BLOW-UP IN NON HOMOGENEOUS
LIE GROUPS AND RECTIFIABILITY

G. CITTI, M. MANFREDINI

ABSTRACT. In this paper we extend the De Giorgi notion of rectifiability of
surfaces in non homogeneous Lie groups. This notion and the principal prop-
erties of Cacciopoli sets had already been proved in homogeneous Lie group,
using a blow-up method, with respect to the natural dilations. In non ho-
mogeneous Lie groups no dilation are defined, so that we need to apply a
freezing method, locally approximating the non homogeneous structure, with
an homogeneous one.

1. INTRODUCTION

Geometric measure theory in Carnot-Carathéodory spaces has become a subject
of great interest in these last years, and the principal instruments of geometric mea-
sure theory have been established in this setting. Here we assume that Xq,..., X,,
are smooth vector fields satisfying the Hérmander condition of hypoellipticity and
free up to step 2, this means in particular that they define natural translations
but no natural dilations on the underlying space R™. The horizontal gradient of a
regular function f is defined as

(1) Vxf=Xf,... . Xnf),

and the distributional horizontal derivative will be denoted Dx. The definition
of total variation |Dx f|(€2) of a function u on a set €, and the space BVx of
functions with bounded total variation has been introduced in [8], [19] and [6].
Many properties of BVx functions have been investigated in [4], [39], [5], [47]. In
particular, a set F is called a X-Cacciopoli set if 15 is a BV function, and in this
case
|0F|x () := [Dx1p[(2)

is called X —perimeter measure of the set E. Fine properties of sets of finite perime-
ter have been investigated in [1], [2], [14], [32], [43]. Isoperimetric type inequalities
have been proved in [42], [18], [8], [27]. The properties of the sets which realize the
minimum of this inequality has been studied in [33], [34]. In different geometrical
setting, area and coarea formulas have been established in [39], [35, 36, 37].

A regular surface in this setting is a subset S C R™ which can be locally repre-
sented as the zero level set of a function f € C% such that Vx f(z) # 0. Rectifiabil-
ity properties of the boundary of Cacciopoli sets have been studied in [20, 21, 22, 23]
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in the setting of Carnot groups of step 2. These are connected, simply connected
nilpotent Lie groups whose nilpotent Lie algebra g admits a stratification

(2) 9g=91Dg2, g1 =span{X1,...,Xn} g2 =[g1,01] # {0}
and
(3) [91, 92 = {0}

This last condition ensure the additional homogeneity property i.e. the existence
of a one parameter group of dilations which scale homogeneously with respect to
the natural distance. In this way it is possible to define an homogeneous dimension
Q of the space, see (6), and give the definition of a rectifiable set as a set S C R™,
which can be represented, up to a @ — 1 negligeable set, as a countable union of
X-regular hypersurfaces (.5;);en:

HI™(S\ UjenSi) = 0.

The homogeneity property and a blow-up argument with respect the dilation of the
group were used in [20, 21] to study the reduced boundary of a set F. Namely a
point belongs to the reduced boundary 9% E of a X-Cacciopoli set E if

|OE|x (U(z,7)) >0 for all r >0,

where U(x,r) is an open ball of center z and radius r in the natural distance
compatible with translations of the group. Besides at the point x there exists a
normal vg such that

Jlim vpd|OE|x and =1.

lim vg d|OE|x
r—0 U(z,r)

m=0) U(a,r)

The main result in [20, 21] is the extension to this context to the well known result
of De Giorgi on rectifiability and ensure that
Theorem The reduced boundary of a Cacciopoli set E is rectifiable.

Our goal is to extend to general groups of step 2 these rectifiability properties.
Our interest in this type of Lie groups comes from application of visual perception,
since an image is mapped on the visual cortex as a surface in the rototraslation
group, (see [44], [28] and [46]). This is a non homogeneous Lie group with Lie
algebra of step 2, hence we need a formal definition of regular surface, and perimeter
in this type of spaces.

