REGULARITY OF THE FREE BOUNDARY IN TWO-PHASE
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ABSTRACT. In this paper we complete the study of the regularity of the free boundary
in tho-phase problems for linear elliptic operators started in [8]. In particular we prove
that Lipschitz and flat free boundaries (in a suitable sense) are smooth. As byproduct,
we prove that Lipschitz free boundaries are smooth in the case of quasilinear operators
of the form div(A(z,u)Vu) with Lipschitz coefficients.
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1. INTRODUCTION AND MAIN RESULTS

In this paper we continue the study of the regularity of the free boundary in two-
phase problems for elliptic operators with variable coefficients started in [8]. Precisely, we
consider here the following free boundary problem (f.b.p. in the sequel).

Let B] = B} (0) be the unit ball in R*"1. In C; = B} (0) x (=1,1) we are given a
continuous function u satisfying

i)

(1) Liu=Tr (A (z) D*u) + by (z) - Vu =0
in Qf (u)={z€C :u(z) >0}, and
(2) Lou = Tr (A (z) D2u) +by(x) - Vu=0

in Q (u)={xel ux)<0}’;
ii) along F (u) = 0Q% (u) NCy (the free boundary), the following condition holds:
a) if at g € F (u) there is a ball B such that B C Q* (u), BN Q" (u) = {zo} then, near
zo,
(3) ut () >a <z —x0,v > +o(|lr—x0|) in B, (a > 0),
1



2 FAUSTO FERRARI, SANDRO SALSA

(4) u (z) <B<z—x0,v> 4o(lr—z9]) inCB, (8>0),
with equality along every nontangential domain in both cases and
(5) a<G(B);

b) if at xg € F (u) there is a ball B such that B C Q~ (u), BN Q™ (u) = {z¢} then, near
o

(6) u” (z) > B <x—z0,0>" F0(|x— 20]) in B, (8>0)
(7) ut(z) <a <z —z0,v>T +o(|lr — z0|) inCB, (a>0)
with equality along every nontangential domain in both cases and

(8) a>G ().

The operators L1, Lo are symmetric, uniformly elliptic with ellipticity constant A, that
is, for s = 1,2, we have A, (z) = A] (2), and

(9) AT < Ag(x) <A, zeC.

Moreover we assume that the matrices Ag are Holder continuous and the vectors b, are
bounded measurable. The equations (1) and (2) are intended in WP sense, p > n.

The conditions (3)-(8), where v is the interior unit normal to B at x(, express the
free boundary relation v} = G (u,) in a viscosity sense; accordingly, we call u a viscosity
solution of f.b.p. (see [7], Ch. 4).

Our main purpose is twofold. On one hand, we refine the results in [8] (where all the
coefficients are Holder continuous) allowing bounded measurable drift terms by, by in the
operators, significantly enlarging the range of applications. On the other hand, we show
the smoothness of flat free boundaries. The flatness condition for F'(u) is expressed by
the e—monotonicity of u or u™ along the directions in a cone T' (6, e,), with axis e, and
opening 6 close to /2. More or less equivalently, F'(u) is flat if it is contained in an
e—neighborhood of the graph of a Lipschitz function z,, = f(2’) with small Lipschitz
norm.

The tecniques we use in the first part (Lipschitz implies C7) are a refinement of
those in [8], a rather delicate point being the construction of the family of subsolutions
in Section 3. The “flatness implies C17” step follows a mixed strategy from [3] and [1].
The main difficulties arise from the lack of a monotonicity formula (see also [15]), and
the need to balance three main ingredients: scaling, improvement of e— monotonicity and
improvement of the Lipschitz constant of the level sets of the solution. As explained at
the beginning of Section 4, this requires an iteration strategy somewhat similar to the one
used in [1].

The above results allow to show the regularity of the free boundary in two phase prob-
lems for quasilinear operators of the type Lu =div(A (z,u) Vu), with Lipschitz continuous
coefficients (Corollary 1.2). Moreover, at least for divergence form operators with Lips-
chitz coefficients, it follows that the solution of the Dirichlet problem constructed in [4] via
Perron method, has a C1® free boundary in a neighborhood of any point of its reduced set
(Corollary 1.4). Also, an interesting singular perturbation problem related to our results
is treated in [14]1.

Several papers have recently been written on the regularity of the free boundary for
elliptic operators. In particular, the regularity of Lipschitz free boundaries is proved
in [10], where general operators of the type F (D2u, Du) are considered, with F not

1We thank Eduardo Texeira for having shown to us the results in his thesis and for several interesting
discussions.
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necessarily concave, and in [11], where dependence on z is allowed for a class of operators
F (D?u,z) including Belmann’s. Smoothness of flat free boundaries is shown in [15] for
the case of concave operators F (DQu). Our techniques can be adapted to deal with the
class of operators in [11]; this will be the object of a forthcoming paper.

Here are our main results concerning the regularity of Lipschitz free boundaries.

Theorem 1.1. Let u be a viscosity solution to f.b.p. in Cy = B] x (=1,1). Suppose
0 € F(u) and that
(i) For s = 1,2, Ag € C%%(Cy), 0 < a < 1, by € L™ (Cy), with |bs| < M and (9 )
holds.
(i) Q" (u) = {(2/,2p) : > f(2')} NCy where f is a Lipschitz continuous function
with Lip(f) < L.
(iii) G = G(z) is continuous, strictly increasing and for some N > 0, 2~ NG(z) is
decreasing in (0, 400).
Then, on BQ/Q, f is a CY7 function with v = y(n,a, A, M, L, N).

Corollary 1.2. In f.b.p. let
Liu = Lou = div(A (z,u) Vu) = Lu,
where L is a uniformly elliptic divergence form operator. Assume (ii) and (iii) in Theorem

1.1 hold and replace (i) with the assumption that A is Lipschitz continuous with respect
to x and u. Then the same conclusion holds.

Concerning the regularity of flat free boundaries we prove the following result, that
deals with a possibly degenerate negative phase (but see also Theorems 4.3 and 4.4).

Theorem 1.3. Let u a solution of f. b. p.. Assume that:
(i) there exist positive numbers ag, oy such that oy < % < a,
(ii) G(0) > 0, G Lipschitz continuous, strictly increasing in R™ and, for some large
costant N, s~V G(s) is decreasing.
(iii) there exist @ < 5 and € > 0 such that, for some e, 0 < e <&, F (u) is contained in
an e— neighborhood of the graph of a Lipschitz function x,, = g (z') with Lipschitz
norm

Lip(g) < tan (g - 9) .
Then, in 31/2 (0), g is a CY7 function with v = vy(n,a, ag, a1, M, N, L, A).

An immediate consequence is the following:

Corollary 1.4. Let Q be a bounded Lipschitz domain and ¢ € C (02). Let
Ly =Ly=diw(A(x)V)=L

a uniformly elliptic divergence form operator. Assume (ii) and (iii) in Theorem 1.1 hold
and replace (i) with the assumption that A is Lipschitz continuous.

Let u be the minimal solution in 2 of the f.b.p with Dirichlet data @, constructed in [4],
Theorem 1. Then, if xg € Opeq (0T (1)), F (u) is a CYY surface in a neighborhood of .

We point out that it is also possible to introduce a dependence on = and v in the free
boundary condition, through a relation of the type

a=G (B, )

under the hypotheses that G = G(z,-,-) is Lipschitz continuous, strictly increasing in z
and, for some N > 0 independent of v and z, 2~V G (z,v, ) decreasing in (0, 4-00).
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The various constants ¢, C that will appear in the sequel may vary from formula to
formula. If for a constant ¢, n, i etc., we don’t give any explicit dependence we mean that
it depends only on some of the relevant parameters n,a, A, M, L, N.

