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Abstract. In this paper we complete the study of the regularity of the free boundary
in tho-phase problems for linear elliptic operators started in [8]. In particular we prove
that Lipschitz and flat free boundaries (in a suitable sense) are smooth. As byproduct,
we prove that Lipschitz free boundaries are smooth in the case of quasilinear operators
of the form div(A(x, u)∇u) with Lipschitz coefficients.

Contents

1. Introduction and main results 1
2. Monotonicity properties of L−harmonic functions 4
2.1. Monotonicity of positive solutions in Lipschitz domains 4
2.2. Strict ε−monotonicity and full monotonicity 5
3. Lipschitz free boundary are C1,γ 8
3.1. Interior improvement of regularity 9
3.2. Improvement at the free boundary 10
4. Flat boundaries are smooth 18
4.1. A continuous family of subsolutions 19
4.2. The basic inductive lemma 21
4.3. From flatness to C1,γ 23
References 27

1. Introduction and main results

In this paper we continue the study of the regularity of the free boundary in two-
phase problems for elliptic operators with variable coefficients started in [8]. Precisely, we
consider here the following free boundary problem (f.b.p. in the sequel).

Let B′
1 = B′

1 (0) be the unit ball in Rn−1. In C1 = B′
1 (0) × (−1, 1) we are given a

continuous function u satisfying
i)

(1) L1u = Tr
(
A1 (x) D2u

)
+ b1 (x) · ∇u = 0

in Ω+ (u) = {x ∈ C1 : u (x) > 0} , and

(2) L2u = Tr
(
A2 (x) D2u

)
+ b2 (x) · ∇u = 0

in Ω− (u) = {x ∈ C1 : u (x) ≤ 0}0 ;
ii) along F (u) ≡ ∂Ω+ (u) ∩ C1 (the free boundary), the following condition holds:

a) if at x0 ∈ F (u) there is a ball B such that B ⊂ Ω+ (u), B∩ Ω+ (u) = {x0} then, near
x0,

(3) u+ (x) ≥ α < x− x0, ν >+ +o (|x− x0|) in B, (α > 0) ,
1
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(4) u− (x) ≤ β < x− x0, ν >− +o (|x− x0|) in CB, (β ≥ 0) ,

with equality along every nontangential domain in both cases and

(5) α ≤ G (β) ;

b) if at x0 ∈ F (u) there is a ball B such that B ⊂ Ω− (u), B∩ Ω− (u) = {x0} then, near
x0

(6) u− (x) ≥ β < x− x0, ν >− +o (|x− x0|) in B, (β > 0)

(7) u+ (x) ≤ α < x− x0, ν >+ +o (|x− x0|) in CB, (α ≥ 0)

with equality along every nontangential domain in both cases and

(8) α ≥ G (β) .

The operators L1,L2 are symmetric, uniformly elliptic with ellipticity constant Λ, that
is, for s = 1, 2, we have As (x) = A>s (x) , and

(9) ΛI ≤ As (x) ≤ Λ−1I, x ∈ C1.

Moreover we assume that the matrices As are Hölder continuous and the vectors bs are
bounded measurable. The equations (1) and (2) are intended in W 2,p sense, p > n.

The conditions (3)-(8), where ν is the interior unit normal to ∂B at x0, express the
free boundary relation u+

ν = G (u−ν ) in a viscosity sense; accordingly, we call u a viscosity
solution of f.b.p. (see [7], Ch. 4).

Our main purpose is twofold. On one hand, we refine the results in [8] (where all the
coefficients are Hölder continuous) allowing bounded measurable drift terms b1, b2 in the
operators, significantly enlarging the range of applications. On the other hand, we show
the smoothness of flat free boundaries. The flatness condition for F (u) is expressed by
the ε−monotonicity of u or u+ along the directions in a cone Γ (θ, en) , with axis en and
opening θ close to π/2. More or less equivalently, F (u) is flat if it is contained in an
ε−neighborhood of the graph of a Lipschitz function xn = f (x′) with small Lipschitz
norm.

The tecniques we use in the first part (Lipschitz implies C1,γ) are a refinement of
those in [8], a rather delicate point being the construction of the family of subsolutions
in Section 3. The “flatness implies C1,γ” step follows a mixed strategy from [3] and [1].
The main difficulties arise from the lack of a monotonicity formula (see also [15]), and
the need to balance three main ingredients: scaling, improvement of ε− monotonicity and
improvement of the Lipschitz constant of the level sets of the solution. As explained at
the beginning of Section 4, this requires an iteration strategy somewhat similar to the one
used in [1].

The above results allow to show the regularity of the free boundary in two phase prob-
lems for quasilinear operators of the type Lu =div(A (x, u)∇u), with Lipschitz continuous
coefficients (Corollary 1.2). Moreover, at least for divergence form operators with Lips-
chitz coefficients, it follows that the solution of the Dirichlet problem constructed in [4] via
Perron method, has a C1,α free boundary in a neighborhood of any point of its reduced set
(Corollary 1.4). Also, an interesting singular perturbation problem related to our results
is treated in [14]1.

Several papers have recently been written on the regularity of the free boundary for
elliptic operators. In particular, the regularity of Lipschitz free boundaries is proved
in [10], where general operators of the type F (

D2u,Du
)

are considered, with F not

1We thank Eduardo Texeira for having shown to us the results in his thesis and for several interesting
discussions.
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necessarily concave, and in [11], where dependence on x is allowed for a class of operators
F (

D2u, x
)

including Belmann’s. Smoothness of flat free boundaries is shown in [15] for
the case of concave operators F (

D2u
)
. Our techniques can be adapted to deal with the

class of operators in [11]; this will be the object of a forthcoming paper.

Here are our main results concerning the regularity of Lipschitz free boundaries.

Theorem 1.1. Let u be a viscosity solution to f.b.p. in C1 = B′
1 × (−1, 1) . Suppose

0 ∈ F (u) and that
(i) For s = 1, 2, As ∈ C0,a(C1), 0 < a ≤ 1, bs ∈ L∞ (C1) , with |bs| ≤ M and (9 )

holds.
(ii) Ω+(u) = {(x′, xn) : xn > f(x′)} ∩ C1 where f is a Lipschitz continuous function

with Lip(f) ≤ L.
(iii) G = G(z) is continuous, strictly increasing and for some N > 0, z−NG(z) is

decreasing in (0,+∞).
Then, on B′

1/2, f is a C1,γ function with γ = γ(n, a,Λ,M, L,N).

Corollary 1.2. In f.b.p. let

L1u = L2u = div (A (x, u)∇u) ≡ Lu,

where L is a uniformly elliptic divergence form operator. Assume (ii) and (iii) in Theorem
1.1 hold and replace (i) with the assumption that A is Lipschitz continuous with respect
to x and u. Then the same conclusion holds.

Concerning the regularity of flat free boundaries we prove the following result, that
deals with a possibly degenerate negative phase (but see also Theorems 4.3 and 4.4).

Theorem 1.3. Let u a solution of f. b. p.. Assume that:

(i) there exist positive numbers α0, α1 such that α0 ≤ u+(x)
d(x,F (u)) ≤ α1,

(ii) G(0) > 0, G Lipschitz continuous, strictly increasing in R+ and, for some large
costant N, s−NG(s) is decreasing.

(iii) there exist θ < π
2 and ε > 0 such that, for some ε, 0 < ε < ε, F (u) is contained in

an ε− neighborhood of the graph of a Lipschitz function xn = g (x′) with Lipschitz
norm

Lip (g) ≤ tan
(π

2
− θ

)
.

Then, in B′
1/2 (0), g is a C1,γ function with γ = γ(n, a, α0, α1,M, N,L,Λ).

An immediate consequence is the following:

Corollary 1.4. Let Ω be a bounded Lipschitz domain and ϕ ∈ C (∂Ω). Let

L1 = L2 = div (A (x)∇) ≡ L
a uniformly elliptic divergence form operator. Assume (ii) and (iii) in Theorem 1.1 hold
and replace (i) with the assumption that A is Lipschitz continuous.

Let u be the minimal solution in Ω of the f.b.p with Dirichlet data ϕ, constructed in [4],
Theorem 1. Then, if x0 ∈ ∂red (∂Ω+ (u)) , F (u) is a C1,γ surface in a neighborhood of x0.

We point out that it is also possible to introduce a dependence on x and ν in the free
boundary condition, through a relation of the type

α = G (β, ν, x)

under the hypotheses that G = G(z, ·, ·) is Lipschitz continuous, strictly increasing in z
and, for some N > 0 independent of ν and x, z−NG (z, ν, x) decreasing in (0, +∞) .
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The various constants c, C that will appear in the sequel may vary from formula to
formula. If for a constant c, η, µ etc., we don’t give any explicit dependence we mean that
it depends only on some of the relevant parameters n, a, Λ,M,L, N .

2. Monotonicity properties of L−harmonic functions

2.1. Monotonicity of positive solutions in Lipschitz domains. In this preparation
section we prove several monotonicity properties of positive solutions of Lu = 0. The first
one basically asserts that solutions vanishing on a portion F of the boundary of Lipschitz
domains, are monotone along a cone of directions (cone of monotonicity) in a neighborhood
of F . Here L is a uniformly elliptic operator in the same class of L1,L2 (see also [8], [11]).