A family X3, ..., X,, of vector fields is free up to order 2, if it satisfies (2), but not
(3). In this case a natural distance d is defined, (see Definition 8 below), and a local
homogeneous dimension. However, the associated Lie group is not homogeneous,
in the sense that no natural dilations are defined, and it is not possible to perform
directly a blow-up procedure. In order to study the rectifiability we will apply a
general approximation result first introduced by Rothschild and Stein, and widely
used in applications to solution of regular equations. See for example [11], [12], [7],
[9]. Indeed, Rothschild and Stein proved that for every fixed point zg there exists
a canonical change of variables O,, defined in a neighborhood of zy such that in
the new coordinates induced by ©,, we can approximate X; as follows

where Y7,--+,Y,, is a family of homogeneous vector fields satisfying (2), (3) and
R; are higher order terms (see Theorem 2.1 below).
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Since the vector fields Y; are homogeneous, they naturally define dilations §,. and
we will use

57 (y) = 05, 6,0, (y),
as approximation dilations in a neighborhood of zy. Performing a blow-up proce-

dure with this dilation, we prove that, if a set E is a X-Cacciopoli set with respect
to the vectors X;, its dilated sets satisfy

0°(E) - F asr —0,

where the set F' is of Cacciopoli type with respect to the homogeneous approximat-
ing vectors Y;. Using the properties of these homogeneous vectors we then prove
the following theorems:

Theorem 1.1. If E C R" is a X -Cacciopoli set, xy belongs to the reduced boundary
OYE and vg(xg) € HX,, is the X -generalized normal to E at xq, then there exists
R > 0 such that

(4) lim 1520 (5) = Lo (st ueo) 7 Lioc(Ulwo, R)),

where Sy (vp(x0)) is a halfspace orthogonal to the vector vg(zo). Besides,

[(OF)|x (U(wo,1))

5) lig 100D

where U(xg,r) is a open ball of center xy and radius r with respect the distance d,
(see Definition 8 below), and c is a positive constant.

We establish in this setting the classical rectifiability result:

Theorem 1.2. If E C R™ is a X-Cacciopoli set, then its reduced boundary 0% E

is, up to a set N of d-spherical Q — 1 Hausdorff measure S(?_l equal to zero, a
countable union of subsets of X -reqular hypersurface. Besides

0| x = cS7 [0 E,
where ¢ is a positive constant.

Finally, we investigate the structure of X-regular hypersurface via the Dini im-
plicit function theorem:

Theorem 1.3. Let Q C R"™ be an open set, T € Q and f € CL(Q) such that
X.f(@)>0.If

E={zeQ: f(z) <0}, T'={xeQ: f(z)=0},
then there exist a change of coordinates
T:R"— R",
I cR* ! JCR and a continuous function ¢ : I — J such that
TNU =T{(A(82y--58n),82,-+,8n) : (S2,...,80) € I});
and

IVx fl
1 1 X1f]

‘aE‘X(F N U) = (T(¢(527 ERE 5n)7 82, -+, 571)) d52 e d5n~
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The statement of this theorem is similar to the one in [23], but the proof we
provided here is much simpler and direct.

In section 2, we recall some definitions and results about Lie groups and BVy
functions. In section 3, we prove blow-up theorem. In section 4 and in section 5,
we prove Dini theorem and rectifiability theorem, respectively.

2. PRELIMINARIES AND KNOWN RESULTS

In this section we recall some known definitions and results that will be used in
the sequel. We indicate by HX the horizontal bundle, i.e. the subbundle of the
tangent bundle spanned by the vector fields Xi,...,X,,, and by {(-,-)s, | - |» the
scalar product and the norm, respectively, on the fiber H X, of HX, which makes
the basis Xi,...,X,, an orthonormal basis. We will also denote C}(Q, HX) the
space of C! function with compact support in  and

divx () = _X;¢; for ¢ € CHQ HX).

i=1

2.1. Carnot groups of step 2. If G is a Carnot group and its Lie algebra is
stratified as in (2), (3), we will denote

Xilin 7::1,"',777/7
the basis of g1, and
Xi27 i:l,---,n—m

a basis of go. In this way (X,;) is a basis of R”, and we will define the degree
of a vector field as deg(X;;) = j. On the Lie algebra there is a natural notion of
dilation, which simply acts as

5>\(Z uinij) = Z uij)\jX,»j.
ij ij
If we set
2
(6) Q=Y jdimVj,
j=1
the jacobian determinant of 8y is A%, so that @ is called homogeneous dimension

of the space. A natural homogeneous norm is defined as

/e

lull = | Y u;| %
i

Let us denote U(0,r) = {u € R™: ||u|| < r}.