2. MONOTONICITY PROPERTIES OF L—HARMONIC FUNCTIONS

2.1. Monotonicity of positive solutions in Lipschitz domains. In this preparation
section we prove several monotonicity properties of positive solutions of Lu = 0. The first
one basically asserts that solutions vanishing on a portion F' of the boundary of Lipschitz
domains, are monotone along a cone of directions (cone of monotonicity) in a neighborhood
of F. Here L is a uniformly elliptic operator in the same class of L1, £a (see also [8], [11]).

Theorem 2.1. Let

Ty ={(2/,2,) eR": |2/| < s, f(2') < w, < 2Ls}
where f is a Lipschitz function with constant L. Let u be a positive solution of Lu =0 in
Ty, vanishing on F = {x, = f(2’)} NTy. Then, there exists n = n(n,a, M, A, L) > 0 such
that, in

Ny, (F) = {f(x') < xp < f(a:') —i—n} N1y,

u 1s increasing along the directions T belonging to the cone I'(ey,0), with azis e, and
opening 6 = 5 cot™! L. Moreover, in N,(F),
(10) c_IM < Dyu(x) gcuéx),

T T

where d, = dist(x, F) and ¢ = c(n,L,A, M).
Proof. We do it in several steps. Let us assume that 0 € F and A (0) = 1.
Step 1. For r > 0, let 2, be the solution of

Az=0 inTy
z=wv, ondly

where v, (x) = u (rz) /r. Note that v, is a solution of
Ly (2) = Tr (A (rz) D*v,) +1b (rz) - Vo, (z) = 0.
For o < 1, positive, define
T3 ={x €Ty:d(z,0T3) > o}
and set w = v, — z,. Since
Lrw(x) =Tr (I — A(rx))D?z) —rb(rz) - Vz, (),

from Alexandrov-Pucci maximum principle, we get

max w < Igjg?cw +c(n) (7‘“ HD2ZT‘

% rg) + M IVl )

We have, by Hélder continuity and the boundary Harnack principle ([9]):

maxw < co?max z, < co®v, (Ley,)
TS T
On the other hand,
maxrp, 2, maxp, 2y

1D% 2| (2g) < o2 IV arllpn(rgy < e 2=

so that

7,(1
maxw < c |0+ — v (en)
TS o



REGULARITY OF THE FREE BOUNDARY IN TWO-PHASE PROBLEMS 5

Minimizing with respect to o, and using Harnack inequality, we obtain

2 (y) — vr (Y)] < () 00 (y)

for every y € Tyo with d (y, F') > 1 > 0, where by = a*/ (a + 2).

If r < rp(n) is small enough, we can also write
(11) 2 () —or (W) S c) ™z (y)  y €Ty d(y, F) >,
Step 2. We now estimate Vw in the set T5/,5N0 {d (y, F') > n}. If y belong to this set, by
interior LP estimates we have

a 2
Il (5,) < € {10 Nio(5y000) + 7 1D oy ) + 7 17 (5,000 | -

From the estimates in Step 1 and Sobolev imbedding theorem we get

(12) V2 (y) = Vo (y)] < ez (y)

with ¢ =¢(n).

Step 3. Claim: there exists n = n(n, L, M, A) such that (10) holds in N, (F). Indeed,
choose 19 = no (n, L) in order to have Dyz, (y) ~ 2z, (y) /dy in Noy(F) (see [3]) and let
Ty = r1Noen. It is enough to show that (10) holds in z, for r < ro (n, L, M,A). The claim
holds with n = ronp.

Indeed, from (11) and (12), there exists ¢ (n, M, L, ng) such that, if < rg, then

vy (y)
dy

c_lL(y) < Dy (y) <c
dy
for every y € Th, dy > no, with ¢ =c(n, M, L, A, 7).
Since D,v, (noen) = Dpu (rnoey,) and v, (noen) /mo = u (x,) /dy, the claim follows.
Step 4. To complete the proof it is enough to observe that (10) holds if we replace e,
by any unit vector 7 such that the angle between 7 and e,, is less than (cot™* L)/2. O

2.2. Strict e—monotonicity and full monotonicity. A key notion in the regularity of
flat free boundary is e— monotonicity. A function w is € -monotone in a domain D, along
a direction 7, if

w(x + €'7) —u(x) >0,

for every x € D and every & > e. The following results from [3] depend only on purely

geometric considerations and continue to hold in our context. First, for any e—monotone

function w in the cone I'(,e), the level surfaces of u, d{u > a}, are contained in a

(1 —sin #)e— neighborhood of the graph of a Lipschitz function, with Lipschitz norm cot 6.
Moreover:

Lemma 2.2. Let u be e— monotone in the cone I'(0,¢e). Let

v(r) = sup  u(y).
YEBy () (2)

Assume that, for every x under consideration,

sinf < Sin@—iCOSQQ—’v¢ ])

1
1+|V¢|( 2¢

Then, v is monotone in the cone I'(0,¢).
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We need to introduce a slightly stronger notion than e— monotonicity.
We say that a nonnegative function w is strictly e-monotone (increasing) with constant
A (A >0) in a domain D, along a direction 7 , if

u(z + €'7) —u(z) > deu (),

for every x € D and every ¢ > e. Accordingly, a nonpositive function wu is strictly
e-monotone (increasing) if u~ is strictly e-monotone decreasing. Finally, u is strictly
e-monotone if u* and u~ are strictly e-monotone increasing and decreasing, respectively.

The next result shows that strictly e—monotone solutions of our f.b.p. are indeed fully
monotone e— away from the free boundary as long as the coefficients are very close to be
constant. This is the situation one finds after a suitable initial blow up centered at a free
boundary point. Precisely, we have:

Lemma 2.3. Let u be a positive solution of Lu =0 in Byr. = Byg-(0) such that
u(z + &'7) —u(z) > deu (),
in Boge, for some A > 0 and every &' > . Let m > 5. There exists R = R (n) such that
if D3 < e\ and
(13) la;j — ai; (0)], < Ce™t, M = < Ce™,
then

[u(er) — u(O)]

€
Proof. Assume that A(0) = I and let z be the solution of the following Dirichlet problem:

Az =0, in Bsp.
z=u, on 0Bsg..

Du(0) > cA

(14)

Set w = u — z. Then, in Bo.R,

Tr(A(x)D*w) + b(x) - Vw = —Tr(A(z)D?2)) — b(zx) - Vz
= Tr((I — A(z))D?*z) — b(z) - Vz.

Let 0 < p < 1. From Holder continuity, Harnack inequality and Schauder estimates it
follows that (o0 =1 — p)

max |w| < C(oeR)“z(0)

Bps]V[
and
1D?2]| g,y < Co 2 (eR)12(0),
HVZHL”(BQPER) < Caflz(O),

Using Alexandrov-Pucci maximum principle we get
< m+1 2 m }
o [v] < max fu] + C<R (™D gy + ™ 192

so that, if o is small,

max |w| < C(R) {(0e)* + 0%} 2(0).
BZpsR
Minimizing in o, we get

Omin = CE ot2
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and
max |w| < cpe™0z (0)
B2pminER
with
m—+ o+ a?
mg= ———.
0 o+ 2

Thus, if omin < 1/3, in Bo.g/3 we have, using Harnack inequality,
Z(x+er)—2(x) = zl@+er)—ulx+er)+ulr+er) —ulz) +ulz) — 2(z)
> (A —2¢pe™)z (0) > c1 ez (x)

that is z is strictly e—monotone along 7 in in By.p/3. From [3], we can choose R = R (n)
large enough to have

z(eT) — z(0)
D.z(0) > e—————

> cc1 Az (0).

We now estimate D,w in B.r. From L? estimates we have, for any p, 1 < p < oo,

— 1 2
190l 2o(5, ) < C {10l aBpem) + €™ 1D 1o+ " IV LB}
Since m > 4 and
|p?

