z 3hu



where 8, is defined in (14), we obtain

n+1

;/vaﬂ/}+ /Zalavaﬂz; /Fu),

where
n+1n+1 " » N " o »
F = Z Z (— a; (8i7ha)2 + 8hai8i,m8ha — 8iai8i)hﬂ8hﬂ+
i=1 h=1
+8h(al(u) () (0;u) ) X —;}Fl 8h(bl(u)8lu>8hu
Let us estimate F
n+1n+1
F< ZZ( a; (05 pt) > +018; g2+ < \3haz| 19| 2+010; Tl >+ \a ai) 2|l +
i=1 h=1
3 0219512 ¢N() a3 =\2
+hai2lBal? + (¢/(U)) (B,)(Bnn)*+
4 "W\ 5 205 2 = o ai(w) "W\ 5 a5 2
—i—az(u)( 5 (a)) (9512 (Dnt)? + 6(Drn)? + ( 5 (ﬁ)) (5;2)2 (B ) )+
n n+l _
£ 375 (1000s()Bia0u] + 8130l + 5lbi(w) Bl
=1 h=1

(if 0 = Cy/4, where Cy is defined in (7) and we set byy1 = 0 for simplicity of
notations)

n+1n+1
1 9. P a —
< Z S ((ahaz) (aiai)Z + (&‘%‘)2 + |8hbz‘(u)|2) |8hu|2—|—

n+1 n+1 ”12 "IN ! 2 1 9
eSSt e)o S () (G + (G )
If we choose o (i)

(Fa) =0
),

then the estimate for F' becomes:

>

and use the assumptions (7),(8),(9

(ch; DL

O oSy + GGy e <

F<

W(Cla sup v(¢')? +C’12)17+

n+l ¢//

+Z<(




L) s i (S

for a suitable constant

0

only dependent on the assumptions. We can now make the same choice of ¢ as
in [LUS]. We set

¢:[n2n —-R ¢x)= (/

n

2n -1 [2n
exp(~¢0d€) [ exp(-€nde. (20)

where 7 is defined in (8). The assumption made on « assure the existence of
constants Cy and C3 such that
4C%

(n+1) (%icf&(qs')z +(1+ 70) (25;‘;)2) < Gy, (21)

_ _ _ ey
202 é Cg and Cg S —C()(n + 1) (2,((10))
(for reader convenience the computations are collected in Remark 2.1 below).
Then _ B B
F < Cyv + Cyvsupv — Csv?.

The estimate for the gradient is a consequence of the following lemma.

Lemma 2.1 Let v be a nonnegative solution of class C°(Qr) N CY(QRr) of the
following nonlinear equation:

n+1
_% / Uatquxdedwr% / > aidivdppdrdfdt = / F(v)ipdadddt,
=1

with _ B _
F < Civ+ Cyvsupv — C’31}27

and 251 < 62, Then

supv < &7 sup v.
Qr 0*(Qr)

Proof If we set w(z,0,t) = v(z,0,t)e” €', the function w is a solution of

n+1

_;/wat¢+;/;ai&w8iw=/ﬁ¢,

with F € L and

F< (52w supw — 53w2) exp(élt).



Let (z0, 0o, tp) a maximum point for w in Br x [0, T, and assume by contradic-
tion that
My = w(zg, bp,to) > max w = M.
0*Qr

Then we can choose § such that
w($0,90,t0)—(5>M7 20 < Mj.

Let us denote (w — My + &) its positive part. Let F; be a sequence in C*

converging to F' as j — +o0, and let w; the corresponding solution. Then w;
uniformly converges to w, and a simple integration by parts ensures that for
every j

n+1
/ Z al(u) (aiqu)Qd.Z‘dedt = /Fj (wj — My + 5)+d$d9dt
wj>Mo—0 ;4

Letting j go to co we obtain

n+1
/ Z a;(u)(Quw)*dzdodt < Cs / Mow(w — Mo + 8) et dedfdi—
w>Mo—0 ;4

—/éng(w — My — 5)+e@1tdxd0dt <
(since w(x,0,t) > Mo — 0 > My/2)
< (262 — 63) /wQ(w — My — §)+e@1td$d9dt <0
This contradiction proves the assertion.