In this case the exponential map is a global isomorphism between the Lie algebra
g, and its associated Lie group G. Via the exponential map a dilation is induced
on G, which becomes an homogeneous Carnot group and the image of the norm
defined on the algebra, defines an homogeneous norm on the group.
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2.2. Non homogeneous Lie groups. If a family X; - - - X,,, of C* vector fields is
free only up to step 2, then the exponential mapping is only a local diffeomorphis,
but also in this case it defines a natural distance on the associated Lie group.
Indeed, for every fixed point x( in R™, there exists a neighborhood V of xy and for
every ¢ € V a neighborhood U, of z, such that for every x € V the exponential
map based at x

(7) u=(uij) —y=exp | Y uyXy | (),

ij
is defined in U,. As before, we have denoted X;; the vectors Xi,---X,,, and X;o
a basis for the commutators of length 2. Suitable restricting V we can assume
that for every x € W the map in (7) is defined on the same U C U, and it
is a diffeomorphism from U onto the image. Its inverse mapping denoted ©,(u)
introduces a change of variable called canonical. As before we can define distance
associated to the vector fields X;;, the function

1/Q
(8) dx(z,y) = (Z |Uij|Q/j> , 1,y €eW,
ih

where the coefficients (u;;);; are defined in (7). The associated sphere will be
denoted Ux (x,r).

La usiamo dopo con Ux 7

Via the canonical coordinates, Rothschild and Stein, (see Theorem 5 in [45]),
proved that it is possible to reduce to the homogeneous case:

Theorem 2.1. In the u-coordinates given by ©, and in the neighborhoods U, W
defined in (7), we can write

X, =Y, +R*, VaeW

on U, with Y; generators of the free Lie algebra with m generators and step 2, and
R? a vector field of degree < 0 depending smoothly on x € W.

In the sequel we will always denote
9) rT+cy

the group law associated to the vector fields Y;. La usiamo? cfr Proposition 3.1
Let us recall that a vector field R on a Carnot group G has local degree less or
equal than A\ € N if for every N € N we can write

0
R= Z(hij + Tij)aTija
ij

where the functions h;; are homogeneous polynomials of degree < N and > j — A,
the functions r;; are smooth and 7;;(u) = O(|u|").

2.3. Geometrical measure theory in Lie groups. We recall now some proper-
ties of geometrical measure theory which will be used in the sequel. The notion of
BVx function has been given in [8], [20]:
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Definition 2.1. Let Q C R™ be an open set and let f € LY (). f is called a
function of X -bounded variation if

D f1(9) = sup {/Q f div de| 6 € CHQHX), |6] < 1} <t

We denote respectively by BVx () and BVx ,.(2) the space of all functions of
X -bounded variation and of locally X -bounded variation.

From Riesz representation theorem, it follows that if f € BV o.(92) then
|Dx f|(€) is a Radon measure on © and there exists a |Dx f|-horizontal section
oy such that |os|, =1 for [Dx f|- a.e. z € Q and

(10) / fdivxd)dacz—/ < ¢,07 > d|Dx f|
Q Q
for all p € C(Q, HX).
Let us recall here the following isoperimetric inequality, proved in [27]:

Theorem 2.2. There is a positive constant ¢ such that for any X-Cacciopoli set
E, for allz €e R" and r >0

min{L"(E N U(z,7)), L"(E° N U(z,r)} @1 < [0E|x(U(z,r))

and

min{L"(E), L"(E°)} @1 < |9E|x (R").
L™ is the n-dimensional Lebesque measure of R™ and Q) is the homogeneous dimen-
sion defined in (6).

In [1] the following asymptotic doubling estimate for perimeter has been proved:
Theorem 2.3. If E is a X-Cacciopoli set then

Jim sup |OE|x (U(x,2r))

< 400 or |OE|x —a.e. x € R".
o |0E|x(U(x,1)) for [0E]x

The following lemma, proved in [22], is a consequence of Theorem 2.3 and Vitali
covering lemma:

Theorem 2.4. If E is a X-Cacciopoli set, then
lir% vpd|OE|x =vg(z) for |0E|x —a.e. z € R",
=0 Uar)

that is |OE|x-a.e. © € R™ belongs to the reduced boundary 0% E.