Theorem 2.1. Let

Ts =
{
(x′, xn) ∈ Rn : |x′| < s, f(x′) < xn < 2Ls

}

where f is a Lipschitz function with constant L. Let u be a positive solution of Lu = 0 in
T4, vanishing on F = {xn = f(x′)} ∩ T4. Then, there exists η = η (n, a, M,Λ, L) > 0 such
that, in

Nη (F ) =
{
f(x′) < xn < f

(
x′

)
+ η

} ∩ T1,

u is increasing along the directions τ belonging to the cone Γ(en, θ), with axis en and
opening θ = 1

2 cot−1 L. Moreover, in Nη(F ),

(10) c−1 u(x)
dx

≤ Dnu(x) ≤c
u(x)
dx

,

where dx = dist(x, F ) and c = c (n,L,Λ,M) .

Proof. We do it in several steps. Let us assume that 0 ∈ F and A (0) = I.
Step 1. For r > 0, let zr be the solution of{

∆z = 0 in T2

z = vr on ∂T2

where vr (x) = u (rx) /r. Note that vr is a solution of

Lrvr (x) = Tr
(
A (rx) D2vr

)
+ rb (rx) · ∇vr (x) = 0.

For σ < 1, positive, define

T σ
2 = {x ∈ T2 : d (x, ∂T2) > σ}

and set w = vr − zr. Since

Lrw (x) = Tr
(
(I −A (rx))D2zr

)− rb (rx) · ∇zr (x) ,

from Alexandrov-Pucci maximum principle, we get

max
T σ
2

w ≤ max
∂T σ

2

w + c (n)
(
ra

∥∥D2zr

∥∥
Ln(T σ

2 ) + rM ‖∇zr‖Ln(T σ
2 )

)
.

We have, by Hölder continuity and the boundary Harnack principle ([9]):

max
∂T σ

2

w ≤ cσa max
T2

zr ≤ cσavr (Len)

On the other hand,
∥∥D2zr

∥∥
Ln(T σ

2 ) ≤ c
maxT2 zr

σ2
, ‖∇zr‖Ln(T σ

2 ) ≤ c
maxT2 zr

σ
,

so that

max
T σ
2

w ≤ c

(
σa +

ra

σ2

)
vr (en) .
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Minimizing with respect to σ, and using Harnack inequality, we obtain

|zr (y)− vr (y)| ≤ c (η) rb0vr (y)

for every y ∈ T3/2 with d (y, F ) ≥ η > 0, where b0 = a2/ (a + 2) .
If r ≤ r0 (η) is small enough, we can also write

(11) |zr (y)− vr (y)| ≤ c (η) rb0zr (y) y ∈ T3/2, d (y, F ) ≥ η.

Step 2. We now estimate ∇w in the set T3/2∩ {d (y, F ) ≥ η}. If y belong to this set, by
interior Lp estimates we have

‖w‖W 2,p(B1/8(y)) ≤ c
{
‖w‖Lp(B1/4(y)) + ra

∥∥D2zr

∥∥
Lp(B1/4(y)) + rM ‖∇zr‖Lp(B1/4(y))

}
.

From the estimates in Step 1 and Sobolev imbedding theorem we get

(12) |∇zr (y)−∇vr (y)| ≤ crb0zr (y)

with c = c (η) .
Step 3. Claim: there exists η = η (n,L, M,Λ) such that (10) holds in Nη(F ). Indeed,

choose η0 = η0 (n,L) in order to have Dnzr (y) ∼ zr (y) /dy in N2η0(F ) (see [3]) and let
xr = rη0en. It is enough to show that (10) holds in xr for r ≤ r0 (n,L, M,Λ). The claim
holds with η = r0η0.

Indeed, from (11) and (12), there exists r0 (n,M,L, η0) such that, if r ≤ r0, then

c−1 vr (y)
dy

≤ Dnvr (y) ≤ c
vr (y)

dy

for every y ∈ T1, dy ≥ η0, with c = c (n,M, L,Λ, η) .
Since Dnvr (η0en) = Dnu (rη0en) and vr (η0en) /η0 = u (xr) /dxr the claim follows.
Step 4. To complete the proof it is enough to observe that (10) holds if we replace en

by any unit vector τ such that the angle between τ and en is less than (cot−1 L)/2. ¤

2.2. Strict ε−monotonicity and full monotonicity. A key notion in the regularity of
flat free boundary is ε− monotonicity. A function u is ε -monotone in a domain D, along
a direction τ , if

u(x + ε′τ)− u(x) ≥ 0,

for every x ∈ D and every ε′ ≥ ε. The following results from [3] depend only on purely
geometric considerations and continue to hold in our context. First, for any ε−monotone
function u in the cone Γ(θ, e), the level surfaces of u, ∂{u > α}, are contained in a
(1−sin θ)ε− neighborhood of the graph of a Lipschitz function, with Lipschitz norm cot θ.

Moreover:

Lemma 2.2. Let u be ε− monotone in the cone Γ(θ, e). Let

v(x) = sup
y∈Bϕ(x)(x)

u(y).

Assume that, for every x under consideration,

sin θ̄ ≤ 1
1+ | ∇φ |

(
sin θ − ε

2ϕ
cos2 θ− | ∇φ |

)
.

Then, v is monotone in the cone Γ(θ̄, e).
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We need to introduce a slightly stronger notion than ε− monotonicity.
We say that a nonnegative function u is strictly ε-monotone (increasing) with constant

λ (λ > 0) in a domain D, along a direction τ , if

u(x + ε′τ)− u(x) ≥ λεu (x) ,

for every x ∈ D and every ε′ ≥ ε. Accordingly, a nonpositive function u is strictly
ε-monotone (increasing) if u− is strictly ε-monotone decreasing. Finally, u is strictly
ε-monotone if u+ and u− are strictly ε-monotone increasing and decreasing, respectively.

The next result shows that strictly ε−monotone solutions of our f.b.p. are indeed fully
monotone ε− away from the free boundary as long as the coefficients are very close to be
constant. This is the situation one finds after a suitable initial blow up centered at a free
boundary point. Precisely, we have:

Lemma 2.3. Let u be a positive solution of Lu = 0 in B4Rε = B4Rε(0) such that

u(x + ε′τ)− u(x) ≥ λεu (x) ,

in B2Rε, for some λ > 0 and every ε′ ≥ ε. Let m ≥ 5. There exists R = R (n) such that
if ε(m+1)/3 ≤ cλ and

(13) |aij − aij (0)|∞ < Cεm+1, M = |b|∞ < Cεm,

then

Dτu (0) ≥ cλ
[u(ετ)− u(0)]

ε
.

Proof. Assume that A(0) = I and let z be the solution of the following Dirichlet problem:

(14)
{

∆z = 0, in B2Rε

z = u, on ∂B2Rε.

Set w = u− z. Then, in B2εR,

Tr(A(x)D2w) + b(x) · ∇w = −Tr(A(x)D2z))− b(x) · ∇z

= Tr((I −A(x))D2z)− b(x) · ∇z.

Let 0 < ρ < 1. From Hölder continuity, Harnack inequality and Schauder estimates it
follows that (σ = 1− ρ)

max
∂BρεM

|w| ≤ C(σεR)αz (0)

and
∥∥D2z

∥∥
Ln(B2ρεR)

≤ Cσ−2 (εR)−1 z (0) ,

‖∇z‖Ln(B2ρεR) ≤ Cσ−1z (0) ,

Using Alexandrov-Pucci maximum principle we get

max
B2ρεR

|w| ≤ max
∂B2ρεR

|w|+ CεR
{

εm+1
∥∥D2z

∥∥
Ln(B2ρεR)

+ εm ‖∇z‖Ln(B2ρεR)

}

so that, if σ is small,

max
B2ρεR

|w| ≤ C(R)
{
(σε)α + σ−2εm

}
z (0) .

Minimizing in σ, we get

σmin = cε
m−α
α+2
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and
max

B2ρminεR

|w| ≤ c0ε
m0z (0)

with

m0 =
m + α + α2

α + 2
.

Thus, if σmin ≤ 1/3, in B2εR/3 we have, using Harnack inequality,

z(x + ετ)− z(x) = z(x + ετ)− u(x + ετ) + u(x + ετ)− u(x) + u(x)− z(x)
≥ (λε− 2c0ε

m0)z (0) ≥ c1λεz (x)

that is z is strictly ε−monotone along τ in in B2εR/3. From [3], we can choose R = R (n)
large enough to have

Dτz(0) ≥ c
z(ετ)− z(0)

ε
≥ cc1λz (0) .

We now estimate Dτw in BεR. From Lp estimates we have, for any p, 1 < p < ∞,

‖∇w‖Lp(BεR) ≤ C
{

ε−1 ‖w‖Lp(B2εR/3) + εm+1
∥∥D2z

∥∥
Lp(B2εR/3)

+ εm ‖∇z‖Lp(B2εR/3)

}
.

Since m > 4 and
∥∥D2z

∥∥
Lp(B2εR/3)

≤ C (εR)−2+n/p z (0) ,

‖∇z‖Lp(B2εR/3) ≤ C (εR)−1+n/p z (0) ,

we get

‖∇w‖Lp(BεR) ≤ Cε
n
p
−1+m0z (0)

and, if p > n,

‖∇w‖L∞(BεR) ≤ Cε
1
n
− 1

p
+n

p
−1+m0z (0) ≤ Cεm0−1z (0) .

Therefore,

Dτu(0) ≥ Dτz(0)− Cεm0−1z (0)

≥ (cc1λ− Cεm0−1)z (0) ≥ 0

if ε(m+1)/3 < cλ. ¤

For a strictly ε− monotone solution of our f.b.p. we can prove inequality (10) ε− away
from the free boundary. Precisely, we have:

Remark 2.4. Lemma 2.3 holds if we slightly relax the notion of strict ε− monotonicity, by
requiring that

u(x + ε′τ)− u(x) ≥ λεpu(x), (ε′ > ε)
for some p > 0. Clearly m depends on p.