—2+n
ZHLP(BQER/3) C(eR) ?2(0),

IVl oy < CER)THP2(0),
we get
[Vl o,y < O ™02 (0)
and, if p > n,
[Vl o,y < Cn 57575702 (0) < 00~z (0)
Therefore,
D,u(0) > D,z(0) — Ce™ 12 (0)
> (ccph — Ce™ 12 (0)>0
if e(m+D/3 < e O

For a strictly e— monotone solution of our f.b.p. we can prove inequality (10) e— away
from the free boundary. Precisely, we have:

Remark 2.4. Lemma 2.3 holds if we slightly relax the notion of strict e— monotonicity, by
requiring that

u(z +€'7) —u(z) > AePu(z), (£ >e¢)
for some p > 0. Clearly m depends on p.

Lemma 2.5. Assume that uw € C(C1) is strictly e— monotone along I'(6,e,) and u is a
solution of Liu =0, 1 = 1,2, in QF(u). Then there exist positive numbers ey, R, C' = C(6)
such that if e < go and x € Cy 9, dist(x, F'(u)) > CRe then

dist(r, F(ay) ~ Ve@)l-
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Proof. Since the proof for the two phases is similar, we give the proof only for the positive
one. Let z € Q" (u), d, = dist(x, F(u)). From interior estimates, we get

dy | Vu |< Csu(z).
We have to prove the reverse inequality
dy | Vu |> Cu(x),

when d, > CMe.

We know that F' = Q" (u) is contained in a (1—sin §)e—strip bounded by two Lipschitz
functions with Lipschitz constant L = cot(f), see Section 2.2. Let zo € Q" (u), such that
dg, = 100LRe, and set u(xp) = a. Notice that {u = a} is the graph of a Lipschitz function,
since by Lemma 2.3 u is fully monotone along the directions of a cone I'(6, e,) outside a
neighborhood N, of F(u.) Let

Tg(aro) = B;E(CUO) X [—200LRE, QOOLRE]
and
Ye = 8T8(1L‘0) N {$Dn —20Re < xp, < 20R5}

where x = x(0) is properly small. Denote by wj the £1— harmonic measure in 7: (7o)
and set

v(z) = wz, ().

By strong maximum principle, we have

(15) a = u(zg) < v(xo) rgaxu‘*‘ = ymaxu"
with 0 < v < 1.
Hence there exists a point & € 9T, such that
u(Z) = maxu® > % ——ka>a
) 1—x

Notice that {u > ka} C {u > a} and that for every x € {u = ka} N By (%) d, > CLRe.
As a consequence the function (u—a)* is a solution of £ w = 0 in {u > a} N T, vanishing
on {u > a} NT.. From Theorem 2.1, in a n— neighborhood of {u > a} N T, we have

(u—a)T(z) <c|Vu(x) | dz,0{u>a}) <c|Vu(z) | dg.
On the other hand, for every x € {u > ka} such that d; > CRe
1 1 1
g = _ _ - > _ - )
u(e) —a = Tu(a) —a+ (- Dule) > (1 ()

Thus for every x € {u > ka}, and | 2’ — z{, |< ke, such that d, > CLRe, we have

1
(1-— E)u(az) <c|Vu(zx) | dy.
Since g € 901 (u) is an arbitrary point at distance 100LRe from F(u) the previous
inequality holds in Cy /o N Q* (u) with d, > CRe, € small. O

3. LIPSCHITZ FREE BOUNDARY ARE C1Y

In this section we prove Theorem 1.1. Applying Theorem 2.1 to the positive and negative
part of the solution u of our free boundary problem, we conclude that in a n-neighborhood
of F(u) the function v is increasing along the direction of a cone I'(0, e,,).

The smoothness of the free boundary is achieved by two, by now standard, steps ex-
pressed in the following subsections.
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3.1. Interior improvement of regularity. Far from the free boundary, the monotonic-
ity cone can be enlarged improving the Lipschitz constant of the level sets of u. The proof
follows closely Section 2 of [8] and so for completeness we list the relevant lemmas.

Lemma 3.1. Suppose u is a positive solution of
Lru= Tr(A(rz) D2u) +7rb(rz) - Vu=0
in Ty vanishing on F(u) = {x, = f(2')} and increasing along every 7 € T'(ey, 0). Assume
furthermore that (10) holds in Ty. Then, in By s(en),
(16) Dyu(x) > (c1(V,7) — car®)ule,)

for every T € T'(ep,0), | 7 |= 1, where V = |§Z§Z:§| and r is small enough.

We now control the error term in (16) by deleting from the original cone I'(e,, 6) the
"bad” directions, that is those in a neighborhood of the generatrix opposite to Vu(ey).
Precisely, if 7 € I'(e,,0), denote by w, the solid angle between the planes span{e,, V}
and span{e,,, 7}. Delete from I'(e,,6) the directions 7 such that (say) w; > <7 and call

I(ep, 0) the resulting set of directions. If 7 € T'(e,,, ), then
<V, T> Z C3(5
where 6 = § — 0. We call 0 the defect angle.

Lemma 3.2. Let u be as in Lemma 3.1. There exist positive rq and h, depending only
onn, L and A, M, such that if r < T¢, for every small vector T, 7 € I'(ey,0/2), and for
every T € By g(en):
sup  u(y —7) < u(x) — Ceduley),
B1yhe)e(T)

0

where € =| 7 | sin 5.

Corollary 3.3. In By (o), u is increasing along every T € [(71,01) with

(17) 01 < bd, (61 = g —01,)
and
(18) |71 —e1 |[<CO

where b= b(n,a, M,L,\) < 1.
We now apply the above results to the solution of our free boundary problem in a
properly chosen neighborhood of the origin. Precisely, set for the moment

1
A= B min{7p, n}

with 1 as in Theorem 2.1 and 7y as in Lemma 3.2. If we define

_ u(Az)
A

then u:\F falls under the hypotheses of Lemma 3.2. Therefore, rescaling back we get the
following result.

ux ()
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Lemma 3.4. Let u be a solution of our free boundary problem. Then in B)s(Aen),

sup  u(y — 1) < wu(x) — ceduley)
B(14ns)e(2)

for every T € T'(e,,0/2), | 7 |[<< A As a consequence, in By s(Aeyn), u is monotone along
every 7 € (1, 61), where i, 0 satisfy (17) and (18).

3.2. Improvement at the free boundary. To carry the interior gain obtained in
Lemma 3.4 to the free boundary, we first construct a family of suitable subsolutions.
Although the technical ideas are close to those in [8], extra care is needed due to the
presence of the bounded measurable drift term. We first recall the definitions of C and
LP viscosity (sub, super) solution ( see e.g. [5] [6], or [13]) for a fully nonlinear elliptic
operator F [u] = F (D2u,Du,u,a:) .

Definition 3.5. Let u € C(2) be a continuos function.

(a) We say u is a C'— viscosity subsolution (supersolution) of F [u] = 0 if for every
g € Q and for every ¢ € C%(Q), whenever u — ¢ realizes a local maximum
(minimum) in xo, then F [u] (xg) > 0.

(b) Let n < 2p. We say u is an LP-viscosity subsolution (supersolution) of F [u] =0
in Q if, for all ¢ € W2P(Q), whenever ¢ > 0, O C Q is open and

Flu] < —¢ ae. in O (Flu| >¢)

then u — ¢ cannot have a local maximum (minimum) in O.
(c) wis a C or LP viscosity solution of F [u] = 0 if u is both a C' or LP subsolution
and a C or LP supersolution of F [u] = 0.

Notice that, if F is continuous with respect to all its arguments, then C' viscosity solutions
of F[u] =0 in Q are LP—viscosity (sub-, super-) solutions of Lu = 0 in Q. Moreover, W2
strong (sub, super) solutions are LP— viscosity (sub-, super-) solutions.