3. BLOW-UP AT A POINT OF THE X-REDUCED BOUNDARY
FOR NONHOMOGENEOUS GROUPS OF STEP 2

3.1. Reduction to canonical coordinates. For any set £ C R", ¢y € 0\ E, we
consider the u-coordinates around x( defined by O, in subsection 2.2, and we will
express our vector fields in these coordinates. In order to do so, we need to compute
the jacobian determinant and its derivatives:

Lemma 3.1. We have the following estimate, in a neighborhood of the point xq:

supd(z,$0)<R|detJ@mO| =1+ O(R) supd($’m0)<R|V(detJ@zO)| = O(R).
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Proof. The estimate of the determinant is contained in the proof of Theorem
7 in [41]. Hence we only need to estimate the second derivatives of the following

function:
s) = exp( Z si;Xij) (o).
ij
If we could write
exp( Z $ijXij + tXigjo ) (z) = exp(tZ, 0d0 QVWO Jexp( Z sij Xij) (),
ij ij
this would provide us estimation of the first and second derivative of 6,,. To

compute Z; ;, and Vj,j,, we use the Campbell-Hausdorff formula, as in Proposition
4.3 in [41]. For any positive integer N we have

lexp( Z $ij X + tXigj0 ) exp( Z sijXij) (@) — exp(tZ, . + tZKOjO )| <
ij

< CN(t|8|N +2]s|V ),

where
N
Zigjo = Xigjo T Z aplsX, [sX, - [sX, Xinjomv
k=1
N
Viojo Z bk 5X, SX [Xiojo [SX’ Xiojo]]]’
k=1

sX = Zij 5;;Xi; and ag, by, are universal constants. Now V; ;, provide an estimate

of the second derivative, and the thesis is proved.

0Jo

Remark 3.1. (see [45], page 295). In the differentiation of a smooth function
#(O4,(&, 1)) we will use the fact that

X§0g0¢(®$o(§7n)) = ZOJO( )Xn ¢(@x0(€7n))7

where degree az:?jo > max{j — jo,0}, X¢ and X" are the derivatives with respect to
the variable & and n, respectively.

The point x( in the u-coordinates around xy becomes 0 and the set £ will be
expressed as

(11) E =0, (E).
We will denote
f=ro0,
and X the image of the vector fields X through this change of coordinates, which
acts as follows:

(12) Xif(w) = (Xif)(©,)) ().
An explicit expression of X; is provided in Lemma 8.2 in [45]:

Remark 3.2. In the u-coordinates given by O, the vector fields found in Theorem

2.1 can be represented as
2 mj

Xh:zz wau

j=11i=1
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2 my

)
Yy = ZZfijhaTija

where mi; = m,
h h o h h
i (u) = 5]1'51' + g5 (u) + e (u) + O(lul),
i (u) = 6507 + gl (u) + O(luf?),
gh =0, g and e?j are homogeneous function of degree 1 and 2, respectively.
We will always denote

(13) C = ((fi)ni> (fid)ni)

the m x n matriz of the coefficients of Xp,.

Remark 3.3. Let us explicitly note that the definition of reduced boundary is in-
dependent of the choice of coordinates and a point xo belongs to the X-reduced
boundary of E if and only if O belongs to the X -reduced boundary of E. Indeed:

(i) 1g € BVx iff 15 € BVy. In fact, for every ¢ € C}(E, HX) we have

/lE diUngdx:/lE(@$O(u))divxqb(@mo(u))\det(]@mo (w)|du =

= / lEdingﬂdetJ@mo (u)|du.

By the previous Remark 3.1 the function |detJe, (u)| is bounded from above and
from below, and the assertion (i) is proved.
(i) mo e OxEiff 0 € 8}E, and

vi(zo) = vz(0).

Indeed, if ¢ € CL(U(xg, R)), where the distance which defines the sphere is intro-
duced in Definition 2.1.

—/ < VE,¢ > d|8E|X =
(by (10))
= /divx¢1E(x)dx = /divf(élE(uﬂdetJ@deu:

- / (dwg (BldetTo,, |) - éV|detJ@IO\)l 5=
(by Lemma 3.1)
~— [ <vpd > doEI 1+ 0(m) + O(R),

where O(R) is uniformly in ¢. A simply density argument ensure that [ vgd|0F|x =
[vgd|OF| (1 + O(R)), then the thesis follows at once.
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3.2. Blow-up in canonical coordinates. Due to the previous result, we can
assume that the vector fields X; are expressed in canonical coordinates, and we will
prove the following result:

Theorem 3.1. LetY; be the family of frozen homogeneous vectors fields in Theorem
2.1. If E is a X-Cacciopoli set and 0 € Oy E, then

(14) ll_r)r(l) 151(E) = 15;*;(1113(0)) in Llloc(Rn)
and

OF
(15) tim BRI o (p o))y w0, 1)

In the fixed coordinate system we will always assume to work in a neighborhood
of 0, and consider v € HY,. Then S5 (v) and Sy (v) denote respectively the half
spaces:

(16) Z ;Y 0 > 0},

m

(17) ij J 0 <0}

The proof of Theorem 3.1 is based on the following lemmas.