For reader convenience we compute explicitly the derivative of the function
¢ introduced in (20), showing that the relation (21) is satisfied:

Remark 2.1 Let
¢:[n2m —R
be the function defined in (20). Then

¢ = (/:’7 eXp(_SQ)dS)_leXp(—l‘2)7 CZII((;L)) _ o

We can choice

Gy = —(n+ 1)CO(¢”(71)

¢'(u)

!/
) = 2C,(n + 1).
Since 1 is defined in (8) as

n? = @<1+ ﬁ)_l,

64 Cy



then

e+ 20 (S0 < o e < 22

By assumption (8)

02 = 1P exp(—6?) .0
128C%
and by a direct computation
exp(6n?
(¢ < (2 )
n
then
32 o 9.2 32 5 sexp(6n®) _ (n+1)Co Cy

Relation (21) is proved.

It is standard to prove the existence of a solution of problem (13) on the
cylinder Q = Bgr x [0,T] , using the estimate of the gradient just established.
We refer for example to [LSU] Theorem 1.1 cap VI §1 and cap V §6. Letting
R — oo, we immediately deduce

Theorem 2.2 Let ug be a Lipschitz continuous function defined in R™ x R,
satisfying condition 0 < ug(x,0) < 1. Then for every T > 0 there exists a
solution u of class C?t*1+2/2 jn the variables (x,0) and t of the problem

{ ug = Leu in R*L % [0, T (22)

u(z,0,0) = ug(x,0) in R*TY
which satisfies

[1Dzulloc +ellpullos < e (|| Dyol oo + el [Bpulloc )

and _
lu(z,0,t) — u(z,0,to)| < Cylt — to]'/2,

for every (z,0,t),(x,0,ty), with a constant C, independent of .

3 Stability inequality

In this section we prove that the solution found in Theorem 2.2 is unique, and
conclude the proof of Theorem 1.2 . Even though the solutions are regular, we
are forced to use a technique introduced for studying the viscosity solutions in
[ALM]. However the choice of the main parameters is different here, because we
do not have and estimate of the complete gradient, and we do not yet assume
that the solution is periodic.

10



Theorem 3.1 Let ug and vy be bounded and Lipschitz continuous on R™ x R.
Let uw and v be the correspondent viscosity solutions of problem (22). There
exists a constant K such that

l[u —v[|poe (rrt1x10,17) < Kl|uo — vol|poe (rrt1).-

Proof Let A and ¢ constants to be fixed later, and dependent only on ||u||so,
||U||OO7 HDajuHoo and let

= glt el + 1P

44 R ’
with R > 0. Since u and v are bounded, then ¢ has a maximum, at a point
say (2o, Yo, 00,t0). We can always assume that «(0,0,0) > v(0,0,0), so that the
maximum of ¢ is nonnegative:

o(x,y,0,t) = u(z,0,t) —v(y,0,t) — (23)

(ﬁ(.’ﬂo, Yo, 907 tO) Z (b(oa O; 0, 0) = U(O, Oa O) - U(O? 07 0) 2 0.

Let us first assume that tg > 0. Since all the considered functions are of class
C?, at the point (2o, 0,00, t0) we have

A < Ou(zo, 60, to) — rv(yo, o, to), (24)
lzo — yol*(@o — yo)i |, 2(x0);
0o, t
Oyu(zo, 0, t0) = 5 + R
, _ w0 —yol (o —yo)i  2(yo)i
div(yo,bo,t0) = 5 7
and
D2u 0 0 |4 2 2 2
0 D 0 <Dgcyg(7|”c0 45y°| + 2t 120l +|y}02| 16l ).
0 0 69,9(11 - ’U)
(25)
If we denote A the right hand side of (25) we have
A= OT‘UO I I 0 +5 {01 0]+
0 0 0 0 0 1
9 (o —y0) (w0 —%0)  —(z0 — yo) @(x0 —%o) 0
+g —(z0 —y0) @(To —v0) (w0 —y0) @(xo — %) O
0 0 0
and | |2
Zo — Yo 1
tr(A) < —_— 4 —). 2
r(4) < o(F 4 ) (26)
Multiplying (25) on the right by the matrix
diag (al( ) -5 Gp (u)) diag(\/al (u)al(v)v (X3} \/an (u)an(v))
L(u) = | diag(y/a1(w)ai(v), ..., /an(u)a, (v)) diag(ay(v), ..., an(v))