Lemma 2.5. Assume that u ∈ C(C1) is strictly ε− monotone along Γ(θ, en) and u is a
solution of Liu = 0, i = 1, 2, in Ω±(u). Then there exist positive numbers ε0, R, C = C(θ)
such that if ε ≤ ε0 and x ∈ C1/2, dist(x, F (u)) > CRε then

u (x)
dist(x, F (u))

∼ |∇u(x)| .
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Proof. Since the proof for the two phases is similar, we give the proof only for the positive
one. Let x ∈ Ω+(u), dx = dist(x,F(u)). From interior estimates, we get

dx | ∇u |≤ C3u(x).

We have to prove the reverse inequality

dx | ∇u |≥ Cu(x),

when dx ≥ CMε.
We know that F = ∂Ω+(u) is contained in a (1−sin θ)ε−strip bounded by two Lipschitz

functions with Lipschitz constant L = cot(θ), see Section 2.2. Let x0 ∈ Ω+(u), such that
dx0 = 100LRε, and set u(x0) = a. Notice that {u = a} is the graph of a Lipschitz function,
since by Lemma 2.3 u is fully monotone along the directions of a cone Γ(θ, en) outside a
neighborhood NRε of F (u.) Let

Tε(x0) = B′
κε(x0)× [−200LRε, 200LRε]

and
Σε = ∂Tε(x0) ∩ {x0n − 20Rε < xn < 20Rε}

where κ = κ(θ) is properly small. Denote by ωx
L1

the L1− harmonic measure in Tε(x0)
and set

v(x) = ωx
L1

(Σε).
By strong maximum principle, we have

a = u(x0) ≤ v(x0)max
Σε

u+ ≡ γ max
Σε

u+
(15)

with 0 < γ < 1.
Hence there exists a point x̄ ∈ ∂Tε such that

u(x̄) = max
∂Σε

u+ ≥ a

1− γ
=≡ ka > a.

Notice that {u > ka} ⊂ {u > a} and that for every x ∈ {u = ka}∩B4κε(x̄) dx ≥ CLRε.
As a consequence the function (u−a)+ is a solution of L+

1 w = 0 in {u > a}∩Tε vanishing
on ∂{u > a} ∩ Tε. From Theorem 2.1, in a η− neighborhood of {u > a} ∩ Tε, we have

(u− a)+(x) ≤ c | ∇u(x) | d(x, ∂{u > a}) ≤ c | ∇u(x) | dx.

On the other hand, for every x ∈ {u > ka} such that dx ≥ CRε

u(x)− a =
1
k
u(x)− a + (1− 1

k
)u(x) ≥ (1− 1

k
)u(x).

Thus for every x ∈ {u > ka}, and | x′ − x′0 |< κε, such that dx ≥ CLRε, we have

(1− 1
k
)u(x) ≤ c | ∇u(x) | dx.

Since x0 ∈ ∂Ω+(u) is an arbitrary point at distance 100LRε from F(u) the previous
inequality holds in C1/2 ∩ Ω+(u) with dx ≥ CRε, ε small. ¤

3. Lipschitz free boundary are C1,γ

In this section we prove Theorem 1.1. Applying Theorem 2.1 to the positive and negative
part of the solution u of our free boundary problem, we conclude that in a η-neighborhood
of F (u) the function u is increasing along the direction of a cone Γ(θ, en).

The smoothness of the free boundary is achieved by two, by now standard, steps ex-
pressed in the following subsections.
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3.1. Interior improvement of regularity. Far from the free boundary, the monotonic-
ity cone can be enlarged improving the Lipschitz constant of the level sets of u. The proof
follows closely Section 2 of [8] and so for completeness we list the relevant lemmas.

Lemma 3.1. Suppose u is a positive solution of

Lru = Tr
(
A (rx)D2u

)
+ rb (rx) · ∇u = 0

in T4 vanishing on F (u) = {xn = f(x′)} and increasing along every τ ∈ Γ(en, θ). Assume
furthermore that (10) holds in T4. Then, in B1/8(en),

(16) Dτu(x) ≥ (c1〈∇, τ〉 − c2r
β)u(en)

for every τ ∈ Γ(en, θ), | τ |= 1, where ∇ = ∇u(en)
|∇u(en)| and r is small enough.

We now control the error term in (16) by deleting from the original cone Γ(en, θ) the
”bad” directions, that is those in a neighborhood of the generatrix opposite to ∇u(en).
Precisely, if τ ∈ Γ(en, θ), denote by ωτ the solid angle between the planes span{en,∇}
and span{en, τ}. Delete from Γ(en, θ) the directions τ such that (say) ωτ ≥ 99

100π and call
Γ′(en, θ) the resulting set of directions. If τ ∈ Γ′(en, θ), then

〈∇, τ〉 ≥ c3δ

where δ = π
2 − θ. We call δ the defect angle.

Lemma 3.2. Let u be as in Lemma 3.1. There exist positive r0 and h, depending only
on n, L and Λ,M, such that if r ≤ r0, for every small vector τ, τ ∈ Γ′(en, θ/2), and for
every x ∈ B1/8(en):

sup
B(1+hδ)ε(x)

u(y − τ) ≤ u(x)− Cεδu(en),

where ε =| τ | sin θ
2 .

Corollary 3.3. In B1/8(x0), u is increasing along every τ ∈ Γ(τ1, θ1) with

(17) δ1 ≤ bδ, (δ1 =
π

2
− θ1, )

and

(18) | ν1 − e1 |≤ Cδ

where b = b(n, a,M, L,Λ) < 1.

We now apply the above results to the solution of our free boundary problem in a
properly chosen neighborhood of the origin. Precisely, set for the moment

λ =
1
2

min{r0, η}

with η as in Theorem 2.1 and r̄0 as in Lemma 3.2. If we define

uλ(x) =
u(λx)

λ

then u+
λ falls under the hypotheses of Lemma 3.2. Therefore, rescaling back we get the

following result.
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Lemma 3.4. Let u be a solution of our free boundary problem. Then in Bλ/8(λen),

sup
B(1+hδ)ε(x)

u(y − τ) ≤ u(x)− cεδu(en)

for every τ ∈ Γ′(en, θ/2), | τ |<< λ. As a consequence, in Bλ/8(λen), u is monotone along
every τ ∈ Γ(ν̄1, θ̄1), where ν̄1, θ̄1 satisfy (17) and (18).

3.2. Improvement at the free boundary. To carry the interior gain obtained in
Lemma 3.4 to the free boundary, we first construct a family of suitable subsolutions.
Although the technical ideas are close to those in [8], extra care is needed due to the
presence of the bounded measurable drift term. We first recall the definitions of C and
Lp viscosity (sub, super) solution ( see e.g. [5] [6], or [13]) for a fully nonlinear elliptic
operator F [u] = F (

D2u,Du, u, x
)
.

Definition 3.5. Let u ∈ C(Ω) be a continuos function.
(a) We say u is a C− viscosity subsolution (supersolution) of F [u] = 0 if for every

x0 ∈ Ω and for every φ ∈ C2(Ω), whenever u − φ realizes a local maximum
(minimum) in x0, then F [u] (x0) ≥ 0.

(b) Let n < 2p. We say u is an Lp-viscosity subsolution (supersolution) of F [u] = 0
in Ω if, for all φ ∈ W 2,p

loc (Ω), whenever ε > 0, O ⊂ Ω is open and

F [u] ≤ −ε a.e. in O (F [u] ≥ ε)

then u− φ cannot have a local maximum (minimum) in O.
(c) u is a C or Lp viscosity solution of F [u] = 0 if u is both a C or Lp subsolution

and a C or Lp supersolution of F [u] = 0.

Notice that, if F is continuous with respect to all its arguments, then C viscosity solutions
of F [u] = 0 in Ω are Lp−viscosity (sub-, super-) solutions of Lu = 0 in Ω. Moreover, W 2,p

strong (sub, super) solutions are Lp− viscosity (sub-, super-) solutions.

The main result in this section is the following lemma, where P− denotes the Pucci
operator

P−(u(x)) = inf
ΛI≤A≤Λ−1I

Tr(AD2u(x)).

Lemma 3.6. Let L be a uniformly elliptic operator with ellipticity constant Λ and contin-
uous coefficients matrix A = A (x) with modulus of continuity ω (r) . Let u be a continuous
function defined in a domain Ω such that Lu = 0 where u > 0 and g be a positive C2−
function such that g ≤ g0 and

v(x) = sup
Bg(x)(x)

u = sup
|ν|=1

u(x + g(x)ν)

is well defined in Ω. There exist positive constants µ0 = µ0 (n, Λ,M) , C = C (n,Λ) and
C0 = C0(n,Λ) such that, if |∇g| ≤ µ0 and ω0 = ω(g0/Λ),

(19) P−(g(x))− C

g(x)

(
|∇g (x)|2 + ω2

0

)
− ηM ≥ 0,

then v is a Lp− viscosity subsolution of Lu = 0 in Ω+(v).

Proof. Let us introduce the following operators:

L±u =
n∑

i,j=1

aij(x)Diju±M |∇u|
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We show that v is a C-viscosity subsolution of L− in Ω+(v). Then v is also a Lp-viscosity
subsolution of L−, and therefore of L, in Ω+(v).

