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Abstract. Given the fundamental group Γ of a finite-volume
complete hyperbolic 3-manifold M , it is possible to associate to
any representation ρ : Γ → Isom(H3 ) a numerical invariant called
volume. This invariant is bounded by the hyperbolic volume of M
and satisfies a rigidity condition: if the volume of ρ is maximal,
then ρ must be conjugated to the holonomy of the hyperbolic structure of M . This paper generalizes this rigidity result by showing
that if a sequence of representations of Γ into Isom(H3 ) satisfies
limn→∞ Vol(ρn ) = Vol(M ), then there must exist a sequence of
elements gn ∈ Isom(H3 ) such that the representations gn ◦ ρn ◦ gn−1
converge to the holonomy of M . In particular if ρn converges to
an ideal point of the character variety, then its volume must stay
away from the maximum. In this way we give an answer to [Gui16,
Conjecture 1]. We conclude by generalizing the result to the case
of k-manifolds and representations in Isom(Hm ), where m ≥ k.

1. Introduction
Let Γ be the fundamental group of a (non-compact) complete hyperbolic 3-manifold M with finite volume (hence with toric cusps). The
volume of a representation ρ : Γ → P SL(2, C) = Isom+ (H3 ) can be defined in several ways. For instance, it can be thought of as the integral
of the pullback of the volume form on H3 along any pseudo-developing
map D : M̃ → H3 , as written both in [Dun99] and in [Fra04]. Since
the volume is indipendent of the choice of the pseudeveloping map D,
when D is a straight map this notion is a generalization of the volume
of a solution for the gluing equations associated to a triangulation of
M , given for instance in [NZ85]. Another way to define the volume of a
representation ρ is based on the properties of the bounded cohomology
of the group Isom+ (H3 ). In [BBI13] the authors prove that the vol3
(Isom+ (H3 )),
ume class ω3 is a generator for the cohomology group Hcb
3
hence, starting from it, we can construct a class in Hb (Γ) by pulling
back ω3 along ρ∗b and then evaluate this class with a relative fundamental class [N, ∂N ] ∈ H 3 (N, ∂N ) via the Kronecker pairing. Here N
is any compact core of M . The equivalence between the two different
definitions it is shown for example in [Kim16]. To extend the notion of
1
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volume to the more general case of representations into the whole group
of the isometries Isom(H3 ) the approach of [FK06] is to consider the
infimum all over the values Vol(D), where D : M̃ → H3 is a properly
ending smooth ρ-equivariant map.
Since the volume is invariant under conjugation by an element of
Isom(H3 ), there exists a well-defined volume function on the character
variety X(Γ, Isom(H3 )) which is continuous with respect to the topology of pointwise convergence. Moreover, this function satisfies a wellknown rigidity condition. As written in [Fra04] (see [FK06] for higher
dimensional cases), for any representation ρ we have Vol(ρ) ≤ Vol(M )
and if equality holds we must have ρ = gig −1 where i is the standard
lattice embedding i : Γ → Isom(H3 ) and g ∈ Isom(H3 ). Beyond its
intrinsic interest, this result has important consequences for example
in the study of the AJ-conjecture for hyperbolic knot manifolds, as
written in [LZ17].
By generalizing both [CS83] and [MS84], in [Mor86] the author proposed a compactification of the variety X(Γ, Isom(H3 )) whose ideal
points can be interpreted as projective lenght functions of isometric
Γ-actions on real trees. It is natural to ask if there exists a way to
extend the volume function to this compactification and which are the
possible values attained at any ideal point. For instance, one could
ask if it is possible to extend the ridigity of volume also at ideal
points. A similar problem has already been conjectured in [Gui16]
relatively to the rigidity of the Borel function with respect to the ideal
points of the Morgan–Shalen compactification of the character variety
X(Γ, P SL(n, C)). More precisely, the statement is
Conjecture 1.1 ( [Gui16]). Let M be an orientable cusped hyperbolic
3-manifold. Let Xn be the geometric component of the P SL(n, C)character variety and let holper be the peripheral holonomy map. Then,
outside a neighborhood of the geometric representation [ρgeom ] the Borel
function is bounded away from its maximum on Xn .
In this paper we are going to prove the conjecture for representations
into Isom(H3 ), hence in particular for the case n = 2. Indeed we will
prove the following
Theorem 1.2. Let ρn : Γ → Isom(H3 ) be a sequence of representations
such that limn→∞ Vol(ρn ) = Vol(M ). Hence there must exist a sequence
of elements gn ∈ Isom(H3 ) such that the sequence gn ◦ρn ◦gn−1 converges
to the standard lattice embedding i : Γ → Isom(H3 ).
Which implies
Corollary 1.3. Suppose ρn : Γ → Isom(H3 ) is a sequence of representations converging to any ideal point of the Morgan–Shalen compactification of X(Γ, Isom(H3 )). Then the sequence of volumes Vol(ρn ) must
be bounded from above by Vol(M ) − ε with ε > 0.
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We also prove the generalization of Theorem 1.2 for the case of
k-manifolds and representations in Isom(Hm ) with k, m > 3 (Theorem 4.4).
The proof of this theorem will be based essentially on the so-called
BCG–natural map associated to a non-elementary representation ρ :
Γ → Isom(H3 ), described in [BCG95], [BCG96] and [BCG99]. Given
such a representation there exists a map F : H3 → H3 which is equivariant with respect to ρ, smooth and satisfies | det Dx F | ≤ 1 for every
x ∈ H3 . Moreover, the equality holds if and only if Dx F is an isometry,
and we will exploit the fact that this claim can be made ε-accurate if
| det Dx F | > 1 − ε. These properties make the natural map F a powerful tool in the study of volume rigidity (see [BCS05] for this kind of
application).
The first section is dedicated to preliminary definitions. We briefly
recall the notion of barycentre of a positive Borel measure on ∂∞ Hk and
the definition of natural map F associated to a non-elementary representation ρ : Γ → Isom(Hm ). The second section is devoted to the
proof of the main theorem. In the last section we describe some consequences of this result for the extendibility of the volume function to
the Morgan-Shalen compactification of X(Γ, Isom(H3 )). We conclude
by extending the main theorem to the more general case of sequences
of representations ρn : Γ → Isom(Hm ), where Γ < Isom+ (Hk ) such that
Hk /Γ is a complete hyperbolic k-manifold of finite volume and m ≥ k.
Acknowledgements: The authors would like to thank Juan Souto
for the precious help and the enlightening conversations and Thang
Le for the essential information he gave us about the evolution of this
problem.
2. Preliminary definitions
2.1. Barycentre of a measure. We start by fixing some notation.
From now until the end of the paper we are going to choose the origin
O of the disk model as basepoint in Hk . Moreover, we will use the
same letter O to denote basepoints in different hyperbolic spaces. Let
BK (x, θ) be the Busemann function of Hk normalized at O, that means
for every θ ∈ ∂∞ Hk we set
BK (x, θ) = lim d(x, c(t)) − t,
t→∞

