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Shape recognition

e It is the task of finding a given object in a scene/dataset/
image/video sequence.

e Humans recognize a multitude of objects in images with little
effort, despite variations in

o different view points,

o different sizes / scale

o translations and rotations

o partial obstructions from view.

e Increasing interest in automatic shape recognition

e This task is still a challenge for computer vision systems in general.
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What is the shape of an object?

e Tentative definitions are generally based on observers’ perceptions.
e Dependence on observers implies large subjectivity

o changes due to object orientation and distance from the object
o changes due to light conditions

e Human judgments focus on persistent perceptions

o Non-persistent properties can be considered as noise.
o Only stable perceptions concur to give a shape to objects.
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The shape comparison problem \/\/‘I

Similar shapes with respect to what?
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How to model observations and perceptions? \p/‘I

e An observation can be modeled as a topological space X.
o it depends on what the observer is observing.

e Observer's perceptions can be modeled as a function f : X — R”".
o it depends on the shape property the observer is perceiving.

Thus to model a shape we consider pairs (X, ) where

e X is a topological space

e f: X —Ris a (continuous) function.

X (X, 9) (X,¢) (X,&)

5 of 40




Comparing shapes \/\/‘I

e How can we compare two pairs (X, ¢),

(& 4]

(X,¢) (YV.9)

¢ Persistence allows us to describe such a pair by means of suitable
shape descriptors (persistence diagrams).

e Instead of comparing shapes, we can compare shape descriptors.
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Reeb graphs and persistence diagrams \/\/‘I

7 of 40




Reeb graphs and persistence diagrams \/\/‘I
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Size functions \/\/‘I

e For every u € R, let us denote by X, the lower level set
{pe X :f(p) <u}.

o Let A* be the open half plane {(u,v) €R?: u < v}.
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Size functions \/\/‘I

e For every u € R, let us denote by X, the lower level set
{pe X :f(p) <u}.

o Let A* be the open half plane {(u,v) €R?: u < v}.

The size function associated with the pair (X, f) is the function
D(X,f): At — N that takes each (u,v) € AT to the number of
connected components in X, containing at least one point of X,.

D(X, f)(u,v) = dim HE"(X) = dimim(Ho(X.) = Ho(X.)).
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An example
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An example
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An example \/\/‘I
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An example \/\/‘I
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Points of a persistence diagram
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Points of a persistence diagram \/\/‘I

S0 Q o
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Points of a persistence diagram

v
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D(X,f) is equivalent to r+p+q.



Hausdorff distance \/\/‘I

v b D

>
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Let D; and D, be two persistence diagrams with the same number of
points at infinity. Let A; (resp. Az) be the set of all points for D;
(resp. D7), augmented by adding a countable infinity of points of the
diagonal A. The Hausdorff distance between D; and D, is given by

. — —— .
di(D1, D7) max{,r)g%qng;pz!lp q\lw,ye%;gl/pl\\q Plle
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Persistent homology groups \/\/‘I

e For every u € R, let us denote by X, the lower level set
{peX:f(p)<u}.
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Persistent homology groups \/\/‘I

e For every u € R, let us denote by X, the lower level set
{peX:f(p)<u}.

Given a pair (X, ¢), and u,v € R, with u < v, we shall denote by 1*"
the inclusion of X, into X,. This mapping induces a homomorphism
of homology groups 1,"" : Hi(Xy) = Hik(X,) for each integer k > 0.
The kth persistent homology group H,”*(X,f) is the image of the
homomorphism 1,"" : Hx(Xy) — Hk(Xy), that is H."Y (X, f) =im1,"".
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e
Ordinary persistence \/\/‘I

fFA X
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Ordinary persistence \/\/‘I
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Ordinary persistence \/\/‘I
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Ordinary persistence \/\/‘I
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Ordinary persistence \/\/‘I

fFA X
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Ordinary persistence WI
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Ordinary persistence WI
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Sub- and super-level set filtrations \/\/‘I

Let X be a triangulable subspace of R".

Let f : X — R be a continuous function with a finite number of
homological critical values a; < a» <... < a,.

e For sp < s1 <...<s, such that s;_1 < a; < s; we have

e sub-level sets

Xi = (0, s]),
e super-level sets

X' = f~1([s;, +0)).

We obtain two sequences of inclusions:
0=Xo—=... =2 Xi=...=Xj—=.. X=X,

(X,0)=(X,X") = ...= (X, X)) = ... = (X, X) = ... (X,X") = (X, X).
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Persistent homology \/\/‘I

e Apply the homology functor:

Hi(Xo) == Hi (Xi) = o.= Hi(Xj)—-..— Hi(X) 0
I I I
0 Hi (X, XT) == Hi (XX )= = Hi (XX == Hi (X, XO)
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Persistent homology \/\/‘I

e Apply the homology functor:

Hi(Xo) == Hi (Xi) = o.= Hi(Xj)—-..— Hi(X) 0
I I I
0 Hi (X, XT) == Hi (XX )= = Hi (XX == Hi (X, XO)

e analyze the scale at which a homological feature is created, and
when it is annihilated along the filtration:

s Hk(Xifl) b d Hk(X,) AT 4 Hk()<jfl) — Hk()g) ..

a is born at X; and dies at X
20 of 40
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e
Ordinary persistence \/\/‘I

fFA X
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Ordinary persistence \/\/‘I
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Ordinary persistence \/\/‘I
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Ordinary persistence \/\/‘I
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Ordinary persistence WI
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Ordinary persistence WI
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Extended persistence WI
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Extended persistence
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Extended persistence
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Extended persistence
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Extended persistence
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Extended persistence
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Persistent homology \/\/‘I

Define the ordinary, relative ed extended persistent Betti numbers as
follows:

|
Hi(Xo) == Hi (Xi) = oo Hi(X})—=..— Hi(X) 0
I | I | I I
0 Hi (X, X7) == Hi (X, X ) == Hi (X XD == Hi (X, XO0)

o Ord?(X) = rkHi(X; < X;), per i <j
o Rell/(X) = rkHi (X, X7) < (X, X7)), per i <
o Ext(X):= rkHy(X; = (X, X))
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Persistence diagrams

DO(X,f), DREI(X,f), DE*(X f)
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Persistence diagrams
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Persistence diagrams
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Persistence diagrams
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Shape recognition from partial information WI

It is the task of detecting sub-parts similarities between objects
possibly having different overall shape.