The main result in this section is the following lemma, where P~ denotes the Pucci
operator
P~ = inf = Tr(AD? :
(u@) = ,_inf | Tr(AD"u(z)
Lemma 3.6. Let L be a uniformly elliptic operator with ellipticity constant A and contin-
uous coefficients matric A = A (z) with modulus of continuity w (r) . Let u be a continuous
function defined in a domain Q such that Lu = 0 where v > 0 and g be a positive C?—
function such that g < gy and
v(z) = sup wu= sup u(x+ g(x)v)
By (z)(z) lv[=1
is well defined in Q. There exist positive constants g = po (n, A, M), C = C (n,A) and
Co = Co(n, A) such that, if [Vg| < o and wo = w(go/A),
C

(19) (o) = o5 (Vo @) ) —nd 20,

then v is a LP— wviscosity subsolution of Lu =0 in QT (v).

Proof. Let us introduce the following operators:

Liu= Z a;j(x)Dyju £ M|Vul

1,j=1
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We show that v is a C-viscosity subsolution of £_ in Q7 (v). Then v is also a LP-viscosity
subsolution of £_, and therefore of £, in QO (v).

Let ¢ € C? and 29 € QT (v) such that v(z) < $(z) in a neighborhood of xy and
v(wo) = @(wo). We shall prove that £ (o) > 0. Assume zo = 0 and define u4(g)(v) =
u(AY2(0)z). In the positivity set of u4(0) we have
(20) Lu () = Loua)(x) + b(A'2(0)z) - A7/%(0) - Vug)(z) =0,
where

Lou(z) = Tr[AY2(0)A(AY2(0)2) A~Y2(0) D?u(x)] = Tr[A (z) D?u (z)].
and u4(g) is viscosity solution of (20). Notice that Lous()(0) = Au(0). Thus if P(z) =
@(A'2(0)x) we have to prove that A@(0) > M | V¢(0) | .
On the other hand
v(z) = sup u= sup u(x + g(x)v)

(21> Bg(ac)(m) |V|:1
= sup  w(AV2(0)(AT2(0)z + G(AT2(0)x)0)),
|A1/2(0)0'|:1

where §(z) = g(AY2(0)z). Let o = §(0), Vjo = V§(0) and
va@)(T) = sup  uy) (A7Y2(0)z + g(A~V2(0)z)0).
|AL/2(0)o|=1
In particular there exists o* € R”, | AY/2(0)n |= 1 such that v4(0)(0) = ua(0)(g(0)0™)).
Let a =| AY2(0)v* |~'and v* = ¢*/a, so that v4(0) = us(P) where P = §(0)av*.
Arguing as in [8], we select an orthonormal basis eq, ..., e, in R™ choosing
en = Vua)(P)/ [Vuae)(P)],

while we are going to fix the vectors ey,...,e,_1 later.
Introduce now the vector field

n—1

V(z)=v"+ Z(Vi, x) e

i=1

where the vectors V? will be chosen later, and let

2o VAT 0))
(A7V2(0)z) = | AL/2(0)V(A-Y2(0)z) |

Define the function Yp : B,(0) — R", by
Yp(z) = A™V2(0)0 + (A V2(0)2)n(A72(0)a).
If Vi, i=1,...,n, are small enough, it is well defined the inverse C2— function
Qj)p : N — BP(O),
where N is a neighborhood of P. If
h(y) = 6(vp(y)),
then h € C?, and in a small neighborhood of 0,
¢(x) = h(Yp(z)).
Moreover Vu () (P) = Vh(P). Notice that (Vh(P),e,) > 0.
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In order to evaluate A¢(0) we estimate

M, = P(rz)dH 1 (2).

|z|=1
We have

/|:1(<73(7“Z) — $(0))dH" 1(2) = / (h(Yp(rz) — h(P))d H'"(2).

|z|=1
Consider the matrix P, = I —e,, ® ¢,, and let
Dy (P) = P, D*h(P)P,,
and
Dy (P) = D*h(P) — Dr(P)
The symmetric matrix D7 (P) has e, as an eigenvector corresponding to the eigenvalue
Bn(P) = 0. The other eigenvectors belong to the tangent space at P to the level set

Sp = {h = h(P)}.
Incidentally, notice that the numbers A\; = —3;(P)/ | Vh(P) | represent the principal
curvatures of Xp at P.
According to the above choice, denote by U the orthonormal matrix that diagonalizes
D7 and set
A* =UTA(P)U, D} =U"(D?h(P)—-Dr(P))U.
Observe that, if d;; are the elements of Dy, we have dj; = 0 for i, j =1,...,n—1. Select

as eq,...,en—1 the column vectors of U in the orthogonal frame ey, ...,e,. The bilinear
form <D2h(P)§ € > has the following expression:

n—1 n—1
(22) (D°M(P)E, &) =D GBi(P) +2)  dip&in + Eadiy,
=1 =1

while, if D% = diag(f1,- -, Bn—1,0),
Lph(P) = Tr(A(P)D?*h(P)) = Tr(A*D%) + Tr(A*D})
n—1 n—1
23) = a5B(P)+2) o, di, + Q.
j=1 =1
We would like to prove that
M, > $(0) + M | V$(0) | 2 + o(r?),

as r — 0. Notice that ¢(0) = h(P) and that V¢(0) = Vh(P) - DYp(0).
We have, uniformly in z = A=1/2(0)0,

n—1 2 n—1
virz)=a v +r Z (Vi z)e; — % Z (V9 2) (VI 2) a®pij | v +o(r?) 3,
i=1 ij=1

g(rz)v(rz) = P+rl(z) + 7“2(](2’) + 0(7“2),

n—1

I(2) =Y algo(V',z)ei+ (Vio, z) V'],
=1
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=1 1,7=1

n—1 n—1
q(z) = 1 {<Dngz 2)v* +2(Vgo, 2 Z<V z QOZ <V z <V7 z>a iV }

Now, DYp(0) = A(0)~'/2 +1 and if V? and V¢(0) are small enough, DYp(0) is invertible.
As a consequence

DYp(0)~L - Va(P) = V§(0).

Moreover

n—1

| DYp(0) [<| A72(0) | +a(do » | V| + | Vio |)-

i=1

Therefore
h(rz 4 §(rz)v(rz)) = h(P) 4+ rL(z) + r>(M(z) + N(z)) + o(r?),
where
L(z) = (VR(P), (I(z) + 2)) ,
M(z) = (Vh(P),q(2))
N(2) = 5 (DR(PYI(=) +2), (=) + 2)) = 5(D*(P) D" Ni(e), D Ni(2))

(24) i=1 i=1

= J(Dh(P) + D3P ZN 30 N2)
=1
with (fori=1,...,n)

(25) Ni(z) = a({§oV"' +piVio, z) + a " (z,e:))e;,
pi = (V*,¢;) and V™ = 0. Observing that

/ L(A™Y2(0)0)dHy_1 (0) = 0,
0B

we have

M, = ][ h(rA=Y2(0)o + G(rA=Y2(0)0)v(rA~Y2(0)0))dHy—1 (o)

(26) 0B

= h(P) +1* ][ (N(A™Y2(0)0) + M(A™Y2(0)0))dHp—1(0) + o(r?).
0B,

Now, since Va(P) is parallel to A(0)v*, we have

M(A2(0)0)dHo-1(0) = 5= (VA(P), ") {Tr(A( 00 S e AV V).

0B1 1,7=1
Set, fori=1,...,n,
W' = apiVjo + e;

so that N;(2) = (agoV' + W', 2)e; and Ny (2) = (W™, 2)ep.
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From (22), (24) and (25) we get
n—1

N(AY20)0) = (> (agoV" + W', AV2(0)0)5,(P)
i=1

n—1
+ 2 (agoV' + W, AV2(0)a) (W, AV2(0)0)dy, + (W, AV2(0)0))?dy, )}

i=1

Averaging over 0B gives
n—1 n—1

(27) NdHn1 = Bi(P)+2)  cindfy + i,

9B i=1 i=1
where, fori=1,...,n—1

2nc? =] AYV2(0)(W + adoV') 2, 2nc2 =| AV2(0)W" 2

and
nei, = (AY2(0)(ago Ve + W, AY2(0)W™).
We now choose the vectors V¢, i =1,...,n — 1 as follows. Set
(28) k‘z == O:ii ) and Yi = Oé:n .
nn nn
Thus

o = (UT AUe;, e) = <AU€¢,Uej>.
As a consequence we obtain that
(29) <AU€¢,U6n> . Oé:;‘j . <(/~1—I)U€1,U6n>+(5”
(AUen,Uey) 0y (A=DUep,Uep) +1°
We can choose the V;, i =1,...,n — 1, such that
$(0) | V' < C1| V(0) | +Caw(go/A).
Indeed, recalling (28), (29) and keeping in mind that £p$(0) = Ap(0), we get
| ki — 1< Cw(go/A) and |7 |< Cw(go/A).