Let ϕ̃ ∈ C2 and x0 ∈ Ω+(v) such that v(x) ≤ ϕ̃(x) in a neighborhood of x0 and
v(x0) = ϕ̃(x0). We shall prove that L−ϕ̃(x0) ≥ 0. Assume x0 = 0 and define uA(0)(x) =
u(A1/2(0)x). In the positivity set of uA(0) we have

(20) L̃uA(0)(x) = L0uA(0)(x) + b(A1/2(0)x) ·A−1/2(0) · ∇uA(0)(x) = 0,

where

L0u(x) = Tr[A1/2(0)A(A1/2(0)x)A−1/2(0)D2u(x)] ≡ Tr[Ã (x) D2u (x)].

and uA(0) is viscosity solution of (20). Notice that L0uA(0)(0) = ∆u(0). Thus if φ̃(x) =
ϕ̃(A1/2(0)x) we have to prove that ∆φ̃(0) ≥ M | ∇φ̃(0) | .

On the other hand
v(x) = sup

Bg(x)(x)
u = sup

|ν|=1
u(x + g(x)ν)

= sup
|A1/2(0)σ|=1

u(A1/2(0)(A−1/2(0)x + g̃(A−1/2(0)x)σ)),
(21)

where g̃(x) = g(A1/2(0)x). Let g̃0 = g̃(0), ∇g̃0 = ∇g̃(0) and

vA(0)(x) = sup
|A1/2(0)σ|=1

uA(0)(A
−1/2(0)x + g̃(A−1/2(0)x)σ).

In particular there exists σ∗ ∈ Rn, | A1/2(0)η |= 1 such that vA(0)(0) = uA(0)(g̃(0)σ∗)).
Let a =| A1/2(0)ν∗ |−1and ν∗ = σ∗/a, so that vA(0) = uA(P ) where P = g̃(0)aν∗.

Arguing as in [8], we select an orthonormal basis e1, . . . , en in Rn choosing

en = ∇uA(0)(P )/
∣∣∇uA(0)(P )

∣∣ ,

while we are going to fix the vectors e1, . . . , en−1 later.
Introduce now the vector field

V (x) = ν∗ +
n−1∑

i=1

〈V i, x〉 ei

where the vectors V i will be chosen later, and let

ν(A−1/2(0)x) =
V (A−1/2(0)x)

| A1/2(0)V (A−1/2(0)x) | .

Define the function YP : Bρ(0) → Rn, by

YP (x) = A−1/2(0)x + g̃(A−1/2(0)x)ν(A−1/2(0)x).

If V i, i = 1, . . . , n, are small enough, it is well defined the inverse C2− function

ψP : N → Bρ(0),

where N is a neighborhood of P . If

h(y) = φ̃(ψP (y)),

then h ∈ C2, and in a small neighborhood of 0,

φ̃(x) = h(YP (x)).

Moreover ∇uA(0)(P ) = ∇h(P ). Notice that 〈∇h(P ), en〉 > 0.
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In order to evaluate ∆φ̃(0) we estimate

M̃r =
∫

|z|=1
φ̃(rz)dHn−1(z).

We have
∫

|z|=1
(φ̃(rz)− φ̃(0))dHn−1(z) =

∫

|z|=1
(h(YP (rz)− h(P )) d Hn−1(z).

Consider the matrix Pn = I − en ⊗ en and let

DT (P ) = Pn D2h(P )Pn,

and
DN (P ) = D2h(P )−DT (P )

The symmetric matrix DT (P ) has en as an eigenvector corresponding to the eigenvalue
βn(P ) = 0. The other eigenvectors belong to the tangent space at P to the level set
ΣP = {h = h(P )}.

Incidentally, notice that the numbers λj = −βj(P )/ | ∇h(P ) | represent the principal
curvatures of ΣP at P .

According to the above choice, denote by U the orthonormal matrix that diagonalizes
DT and set

A∗ = U>Ã(P )U, D∗N = U>(D2h(P )−DT (P ))U.

Observe that, if d∗ij are the elements of D∗
N, we have d∗ij = 0 for i, j = 1, . . . , n−1. Select

as e1, . . . , en−1 the column vectors of U in the orthogonal frame e1, . . . , en. The bilinear
form

〈D2h(P )ξ, ξ
〉

has the following expression:

(22)
〈D2h(P )ξ, ξ

〉
=

n−1∑

i=1

ξ2
i βi(P ) + 2

n−1∑

i=1

d∗inξiξn + ξ2
nd∗nn,

while, if D∗T = diag(β1, · · · , βn−1, 0),

LP h(P ) = Tr(Ã(P )D2h(P )) = Tr(A∗D∗T ) + Tr(A∗D∗N)

=
n−1∑

j=1

α∗jjβj(P ) + 2
n−1∑

j=1

α∗jnd∗jn + α∗nnd∗nn.
(23)

We would like to prove that

M̃r ≥ φ̃(0) + M | ∇φ̃(0) | r2 + o(r2),

as r → 0. Notice that φ̃(0) = h(P ) and that ∇φ̃(0) = ∇h(P ) · DYP (0).
We have, uniformly in z = A−1/2(0)σ,

ν(rz) = a



ν∗ + r

n−1∑

i=1

〈
V i, z

〉
ei − r2

2




n−1∑

i,j=1

〈
V i, z

〉 〈
V j , z

〉
a2µij


 ν∗ + o(r2)



 ,

where µij =
〈
Ā(0)ei, ej

〉
. From Taylor expansion,

g̃(rz)ν(rz) = P + rl(z) + r2q(z) + o(r2),

where

l(z) =
n−1∑

i=1

a
∣∣g̃0

〈
V i, z

〉
ei + 〈∇g̃0, z〉 ν∗

∣∣ ,
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and

q(z) =
1
2
a





〈D2g̃0z, z
〉
ν∗ + 2 〈∇g̃0, z〉

n−1∑

i=1

〈
V i, z

〉
ei − g̃0

n−1∑

i,j=1

〈
V i, z

〉 〈
V j , z

〉
a2µijν

∗



 .

Now, DYP (0) = A(0)−1/2 + l and if V i and ∇φ̃(0) are small enough, DYP (0) is invertible.
As a consequence

DYP (0)−1 · ∇h(P ) = ∇φ̃(0).

Moreover

| DYP (0) |≤| A−1/2(0) | +a(g̃0

n−1∑

i=1

| V i | + | ∇g̃0 |).

Therefore

h(rz + g̃(rz)ν(rz)) = h(P ) + rL(z) + r2(M(z) + N(z)) + o(r2),

where
L(z) = 〈∇h(P ), (l(z) + z)〉 ,

M(z) = 〈∇h(P ), q(z)〉 ,

N(z) =
1
2

〈D2h(P )(l(z) + z), (l(z) + z)
〉

=
1
2
〈D2h(P )

n∑

i=1

Ni(z),
n∑

i=1

Ni(z)〉

=
1
2
〈(D2

Nh(P ) +D2
T h(P )

) n∑

i=1

Ni(z),
n∑

i=1

Ni(z)〉,
(24)

with (for i = 1, . . . , n)

(25) Ni(z) = a(
〈
g̃0V

i + pi∇g̃0, z
〉

+ a−1 〈z, ei〉)ei,

pi = 〈ν∗, ei〉 and V n = 0. Observing that
∫

∂B1

L(A−1/2(0)σ)dHn−1(σ) = 0,

we have

M̃r =
∫

∂B1

h(rA−1/2(0)σ + g̃(rA−1/2(0)σ)ν(rA−1/2(0)σ))dHn−1(σ)

= h(P ) + r2

∫

∂B1

(N(A−1/2(0)σ) + M(A−1/2(0)σ))dHn−1(σ) + o(r2).
(26)

Now, since ∇ũ(P ) is parallel to Ā(0)ν∗, we have
∫

∂B1

M(A1/2(0)σ)dHn−1(σ) =
a

2n
〈∇h(P ), ν∗〉{Tr(A(0)Dg̃(0))−g̃0

n−1∑

i,j=1

µija
2〈A(0)V i, V j〉}.

Set, for i = 1, . . . , n,
W i = api∇g̃0 + ei

so that Ni(z) =
〈
ag̃0V

i + W i, z
〉
ei and Nn(z) =

〈
Wn, z

〉
en.
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From (22), (24) and (25) we get

N(A1/2(0)σ) =
1
2
{

n−1∑

i=1

〈ag̃0V
i + W i, A1/2(0)σ〉2βi(P )

+ 2
n−1∑

i=1

〈ag̃0V
i + W i, A1/2(0)σ〉〈Wn, A1/2(0)σ〉d∗in + (〈Wn, A1/2(0)σ〉)2d∗nn}.

Averaging over ∂B1 gives

(27)
∫

∂B1

NdHn−1 =
n−1∑

i=1

c2
i βi(P ) + 2

n−1∑

i=1

cind∗in + c2
nd∗nn,

where, for i = 1, . . . , n− 1

2nc2
i =| A1/2(0)(W i + aφ̃0V

i) |2, 2nc2
n =| A1/2(0)Wn |2

and
ncin = 〈A1/2(0)(ag̃0V

i + W i), A1/2(0)Wn〉.
We now choose the vectors V i, i = 1, . . . , n− 1 as follows. Set

(28) ki =
α∗ii
α∗nn

, and γi =
α∗in
α∗nn

.

Thus
α∗ij = 〈UT ÃUei, ej〉 =

〈
ÃUei, Uej

〉
.

