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LEMMA 2.3.4. We have, for k > 0, denoting by V¥ the k—th iterated covariant derivative,

Qv’“hij = AVFh; + > VPA % VIA « V'A.

ot
p+g+r=k|p,q,reN

PROOF. We work by induction on £ € N. The case k£ = 0 is given by equation (2.3.2), we then
suppose that the formula holds for £ — 1. We have, by the previous lemma,

%v’“hﬁ = vgtv’f—lhij + VF A« VAxA
=V (AvE g + 3 VA« VIA £ VA)

p+q+r=k—1|p,q,r€N
+VFIAX VA% A
= VAVF 1h, + > VPA * VIA* V'A.
p+q+r=k|p,q,rEN

Interchanging now the Laplacian and the covariant derivative and recalling that Riem = A x A,
we have the conclusion, as all the extra terms we get are of the form A x A x V¥A and A * VA x

V1A, =
PROPOSITION 2.3.5. The following formula holds,
d
EW’“AP = A|VFAP2 = 2|VFFIA? 4 > VPA %« VIA « V"A « VFA (2.3.5)

p+g+r=k|p,q,reN

PROOF. We compute

%IV’“A\Q - 29<V’“A, %va) L VRA « VFA« A % A
— 9 (va, AVFA + 3 VPA % VIA V’"A)
pt+qt+r=Fk|p,q,reN
FTVFA«VFAxAxA

=2g (VFA,AV*A) + > VPA  VIA « V'A x VFA
p+q+r==k|p,q,reEN

= A|VFA|? — 2|VFHIA2 + > VPA % VIA % V'A « VFA .
p+q+r=k|p,q,rEN

2.4. Consequences of Evolution Equations

Let us see some consequences of the application of the maximum principle to the evolution
equations for the curvature.
Suppose that we have a mean curvature flow of a compact hypersurface M in the time interval
[0,T), we have seen that

%w? = AJA]2 — 2|VA]? + 2|A]* < AJAP +2|A]*

and 5
EH = AH+HJA]?.

First we deal with the so called mean convex hypersurfaces that play a major role in the subject.
A hypersurface is mean convex if H > 0 everywhere. We will see in the next proposition that this
property is preserved by the mean curvature flow. Mean convexity is a significant generalization
of convexity, for instance, it is enough general to allow the neckpinch behavior described in
Section 1.4, in particular, mean convex hypersurfaces do not necessarily shrink to a point at the
singular time.
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PROPOSITION 2.4.1. Assume that the initial, compact hypersurface satisfies H > 0. Then, under the
mean curvature flow, the minimum of H is increasing, hence H is positive for every positive time.

PROOF. Arguing by contradiction, suppose thatin an interval (¢, ;) C Rt we have Hyi, () <
0 and Huin(t0) = 0 (Hmin is obviously continuous in time and H,,;,» (0) > 0).
Let |A|? < C in such interval, then
OH
— = AH +H|A]?
at +HIA
implies
8Hmin
> CHuin
o~

for almost every t € (to,t1).
Integrating this differential inequality in [s,t] C (to,t1) we get Huyin(t) > ec(t*S)Hmm(s), then
sending s — t§ we conclude Hy,,(t) > 0 for every t € (tg,t1) which is a contradiction.

Since then H > 0 we get

%It{ = AH+H|A]? > AH+H?/n.
With the notation of Theorem 2.1.1, we let u = —H, X = 0 and b(z) = 23 /n, then, if Hy,;,(0) = 0
the ODE solution h(t) is always zero, so if at some positive time Hp,;y(7) = 0, we have that
H(-,7) is constant equal to zero on M, but there are no compact hypersurfaces with zero mean
curvature. Hence, H,,;, is always increasing during the flow and H is positive on all M at every
positive time. O

Actually, this proposition can be slightly improved as follows.

PROPOSITION 2.4.2. If the initial, compact hypersurface satisfies |A| < oH for some constant c,
then |A| < oH for every positive time.