Lemma 3.2. Let 1) € C2°(R") such that [(u)du = 1. Assume that ¢ € CL(R™)
satisfying || < 1. Let us call

(18) W= [oe(B) %

Then ‘
7| X5 (0)r| < const, j=1,2.

Proof. The proof is obtained via a direct differentiation of expression (18), since
| Xi1dx| < Cp and |X;9dx| < C1dy", for suitable constants Cp and Cy.

Lemma 3.3. Let E be a X-Cacciopoli set. Then
|OE|x (2) = sup {/ divx dodu : ¢, ¢, € C5(Q), |6] < 1} ,
E

where ¢, is defined in (18).

Lemma 3.4. If E is a X-Cacciopoli set and 0 € Oy E, then there exists rog > 0
such that

(19) OB|x (U(0,7)) < / Cvy|dH™Y, 0 <1 <o,
ouU(0,r)

where v, is for H" '-a.e. in dU(0,r) the euclidean outward unit normal to OU (0, r)and
the matriz C is defined in (13). Besides,

(20) |OE|x (U(0,7)) = (1 +0(1)) /U(O )<Z/E(O),Z/E>d|8E|X as r—0,

and

(21) / |Cvp|dH™ ™ = Cor@ (1 +0(1)) as 7 — 0.
au(0,r)
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The proof is the same as the proofs of Lemma 4.2 and Lemma 4.3 in [20].

Lemma 3.5. Let ¢ € CL(U(0, R)). Then, for every r,c >0
(22) / (15, (m)) ;Yo du = /15;@) > Y (o) du,
T T k

where (Lgl(E))U is the mollifier of 15, (g defined in (18) and ¢ro and is a different
molliﬁcatzjon of ¢ defined in (18). '
Proof.

/(151(E) Y(bd’u,_//lgl(E) (dY(u U)) %K"Wu)du:

where dy is the distance associated to the vector fields Y; defined in (8) and Y;*
indicates with respect of which variable we differentiate. Then by integrating by
parts the derivative Y;* and using Remark 3.1

= [ [yt e (B2 wivin (1) el

(since degree ap, > max{j — 1,0})

~ [ 15,00 nllz’k)(k(dy<5,v>)y}i2,?k) o (2002 )) 00,
T o () () 0

(integrating by parts the lost integral)

—Z/Lh(E) ](k) ¢*ng)dv,

where My, is a new mollifier defined by this equality.

Lemma 3.6. For every R > 0 there exists a positive constant Cg such that
(23) / |DY(161(E))W| du < CR, Vr > 0.
U(0,R)

(Cr is independent of r, but depends on R). Besides, if (-) s is the mollifier defined
in (18)

‘(15%(E))ﬁ\y( (0,R)) = |8E‘X:Q(?’TR))(1+0(1)) as 1 —0.

Proof. Let ¢ € CL(U(0,R)). Then, for every r,o > 0, using Lemma 3.5 and
the change of variable 41 (v) = u, we have

/(151(E) Y¢du— /1EZ (dro) 05 dv.

For every r > 0, by Theorem 2.1 and the homogeneity of szw we obtain

@4)  X;(0001) =¥;(000) + By(900,) = %ngz;(a%) +R;(606:),
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so that

/(151 DoYiddu= 12/11;)0 (600 062) du—
_T'sz/lERjk((bkao(s%)du:
k

(by Remark 3.2 and the fact that e;;, are homogeneous of degree 2)

= o= 12:/1;;)( (kaO(S )du— o= 12/1E63h XYh(¢>koO5 )du—

kjh

(integrating by part)
correggere gli indici?