Thus, for each s = 1,--- ,n — 1, we minimize h(y) =| y |?> under the constraints

|y +w' P= ki | w" |?
and
<y+wz’wn>:,yi | w™ |2 .
If | Vgo | and w (go/A) are small, Lagrange multiplier method gives the minimizer

=l Pl (wf [ " 2 () |7 k2 =2 -1

mp =i+ k= ] (" [P = e ) [T (w w”)

where

Notice that, if | Vg | is small, w® is "almost” orthogonal to w", therefore
; w" A n
|wz_w<w,w ) >e>0.
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We choose
) 1 )
i 1/2, 4
V= TLQOA Yy in:

It is not difficult to prove that, if | Vgo | and w(mg/A) are small

| VI <C(| Vo | +1—\/k? =42 + %)
(30) o
< g—o( | Vo | +w(mo/A)).

Inserting V; in (27) and taking in account (23) we have:

N(AY20)dH,p_1 (o)
0B1

62 2
= " Lph(P) > (——2

*
ann

(31)

b(P) - Vh(P) = 1M | V$(0) |) + M | V(0) | -
On the other hand,

(= —2=b(P) - VA(P) = M | V(0) |) = =M | VA(P) | (== + 7 | JYp " |)
(32) nn 02 - | nn
—M | VA(P) | (= +a(l= @) |V [+]Va ™)

nn i=1

v

> —nM | Vh(P) |
where Cy = Cy(n, A), for | Vgo |< po < 1. Moreover, since
(VA(P),v") = ¢ | VA(P) |,

from the above computations, we obtain

My > 6(0) + ynr?M (é(())\

5 ca

+r o

Vh(P)| {Tr(A(O)DZ@(O)) ~ SOVl +wlmo A - nM} Tofr?),

as v — 0. This proves that v is a C'—viscosity subsolution of £_u = 0, because

Te(A(0)D?5(0)) - g(%)( | Vo [ +w(mo/A)2) — M

f]f('))( | Vo [* +w(mo/A)?) —nM > 0.

> P (9(0)) -

We shall actually apply the previous result to u(x — 7), considering

vrg(®) = sup u(y—7)=sup u(y) = vy (y,(r),
Bg(x)(x) Bg(ac)(m_T)
where y, = 2 — 7 and g,(y) = g(y + 7). Indeed, slightly modifying the proof of the above
lemma, we can show that v, 4 is a C-viscosity subsolution of £_ in Q" (v;4). Then v, 4 is
also a LP-viscosity subsolution of £_, and therefore of £, in QF (v, ).
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To see this, let ¢ € C? and z¢ € QT (vr4) such that v, 4(x) < $(z) in a neighborhood
of xg and vy 4(x9) = P(x0). We shall prove that L_@(zg) > 0. Assume z¢g = 0 and define
ug(—r)(2) = u(AY?(=7)z — 7). We have
(33)  Lua(r)(x) = Loua(r)(x) + oAV (=m)z — 1) - (AV3) T (=7) 72 Vua_p)(2),
where

Lou(w) = Tr( (A2 (=) A(A2 (=1)z — 7)(AY2(=7) "' DPulw) )
and uy(_r) is solution of ENuA(,T) = 0 in its positivity set. Notice that Loua—-)(0) =
Au(0). Thus if ¢(z) = G(AY?(—7)z — 7) we have again to prove that
AG(0) = M | V4(0) |-
We can write
v(z) = UgT(yT)(y'r) = sup u(yr + g-(y-)v)

lv|=1

= sup  w(AVP(=m) (AT (=n)yr + G (AP (=7)yr) o)),
|AY/2(—1)o|=1

where §(z) = g(AY?(=71)z). To simplify set jo = §(0), Vo = V§(0) and

(34)

vacn(@) = sup up (AT (=)@ = 1)+ GATVA(=7) (@ — 7))o).
|AY/2(—1)o|=1
In particular there exists o* € R™, | AY2(—7)n |= 1 such that Va(—r)(0) = ug(—r)(g(0)0™)).
Now, as before, let a =| AY2(—7)v* |"land v* = 0*/a, so that va(—7) = us(P) where
P =—71+g(0)av*.
Let e, = Vuy—n(P)/ ‘VUA(_T)(P)’ and introduce now the vector field

n—1
V(z)=v"+ Z(Vi, x) e
i=1
where the vectors V%, eq, ..., en—1 will be chosen later. Let

V(A~Y2(=7)x)

V(A2 (=1)z) = AV A2 (02) |

Define now Yp : B,(0) — R" by
Yo (x) = A2 (=7) (@ = 7) + GAT2(=7) (@ — )w(A7 2 (=7) (2 — 7).
If Vii=1,...,n, are small enough, it is well defined the inverse C?— function
Yp : N — B,(0),
where N is a neighborhood of P. Let
h(y) = o(vre(y)),
then h € C?, and in a small neighborhood of 0,
o(x) = h(Yr(z)).
Notice that Vuz(_,(P) = Vh(P) and (Vh(P),en) > 0.
In order to evaluate Ap(0), we recall that ¢(z) = G(AY2(—7)z — 7), we estimate
M, = o(rz)dH 1 (2).

|2|=1



REGULARITY OF THE FREE BOUNDARY IN TWO-PHASE PROBLEMS 17

Thus we have once more to evaluate

[, @ =) = [ e ) ame )

= |k|=1
At this point we can repeat the proof given in Lemma 3.6 considering A/ 2(—7) instead
of AY/ 2(0). Notice that the main difference between the to proofs appears when we have
to choose the vectors V?. Nevertheless such vectors exist and have to satisfy the same
conditions on g found in the proof of Lemma 3.6.

As a consequence the following result holds

Corollary 3.7. Let u, and g as in Lemma (3.6) with g, in particular satisfying (19). Let
UT,g(x) = Ssup u(y - ’7'),
By (z) (@)
where 7 € R" is a fived small vector. Then v, 4 is a LP viscosity subsolution of Lu =0 in
{vry > 0}.

With Corollary 3.7 at hand we can argue as in [8], Sections 6,7, to carry the strict e—
monotonicity to the free boundary in Cy/, along an intermediate cone between I'(0, ;)
and I'(6,71), (see Corollary 3.3) we only sketch the relevant steps.

The key lemma is the following (for the proof see Lemma 8 in [8]):

Lemma 3.8. Let u be a solution of our f.b.p. in Ci, with 0 € F(u). Let € > 0 and
T €TI7(0/2,e,). Assume that for some m > 2 and wy > 0,
(1) [|Ai(z) — A;(0)]] < wo, with wy < Ce™ L M =| b; |oo< Ce™, i = 1,2
(i) ve(x) = SUPyep, (z) Uy —€T) < u(z) in Ci—¢
(iii) for o > 0, small and xy = ien, By 16(z0) C N, and
ve(xo) < (1 — og)u(xo),
where Nge is a neighborhood of F(u) and R is the positive constant defined in
Lemma 2.5.
Then for € small enough, there exists h > 0 such that in Cisg

U(lJrBo')s(x) < (1 - CO—E)U(‘T)'
In particular:

Corollary 3.9. u is e— monotone in Cyjz and ut s strictly e— monotone Ce— away
from F(u) with constant cd, along a cone I'(v1,61) such that

61 < pd, (61 = g —01),
| v —ep |< C6.