PROOF. We know that H > 0 for every positive time, hence also |A| > 0 for every positive
time which implies that it is smooth as |A|?.
Let [0, T) be the interval of smooth existence of the flow. Computing the evolution equation of
the function f = |A| — oH, we get

af 1 2 2 4 2
L T (AJA]?2 — 2|VAI? 4+ 2|A1Y) — o(AH + H|A
ot 2‘A|(|I IVAJ® +2|A") — a(AH + H|A[7)
1
:A|A|+m(2|V|A||2—2|VA|2)+|A|3—a(AH+H|A|2)
1
=Af+|APf+ M@IVIAII2 —2|VAP]?)
<Af+I[APIf]

as the term |V|A[|? — [VA|? is nonpositive.

Hence, choosing any 7" < T, if C is the maximum of |[A|? on M x [0,7"], we have 9, f < Af+C|f]
on M x [0,T"]. By the maximum principle 2.1.1, as fiax(0) < 0, we conclude f < 0 on M x [0,1"].
By the arbitrariness of 77 < T, the thesis follows. O

COROLLARY 2.4.3. If H > 0 for the initial, compact, n-dimensional hypersurface, then there exists
o > 0 such that ap|A|> < H? < n|A|? everywhere on M for every time.
If the initial hypersurface has positive scalar curvature, then the same holds for every positive time.

PROOF. The first claim is immediate by the compactness of M and the previous proposition
(the second inequality is algebraic).
Recalling that the scalar curvature is equal to H? — |A|?, positive scalar curvature implies that H >
0 (H cannot change sign on M and there is always a point where it is positive, as M is compact)
and H?/|A|? > 1, the second part of this corollary is also a consequence of Proposition 2.4.2. [
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COROLLARY 2.4.4. Assume that the initial, compact hypersurface has H > 0, then, if A is not
bounded as t — T then H is also not bounded.

PROOF. Immediate consequence of Proposition 2.4.1 and the estimate of the previous corol-
lary. O

Now we consider the evolution equation of |A|? which implies

2 ARy < 20AL

max — max *

Notice that |A|% . is always positive, otherwise at some time ¢t we would have A = 0 identically
on M, which would imply that M is a hyperplane in R"*! in contradiction with the compact-
ness hypothesis of M. Hence, we can divide both members by |A|2, . obtaining the following

differential inequality for the locally Lipschitz function 1/|A|2,,,, holding at almost every time

max/

te[0,7T),
41
dt |Afax
Integrating in time in any interval [¢, s] C [0,T"), we get
1 1
- <2(s—1).
AC OB TAC, 9 = Y

Suppose now that A is not bounded in [0,T), that is, there exists a sequence of times s; T
such that [A( -, s;)|% .« — +00. Substituting these times s; in the previous inequality and sending
1 — 00, we get

WSQ(T—“'

max

EXERCISE 2.4.5. Show that the only compact hypersurfaces in R"™! with constant mean cur-
vature are the spheres. What can be said about a compact hypersurface in R"™! with constant
[Al?

In other words, we proved the following.

PROPOSITION 2.4.6. If the second fundamental form A during the mean curvature flow of a compact
hypersurface is not bounded as t — T < 400, then it must satisfy the following lower bound for its blow
up rate

max [A(p, t)| >

pEM 2(T —t)
foreveryt € [0,T).
Hence,
li A = .
Jim max |A(p, t)] = +o0
EXERCISE 2.4.7. Assume that the initial, compact hypersurface has H > 0, then the maximal

time of smooth existence of the flow can be estimated as Ty, < QHQ’*fm).

PROPOSITION 2.4.8. If the second fundamental form is bounded in the interval [0, T) with T < 400,
then all its covariant derivatives are also bounded.