As a consequence we obtain that

(29)
〈ÃUei, Uen〉
〈ÃUen, Uen〉

=
α∗ij
α∗nn

=
〈(Ã− I)Uei, Uen〉+ δij

〈(Ã− I)Uen, Uen〉+ 1
.

We can choose the Vi, i = 1, . . . , n− 1, such that

φ(0) | V i |≤ C1 | ∇φ(0) | +C2ω(g0/Λ).

Indeed, recalling (28), (29) and keeping in mind that LP φ̃(0) = ∆φ̃(0), we get

| ki − 1 |≤ Cω(g0/Λ) and | γi |≤ Cω(g0/Λ).

Thus, for each i = 1, · · · , n− 1, we minimize h(y) =| y |2 under the constraints

| y + wi |2= ki | wn |2

and 〈
y + wi, wn

〉
= γi | wn |2 .

If | ∇g̃0 | and ω (g0/Λ) are small, Lagrange multiplier method gives the minimizer

yi
min = ηi

1w
i + ηi

2w
n

where
ηi
1 =| wn |3| (wi | wn |2 −〈wi, wn〉wn

) |−1
√

k2
i − γ2

i − 1

ηi
2 = γi +

√
k2

i − γ2
i | wn | · | (wi | wn |2 − 〈

wi, wn
〉
wn

) |−1
〈
wi, wn

〉
.

Notice that, if | ∇g̃0 | is small, wi is ”almost” orthogonal to wn, therefore

|wi − wn

| wn |2 〈w
i, wn〉| ≥ c > 0.
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We choose

V i =
1

ag̃0
A1/2yi

min.

It is not difficult to prove that, if | ∇g̃0 | and ω(m0/Λ) are small

| V i | ≤ C
( | ∇g̃0 | +|1−

√
k2

i − γ2
i |+ γi

)

≤ C

g̃0

( | ∇g̃0 | +ω(m0/Λ)
)
.

(30)

Inserting Vi in (27) and taking in account (23) we have:
∫

∂B1

N(Ā1/2σ)dHn−1(σ)

=
c2
n

α∗nn

LP h(P ) ≥ (− c2
n

α∗nn

b̃(P ) · ∇h(P )− γnM | ∇φ̃(0) |) + γnM | ∇φ̃(0) | .
(31)

On the other hand,

(− c2
n

α∗nn

b̃(P ) · ∇h(P )− γnM | ∇φ̃(0) |) ≥ −M | ∇h(P ) | ( c2
n

α∗nn

+ γn | JY −1
P |)

≥ −M | ∇h(P ) | ( c2
n

α∗nn

+ a(1− (g̃0

n−1∑

i=1

| V i | + | ∇g̃0 |)−1
)

≥ −ηM | ∇h(P ) |

(32)

where C0 = C0(n,Λ), for | ∇g0 |< µ0 < 1. Moreover, since

〈∇h(P ), ν∗〉 ≥ c | ∇h(P ) |,
from the above computations, we obtain

Mr ≥ φ̃(0) + γnr2M
∣∣∣φ̃(0)

∣∣∣

+r2 ca

2n
|∇h(P )|

{
Tr(A(0)D2g̃(0))− C

g̃(0)
(|∇g̃0|2 + ω(m0/Λ)2)− ηM

}
+ o(r2),

as r → 0. This proves that v is a C−viscosity subsolution of L−u = 0, because

Tr(A(0)D2g̃(0))− C

g̃(0)
( | ∇g̃0 |2 +ω(m0/Λ)2

)− ηM

≥ P−(g(0))− C

g̃(0)
( | ∇g̃0 |2 +ω(m0/Λ)2

)− ηM ≥ 0.

¤

We shall actually apply the previous result to u(x− τ), considering

vτ,g(x) = sup
Bg(x)(x)

u(y − τ) = sup
Bg(x)(x−τ)

u(y) = vgτ (yτ )(yτ ),

where yτ = x− τ and gτ (y) = g(y + τ). Indeed, slightly modifying the proof of the above
lemma, we can show that vτ,g is a C-viscosity subsolution of L− in Ω+(vτ,g). Then vτ,g is
also a Lp-viscosity subsolution of L−, and therefore of L, in Ω+(vτ,g).
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To see this, let ϕ̃ ∈ C2 and x0 ∈ Ω+(vτ,g) such that vτ,g(x) ≤ ϕ̃(x) in a neighborhood
of x0 and vτ,g(x0) = ϕ̃(x0). We shall prove that L−ϕ̃(x0) ≥ 0. Assume x0 = 0 and define
uA(−τ)(x) = u(A1/2(−τ)x− τ). We have

(33) L̃uA(−τ)(x) = L0uA(−τ)(x) + b(A1/2(−τ)x− τ) · ((A1/2)>(−τ))−1/2 · ∇uA(−τ)(x),

where

L0u(x) = Tr
(
(A1/2(−τ))−1A

(
A1/2(−τ)x− τ

)
(A1/2(−τ))−1D2u(x)

)
,

and uA(−τ) is solution of L̃uA(−τ) = 0 in its positivity set. Notice that L0uA(−τ)(0) =
∆u(0). Thus if φ̃(x) = ϕ̃(A1/2(−τ)x− τ) we have again to prove that

∆φ̃(0) ≥ M | ∇φ̃(0) | .
We can write

v(x) = vgτ (yτ )(yτ ) = sup
|ν|=1

u(yτ + gτ (yτ )ν)

= sup
|A1/2(−τ)σ|=1

u(A1/2(−τ)(A−1/2(−τ)yτ + g̃τ (A−1/2(−τ)yτ )σ)),
(34)

where g̃(x) = g(A1/2(−τ)x). To simplify set g̃0 = g̃(0), ∇g̃0 = ∇g̃(0) and

vA(−τ)(x) = sup
|A1/2(−τ)σ|=1

uA(−τ)(A
−1/2(−τ)(x− τ) + g̃(A−1/2(−τ)(x− τ))σ).

In particular there exists σ∗ ∈ Rn, | A1/2(−τ)η |= 1 such that vA(−τ)(0) = uA(−τ)(g̃(0)σ∗)).
Now, as before, let a =| A1/2(−τ)ν∗ |−1and ν∗ = σ∗/a, so that vA(−τ) = uA(P ) where
P = −τ + g̃(0)aν∗.

Let en = ∇uA(−τ)(P )/
∣∣∇uA(−τ)(P )

∣∣ and introduce now the vector field

V (x) = ν∗ +
n−1∑

i=1

〈V i, x〉 ei

where the vectors V i, e1, . . . , en−1 will be chosen later. Let

ν(A−1/2(−τ)x) =
V (A−1/2(−τ)x)

| A1/2(−τ)V (A−1/2(τ)x) | .

Define now YP : Bρ(0) → Rn by

YP,τ (x) = A−1/2(−τ)(x− τ) + g̃(A−1/2(−τ)(x− τ))ν(A−1/2(−τ)(x− τ)).

If V i i = 1, . . . , n, are small enough, it is well defined the inverse C2− function

ψP : N → Bρ(0),

where N is a neighborhood of P . Let

h(y) = φ̃(ψP (y)),

then h ∈ C2, and in a small neighborhood of 0,

φ̃(x) = h(YP (x)).

Notice that ∇uĀ(−τ)(P ) = ∇h(P ) and 〈∇h(P ), en〉 > 0.
In order to evaluate ∆φ̃(0), we recall that φ̃(x) = ϕ̃(A1/2(−τ)x− τ), we estimate

M̃r =
∫

|z|=1
φ̃(rz)dHn−1(z).
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Thus we have once more to evaluate∫

|z|=1
(φ̃(rz)− φ̃(0))dHn−1(z) =

∫

|κ|=1
(h(YP (rz))− h(P )) d Hn−1(z).

At this point we can repeat the proof given in Lemma 3.6 considering A1/2(−τ) instead
of A1/2(0). Notice that the main difference between the to proofs appears when we have
to choose the vectors V i. Nevertheless such vectors exist and have to satisfy the same
conditions on g found in the proof of Lemma 3.6.

As a consequence the following result holds

Corollary 3.7. Let u, and g as in Lemma (3.6) with g, in particular satisfying (19). Let

vτ,g(x) = sup
Bg(x)(x)

u(y − τ),

where τ ∈ Rn is a fixed small vector. Then vτ,g is a Lp viscosity subsolution of Lu = 0 in
{vτ,g ≥ 0}.

With Corollary 3.7 at hand we can argue as in [8], Sections 6, 7, to carry the strict ε−
monotonicity to the free boundary in C1/2 along an intermediate cone between Γ(θ, en)
and Γ(θ̄, ν̄1), (see Corollary 3.3) we only sketch the relevant steps.

The key lemma is the following (for the proof see Lemma 8 in [8]):

Lemma 3.8. Let u be a solution of our f.b.p. in C1, with 0 ∈ F (u). Let ε > 0 and
τ ∈ Γ′(θ/2, en). Assume that for some m > 2 and ω0 > 0,

(i) ||Ai(x)−Ai(0)|| ≤ ω0, with ω0 ≤ Cεm+1, M =| bi |∞< Cεm, i = 1, 2
(ii) vε(x) = supy∈Bε(x) u(y − ετ) ≤ u(x) in C1−ε

(iii) for σ > 0, small and x0 = 1
4en, B1/16(x0) ⊂ N c

Rε and

vε(x0) ≤ (1− σε)u(x0),

where NRε is a neighborhood of F (u) and R is the positive constant defined in
Lemma 2.3.