End of the proof of Theorem 1.1. Choose ¢y small enough to insure the validity of
the results in Section 2 and let £, = 2~ ¥¢y. Moreover let Ay such that:
[[A;(Moz) — A3 (0)]| < Ce™ 1wy < Ce™L, Mg | bi( o) |[< Ce™, i=1,2,
and set A\, = )\ISH.
Applying now Corollary 3.9 inductively to ug = u(ij:x)} k > 0, we conclude that in Cy,

u is e\, — monotone along the cone I'(vy, 0y ), with
Op41 < poy,
| Vg1 — v |[< Cdy,
This condition imply that F(u) is C17, v = v(p), at the origin. O
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We end this section with the proof of Corollary 1.2.

Proof of Corollary 1.2. Since F'(u) is Lipschitz u is Holder continuous in C;. We only
need to show that u is Lipschitz in Cy/3 across the free boundary. This follows from a
simple application of the monotonicity formula in Lemma 1 of [5] and a barrier argument.
Precisely, let 29 € QF (u) N Cy/3, do =dist(zo, F' (u)) and u(xo) = A. From Harnack
inequality
u(z) ~ A
in By, /2 (z0). Let w be the solution of
div (A (z,u) Vw) =0
in By, (x0) \ By, /2 (x0) such that w = 0 on 0By, (x0) , w = A on OBy, /5 (o). By maximum
principle
u>cw in By, (z0) \BdO/Q (o)
and, from the C® nature of A and C'1% estimates, if yo € OBy, (zo) N F (u),

A
w(z) > e (& —yo,v)"
do
with v = (|Lv()—yo|)‘ Thus, near yg, u has the asymptotic behavior
Lo — Yo
u(z) > alz—yo,v)" =Bz —yo,v)” +o(lz—yol)
with

A
c—<a<G().
do
Then, the monotonicity formula gives

A1 A 9
—( - <
do (Cd0> - CHU||LOO(C3/4)

so that, from interior estimates

[Vut (@0)| &7 (|Vut (@0)]) < C1 llullfw e, -

This gives the Lipschitz continuity of u™. Similarly, we get

G (|Vu™ (x0)[) [V~ (w0)] < Cu [[ull} e,

and the proof is complete. ]

4. FLAT BOUNDARIES ARE SMOOTH

In this section we consider flat free boundaries and give the proof of Theorem 1.3.
As a starting point, we consider operators whose coefficients are nearly constant. More
precisely, in order to use the results in Section 2, from now on, we assume that the
coefficients a;; an b satisfy the conditions (13) of Lemma 2.3. This does not mean a loss
of generality, since, as we already observed, one falls under this hypothesis after a suitable
blow up centered at a point of the free boundary.

The strategy to prove our results is the following. The first step consists in an improve-
ment of the cone of strict e— monotonicity in a half size cylinder Cy/5 as in Section 3.
By rescaling to C; we keep the proper control on the coefficients, required by Lemma 2.3
(second main step) and we can start reducing €. This is done following the main ideas in
[1], and [3] (see also [7]). As a result, in a slightly smaller ball we obtain an increase in
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flatness along directions in a larger cone. This is what we call the basic iteration step (see
Lemma 4.2).

Repeating the process, in the course of each iteration the constant of strict e— mono-
tonicity deteriorates at the speed of the cone opening so that, once again, a delicate
balance is required between that speed and the improvement of flatness. In the end we
get a geometric improvement of e—monotonicity in a sequence of diadic cylinders, along
the directions of a sequence of cones whose defect angles decreases at a geometric rate.
This gives the final C'7 regularity.

4.1. A continuous family of subsolutions. In this subsection we construct a family
of subsolution that plays a decisive role in the improvement of e-monotonicity. Assume
that v is a solution to f.b.p. which is strictly e-monotone along the directione of a cone

I'(ep,0), with € small and § = g — 6 close to zero. Let R > 0 and
Nge ={z:d(z,F (u)) < Re} NCy,
a Re—neighborhood of F' (u). Moreover, let €2, be a smooth, flat domain such that
NR6/2 CQpre C NRe-
and denote by F. the upper part of 9Qg., that is Qp. N C; N {u > 0}.

Lemma 4.1. Let
Lu = Tr(A(z)D*u(z)) + b(z) - Vu(z) = 0
where L is a uniformly elliptic operator with ellipticity constant A, satisfying (13).

Let C, cg, by, wo be positive numbers. If C'> 1 and wg is small enough, there erists a
family of functions ¢¢, 0 <t < 1, such that ¢; € C*(Qgr.) and:

a) 0<1—wy <oy <1+t—wy,
b) ¢:Loy > C(| Vo |* +w§) + drboM,
c) ¢r <1lin
QRsﬂ{x:1—2<}:r"<l},
where 0 < a < 1,
d) ¢r>1—wo+t(l—ce”),vy<1—aq, in
QRaﬂ{m: ‘a:" <1—e€a}7
e) | Vo |< ce™.

Proof. Denote by F.f the upper part of 9Qpg., that is 9Qr. N C; N {u > 0}. Under the
dilation # — ¢, F:* becomes a uniformly smooth surface Fi at a distance of order 1 from
the dilated free boundary. Due to the flatness of F (u), the curvature of F-* is bounded
by ¢8. Then, the distance function d.(z) = d(z, F-") is well defined up to a distance of
order 1/ and we have (see [1])

|Vdg‘ s |Dijd5‘ S 6(5.
Let g € C>®(R") such that g(s) =1if 1 —e*/2<s<land g(s) =0if 0 < s <¢e* Let
d: (z) = d.(x/¢e) and, for K > 0 to be chosen later, define
G(2) = g(|o/]) + K> |d- (2) — o2 ()]

We have: . )
VG(z) = Vg(|2']) + Kal’o‘(VdE(g) -x)(1 = 20d. (z))
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so that
IVG(z)| < c1e™.
Moreover
Tr(A(2)D*G(2)) = Tr(A(2)Dg(x))
+ Ke (1 - 20d: (2)) Tr(A(@)D?d(2)) - 20(A(2) Ve (2), V(D).
Thus

Tr(A(2)D2G(z)) < Ce™® + Ke™® [005(1 ~ 20d, (z)) — 20A]
and by properly choosing 0 = 0 (0) and K > 0 we get:
Tr(A(2)D*G(x)) < —CKe™*,

If
1+ G($)>1120

Fo) = ( 3

then
Tr(A(z)D*G(x))
= 20(2C —1)F(z) 2" YA(z)VF(z), VF(z)) + (1 — 2C)F(z) " 2“Tr(A(z)D*F (x))
< —-3CKe “.
As a consequence

fo{la*w(x)?cﬂ +2C{A(z)VF(x),VF

(35)  F(z)Tr(A(x)D*F(x)) (2)
> 3CKF(2)|VF|+ 2C(A(z)VF(z), VF(z)) > 0.

v

)

We now define
2 F(x)—-1
o(z) =1 —|—w0(|x'} —1) +t<(l¥).
22C—1 — 1
From (35), it is not difficult to check that the family ¢;, 0 < ¢t < 1, satisfies all the
properties a) — e). O

Using the family ¢,, for %5 < o < g, we define

Vo ¢y ($) = sup u(y)
Bogy () (@)

Then, vy4, is well defined in Ci_4c and, if (13) hold, according to Lemma 3.6, vy, is an
L1— subsolution (resp. Lo— subsolution) in QF (vyg,) (resp. QF (vs4,)). Moreover, from
Lemma 2 in [3], see also Lemma 2.2 in this paper, v54, is monotone along a cone I (en, 9) ,
with ‘9 0| < ce. In particular, the level set of v,4, are Lipschitz graphs, with Lipschitz
constant L < cot 6.

From Corollary 3.7, the same conclusion hold if we repalce u (y) by u (y — e7), for any
unit vector 7 € I' (ep, 0).