¢ Recognition/classification of 2D content has to handle occlusions

e 3D content is based on the full representation of the shape,
nevertheless recognition of partial similarities may help in the
handling of non-rigid and articulated objects.
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Recognition under occlusion: how do we model the problemWI

A is the object of interest;

B the occluding pattern;
X = AU B the occluded object;
f : X — R the measuring function.

A X

Assuming X, A, B compact, locally connected Hausdorff spaces, what
is the relation among

D(X,f),D(A,f|4),D(B,f|g)?
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Classical Mayer-Vietoris Formula \/\/‘I

Given a triad (X, A, B) with X = AU B, a Mayer-Vietoris formula is a
relation between the Betti numbers of X, A, B, and C =ANB:

rka(X) = rka(A) + rka(B) — I’ka(C) + rkdy +rkdy_1.

It is obtained from the Mayer-Vietoris sequence

S Hiea (X) % H(C) = Hi(A) @ Hi(B) — Hi(X) %5 -

when this is exact.
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Mayer-Vietoris formula for persistent homology \/\/‘I

We use

o Cech homology

* homology coefficients in a vector space

and assume that

e X=AUB, A, B, C=ANB are triangulable subspaces of some R”,

e the homology groups of the sub- and super-level sets of f, f|a,
flg, f|c are finitely generated.
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Mayer-Vietoris formula for ordinary persistence \/\/‘I

e Foreveryu<veR, and keZ
Ord,""(X) = Ord,""(A)+Ord,""(B)— Ord,"" (C) +rkd; —rkd; +rkdy_1
with &;, &, and &1 as in the following diagram:

5
Hen(Xo) — H(C)) —  He(A)®HK(B))  —  Hi(X)

dhiia 4 lex Lhy
5/

Het(X)) — H(C) —  H(A)®H(B)) — Hi(X)
{ { { {
Hip1(Xo. Xa) —5 Hi(CoiCo) = Hi(AvA)BH(By.By) — Hic(Xo.Xa)
{ { { {

Ok—1
Hk(Xu) — Hk—l(cu) — Hk—l(Au)@Hk—l(Bu) — Hk—l(Xu)
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Mayer-Vietoris formula for relative persistence \/\/‘I

e Forevery v<u€eR, and keZ
Rel"" (X) = Rel"" (A)+ Rel"" (B) — Rel,"’ (C) +rkd} —rk&}_1 + k&1
with 5,’( 5,’(’_1, and & as in the following diagram:

3
Hia(X.XY) =5 H(C.CY) = H(AA)SH(B.BY)  — H(X.X")

LA B e -0 Lhy
6/
Hip1(X.XY) =% H(C,CY) —  H(AA)SH(B,BY) — H(X.XY)
4 i { { {
6//
Hi (X, X") = Hk1(CY,CY) — Hy1(AYAY)OH,_1(BY,BY) — H_1(XY,X")
{ { { {

O
Hi(X.XY) 5 Ha(C.C%) = H a(AAOH 1 (B.BY) — HiCy(X.XY)
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Mayer-Vietoris formula for extended persistence (uw

e Foreveryu<veR, and keZ
Ext (X) = Ext™ (A) + Extt™ (B) — Ext™ (C) + k8| — k8 + k8 1

with 8,’( 3,’(’ and &1 as in the following diagram:

8
He(X)) —  H(C) —  HeA)BHK(B.)  —  Hi(Xy)
I 1 L& Lhy
Hir1 (X, X) 64 H(C,CY) — H(AAY)®DH(B.BY) — Hi(X,X")
{ { { 4

KV

Hy1(X,UXY) 4 Hi (CUCY) — H(AYAYN@HK(BYBY) — Hi(X,"XY)

\ 3 \ 1

O-1
Hi (Xu) — Hi1(Ch) — Hie1(Aw)@Hi-1(Bu)  — Hia(Xy)

34 of 40




Mayer-Vietoris formula for extended persistence (VMI

e Forevery v<u€eR, and keZ
Ext™*(X) = Ext™(A)+ Ext["" (B) — Ext\""(C) 4k} —rkd}_; +1k& 1
with S,i S,’(’_l, and &1 as in the following diagram:

5
Hip1(Xe)  —  H(C) — HlA)SH(B))  —  He(Xa)

Jhisa I 1& Lhi
5/
Hk+1(X,_,,ﬁXL‘,’) 4 Hk(C,_,,ﬁCL‘I’) — Hk(A,_,,mAZ)EBHk(BU,ﬁBl‘,’) — Hk(Xu,le‘l’)
{ { { {
O 1
H("Xy) = He("CY) — Hiea(MADeH-1("BY) = Hiea(XY)
{ { 4 4

01
Hk(Xu) — Hk—l(cu) — Hk—l(Au)@Hk—l(Bu) — kal(Xu)
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An example
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An example

-0.848
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An example
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