Then for ε small enough, there exists h̄ > 0 such that in C1/8

v(1+h̄σ)ε(x) ≤ (1− cσε)u(x).

In particular:

Corollary 3.9. u is ε− monotone in C1/8 and u+ is strictly ε− monotone Cε− away
from F (u) with constant cδ, along a cone Γ(ν1, θ1) such that

δ1 ≤ ρδ, (δ1 =
π

2
− θ1),

| ν1 − en |≤ Cδ.

End of the proof of Theorem 1.1. Choose ε0 small enough to insure the validity of
the results in Section 2 and let εk = 2−kε0. Moreover let λ0 such that:

||Ai(λ0x)−Ai(0)|| ≤ Cεm+1, ω0 ≤ Cεm+1, λ0 | bi(λ0x) |≤ Cεm, i = 1, 2,

and set λk = λk+1
0 .

Applying now Corollary 3.9 inductively to uk = u(λkx)
λk

, k ≥ 0, we conclude that in Cλk

u is εkλk− monotone along the cone Γ(νk, θk), with

δk+1 ≤ ρδk

| νk+1 − νk |≤ Cδk

This condition imply that F (u) is C1,γ , γ = γ(ρ), at the origin. ¤
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We end this section with the proof of Corollary 1.2.

Proof of Corollary 1.2. Since F (u) is Lipschitz u is Hölder continuous in C1. We only
need to show that u is Lipschitz in C2/3 across the free boundary. This follows from a
simple application of the monotonicity formula in Lemma 1 of [5] and a barrier argument.
Precisely, let x0 ∈ Ω+ (u) ∩ C2/3, d0 =dist(x0, F (u)) and u (x0) = λ. From Harnack
inequality

u (x) ∼ λ

in Bd0/2 (x0). Let w be the solution of

div (A (x, u)∇w) = 0

in Bd0 (x0) \B̄d0/2 (x0) such that w = 0 on ∂Bd0 (x0) , w = λ on ∂Bd0/2 (x0). By maximum
principle

u ≥ cw in B̄d0 (x0) \Bd0/2 (x0)

and, from the Ca nature of A and C1,a estimates, if y0 ∈ ∂Bd0 (x0) ∩ F (u),

w (x) ≥ c
λ

d0
〈x− y0, ν〉+

with ν =
(x0 − y0)
|x0 − y0| . Thus, near y0, u has the asymptotic behavior

u (x) ≥ α 〈x− y0, ν〉+ − β 〈x− y0, ν〉− + o (|x− y0|)
with

c
λ

d0
≤ α ≤ G (β) .

Then, the monotonicity formula gives

λ

d0
G−1

(
c

λ

d0

)
≤ C ‖u‖2

L∞(C3/4)

so that, from interior estimates
∣∣∇u+ (x0)

∣∣G−1
(∣∣∇u+ (x0)

∣∣) ≤ C1 ‖u‖2
L∞(C3/4) .

This gives the Lipschitz continuity of u+. Similarly, we get

G
(∣∣∇u− (x0)

∣∣) ∣∣∇u− (x0)
∣∣ ≤ C1 ‖u‖2

L∞(C3/4)

and the proof is complete. ¤

4. Flat boundaries are smooth

In this section we consider flat free boundaries and give the proof of Theorem 1.3.
As a starting point, we consider operators whose coefficients are nearly constant. More
precisely, in order to use the results in Section 2, from now on, we assume that the
coefficients aij an b satisfy the conditions (13) of Lemma 2.3. This does not mean a loss
of generality, since, as we already observed, one falls under this hypothesis after a suitable
blow up centered at a point of the free boundary.

The strategy to prove our results is the following. The first step consists in an improve-
ment of the cone of strict ε− monotonicity in a half size cylinder C1/2 as in Section 3.
By rescaling to C1 we keep the proper control on the coefficients, required by Lemma 2.3
(second main step) and we can start reducing ε. This is done following the main ideas in
[1], and [3] (see also [7]). As a result, in a slightly smaller ball we obtain an increase in
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flatness along directions in a larger cone. This is what we call the basic iteration step (see
Lemma 4.2).

Repeating the process, in the course of each iteration the constant of strict ε− mono-
tonicity deteriorates at the speed of the cone opening so that, once again, a delicate
balance is required between that speed and the improvement of flatness. In the end we
get a geometric improvement of ε−monotonicity in a sequence of diadic cylinders, along
the directions of a sequence of cones whose defect angles decreases at a geometric rate.
This gives the final C1,γ regularity.

4.1. A continuous family of subsolutions. In this subsection we construct a family
of subsolution that plays a decisive role in the improvement of ε-monotonicity. Assume
that u is a solution to f.b.p. which is strictly ε-monotone along the directione of a cone
Γ(en, θ), with ε small and δ =

π

2
− θ close to zero. Let R > 0 and

NRε = {x : d (x, F (u)) < Rε} ∩ C1,

a Rε−neighborhood of F (u). Moreover, let Ωε be a smooth, flat domain such that

NRε/2 ⊂ ΩRε ⊂ NRε.

and denote by F+
ε the upper part of ∂ΩRε, that is ∂ΩRε ∩ C1 ∩ {u > 0} .

Lemma 4.1. Let
Lu = Tr(A(x)D2u(x)) + b(x) · ∇u(x) = 0

where L is a uniformly elliptic operator with ellipticity constant Λ, satisfying (13).
Let C, c0, b0, ω0 be positive numbers. If C > 1 and ω0 is small enough, there exists a

family of functions φt, 0 ≤ t ≤ 1, such that φt ∈ C2(Ω̄Rε) and:
a) 0 < 1− ω0 < φt ≤ 1 + t− ω0,
b) φtLφt ≥ C(| ∇φt |2 +ω2

0) + φtb0M,
c) φt ≤ 1 in

Ω̄Rε ∩
{

x : 1− εα

2
<

∣∣x′∣∣ < 1
}

,

where 0 < α < 1,
d) φt ≥ 1− ω0 + t (1− cεγ), γ ≤ 1− α, in

Ω̄Rε ∩
{
x :

∣∣x′∣∣ < 1− εα
}

,

e) | ∇φt |≤ cε−α.

Proof. Denote by F+
ε the upper part of ∂ΩRε, that is ∂ΩRε ∩ C1 ∩ {u > 0}. Under the

dilation x → ε, F+
ε becomes a uniformly smooth surface F̃+

ε at a distance of order 1 from
the dilated free boundary. Due to the flatness of F (u), the curvature of F̃+

ε is bounded
by cδ. Then, the distance function dε(x) = d(x, F̃+

ε ) is well defined up to a distance of
order 1/δ and we have (see [1])

|∇dε| , |Dijdε| ≤ cδ.

Let g ∈ C∞(R+) such that g (s) = 1 if 1− εα/2 ≤ s ≤ 1 and g (s) = 0 if 0 ≤ s ≤ εα. Let
d̃ε (x) = dε(x/ε) and, for K > 0 to be chosen later, define

G(x) = g(
∣∣x′∣∣) + Kε2−α

[
d̃ε (x)− σd̃2

ε (x)
]
.

We have:
∇G(x) = ∇g(

∣∣x′∣∣) + Kε1−α(∇dε(
x

ε
) · x)(1− 2σd̃ε (x))
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so that
|∇G(x)| ≤ c1ε

−α.

Moreover

Tr(A(x)D2G(x)) = Tr(A(x)D2g(x))

+ Kε−α[(1− 2σd̃ε (x))Tr(A(x)D2dε(
x

ε
))− 2σ〈A(x)∇dε(

x

ε
),∇dε(

x

ε
)〉].

Thus
Tr(A(x)D2G(x)) ≤ Cε−α + Kε−α

[
C0δ(1− 2σd̃ε (x))− 2σΛ

]

and by properly choosing σ = σ (θ) and K > 0 we get:

Tr(A(x)D2G(x)) ≤ −CKε−α.

If

F (x) =
(1 + G(x)

3

) 1
1−2C

then

Tr(A(x)D2G(x))

= 2C(2C − 1)F (x)−2C−1〈A(x)∇F (x),∇F (x)〉+ (1− 2C)F (x)−2CTr(A(x)D2F (x))
≤ −3CKε−α.

As a consequence

F (x)Tr(A(x)D2F (x)) ≥ 3CK

2C − 1
ε−αF (x)2C+1 + 2C〈A(x)∇F (x),∇F (x)〉(35)

≥ 3CKF (x) |∇F |+ 2C〈A(x)∇F (x),∇F (x)〉 ≥ 0.

We now define

φt(x) = 1 + ω0(
∣∣x′∣∣2 − 1) + t

( F (x)− 1

2
1

2C−1 − 1

)
.

From (35), it is not difficult to check that the family φt, 0 ≤ t ≤ 1, satisfies all the
properties a)− e). ¤

Using the family φt, for 1
2ε < σ < ε, we define

vσφt(x) = sup
Bσφt(x)(x)

u(y).

Then, vσφt is well defined in C1−4ε and, if (13) hold, according to Lemma 3.6, vσφt is an
L1− subsolution (resp. L2− subsolution) in Ω+ (vσφt) (resp. Ω+ (vσφt)). Moreover, from
Lemma 2 in [3], see also Lemma 2.2 in this paper, vσφt is monotone along a cone Γ

(
en, θ̄

)
,

with
∣∣θ − θ̄

∣∣ < cε. In particular, the level set of vσφt are Lipschitz graphs, with Lipschitz
constant L̄ ≤ cot θ̄.