0

11
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and considering the trace we get

n+1 n+1 n
Z ai(u)giyiu — Z ai(v)&-’iv < Z (ai(u)l/2 — ai(v)l/2)2tr(A) + %
i=1 i=1 i=1

zo—yol? 1 g2
M+f)+i

gc(\|u—v||oo+|xo—yo|)2( 5 rR) TR

where we have used (26) to estimate the the trace of A and the fact that

lat”? () (20, 60, to) — a;”*(v) (3o, b0 to)| <

(by (7)

< i Jas ()0, o, o) — as(v) (9o, B0, 10)] < (Il = ollew + 1Dzl 70 — yo))

where ||Dyul|s is uniformly bounded. Analogously

2
)

bi(u)dsu(xo, 0o, to) — bi(v)div(yo, Oo,to) = (28)
4 — 2 — i 2 i 2 i
— (bi(u)(l'o,eo,to)—bi(v)(yo’007750)) |{170 yO‘ (x() yO) +b1(u) (-TO) +bl(’l)) (yO)
1 R R
To — 3 ol +
< (I = vllo + fr — ol 0= 20E [0l ool
By (24) we have:
A < Owu(wo, 0o, to) — Orv(yo, Oo, to) =
n+l _ _ n+1 _
Z ai(u)8i7iu + bz(u)&u — Z ai(v)am-v — bi(v)aiv <
i=1 i=1
by (27) and (28)
_ 2 1 e2
< — |2 ) (Fo w1y
< Ol = vl + feo —ol?) (52 + ) + %
zo—yol®  |xo|l +
(I = vl + frg — yol ) 220 fol £ o
Since ¢(xg,00,t0) > 0, for every R > 0 we have
4 2 2 19,2
lzo — Yol i |zo|” + |yo|® + [6o] < (o, 00, t0) — v(yo, forto) <
45 R
< |l poe (rr+1x 0,77 + |[V]| Loo (Rrt1 0.7 < C-
Hence ,
frol? + uof? + 1602 < cr, 0l <6 (20)

12



Since (o, Yo, 00, t0) is @ maximum point for ¢,

w0 —yol® ol + [yol* + 160 _

u(zo,00,t0) — v(yo, 0o, to) — 48 to R
é(z0,Y0,00,t0) = (Yo, Yo, 60, t0) = u(yo,90,to)—v(yo,ﬁo,to)—)\to—w'
Thus |z — yol* lyol?* = |zo|?
— < u(zo,bo,t0) — v(yo, 0o, to) + R <
< oy — go| 4 L0 = Izl + 3o

R )
where L is the Lipschitz constant in z for u. In particular we deduce

_ 3 ~
|0 — Yol lzo| + [yol < <I+1.

< <L
5 <L+ 7 <(by (29)) <L+

510

If we choose
§ = 0®[|lu—wvl]®,

inserting in the estimate of A we deduce

r<Cu—ll(2 o)+l g2y 4

R R1/2’

and this is a contradiction, if

1 |2 20
AzQCHu—vH(;—Fa—Fl)+20w(1+02>+R1/2. (30)

Hence ty = 0, and for every t, for every z, y

4 2 2 4 1912
(e, 0,0) oy, 0,0) — 20y R IOR)
4 2 2 4 192
< cufufe.0)— sl 8) — I QPP+ 9
) R
If x =y we get
olzl2 + 162 4
u(x,@,t)—v(x,@,t)S)\T+%+\|uofvg\|+supr>o{Loer—6},
where Lg is the Lipschitz norm of vg
2|z|? + |62
:>\T+M+||U0—1)0H+§Lé/351/3:
R 4
for the choice of A and 9,
B 1 |lu —v||? 9 20T
_2C’T||u—v||(5+a+1)+20T7(1+0)+R1/2+

13



4/3

2|z + 16/ 3
2D g = woll + 2P ).