PROOF. By Proposition 2.3.5 we have

%|V’“A|2 =A|VFAP2 = 2|VFTIAP 4 Z VPA « VIA « V"A « VFA
p+q+r=k|p,q,reN
SAIVEAR + P((A],.. . [VFTTADIVEAR + QA [VFTIA),

where P and @) are smooth functions independent of time (actually they are polynomials in their
arguments). Notice that in the arguments of P, Q) there is not V*A, indeed, in the terms VPA
VYA % V"A x V¥ A there can be only one or two occurrences of V¥A, since p + ¢ + r = k and
p,q,r € N. If there are two, suppose that » = k, then necessarily p = ¢ = 0 and we estimate
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|A x A x VFA « VFA| < |A2|V*A|?, if there is only one this means that p, ¢,7 < k and we again
estimate [VPA x VIA s V"A x VEA| < |[VPA x VIA « V"A|2/2 + |[VFEAJ2)2.

Reasoning by induction on &, being the case k£ = 0 in the hypotheses, we assume that all the
covariant derivatives of A up to the order k — 1 are bounded, hence also P(|A|,...,|V*~1A]) and
Q(JA],...,|V*~1A|) are bounded, thus

%W’“A\Q < A|IVFAP 4+ CIVFAR +D.
By the maximum principle, this implies

d

T VEA R < CIVFA[ s + D,

max

2
max

and since the interval [0, T) is bounded, the quantity |[V*A|?2  is also bounded, as one can obtain
an easy exponential estimate for the function u(t) = [V*A|2,,,, integrating the ordinary differen-
tial inequality v’ < C'u + D, holding for almost every time ¢ € [0, T'). O

PROPOSITION 2.4.9. If the second fundamental form is bounded in the interval [0, T) with T < 400,

then T cannot be a singular time for the mean curvature flow of a compact hypersurface ¢ : M x [0,T) —
R+

PROOF. By the previous proposition we know that all the covariant derivatives of A are
bounded by constants depending on 7" and the geometry of the initial hypersurface. As H is
bounded, we have

lo(p,1) — o(p, )| < / IH(p, &) dé < C(t — 5)

for every 0 < s < t < T, then the maps ¢, = ¢(-,t) uniformly converge to a continuous limit
map o7 : M — R""tast — T.
We fix now a vector v = {v'} € T, M,

09ij i, 5 i G 2/,,(2
d Ly'v?  —2Hh, v Al* v
Elog|v|§= at U2v _ ;UU §C| | |2|g <C
t |vl3 vl3 |vl3
then, forevery 0 < s <t < T
[l ‘1d 2

which implies that the metrics g(¢) are all equivalent and the norms | - |,(;) uniformly converge,
ast — T, to an equivalent norm | - |p which is continuous. As the parallelogram identity passes
to the limit, it must hold also for | - |7, hence this latter comes from a metric tensor gr which can
be obtained by polarization. Moreover, since gr is equivalent to all the other metrics, it is also
positive definite.

Another consequence of such equivalence is that we are free to use any of these metrics in doing
our estimates.

By the evolution equation for the Christoffel symbols, we see that

t a T
]rfj(t)|g|rg(0)|+/o ‘agrfj(g)’d5<c+/o |A % VA| d¢ <C+ DT,

for some constants depending only on the initial hypersurface. Thus, the Christoffel symbols are
equibounded in time, after fixing a local chart. This implies for every tensor S,

08
8xi
that is, the derivatives in coordinates differ by the relative covariant ones by equibounded terms.

In the rest of the proof, by simplicity, we will denote by O the coordinate derivatives and by V the
covariant ones.

V.| ‘ < s,
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As the time derivative of the Christoffel symbols is a tensor of the form A * VA, we have
: k : k :
|8t8l91...lsrij| = |af1.4.zﬁtrij| = |af1..415A * VA,
hence, by an induction argument on the order s and integration as above, one can show that
|07, Th| < Cforevery s € N.

Then, again by induction, the following formula (where we avoid indicating the indices) relating
the iterated covariant and coordinate derivatives of a tensor S, holds

s s—1
IR RS D 07T ...0"To*S| < C ) |oks) .
i=1 j14-+ji+k<s—1 k=1

This implies that if a tensor has all its covariant derivatives bounded, also all the coordinate
derivatives are bounded. In particular this holds for the tensor A, that is, oF A| < C%. Moreover,
by induction, as V*g = 0 all the coordinate derivatives of the metric tensor g are equibounded.