From Corollary 3.7, the same conclusion hold if we repalce u (y) by u (y − ετ) , for any
unit vector τ ∈ Γ (en, θ).

We now add to vσφt a correction term that convert vσφt into a subsolution to our f.b.p..
Choose R such that outside NRε/2, according to Lemma 2.3, u is fully monotone. Let
w1,σ,t the solution of the following Dirichlet problem:




L1w = 0 in ΩRε ∩ Ω+ (vσφt)
w = u on F+

Rε = ∂ΩRε ∩ Ω+ (vσφt)
w = 0 on ∂ΩRε\F+

Rε
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extended by zero outside Ω+
(
vvσφt

)
. Now define

V1,σ,t = vσφt + A1ε
γw1,σ,t.

If γ ≤ 1− α, and A1 > 0 (large if 1− α = γ) then, following the proof of Lemma 4 in [3],
Vε,t is a subsolution of the f.b.p.

Similarly, we can correct vε,t on the negative side defining w2,σ,t as the solution of the
above Dirichlet problem with Ω− (vσφt) instead of Ω+ (vσφt) , and setting

V2,σ,t = vσφt −A2ε
γw2,σ,t.

Also V2,σ,t turns out to be a subsolution to f.b.p.
We will use the two families V1,σ,t and V2,σ,t in the next subsection.

4.2. The basic inductive lemma. The next result is the basic iteration step in the ε−
monotonicity improvement. The proof follows [3], taking care of the strict ε−monotonicity.

Lemma 4.2. Let u be a solution of the free boundary problem in C1, strictly ε− monotone
along the cone of directions Γ(θ, en) with π

4 < θ0 ≤ π
2 . Then there exist positive numbers

c0 and λ, 0 < λ < 1, depending on θ0, and ε0 depending on θ0, a, such that u if ε ≤ ε0

and θ0 ≤ θ ≤ π
2 then u is λε− monotone along the cone Γ(θ − c0ε

1/4, en) in C1−ε1/8 and
strictly λε− monotone outside a λRε− neighborhood of F (u).

Proof. For λ < 1, set u1(x) = u(x− λεen). If 1− λ < sin(π
4 ), then

Bε(sin θ−(1−λ))(x− λεen) ⊂ Bε sin θ(x−εen)

and by the ε-monotonicity
sup

Bε(sin θ−(1−λ))(x)
u1 ≤ u(x).

By Lemma 2.2, u is fully monotone outside an NRε/2−neighborhood of F (u), hence in
particular, for any x 6∈ NRε/2

sup
Bλτ sin θ(x)

u1 ≤ u(x),

for every unit vector τ ∈ Γ(θ, en). We start proving that, for a suitable λ,

sup
B

ελ sin(θ−c0ε1/4)
(x)

u1 ≤ u

in C1−ε1/8 ∩NRε. This gives λε−monotonicity of u. Moreover, in C1−ε1/8 ∩
(NRε\NλRε/2

)
,

sup
B

ελ sin(θ−c0ε1/4)
(x)

u1 ≤ u(x)− cε1/4u+(x),

so that we get strict λε−monotonicity of u+ in that set.
To obtain our estimates, we use the family φt constructed in Lemma 4.1, to find a

suitable t̄, 0 < t̄ ≤ 1, and a corresponding intermediate radius εφt̄, such that

(36) V1,σ,t̄ = vσφt̄
+ A1ε

γw1,σ,t̄ = sup
Bεφt̄

(x)
u1 + A1ε

γw1,σ,t̄ ≤ u

in C1−ε1/8 ∩NRε (A1 to be chosen) and

(37) φt̄ ≥ (λ sin θ − c̃ε1/4),

for some c̃ > 0. Indeed, since

(38) φt̄ ≥ λ(sin θ − c0ε
1/4) ≥ λ sin(θ − c̃

1/4
0 ε),
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from the above estimates, we get

sup
B

ελ sin(θ−c0ε1/4)
(x)

u1 ≤ sup
B

ελ sin(θ−c̃
1/4
0 ε)

(x)
u1 ≤ sup

Bεφt̄
(x)

u1 ≤ u

in C1−ε1/8 ∩NRε and, since in C1−ε1/8 ∩
(NRε\NλRε/2

) ∩ Ω+ (u), w1,σ,t̄ ∼ u, we get

sup
B

ελ sin(θ−c0ε1/4)
(x)

u1 ≤ sup
B

ελ sin(θ−c̃
1/4
0 ε)

(x)
u1 ≤ sup

Bεφt̄
(x)

u1 ≤ u(x)−A1ε
1/4u+(x)

Using V2,σ,t̄ , we obtain a similar estimates for u− , concluding the proof.
Choose α = 1/2 in Lemma 4.2, γ = 1/4 and

σ = ε[sin θ − (1− λ)],

with λ ≥ 3
2 −

√
2

2 .
To select t̄ we first make sure that for every t ∈ [0, t̄]

(39) σφt ≤ ε(λ sin θ − c̄ε1/4)

for some positive constant c̄ that we will choose later. Since we have

σφt ≤ ε[sin θ − (1− λ)](1 + t− ω0)

we require that

(40) ε[sin θ − (1− λ)](1 + t− ω0) ≤ ε(λ sin θ − c̄ε1/4),

and moreover

(41) [sin θ − (1− λ)](1 + t̄− ω0) = (λ sin θ − c̄ε1/4).

Since
λ sin θ − c̄ε1/4

sin θ − (1− λ)
≤ λ sin π

4

sin θ − (1− λ)
,

by choosing λ < 1 close enough to 1 to have
λ sin π

4

sin θ − (1− λ)
≤ 2− ω0,

there exists t̄ ∈ (0, 1] such that (41) holds.
With this choice of t̄ we deduce that, in C1−ε1/2 ∩NRε,

σφt̄ ≥ σ[1− ω0 + t̄(1− cε1/4)] = ε[sin θ − (1− λ)][1− ω0 + t̄(1− cε1/4)]

= ε[λ sin θ − c̄ε1/4]− ct̄ε3/4 ≥ ε[λ sin θ − cε1/4]

since, in C1−ε1/2 ∩NRε,

(42) φt ≥ 1− ω0 + t(1− ε1/4).

We are now ready to prove (36). As in the end of Section 4.2, for t ∈ [0, t̄], define

V1,σ,t = vσφt + A1ε
1/4w1,σ,t.

We shall prove that

(43) V1,σ,t ≤ u

in C1−ε1/4 ∩ NRε for every t ∈ [0, t̄]. Since V1,σ,t is a subsolution to f.b.p. we have only to
check that V 1

σ,t < u2 on the boundary.
From Lemma 2.5 and Harnack inequality we have, on F+

Rε = ∂ΩRε ∩ Ω+ (vσφt),

u1 (x) ∼ d(x, F (u)) |∇u1(x)| ∼ w1,σ,t (x)
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so that we can write

sup
Bσφt

(x)
u1(x) ≤ sup

Bλε sin θ(x)
u1(x)−A1ε

1/4w1,σ,t

and this inequality gives the choice of A1. The rest of the proof of ( 43) follows closely
Lemma 5 in [3]. Using V2,σ,t, we obtain a similar estimates for u−, concluding the proof. ¤

4.3. From flatness to C1,γ. Using a double iterative argument based on Lemma 3.8 and
Lemma 4.2, we can prove: strict ε−monotonicity implies C1,γ .

Theorem 4.3. Let u be a solution of the free boundary problem in C1. Assume G is
Lipschitz continuous, strictly increasing and that z−NG(z) is decreasing in (0,+∞) for
some N > 0. Let π

4 < θ0 ≤ π
2 be given. There exist ε0 = ε0(θ0, a) such that if u is strictly

ε− monotone along the cone of directions Γ(θ, en), for some ε ≤ ε0 and θ ≥ θ0, then, in
C1/3, F (u) is a graph of a C1,γ function with γ = γ(n, a,Λ,M, L, N).

Proof. As we already observed, without loss of generality, we can assume that the coeffi-
cients aij an b satisfy the conditions (13) of Lemma 2.5. This lemma gives full monotonicity
for u, Rε−away from F (u). For ε = ε0 fixed, we can apply the technique in Section 3 to
first enlarge the cone Γ(θ, en) away from F (u) and then carry up to F (u), in C1/2, the
strict ε0−monotonicity along an intermediate cone Γ(θ1, ν1) with

δ1 ≤ ρδ (δk =
π

2
− θk)

where ρ = ρ(n, a,Λ,M, L, N) < 1. Rescaling to C1, we start the procedure iterating
Lemma 4.2, the basic inductive lemma, in order to lower 2ε0 to 2λε0 and we iterate it until
the conditions (13) of Lemma 2.5 cease to hold, reaching (say) strict ε0/2 monotonicity in
C

1−ε
1/4
0

along Γ(θ1 − c0ε
1/4
0 , ν1). By rescaling back we have proved ε0/4 monotonicity in

C
(1−ε

1/4
0 )/2

along Γ(θ1 − c0ε
1/4
0 , ν1).

Iterating the above process we construct a sequence of monotonicity cones

Γk = Γ(θk − ε′k, νk)

where ε′k = c0

k−1∑
j=0

ε
−1/4
j , εj = 4−jε0 and

δk+1 ≤ ρδk + c0εk

νk+1 ≤ cδk

such that u is strictly εk monotone along Γk in C(1−ε′k)2−k .
If ε0 is chosen small enough, we get a geometric decay of δk in dyadic cilinders which

corresponds to have a C1,γ graph at the origin. ¤

We prove now the following intermediate result.