R
Since x and 6 are fixed and the constants C,T, R, Lg,o do not depend on R,
letting R go to 4+00 we get:

u(zx,0,t) —v(x,0,t) <

3 _4/3

1
207w — ]| (= + 0 +1) + [fuo = vol | + 5 L *ol[u — ||

We now conclude, choosing o = L 4/ 3, and T sufficiently small.
Therefore, if T3 is an arbitrary interval of time in [0, +oo[, and NT > T; we
deduce, iterating this argument that

[l = vlfoe < CT{luo — volloc-
for a constant C' depending on ||u||so, ||V]|0os || Dstt|]co-

Proof of Theorem 1.2 By assumption ug is a bounded and Lipschitz
continuous function on R™ x R. For every € > 0 Theorem 2.2 provides a solution
(ue) of the regularized problem (22), with initial condition wg, satisfying

HDmueHoo < Ca

for a constant C' only dependent on uy and independent of . On the other side,
by (10), if we fix 6 € R, the function

ve(z,0,t) = us(x,0 + 6o, t)
is a solution of the same problem, with initial datum
vo(x,0) = up(z, 0 + 6p).

Then
lue(x, 8,t) — ue (2,0 + 09, t)| = |ue(x,0,t) —ve(x,0,t)] <

(by Theorem 3.1)
luo(x,0) — vo(x, 0)| = |up(x,0) — ug(x, 0 + 6y)| < 6.

The Lipschitz continuity is then proved. Letting e — 0 we found a viscosity
lipschitz continuous solution of (11). Keeping € fixed, the function up can be
considered a solution of an uniformly parabolic equation, with Lipschitz contin-
uous coefficients. Hence it belongs to C2+®1+/2 for every a €]0, 1[, uniformly
with respect to 6.

Remark 3.1 If the initial datum is periodic, the solution of (12) is periodic.

Indeed if u is a solution, also up = u(- + h) is a solution of the same Cauchy
problem, so that it coincides with u, by the asserted uniqueness.
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4 Application to the model

In this section we show how to apply Theorem 1.2 to equation (2) and we
conclude the proof of Theorem 1.1.
In order to write equation (2) in the nondivergence form (6) we set

agj(u) = (h(clt(u)) + &) f(IDG * ul) (31)

D;Gx*u

ij=1

Clearly (2) is obtained for (6) for e = 0.
Let us prove that these function satisfies the assumptions (7), (8), (9).

Lemma 4.1 Let Q be compact in R"*1 x [0,T], and let u be a bounded and
Lipschitz continuous function on Q. Then the function clt(u) defined in (1) is
bounded and Lipschitz continuous in Q. Precisely

llelt(u)lloo < 4lu]oo- (33)
For every (x,0,t) there exists &1, §&2 € R™ such that |&1], 162 <1 and
|Onclt(u)(x,0,t)| < |Opu(z + 1,0 4+ 0,t)| + |Ohu(z — £2,0 — o, 1)+ (34)
+2|0pu(x, 0,t)| + | DG * Opu(x,0,t)]
for every t and a.e. (x,0) € Bg. Finally, if u and v are bounded and Lipschiz,
|clt(u)(xo, 0o, to) — clt(v) (Yo, o, to)| < Cllu — vl|. (35)

Proof

The estimate (33) follows directly by the definition, simply choosing &; = &a.
Let now v, u € Bd(Q) N Lip(Q), and assume that clt(u) — clt(v) > 0. Let &, &
be such that