We already know that |¢| is bounded and |9¢| = 1, then by the Gauss—Weingarten rela-
tions (1.1.1)

0?0 =Ty + Av, O =Ax0p,

we get
k=2 =
|8k¢‘: Z( )ak 2— ZP81+1<,0+Z( )ak 2— zAaz
i=0 i=0
k=2 k=2
<CY 10Tl +CY [0 (A x0p)| + C
i=0 i=1
—CZ|8’+1@|+CZ‘ ﬁpA*ﬁqg*aT‘Hap‘—kC
=1 p4q+r=i—1
k—2i—1
<CZ|8’+1¢|+CZZ\8T“¢|+O
i=1 r=0

k—2 k—2
<CY |0l +CY |0+ C
=0 =1

k—1
<CY [0
1=0

where we estimated with a constant all the occurrences of 9¥A and 9%g. Hence, we obtain by
induction that [0%¢| < C}, for constants C} independent of time ¢ € [0, T). By the Ascoli-Arzela
theorem we can conclude that ¢ : M — R""! is a smooth immersion and the convergence
o(-,t) = ppisin C.

Moreover, with the same argument, repeatedly differentiating the evolution equation 0, =
Hv one gets also uniform boundedness of the time derivatives of the map ¢, that is |9;9%p| <
Cs.5. Hence the map ¢ : M x [0,T) — R™"! can be extended smoothly to the boundary of the
domain of ¢ with the map 7.

By means of the short time existence Theorem 1.5.1 we can now “restart” the flow with the
immersion ¢, obtaining a smooth extension of the map ¢ which is in contradiction with the fact
that 7' was the maximal time of smooth existence. O

OPEN PROBLEM 2.4.10. Recently the condition of bounded second fundamental form was
weakened by Le and Sesum [85] to a lower bound on A and an integral bound on H.
An interesting open problem is whether actually a uniform bound only on the mean curvature H
is sufficient to exclude singularities during the flow (see [84]).

Thus, we conclude this section stating the following slightly improved version of Theo-
rem 1.5.1.
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THEOREM 2.4.11. For any initial, compact, smooth hypersurface immersed in R™"+1 there exists a
unique mean curvature flow which is smooth in a maximal time interval [0, Tax ).
Moreover, Tynax is finite and
1
max|A(p, )] > —mee——
pEM 2(Tiax — t)

forevery t € [0, Tinax)-

Notice that it follows that the maximal time of smooth existence of the flow can be estimated

1
from below as Tyax > TAC O

max
2.5. Convexity Invariance

Corollary 2.4.3 is a consequence of a more general invariance property of the elementary
symmetric polynomials of the curvatures, as we are going to show.
We recall that the elementary symmetric polynomial of degree k of A1, ..., A, is defined as

Sk = E )\’i1>\i2 . )\’Lk
1<i1 <2< <ip<n

for k = 1,...,n. In particular, if \; are the eigenvalues of the second fundamental form A we
have S; = H, Sy is the scalar curvature and |A|?> = S% — 2S,.
It is not difficult to show that

AM>0,...,0, >0 <= §5;>0,...,5, >0, (2.5.1)
AM>0,....0;, >0 <= S5;>0,...,5,>0.
These polynomials enjoy various concavity properties, see [73, 91].

PROPOSITION 2.5.1. Let T'y, C R”™ denote the connected component of {S,, > 0} containing the
positive cone. Then S; > 0in Iy, forall | = 1, ..., k and the quotient Sy 1 /Sy, is concave on T',.

The above properties remain unchanged if we regard the polynomials S, as functions of the
Weingarten operator h’ instead of the principal curvatures, as we have the following algebraic
result, see [9, Lemma 2.22] or [73, Lemma 2.11].