Theorem 4.4. Let u be a solution of f.b.p. and assume that hypotheses (i) and (ii) of
Theorem 1.3 hold. Then, there exist

(a) θ0 < π
2 ,

(b) and ε0 > 0
both depending on (n, a, α0, α1,Λ,M, N, L), such that if u+ is strictly ε− monotone in C1

along any direction in Γ(θ0, en) for some ε < ε0, then F (u) is a graph of a C1,γ function
in C1/2, with γ = γ(n, a, α0, α1,M, N,L,Λ),
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The proof of Theorem 4.4 is based on the following dicotomy Lemma 4.5 whose proof
we postpone after that one of the Theorem 4.4.

Lemma 4.5. Let u be as in Theorem 4.4 and let umax = maxC1 |u| . There exist θ0 and
ε0 such that if θ ≥ θ0 ≥ θ1 > π/4 and ε ≤ ε0, the following alternative holds: there are
constants K (large) and p > 0, η > 0, 0 < τ2 < τ1 < 1 such that:

(a) if u−(−1
2en) ≥ Kε1/2umax, then u is strictly εp monotone along the cone Γ(θ1) in

a η− neighborhood of Γ in C1/2;
(b) if u−(−1

2en) ≤ Kε1/2umax, then u+ is strictly λε− monotone, for some λ(θ0) < 1,
along the cone Γ(θ − ετ1 , en) in C1−ετ2 , where 0 < τ2 < τ1 < 1.

Proof of Theorem 4.4. We reduce ourselves to Theorem 4.3 through the dichotomy Lemma
4.5. If alternative (a) holds the proof of Theorem 4.4 proceeds as the proof of Theorem
4.3. Otherwise, we apply to u+ the double iteration process of Theorem 4.3 until we reach
(if ever) alternative (a). ¤

Proof of Lemma 4.5. We denote by G the graph of the Lipschitz function xn = g (x′) ,
with Lipschitz norm

L′ ≤ tan
(π

2
− θ

)
,

constructed in Lemma 2.2, whose Nε neighborhood contains F (u) .
Assume the first case occurs. Let Gε = {xn = g (x′) + 2ε} and

Tε =
{
xn < g

(
x′

)
+ 2ε

} ∩ C7/8.

Denote by v1 and v2 the solutions of the following Dirichlet problems


L2v1 = 0, C7/8 ∩ T0

v1 =
{

0, on : G
u− on : ∂(C7/8 ∩ T0) \ G

and 


L2v2 = 0, C7/8 ∩ T2ε

v2 =
{

0, on : G2ε

u− on : ∂(C7/8 ∩ T2ε) \ G2ε.

respectively. By maximum principle in C7/8 ∩ T0,

(44) v1 ≤ u−

and in C7/8 ∩ T2ε

(45) u− ≤ v2.

Since G is a Lipschitz graph, from Theorem 2 in [8] there exists a positive number η =
η(L′, n) such that in a Nη(Γ) neighborhood of Γ, Dτu(x) ≥ 0 for every τ ∈ Γ(θ0, en). As
a consequence for every point of x0 ∈ G2ε there exists a cone x0 + Γ(θ0, en) above G2ε.
Hence, (see [12]), in

Bη/4(x0) \ (x0 + Γ(θ0, en)),
there is an upper barrier

h(x, x0) = rag(σ) (r = |x− x0| ),
vanishing on the boundary of x0 + Γ(θ0, en) with L2h ≤ cra−2, where a = a(π

2 − θ0) ≤ 1
and a is close to 1 for θ0 close to π

2 . The maximum principle gives

v2 (x) ≤ h(x, x0)
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and along F (u),
v2 ≤ Cεaumax.

Thus, in T0, we can write

(46) v1 ≤ u− ≤ v2 ≤ v1 + Cεaumax.

We want a lower bound for v1. For x̄ ∈ G let K1 = (x̄+Γ(θ1,−en))∩Bη/4(x̄). By maximun
principle, Harnack inequality and a barrier argument, we have

(47) v1(x) ≥ C |x− x̄|β0 u−(−1
2
en).

With a ≤ β0.
For p > 0 small, to be chosen later, consider x1, x2 ∈ Nη (Γ) with

(48) C1ε
p ≤| x1 − x2 |≤ C2ε

p

and x1 − x2 ∈ Γ(θ1,−en); we shall prove that

(49) u−(x2)− u−(x1) ≥ cεβ1u− (x1)

for a suitable β1. Choose θ0 in such that (say) θ1 ≤ θ0 − π
8 . It is enough to consider the

case (x1)n < g(x′1) + ε and x1 ∈ Ω−(u) because Ω−(u) ⊂ Tε.
If g(x′1) < (x1)n < g(x′1) + ε, u(x1) < 0 and (x2)n < g(x′2) then, from (48) we have

(50) | x2 − x̄ |≥| x2 − x1 | − | x1 − x̄ |≥ C1ε
p − c̃ε ≥ cεp.

Moreover, by (46), (47) and (50)

u−(x2)− u−(x1) ≥ v1(x2)− v2(x1) ≥ c1ε
β0pu−(−1

2
en)− Cumaxε

a

= (c1Kεβ0p+1/2 − Cεa)umax > Cεβ0p+1/2u− (x1)

if pβ0 + 1/2 < a.
Suppose now that x1n < g(x′1), x2n < g(x′2) and set τ = x2−x1

|x2−x1| . Then there exists
a point x0 ∈ Γ, such that x1, x2 ∈ x0 + Γ(θ1,−en) and x2 − x1 ∈ Γ(θ1,−en). If x =
x1 + s(x2 − x1), with 1/2 ≤ s ≤ 1, from Theorem 2 in [8] we get,

Dτv1(x) ≥ C
v1(x2)

η
.

Thus, by (47) and (49), we obtain

v1(x2)− v1(x1) = | x2 − x0 |
∫ 1

s0

Dτv1(x0 + s(x2 − x0))ds ≥ Cεp v1(x2)
η

(51)

≥ C
εp

η
| x2 − x0 |β0 u−(−1

2
en)(52)

≥ C1K
ε(β0+1)p+1/2

η
u−max.

As a consequence,

u−(x2)− u−(x1) ≥ v1(x2)− v2(x1) ≥ v1(x2)− v1(x1)− Cumaxε
a

and by (52)

≥ (C1K
ε(β+1)p+1/2

η
− Cεa)umax ≥ cεβ1u− (x1)

by taking β1 ≡ (β0 + 1)p + 1/2 < a. This conclude the proof in case a).
Assume b) occurs. Let

V1,σ,t = vσφt + A1ε
γw1,σ,t
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be the family of functions constructed in Section 4.2, with γ to be chosen later. We want
to show that, for the same t̄ in Lemma 4.2, V1,σ,t̄ ≤ u+. It is enough to show that, for any
0 < t ≤ t̄, V1,σ,t̄ is a subsolution at every point x0 ∈ F (u+) ∩ F (V1,σ,t) ∩ C7/8. Precisely,
at x0 there is a touching ball from the left to F (u1) so that near x0, non tangentially,

u1(x) = α〈x− x0, ν〉+ − β〈x− x0, ν〉− + o(| x− x0 |)
with α ≥ G (β). On the other hand, as in [15] we can show that β ≤ cεµ with µ > 0,
small. Therefore, at x0, V1,σ,t has an asymptotic inequality

(53) V1,σ,t(x) ≥ ᾱ〈x− x0, ν〉+ − β̄〈x− x0, ν〉− + o(| x− x0 |),
with

ᾱ ≥ (1 + Cεγ)(1− cε1/2)α ≥ (1 + Cε1/4)(1− cε1/2)G (0)

and β̄ ≤ Cεµ. For V1,σ,t to be a subsolution we require

ᾱ ≥ G
(
β̄
)
.

Since G (Cεµ) ≤ G (0) + C1ε
µ it is enough that

εγ ≥ Cεµ

or γ < µ and the proof proceds as in Lemma 4.2. ¤

Proof of Theorem 1.3. We show that u+ is strictly ε−monotone in a η−neighborhood
of F (u) , along a cone Γ(en, θ∗) with θ∗ slightly smaller than θ̄. Then we apply Theorem
4.4. Let

G =
{
xn = g

(
x′

)− c0ε
}

with c0 such that Ω+ (u) ⊂ {xn > g (x′)− c0ε} and v be the solution of L1v = 0 in
{xn > g (x′)− c0ε} , vanishing on G and v = u+ on ∂C1 ∩ {xn > g (x′)− c0ε}. Then, in
Ω+ (u) ,

u+ (x) + 2c0ε ≥ v (x) ≥ u+ (x) ≥ α0d(x, F (u)) ≥ c1d(x,G)− c2ε.

From [8], v is monotone increasing along a cone Γ (en, θ∗) , with θ1 < θ0, in a η− neigh-
borhood Nη ∩ C3/4 of F (u) and, for every τ ∈ Γ (en, θ∗),

Dτv (x) ∼ v (x)
d(x,G)

.

Thus, if η ≥ d(x,G) > c3ε, we get

Dτv (x) ≥ c1 − c2ε

d(x,G)
>

1
2
c1

as long as c3 > 2c2/c1. Therefore, in Nη ∩ C3/4 ∩ Ω+ (u) ,

u+ (x + c4ετ)− u+ (x) ≥ v (x + c4ετ)− v (x)− 2c0ε

≥ c (c4 − c3) ε− 2c0ε

≥ Cε

provided c4 is large enough. The proof of Theorem 1.3 is complete. ¤
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