ct(v)(z,0,t) = jv(z+ &,0 + p, t) —v(z,0,t)|+
—HU(J? _5279+pat) —v(x,H,t)| +| < DG*’U?gl _52 > |
Then by definition of clt(u),
ct(u) — ct(v) < Ju(z + &,0 + p, t) — u(x, 0,t)|+
—|—|u(x—§2,0+p,t) —u(a:,@,t)| +| < DG*uvfl _52 > |
*|U(l’+fl,9+p7t) 7”(‘%»9’75)‘7
—|v(z —&2,0 + p,t) —v(2,0,t)| — | < DG *v,& — & > | <
< |u($+§170 +p7t) - ’U(Z‘ +£1a9+p7t)|+
Hu(r —&2,0 — 0,t) —v(x — &2,0 — 0,1) |+
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+2lu(z,0,t) —v(z,0,t)| + | DG *u — DG * v|.
And this implies (34).
Now we call ej, a vector of the canonical basis,
usn = u(z + dep,0,t), for h=1,---.n
and
Usn+1 = u(w, 0+ 57 t)
It then follows that for every v € C*°, ¢ >0

/ Aclt(u)pdzdd = lims_o / ctt(u) - ;lt(“‘*h)@ydzde <

Ydadf+

li /|u($+§170+p7t)_Ué,h($+fla9+Pat)|
1M —0

0
/|u x—&,0 —o,t) — Uéh( —&2,0 —o,t)]

+2/|’U, ‘r767t)_u5,h(xa97t)|wdxd9+/|DG*U_

Ydadh+

5D Gt tsnl g —

4]
= [ (10vuta + €,6 4 0.0)] + Ohu(a ~ .0 - 0.0+
+2|0pu(z, 0,t)| + | DG * 8hu|)wdmd9.
An analogous relation, holds for —d,clt(u) and the thesis is proved.
From this lemma, and the properties of the convolution, it is easy to recognize

that a$ and b; satisfy assumptions (7), (8), (9). Let us now conclude the
Proof of Theorem 1.1 By Theorem 1.2 for every € there exists (u.) solution

Zal )z, 0,t)0; ju® —l—Zb )(z,0,t)D

satisfying condition (5), and

of

u(z,0,t) — u(,0,0)] < Ct/?
for a constant C' independent of e. If infclt(ug) > m > 0,

clt(u)(z, 0,t) > clt(u)(z,0,0) — CtY/2 > %

if ct'/2 < m/2. Then condition (7) is satisfied on [0, Zgz] with a constant
Cy independent of £. Letting € go to 0 we find a solution u satisfying all the

conditions listed in the thesis.

16



5 References

[AGLM] L. Alvarez, F. Guichard, P.L. Lions, J.M. Morel,  Azioms and
Fundamental Equations of Image Processing, Arch. Rat. Mech. Anal,
123, (1993), 200-257.

[ALM] L. Alvarez, P.L. Lions, J.M. Morel, Image selective smoothing and edge
detection by nonlinear diffusion in R™.II, STAM J. of nonlinear analisys
29, 3, (1992), 845-866.

[AM] L. Alvarez, J.M. Morel,  Formalization and computational aspect of
image analysis, Acta Num., 72, (1994), 1-59.

[AE] L. Alvarez, J. Escalatin, Image equalization using reaction diffusion
equations , STAM J. of Appl. Math., 57, 1, (1997), 153-75.

[AMa] L. Alvarez, L. Mazorra, Signal and image restoration by using shock
filters and anisotropic diffusion, SIAM J. of Appl. Math., 31, 2, (1994),
590-605.

[BN] P. Biler, T.Nadzieja, A class of nonlocal parabolic problems occurring in
statistical mechanics, Collog. Math. 66, 1, (1993), 131-145.

[C] J. Chabrowski, On the nonlocal problem with a functional for parabolic
equations, Funke. Ekv., 24, (1984), 101-123.

[CGG] Y.G.Chen, Y.Giga, S.Goto, Uniqueness and existence of viscosity so-
lutions of generalized mean curvature flow equations, STAM J. of nonlinear
analisys 29, 1, (1992), 182-193.

[CLMC] F.Catté, P.L. Lions, J.M. Morel, T. Colle, Image selective smoothing
and edge detection by nonlinear diffusion, STAM J. of nonlinear analisys
29, 1, (1992), 182-193.

[CS] V. Caselles, C.Sbert, What is the best causal space for three dimentional
images , SIAM J. Appl. Math., vol. 56, n. 4, (1996) 1199-1246.