We now add to vs¢, a correction term that convert v,4, into a subsolution to our £.b.p..
Choose R such that outside Ny, /2, according to Lemma 2.3, u is fully monotone. Let
w1,4,+ the solution of the following Dirichlet problem:

Liw=0 in Qg N Qt (v0¢t)
w=u on F}; = 00Rr- N (Vog,)
w=0 on 8QRg\Fl}LE
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extended by zero outside QF (UUJ ¢t>. Now define

‘/1,0',t = Vg, T+ Algwwl,a,t-
If y <1-—a,and Ay > 0 (large if 1 — a = ) then, following the proof of Lemma 4 in [3],
V., is a subsolution of the f.b.p.

Similarly, we can correct v, on the negative side defining ws ,; as the solution of the
above Dirichlet problem with Q7 (v,4,) instead of QT (v54,), and setting

‘/2,0,15 = VUs¢py — A25’yw2,a,t-
Also Va5 turns out to be a subsolution to f.b.p.
We will use the two families Vi 5; and V5, in the next subsection.

4.2. The basic inductive lemma. The next result is the basic iteration step in the e—
monotonicity improvement. The proof follows [3], taking care of the strict e —monotonicity.

Lemma 4.2. Let u be a solution of the free boundary problem in Cq, strictly e— monotone
along the cone of directions I'(0,e,) with § < 0y < 5. Then there erist positive numbers
co and A\, 0 < A < 1, depending on 0y, and g9 depending on 0y, a, such that u if ¢ < gg
and 0y < 0 < 7 then u is A\e— monotone along the cone INCES 6081/4,€n) in Ci_.i/s and
strictly \e— monotone outside a ARe— neighborhood of F (u).

Proof. For A < 1, set ui(x) = u(x — Aeey). If 1 — X < sin(%), then

Ba(sin@—(l—/\))(x - /\een) - Besin@(z—sen)
and by the e-monotonicity

sup up < u(x).
Bs(sinQ—(l—)\))(x)
By Lemma 2.2, u is fully monotone outside an Np, s2—neighborhood of F'(u), hence in
particular, for any = & Np. /o

sup  up < u(w),
BATsinB(x)

for every unit vector 7 € T'(6, e,). We start proving that, for a suitable A,

sup u < u

Bexsin(g_cogl/z;)(x)
in Cy_.1/s NNp.. This gives Ae—monotonicity of u. Moreover, in Cy_.1/sN (Nre\Narz/2) »
sup u; < U(IE) _ 051/4u+(l’),
ngsin(@-c()gl/él)(l')

so that we get strict Ae—monotonicity of u* in that set.
To obtain our estimates, we use the family ¢; constructed in Lemma 4.1, to find a
suitable £, 0 < t < 1, and a corresponding intermediate radius ¢z, such that

(36) Viot = Vog; + Are7wy 5= sup wuy + Ar1e’wy ;< u
Bazbg(x)

in C;__1/s N Npge (A1 to be chosen) and
(37) ¢; > (Asinf — é'/4),
for some ¢ > 0. Indeed, since

o 97 = Asind — cos'/1) > Asin(0 — &),
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from the above estimates, we get

sup u; < sup up < sup up < u

1/4>($) /46)(95) Beg; ()

B_, . B
eAsin(0—cpe ex sin(@—éé

in Cy__1/s N Nge and, since in C}__1/s N (NRE\N,\Re/Q) NQT (u), wy 47 ~ u, we get

sup up < sup wy < sup ug < u(z) — AeVut(z)

BE/\ 5111(9_0051/4)(1) BEA sin(9—65/4€) (LI)) Baqb{(m)
Using V3 4,;, we obtain a similar estimates for v~ , concluding the proof.
Choose aw = 1/2 in Lemma 4.2, v = 1/4 and
o =¢[sinf — (1 —N)],

with A > 3 — ¥2,

To select t we first make sure that for every t € [0, ]
(39) ody < e(Asin — ce/?)
for some positive constant ¢ that we will choose later. Since we have
odr < elsind — (1 — N)](1+t— wp)

we require that

(40) elsin® — (1 — A)](1 4+t —wp) < e(Asin — ee/?),
and moreover
(41) [sinf — (1 — \)](1 +—wp) = (Asinf — c='/4).
Since

Asinf — e=l/4 Asin G

sinf — (1 —X) ~ sinf — (1 —\)’
by choosing A < 1 close enough to 1 to have
Asin %
sinf — (1 —X)
there exists ¢ € (0,1] such that (41) holds.
With this choice of ¢ we deduce that, in C|__1/2 N Nge,

od; > oll —wo+ (1 — e/ = efsinh — (1 — N)][1 — wo + (1 — ce'/%)]
= e[Asinf — ce'/4] — cte3/* > e[Asind — e/
since, in Cy__1/2 N Npe,
(42) ¢ > 1 —wo + t(1 — /).
We are now ready to prove (36). As in the end of Section 4.2, for ¢ € [0, ], define

Sz_w(b

Vieogt = Vog, + Aty oy
We shall prove that
(43) Vi,a,t <u

in C;_.1/a N N for every t € [0,¢]. Since Vj »; is a subsolution to f.b.p. we have only to
check that Vo{t < ug on the boundary.
From Lemma 2.5 and Harnack inequality we have, on F’ EE = 00Rr: N QA (Vog,),

ur (z) ~ d(z, F(u)) |[Vui(2)] ~ wie ()
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so that we can write

sup ui(z) < sup  uy(z) — Aretwr gy
Bo‘(bt(-r) B)\ssinﬂ(x)
and this inequality gives the choice of A;. The rest of the proof of ( 43) follows closely
Lemma 5 in [3]. Using V3 4+, we obtain a similar estimates for «~, concluding the proof. [

4.3. From flatness to C!"7. Using a double iterative argument based on Lemma 3.8 and
Lemma 4.2, we can prove: strict e—monotonicity implies C'7.

Theorem 4.3. Let u be a solution of the free boundary problem in Ci. Assume G is
Lipschitz continuous, strictly increasing and that z~NG(2) is decreasing in (0,+00) for
some N > 0. Let T < 6y < 5 be given. There exist €9 = £o(0o,a) such that if u is strictly
e— monotone along the cone of directions T'(0, ey), for some ¢ < ey and 0 > 6y, then, in
Ciy3, I (u) is a graph of a CY7 function with v = vy(n,a, A, M, L, N).

Proof. As we already observed, without loss of generality, we can assume that the coeffi-
cients a;; an b satisfy the conditions (13) of Lemma 2.5. This lemma gives full monotonicity
for u, Re—away from F (u). For ¢ = ¢ fixed, we can apply the technique in Section 3 to
first enlarge the cone I'(0,e,) away from F'(u) and then carry up to F'(u), in Cy /o, the
strict egp—monotonicity along an intermediate cone I'(61, 1) with

T
o < pé (5k:§_9k)

where p = p(n,a,A,M,L,N) < 1. Rescaling to C;, we start the procedure iterating
Lemma 4.2, the basic inductive lemma, in order to lower 2eg to 2\eg and we iterate it until

the conditions (13) of Lemma 2.5 cease to hold, reaching (say) strict £9/2 monotonicity in

Cl—aé s+ along T'(6; — coe(l)/ 4, v1). By rescaling back we have proved £p/4 monotonicity in

C(1753/4)/2 along T'(6; — 0055/4, V).

