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1. Introduction

Fully-constrained Cable-Driven Parallel Robots (CDPRs):
• they have at least 6 cables in tension;
• the platform posture is completely determined by geometric constraints (i.e. cable lengths);the platform posture is completely determined by geometric constraints (i.e. cable lengths);
• they have been amply studied in the literature.

Under-constrained Cable-Driven Parallel Robots (CDPRs):Under-constrained Cable-Driven Parallel Robots (CDPRs):
• they have less than 6 cables in tension;
• the platform posture is determined by geometric constraints and equilibrium equations;
• main challenges:

• kinematics and statics/dynamics are coupled and must be solved simultaneously;
• stability must be considered;y ;

• they have been little studied in the literature;.

Geometrico-Static Analysis of  Under-Constrained Cable-Driven Parallel Robots 2/15



1. Introduction     2. Geometrico-static model 3. Stability     4. 22-CDPR     5. 33-CDPR     6. Conclusions

Geometric constraints:

2. Geometrico-static model
AGeometric constraints:
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Geometrico-static problem:
• 6+n scalar equations.
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• 6+2n variables: X ≡ (x; Φ), (τi, ρi ), i = 1…n. Q$e
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AI i i bl (IGP)
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Inverse geometrico-static problem (IGP):
• n vars. in X → 6 − n vars. in X, (τi, ρi ), i = 1…n. 
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Direct elimination of  cable tensions from equilibrium constraints:
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Alternative strategy to eliminate cable tensions from equilibrium constraints:
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Alternative strategy to eliminate cable tensions from equilibrium constraints:
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Advantages:
• more than 6 n relations in X are obtained;

Partially-decoupled IGP:
• p (X) = 0 → 6 n unknowns in X;• more than 6−n relations in X are obtained;

• better insight into equation structure;
• partial decoupling of  system equations.

• pj (X) = 0 → 6−n unknowns in X;
• ρi = |si| → ρi , i = 1…n. 
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3. Stability of  equilibrium
Physical interpretation:Physical interpretation:
• the constrained platform has 6−n dofs;
• it is in equilibrium in all points in which the potential energy U =−Qe⋅x is stationary;
• the equilibrium is stable if the stationary point of U is a minimum• the equilibrium is stable if  the stationary point of  U is a minimum. 
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Unconstrained-potential approach (Michael et al. 2009):
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i i ( ) diffi l b i X X (X )• it is (very) difficult to obtain Xdep = Xdep(Xind);
• it requires extensive symbolic computation (for implicit differentiation) and 

geometry simplifications.
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Constrained-potential approach:

• Lagrange function: ( ) ( ),
n

i i i iL Qτ τ ρ= − ⋅ + −X e x s

• Stability may be assessed by the Hessian Hr of  L restricted to the tangent space 
of  the constraint equations, namely:
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Advantages:Advantages:
• simple linear-algebra computation (no symbolic calculation, no differentiation),
• straightforward application to any robot geometry.
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4. 22-CDPR
DGP:
• the generic coupler curve g of  a 4-bar linkage is a sextic of  class 12 (Hunt 1978);
• hence, there are up to 12 lines tangent to g and perpendicular to e, and

12 (complex) solutions for the DGP of  the 22-CDPR;
• however, the 22-CDPR has 2 operation modes:
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• the DGP of  the 22-CDPR admits 12 distinct solutions per mode, plus potential solutions 
with only one cable in tension: 
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• the DGP of  the 22-CDPR admits 12 distinct solutions per mode, plus potential solutions 
with only one cable in tension: 
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5. 33-CDPR
… 

…

…
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6. Conclusions
Thi d l h d f h i i l i f CDPRThis paper presented a general method for the geometrico-static analysis of  CDPRs,

and in particular:
• stability analysis by a simple linear-algebra-based constrained-optimization approach;stability analysis by a simple linear algebra based constrained optimization approach;
• effective strategy for the solution of  the inverse and direct position problems in analytical 

form.

A li i lApplication examples:

• 22-CDPR:
− DGP: 24 solutions.DGP: 24 solutions.

• 33-CDPR:
− IGP with orientation assigned: 1 solution;

IGP i h i i i d 24 l i− IGP with position assigned: 24 solutions;
− DGP: 156 solutions.
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Thank you very much for your attention!Thank you very much for your attention!
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