[CHL] M. G.Crandal, H.Hishii, P.L.Lions, Users guide to viscosity solutions
of second order partial differential equations, Bull. AM.S. 27, 1, (1992),
1-67.

[ES] L.C. Evans, J.Spruck, Motion of level sets by mean curvature, J. Diff.
Geom, 33, (1991), 635-681.

[GGIS] Y.Giga, S.Goto, H.Ishii, M.H.Sato, Comparison principle and con-
vexity preserving properties for signal degenerate parabolic equations on

unbounded domains, Ind. Univ. Math. J., 40, (1990), 443-470.

[G1] F.Guichard, Aziomatisation des analysis multi-échelles d’images et des
films, PhD. Thesis University Paris IX Dauphine (1994).

17



[G] F.Guichard,  Multiscale analysis of movies , Proc. Eioght Workshop
on Images and multidimensional Signal processing (1993, Cannes), IEEE,
New-York, 236-237.

[KM1] J.Kacur, K.Mikula, Solution of nonlinear diffusion appearing in image
smoothing and edge detection, Appl. Num. Anal., 17, (1995), 47-53.

[KM2] J.Kacur, K.Mikula, Slowed anisotropic diffusion in scale-space theory
in computer vision, Lecture notes in Computer Science, 1252, Springer,
(1997), 357-360.

[IS]H.Ischii, P.Souganidis, Generalized motion of noncompact hypersurfaces
with wvelocity having arbitrary growth on the curvature tensor, Tokokn
Math. J., 47, (1995), 227-250.

[LS]C. Lamberti, F.Sgallari, FEdge detection and velocity field for the analysis
of heat motion, Digital Signal Processing, 91, Elsevier, (1991), 603-608.

[LSU]¢¢ Linear and quasilinear equations of parabolic type. Translations of
Mathematical Monographs. AMS, vol 23, 1968.

[MSL] K. Mikula, A. Sarti, C. Lamberti,  Geometric diffusivon in 3D-
echocardiography, Proceedings of Algoritmy 1997, Conference on Scientific
Computing, West Trater Mountains-Zuberec, (1997). 167-181.

[OST1] P.Olver, G.Sapiro, A.Tannenbaum, Invariant geometric evolutions
of surfaces and volumetric smoothing, STAM J. Appl. Math, 57, 1, (1997),
176-194.

[OST2] P.Olver, G.Sapiro, A.Tannenbaum, Classification and Uniqueness
of invariant geometric flows, C.R.A.S. Sci. Paris, t. 319, Serie I, (1994),
339-344.

[PM] P.Perona, J.Malik, Scale space and edge detection using anisotropic
diffusion, Proc. IEEE Comp. Soc. Workshop on Computer Vision, (1987).

[S] J.Sethian, Lewvel set methods evolviong interfaces geometry, fluid mechan-
ics, computer vision and material science. , Cambridge University Press
(1996).

[So] H.M. Soner, Motion of a set by curvature of its boundary,J. Diff. Egs,
101, 2, (1993), 313-372.

[SMS] A. Sarti, K. Mikula, F. Sgallari,  Nonlinear Multiscale Analysis of
3D Echocardiographic Sequences, IEEE, Trans, Medical Imaging, 18, 9,
453-466.

[ST1] G.Sapiro, A.Tannenbaum, On invariant curve evolution and image
analysis, Ind. Univ. Math. J., 42, 3, (1993), 985-1003.

18



[ST2] G.Sapiro, A.Tannenbaum, Affine invariant scale space , J. Funct. Anal.,
19, (1994), 79-120.

[ZSL] G. Zini, A. Sarti, C. Lamberti,
multi-gried methods to mothin evaluation from 3D echocardiography., IEEE

Trans., Ultr. Ferr. Freq. Control. 44, 2, (1997), 297-308.

Application of continuum theory and

Perona Malik

[KK] B. Kawohl, N. Kutev Mazimum and comparison principle for one-dimensional
anisotropic diffusion. Math. Ann. 311, No.1, 107-123 (1998).

[K] S. Kichenassamy, The Perona-Malik paradox. SIAM J. Appl. Math. 57,
No.5, 1328-1342 (1997).

19