Iterating the above process we construct a sequence of monotonicity cones
Ty =T — e, k)

k-1

—1/4 i
where &), = ¢p ) g / ,€5 =477¢9 and
Jj=0
Okt1 < POk + cocg
V41 < g

such that v is strictly e monotone along I'y, in C(l_a;)rk.
If €¢ is chosen small enough, we get a geometric decay of d; in dyadic cilinders which
corresponds to have a C'Y graph at the origin. U

We prove now the following intermediate result.
Theorem 4.4. Let u be a solution of f.b.p. and assume that hypotheses (i) and (ii) of
Theorem 1.8 hold. Then, there exist
(a) 6o < 7,
(b) andeg >0
both depending on (n,a,ag, a1, A, M, N, L), such that if u™ is strictly e— monotone in C;

along any direction in T'(0g, e,) for some € < eq, then F (u) is a graph of a CY7 function
in C1/27 with Y= 7(”7 a,ag, a1, M, N, L, A)7
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The proof of Theorem 4.4 is based on the following dicotomy Lemma 4.5 whose proof
we postpone after that one of the Theorem 4.4.

Lemma 4.5. Let u be as in Theorem 4.4 and let umax = maxe, |u|. There exist 6y and
g0 such that if 0 > 6y > 01 > /4 and ¢ < gq, the following alternative holds: there are
constants K (large) and p > 0, > 0,0 < 7o < 11 < 1 such that:
(a) if u=(—3en) > Ke Uy, then u is strictly e” monotone along the cone T'(61) in
a n— neighborhood of T' in Cy /9;
(b) if u(—%en) < KUy, then ut is strictly \e— monotone, for some \(fp) < 1,
along the cone I'(0 — €™, ey) in Ci_em2, where 0 < 19 < 11 < 1.

Proof of Theorem 4.4. We reduce ourselves to Theorem 4.3 through the dichotomy Lemma
4.5. If alternative (a) holds the proof of Theorem 4.4 proceeds as the proof of Theorem
4.3. Otherwise, we apply to u™ the double iteration process of Theorem 4.3 until we reach
(if ever) alternative (a). O

Proof of Lemma 4.5. We denote by G the graph of the Lipschitz function z,, = g (z'),
with Lipschitz norm

L'Stan(%—@),
constructed in Lemma 2.2, whose N; neighborhood contains F' (u) .
Assume the first case occurs. Let G. = {z,, = g (2') + 2¢} and
Te = {zn < g (2') +2e} NCrps.

Denote by v; and wvg the solutions of the following Dirichlet problems

Lovy =0, Crys N'To
/0, on:g
“'TY u on: O(CrsNTo)\ G

and
Lovy = 0, Crys N Tae

Vo — 07 on: g2€
2= u-  on: 8(67/8 N T25> \ gga.

respectively. By maximum principle in C7/g N Tp,
(44) v Su
and in C7/g N T

(45) u” < vo.

Since G is a Lipschitz graph, from Theorem 2 in [8] there exists a positive number 7 =
n(L',n) such that in a N,(I") neighborhood of I, Dyu(z) > 0 for every 7 € I'(fg, e,). As
a consequence for every point of xy € Go. there exists a cone g + I'(0, e,) above Go..
Hence, (see [12]), in
By a(wo) \ (o + T'(bo, en)),

there is an upper barrier

h(z,z0) = rg(0) (r = [z — ol ),
vanishing on the boundary of xq + I'(6, e,) with Loh < ¢r® 2, where a = a(3 —t6) <1
and a is close to 1 for 6y close to 5. The maximum principle gives

vg () < h(z,x0)
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and along F'(u),
v < Ce"Umax.
Thus, in Ty, we can write
(46) v1 <u” < vy < v+ CeUpax.

We want a lower bound for v1. For 7 € G let K1 = (Z+I'(61, —en))N B, /4(Z). By maximun
principle, Harnack inequality and a barrier argument, we have

(47) n(z) > Clz — 2 u*(—%en).
With a < .
For p > 0 small, to be chosen later, consider z1,z2 € N, (') with
(48) CheP <| x1 — z9 | < Coe?
and z1 — x9 € I'(01, —e,); we shall prove that
(49) u”(x2) —u (x1) > cePuT (x1)

for a suitable 3. Choose f in such that (say) ¢; < 6p — §. It is enough to consider the
case (z1)n < g(x)) + ¢ and 1 € Q@ (u) because Q (u) C T-.
If g(z}) < (z1)n < g(2)) + &, u(x1) < 0 and (z2), < g(zf) then, from (48) we have

(50) |x2*i‘|2|$2*$1|*|ZL‘1*.’E|ZCl€p*é€ZC€p.

Moreover, by (46), (47) and (50)
1
u (z2) —u (x1) > wvi(we) —ve(x1) > cleﬁopu_(—ien) — Cumaxe®

= (e KePPH2 _ CeVupax > CPPH247 (1)
if pBo +1/2 < a.
Suppose now that z1, < g(x}), zan, < g(z) and set 7 = ﬁ%ﬁh
a point zo € I', such that z1,29 € zg + ['(61,—€,) and x9 — 21 € T'(01,—e,). If x =
x1 + s(xg — 1), with 1/2 < s <1, from Theorem 2 in [8] we get,

Then there exists

D;vi(z) > o2 (xQ)
n
Thus, by (47) and (49), we obtain
1 V1 (1‘2)
(51)  wvi(xg) —vi(z1) = |22 — 20| / D,vi(zo + s(zo — z9))ds > CeP p
S0
p 1
(52) > O [ = [P u(~gen)
5(504‘1)27"!‘1/2
> OOK——u,,.
n

As a consequence,

u” (z2) —u” (z1) 2 vi(22) — v2(x1) > v1(22) — V1(71) — CUmaxe®
and by (52)

g(B+1)p+1/2

> (C1K———— — CeUmax > cePry~ (1)

n
by taking 31 = (6o + 1)p+ 1/2 < a. This conclude the proof in case a).

Assume b) occurs. Let
Vvl,U,t = Vg + Alg,ywl,o,t
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be the family of functions constructed in Section 4.2, with + to be chosen later. We want
to show that, for the same ¢ in Lemma 4.2, V} , 7 < u™. Tt is enough to show that, for any
0 <t <t Vi,7is asubsolution at every point 29 € F(u™) N F (Vi,44) N Cq/s. Precisely,
at o there is a touching ball from the left to F' (u;1) so that near zp, non tangentially,

uy(z) = oz — xo,v)" — Blx — x0,v)” + o] 2 — x0 |)

with & > G (). On the other hand, as in [15] we can show that § < ce# with p > 0,
small. Therefore, at xg, V1, has an asymptotic inequality

(53) Viei(z) > alr — x0,v)T — Bz — z0,v)” +0(| 2 — 20 |),
with

a>(1+CeM1—ce®a> 1+ CeV1 - ce'?)G(0)
and 3 < Cet. For V4, to be a subsolution we require

a>G(f).
Since G (Cet) < G (0) + C1e* it is enough that
e’ > Cet

or v < p and the proof proceds as in Lemma 4.2. O

Proof of Theorem 1.3. We show that u™ is strictly e—monotone in a n—neighborhood
of F (u), along a cone I'(ey, 0*) with 0* slightly smaller than §. Then we apply Theorem
4.4. Let

G ={zn =g (") — coc}

with ¢o such that QF (u) C {z, > g(2') — coe} and v be the solution of Liv = 0 in
{zn, > g (2') — coe}, vanishing on G and v = u* on 9C; N {z,, > g (z’) — cpe}. Then, in
OF (u)

ul (z) + 2c0e > v (2) > ut (2) > apd(z, F(u)) > c1d(x,G) — cae.

From [8], v is monotone increasing along a cone I' (e, 6*), with 6; < 6y, in a n— neigh-
borhood N, N Cs/4 of F (u) and, for every 7 € T' (ey, %),

Dyv(x) ~
)~ Ue.6)
Thus, if n > d(z,G) > c3e, we get
CoE 1
Dy (z) > c1 — -
v(z) > 1(2.0) > 51

as long as c3 > 2cy/cy. Therefore, in Ny NCy/y NQT (u),

ut (z + caer) —ut (2) v (x4 cgeT) — v () — 2008

c(eq —c3)e —2c0e
Ce

AVARAVARIV]

provided c4 is large enough. The proof of Theorem 1.3 is complete. O
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