’I‘Q IZ/lEX ¢k005 )du— - IZ/IEX ejh )Y}z(¢koo5 )du+

kjh

(25) Q 1 Z/X lEejh )Yh(¢k005 )

kjh
Observe that ¢r, 0 61 € CH(U(0,rR + ro)), hence, by definition of variation, we
get

|0E|x (U(0,rR+ ro))
= TQ 1

< C(R),

o 12/1,;)(% (bho 001) duf <

by Lemma 3.4.

On the other side, by Lemma 3.2 and the homogeneity of Y}, we have |Y}, (gb,w )
5%)| < %, since Xjejp(u) is homogeneous of degree 1, using again the fact that
Pro 001 € CHU(0,rR +r0)), we obtain | Xjej,(u)] < 7 and

(26) Q 1 Z/lEX ejh Yh(d)kg 05 ) Q 1 (Tfjj_)Q = gRQ
kjh
Analogously j
@) |o Z/X Liejn Y (Sro 0 01) du| < Ql .. (U(0,7R + o))
kjh
< C(R)g.

Choosing o = /1 we obtain (23).
Now inserting (26) and (27) in (25)we get

1 .
/(15L(E))0Y2¢)du = WZ/lEX;k ((,bka- 05%) du+0(r),
" k

from which the second assertion follows at once.

In order to prove the blow-up theorem it is enough to show that, given any
sequence (1) with 7, — 0, there exists a subsequence (s;); such that (14) and
(15) hold along the sequence (s;);.
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Proposition 3.1. There is a Y -Cacciopoli set F' and a sequence s; — 0 as j — +00
such that

(28) lim 15, (5 =1p in Lj,(R™).

j—=Foo s

Proof. From Lemma 3.6, it follows that for all R,r > 0

(29) / Dy (15, () y7l du < Cr
U(0,R)

T

and
|(16%(E))\/77| Liwo,r) < Cg.

By the compactness theorem there exists a sequence s; converging to 0, and a
function f € BVy o such that

(30) (15 el (E)) NG - f in Llloc(Rn)» as j — -+oo.
Besides,

/‘ 161(E —151( )(u)‘ du =

(by definition (18))
lasciare dy (u,v) o mettere u —g v ?

:/ /15%(,3)(“)1;) (‘”f};“) 5(32 Ls, (&) (1)

(using the change of variable z = W)

:/ /1E(3Q/2z+cﬂ)—/1E(ﬁ)

which tends to zero as s — 0. Then

(31) (15, (&) ys — Ls, () — 0 in Li,.(R™), as s— 0.

du =

? controllare

Y(2)dv dz

By (30) and (31) we have
L, () = f in Ljg(R"), as j— +oc.
We may assume that t]he above sequence converges pointwise to f, so that f = 1p
for a suitable measurable set F'. By the semicontinuity of the variation and (29)
|OF |y (U(0,R)) < Cr < 400,
for every R. Hence F is a Y-Cacciopoli set.

Lemma 3.7. Let us set
N, (U(0,R)) := sup {/151(E)divy (p5)du: ¢ € CLU(0,R)), || < 1},

where ¢ s is defined in (18). Then, there is a sequence r; — 0 such that

. 1
(32) /15L(E)dwy (gb\/ﬁ) du = a1 /(qﬁm o 5%,VE>d|8E|X(1 +O(rj))
J j J
and

@) Ny = PRI 0 o5)) a4

"
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Proof. As in the proof of Lemma 3.6, for every i = 1,..., m, we have

(34) [ 15,0 () 5) du=
1

1
Assertion (32) immediately follows. Besides the right and side

|0E|x (U(0,rR +1y/T))
/15%(13)5@' ((Q’)i)\/;) du < o (1+0(Vr)).
Taking the supremum with respect to ¢, we deduce that

N, (0. R)) < LEXUOIRITVD) 4 oy,

and this prove the first inequality.
Viceversa, choosing ¢ = vg(0) in (34) and using Lemma 3.4 we deduce

/15%(E)Yi((¢i)ﬁ) du > |8E|X(U(TOC’£?+TW))(1+O(\/;)),

and this prove the reverse inequality and the thesis.

Proposition 3.2. If F is the Y -Cacciopoli set found in Proposition 3.1 then
vr(x) =vg(0) for |OF|y —a.e. z,

where the identity means equality of the coordinates with respect the moving frame

X;. Besides,

(35) F = S5 (vs(0).