PROPOSITION 2.5.2. Let f(A1,...,\,) be a symmetric convex (concave) function of its arquments
and let F(A) = f(eigenvalues of A) for any n x n symmetric matrix A whose eigenvalues belong to the
domain of f. Then F is convex (concave).

We are now ready to derive the evolution equations of some relevant quantities and to apply
the maximum principle to obtain some invariance properties.

PROPOSITION 2.5.3. Let F(h}) be a homogeneous function of degree one. Let ¢ be a mean curvature

flow of a compact, n—dimensional hypersurface with H > 0 and such that h’, belongs everywhere to the
domain of F. Then,

oOF F 2 F\ 1 &F :
— — —A—=_(VH|V=) - — PANy hivy R
ol Sm H< H‘ H> Hah;lah;fg ph5Vali'-

As a consequence, if F' is concave (convex), any pinching of the form F > oH (F < oH) is preserved
during the flow by the maximum principle, as the last term is then nonnegative (nonpositive).

PROOF. A straightforward computation using formula (2.3.3) in Proposition 2.3.1 and Euler’s
theorem on homogeneous functions yields

8 F o 1 3F i 2114 F 2
o _—T@(Ahj + |AP?h}) — 5 (AH + |APH)
F 2 F 1 9*F ;
= _— - - I— pa 7I' i
AH + H<VH‘VH> H8h§8hf gPINV iV ghy
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In particular, the previous proposition can be applied to the quantity F' = Sy /Sy, provided
Sk # 0. This leads to the following result, which generalizes Corollary 2.4.3.

PROPOSITION 2.5.4. Let the initial, compact hypersurface satisfy Sy, > 0 everywhere for a given
ke {l,...,n}andlet o : M x [0,T) — R"T! be its evolution by mean curvature. Then, for any
i=2,...,k there exists o; such that S; > a;H* > 0 for every p € M and t € [0,T).

PROOF. We assume that the hypersurface M is connected, otherwise we argue component
by component.
For every pair of of points p and g in M, the set of principal curvatures at p and the set of principal
curvatures at ¢ belong to the same connected component of {S; > 0} C R", seeing S, as a map
from R™ to R (connect with an arc the two points). Then, as the initial hypersurface is compact,
there exists a point p € M where all the principal curvatures are positive (consider a tangent
sphere containing the hypersurface), hence, the set of principal curvatures at all the points of M
belongs to the connected component I';;, of the positive cone defined in Proposition 2.5.1. Hence,
for every ¢ = 1,...,k we have S; > 0 everywhere on the initial hypersurface. In particular
H = S; > 0 and, by compactness, we have S; > $;HS;_; for suitable constants 3; > 0, for any
i=2... k.
We know from Proposition 2.4.2 that H > 0 everywhere on M for every ¢t € [0,7). Then we can
consider the quotient So/H? = So/(HS;) which is well defined for every ¢ and it is greater than
B2 at time ¢t = 0. By Proposition 2.5.3 its minimum is nondecreasing, hence Sy > (3 H? for every
tel0,T).
We now apply the same procedure to the quotient S3/(HS2) to conclude that it is greater than g;
for every t € [0,T), then in general S; > ,;HS,_; fori =2,... k.
Multiplying together all these inequalities we get

Si > BiHS;—1 > BiBi—1H?S;_0 > -+ > BiBi_1 -+ BoH'
and the claim follows by setting a; = 8;58;—1 - - - fa. O

COROLLARY 2.5.5. If the initial, compact hypersurface is strictly convex, it remains strictly convex
under the mean curvature flow.

PROOF. Strict convexity is equivalent to the set of conditions Si,...,S, > 0 on the eigen-
values of the second fundamental form, by relations (2.5.1) and these conditions are preserved
under the mean curvature flow, by the previous proposition. O

REMARK 2.5.6. By Hamilton’s strong maximum principle for tensors in [56, Section 8] (The-
orem C.1.3 in Appendix C), if an initial, compact hypersurface is only convex (not necessarily
strictly convex), then it becomes immediately strictly convex. Even more precisely, in this case,
the smallest eigenvalue of the second fundamental form on all M increases in time.