Proof. For every ¢ > 0 there exists a smooth function ¢¢ such that
|OF |y (U(0, R)) < e+ / 1p divy ¢¢ du =

(since 15, (g) — 1p in L} (R™) as j — +00)

J

=e+ lim [ 15, (mdivy((¢°) ;) du < e+ lim N, (U(0,R)).

Jj—+oo y Jj—+oo

Since the relation is true for every ¢ we have

(30) OF Iy (U(0, R)) < lim Ny, (U (0, R)).
J
Besides,
[tvraory = [any@rdi= tim_ [ divy(@) s, o du

(by (32) in Lemma 3.7)

[ divv (6,015, 5y du = g5 [((6) g 063 v dOEL(1+ Or) =
J j h
(by (33) in Lemma 3.7)
N, (U(O,R))
~ 0EIx (U0, R))

/<(¢)\/ﬁ05%,yE>d|8E|X(1 +O(r))).
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With a density argument we can choose ¢ = vg(0)1y(o,r), so that applying (20),
we deduce
<VE(O)7 VF> d|6F|y = . lim NT]. (U(O, R))
U(0,R) J—oo
Inserting in (36) we get

01y (U(0.R) <l Ny, (VO R) < [ (v(0),vi) dOFy-
J U(0,R)
This concludes the proof of first part of theorem, because |(vg(0),vp)| < 1, while
|(ve(0),vp)| =1 precisely when vg(0) = vp(x).
Finally, from Claim 4 in [22], page 21, we have (35).

3.3. Proof of Theorem 1.1. The last statement of blow-up theorem is point (iii)
of the following lemma.

Lemma 3.8. Let g € 0% E. If E is the set defined in (11) and X; the vector fields
defined in (12) then

(i

UG N EN O S O]

G Ttzo.1)] ’
(i)

W)\ OO (S ON]

2 Ttzo.1)] |
(iii) o

tim PELTOT) 2  (0) v (010, 1)),

Proof. Since U(0,r) is defined in terms of the dilation of the frozen vector fields,
then, by rescaling with these dilations we have:
1o 1000 N B0 (S5 (0] _
=0 U(0,7)]

o
~ 5 50,1 /XU(O’”X‘S%EWS;@E(o»(1 +o(l)) =

1
- W/XU(O’DXS;;(”E(O))XSY(VE(O)) =0.

This proves (i) and (ii).
From Lemma 3.7, for every sequence r, — 0 as k — 400, there is a subsequence
(sj); such that

OB (U(0,s) o
jl{lfoo SJQ—_l = jl{ljlrloo N, (U(0,1)) =
(by lost assertion in the proof of Proposition 3.2)
= |0F|y(U(0,1)) =
(since F' = S (v5(0)) is smooth, by Proposition 2.22 in [22])

= H"} (055 (1v(0)) N T(0.1)).

We now compare the reduced boundary of a set
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Proposition 3.3. A point xo belongs to 0% E iff xo belongs to 03 E.

4. IMPLICIT FUNCTION THEOREM

In view of the proof of Dini Theorem 1.3 is natural to introduce a change of
variable which assign a completely different role to a fixed variable s; and so to the
other (s2,---,8,). let us now define this change of variable.

Remark 4.1. Let Q C R" be an open set, T € Q and f € C% () such that
Xuf(@) >0, f(@)=0.
We consider the change of variable
T : R" — R",
Ts(x) = (si;), where

z = exp(s11X11) (exp ( Z 5ijXi;) (Z))

(40)#(1,1)
and Tz(Z) = 0. If we call
f=rfor;!
then
(37) (X0 f)(T5 () = D5, f(9)-
Indeed,

asjk (exp(slle)(ea?p( Z Sinij) (i’))) |s:0: I
(3,0)#(1,1)
e’ abbastanza chiara?
where I is the identity matriz. So that Ty is a local diffeomorphism and (37)
holds by definition of Tx.