Indeed, the Weingarten operator is nonnegative definite for every positive time and satisfies (see
Proposition 2.3.1)

oh = A+ AP,
then by Theorem C.1.3 its rank (hence the rank of A) is constant in some time interval (0, J),
moreover, the null space is invariant under parallel transport and in time. Then, supposing that
such rank m is less than the dimension n of the hypersurface, we have an (n — m)-dimensional
subspace N, C T, M at every point p € M, invariant under parallel transport, where A, (v,v) = 0
for every v € N,,.
If v € T, M is a vector in the null space, any geodesic v in M starting at p is also a geodesic in
R™*! as 4 remains always in the null space of A and

RPHL .

VET 4 = VY + A(Y, )y =0.

Hence, all the (n — m)-dimensional null space (as an affine subspace of R"*1) is contained in M,
this is in contradiction with the compactness of M.
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REMARK 2.5.7. If the initial hypersurface is not convex, it is not true that the smallest eigen-
value of A increases, think of Angenent’s homothetically shrinking torus we mentioned in Sec-
tion 1.4 (see [17]).

Notice that the results about the strict monotonicity of geometric quantities during the flow
are valid when the initial hypersurface is compact and can fail otherwise. For instance, an evolv-
ing cylinder does not become immediately strictly convex.

PROPOSITION 2.5.8. If for a constant o € R there holds A > oHg (as forms) for the initial, compact
hypersurface, this condition is preserved during the mean curvature flow.

PROOF. We consider the function f = h;;v'v? — aHg;;v'v? where v'(p, t) is a time dependent
smooth vector field such that 9v' /9t = Hhiv*,
g—{ = ag;j vl 4 thjvi% — ozaa—ljgijvivj + 2aH?h;j0" 07 — 2aHg¢jvi%
=(Ahi; — 2Hh§j + |AP R )v'v? + 2Hh?jvivj — a(AH + H|A|?)g;jv'0?
= (Ahy; + |APhij)v'v? — aAHg; ;007 — aH|A|? g0 07
= A(hijv'v! — aHgjv'v?) + |AP?(hi; — aHgij)v'v? — 4(Vihi; — aVpHgi;)v' V!
—2(hsj — aHgij)Vkvinvj —2(hsj — aHgij)v’:Avj
=Af +|APf — 4(Vihy; — aViHg;)v' Vi
—2(h;j — aHgij)Vkvinvj —2(h;j — aHgij)viAvj .

Let u(t) be the smallest value of h;;(q,t)viv? — aHg,;(q,t)v'v? for t fixed, g € M and v € T,M a
unit tangent vector of (M, g;).

Being y a locally Lipschitz function, it is differentiable at almost every time, moreover by the
hypotheses, we have £(0) > 0.

We suppose that there exists an open interval of time (¢, 1) where 4 is negative and p(tp) = 0.
Let € (t,t1) be a differentiability point of 1, then there exists a point p € M and a unit vector
v € T, M such that

w(®) = hij(p,t)v'v? — aH(p, ) g (p, t)v'v? < hij(g, Hw'w! — aH(q,)g:;(gq, )w'w’
for every ¢ € M and w € T, M of unit norm. We extend the unit vector v € T, M in space to a
vector field that we still call v with the following properties,

o g;(v(q),v(q)) < lforeveryqe M,

d vgf ,U(p ) = 0/

o Agv(p) =0.
This can be done as follows: we choose local normal coordinates around p € M (the point p
“goes” to the origin), then, the last two conditions are fulfilled by a local vector field w if

ow' , ors,
= d Auw 22(0,£)w”(0) =
oz, 0)=0 an w'(0) + 9z, (0,t)w"(0) =0,
where this Laplacian is the standard Laplacian of R”. Hence, the field with coordinates

. . 22 O
wi(z) = vi(0) — 31 axj-l (0,1)0*(0)
J

satisfies them as w(0) = v(0). It is now easy to check that the normalized unit vector field v =
w/|w| is locally defined in a neighborhood of the point p and satisfies all the three conditions
above. Then, we consider a smooth function with compact support contained where such unit
vector field v is defined, with modulus not larger than one and equal to one in a neighborhood
of the point p. The product of the vector field v with such function gives a global smooth vector
field on the whole manifold M with the above properties.