After relabelling the variables s;; we represent the new variables as s = (s1,..., s,).
According with Remark 4.1, we can define new vector fields,

Zif(s) = (Xif)(T5 ' (s)s i=1,....m,
which will be represented in s-coordinates as Z; = Z?zl aijOs, so that f € Ck(Q)
if and only if f € CL(Tx(2)). We also note that f € CL if and only if f € C’%

where

n
Zl = 851, Zz = Zaijﬁsj.
j=2

In other words Z; depends only on s; and all the other vectors Z; are independent
of S1.
Besides,

V2P =D NZifIP =D 11D aiios, FIP = llands, £+ Zif|* = IV 21112,
i i j=1 i

where g is a suitable riemannian metric such that g11 = >, a};, gis = 1, g1; = gi1 =
a1, fori=2,... n.
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Theorem 4.1. Let Q C R™ be an open set, 0 € Q and f € CL(Q) be such that
95, f(0) >0, f(0)=0.
If
E={seQ: f(s)<0}, T={seQ: f(s)=0}

then, there exists a neighborhood U of 0 such that

(i) E has finite Z-perimeter in U;

(1) OENU =04, ENU =I'NU;

(iii) vi(s) = =V zf(s)/IVzf(s)], for alls €T NU.

Besides, there exist I C R"~!, J C R and a continuous function ¢ : I — J such
that

() TNU ={(p(s2,...,8n): 82+, 8n) ¢ (S2,...,8,) €ET};
and the perimeter has the integral representation:

(v) [0E|z(PNU) = f] ;avz}c‘l (82,--55n),82,...,8n)dsy - dsy,

Proof. By Remark 4.1 the functions f and 0s, f are continuous, and by a simply
modification of classical implicit function theorem there exists neighborhoods

I={(s2,....80) ER" 1|5 <6}, J={s1:|s1] <6}

and continuous functions

o:1—J
d: 7] -R"”
D(sa,...,8n) = (d(s2,...,8n),82,...,5n),
and
{P(s2y---,8n) 1 (S2y.-,8n) €EIFN(IXxI)={s: f(s)=0}N(J xI).
Let 7 : [0,7] — R be an integral curve of Zs:
Then the first component of ~y, is identically 0, and its last n — 1 components,

denoted ¥ = (y2,...,7n), lie in domain of ¢. Then, arguing as in the classical
situation, we have

0= f(e(¥(1),4(t)) — £(0,0) = f(o(5(2)), 5(t)) — F(0,
= f(¢(5(1)),7(t)) — £(0,4(2)) + f(+(2)
by the mean value theorem,
= 04, 1(5,0)(9(3(1) = 6(0)) + tZ2f (D))
and, since 9, f(0,0) # 0,
HE0) =00 _ Hf(D) | Zf(0.0)
t 95, f(5,0) 95, £(0,0)
Then, if H:R — R, H = 1jg o[ the function 15 = H(¢(s2,...,s,) — s1) belongs
to BVz. Hence, we can compute formally the area formula as follows:

(38) Z/IEZ @bzds—Z/lEZ* gi;) = Z/OBE g1 (Cn);

A1) + £(0,5(8)) = £(0,0) =
)= f(v(0) =
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where n is the outward euclidean normal to OF and C the matrix of the coefficients,
C= (aij).

A parametrization of 9E N U is given by ®. If it was of class C in euclidean
sense, its Jacobian matrix would be (V¢, I), so that

o o
AN A — = (1. — ]
382 A A 8sn ( ’ v¢)
In this case we would have
(39) Cn = C(1.~¥9) = 21 (8(s),

by (38) the surface integral would be:

g i (®(5)), Vs f(® d(s)), )
[ givion, = [LUEODIE [ GO TGO,
UnoE I |0s, f(®(5))] I |0s, f(®(5))]
A simple density argument ensures that the same relation holds for BVx functions.
Taking the supremum with respect to i) we obtain the integral representation (v).

5. STRUCTURE OF X-CACCIOPPOLI SETS.

Proof of Theorem 1.2. The proof is a verbatim restatements of the arguments
of in [22] and depends crucially on assertions (i) and (ii) in Lemma 3.8, and on
Whitney extension theorem:

Proposition 5.1. Let FF C R™ be a closed set, and let f : F - R, k: F — HX,
be respectively, a continuous function and a continuous horizontal section. We set

fx) = fly) = k@), y~ ' @),
d(z,y) ’

where (-, -), denotes the scalar product on the horizontal tangent plane at the point
Y, Ty, © If K C F is a compact set and

px (0) = sup{|R(z,y)| : =,y € K0 <d(z,y) <d},

R(l‘,y) =

we assume that
pr(0) =0 asd — 0 foreverycompactset K C F.
Then there exists f : R — R, f e CL(R™) such that

fle=f, Vxf=k

The proof follows closely the one in Euclidean spaces, as can be found e.g. in
section 6.5 of [15], see also [23] in the case of homogeneous Carnot groups of step
2.
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