Now, we extend v also in time in the interval (¢, 1) by solving the ODE dv’ /9t = Hhiv"* and we
consider the associated function f as above.
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Notice that since () is negative in (g, 1), the function f( - ,t) gets a minimum in space atp € M,
indeed, if f(q,) < 0, we have v(q) # 0 and

hij (g, £)v' (@)v? (q) — aH(g, 1)g;(v(q),v(q))

f(p7 t) = ,u(t) = gg(U(Q)»U(Q))

_ gt
gi(v(q),v(q))

<f(g:1)
as g;(v(q),v(q)) < 1 by construction. Hence, Af(p,#) > 0 and at the point (p, ) we have

0
NN,
ot

where C > 0 is a constant such that |A|> < C on [0, ;).

By this inequality, given € > 0, there exists some t2 € (o, t), such that if 7 € (t,) we have

f(p7¥) < f(pvf) - C(E_%)f(]%ﬂ + 5(5_ f) :
Being v(p, ) still a unit vector, as dg(v,v)/0t = —2Hh;;v'v? + 2g(0v/dt,v) = 0 so the norm of
v(p, t) is constant in time, we get

p@) < fp.t) < fp.t) = CE=Df(p. 1) +e(t =) = p(t) — C(E = D)pu(t) +e(E - 1).
In other words % > Cu(t) — e and being ¢ a differentiability time for y, passing to the limit
ast /' t, we obtain p/(t) > Cpu(t) —e.
Finally, as ¢ is arbitrarily small, we conclude 1/ () > Cu(%).
Since this relation holds at every differentiability time # in (¢, 1) where pu(#) < 0, hence almost
everywhere in (tg, t1), we can integrate it in such interval. Recalling that u(to) = 0 by continuity,
we conclude that p(t) must be identically zero in [to,¢1) which is in contradiction with the hy-
potheses.
Notice the similarities with the proofs of Lemma 2.1.3 and Proposition 2.4.1.

O

EXERCISE 2.5.9. Show that for an initial hypersurface with H > 0 the smallest eigenvalue of
the form h;;/H is nondecreasing during the flow.

Finally, further invariance properties for the mean curvature flow can be obtained again by
means of Hamilton’s maximum principle for tensors [56, Sections 4 and 8] (whose proof is a
generalization of the argument above), see Appendix C. Let us first recall a definition, we say that
an immersed hypersurface is k—convex, for some 1 < k < n, if the sum of the k smallest principal
curvatures is nonnegative at every point. In particular, one-convexity coincides with convexity,
while n—convexity means nonnegativity of the mean curvature H, that is, mean convexity.

Then we mention the following result generalizing Corollary 2.5.5 (see [75]).

PROPOSITION 2.5.10. If an initial, compact hypersurface is k—convex, then it is so for every positive
time under the mean curvature flow.

PROOF. The result follows from Hamilton’s maximum principle for tensors, provided we
show that the inequality A; + --- + Ay > aH describes a convex cone in the set of all matrices,
and that this cone is invariant under the system of ODE’s dh’/dt = |A|*R} for the Weingarten
operator.

As
i+t A)0) = min {Ayler,en) + o+ Aplews en)}
gp(ei,ej)=0d;;
the quantity A; + --- + Ay is a concave function of the Weingarten operator, being the infimum
of a family of linear maps. Therefore the inequality Ay + --- + Ay > aH describes a convex
cone of matrices. In addition, the system dh’/dt = |A[*h} changes the Weingarten operator by
homotheties, thus leaves any cone invariant. The conclusion follows. O