where c is the geodesic ray starting at O = c(0) and ending at θ.
The notation BK refers to the Busemann function relative to the kdimensional hyperbolic space.
Let β be a positive probability measure on ∂∞ Hk . Thanks to the
convexity of Busemann functions the map
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ϕβ : H → R,

ϕβ (y) :=

Z

4

BK (y, θ)dβ(θ)
∂∞ Hk

is stricly convex, provided that β is not the sum of two Dirac measures. Additionally, if the measure β does not contain any atom of
mass greater or equal than 1/2, the following condition holds
lim ϕβ (y) = ∞.

y→∂∞ Hk

and this implies that ϕβ admits a unique minimum in Hk . On the
other hand, if β contains an atom of mass at least 1/2, then it is
readily checked that the minimum of ϕβ is −∞ and it is attained at
the atom.
Definition 2.1. Let β be any positive probability measure β of finite
mass which is not the sum of two Dirac masses with the same weight.
If β contains an atom x of mass greater or equal than 1/2 then we
define its barycentre as
barB (β) = x,
otherwise we define it as the point
barB (β) = argmin(ϕβ ).
The letter B reveals the dependence of the construction on the Busemann functions. The barycentre of β will be a point in Hk which
satisfies the following properties:
• it is weak-∗ continuous, that is if βn → β in the weak-∗ topology
(and no measure is the sum of two atoms with equal weight) it
holds
lim barB (βn ) = barB (β)

n→∞

• it is Isom(Hk )-equivariant, indeed for every g ∈ Isom(Hk ) (if β
is not the sum of two equal atoms) we have
barB (g∗ β) = g(barB (β)),
• when β does not contain any atom of weight greater or equal
than 1/2, it is characterized by the following equation
(1)

Z

∂∞ Hk

dBK |(barB (β),y) (·)dβ(y) = 0.
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2.2. The Patterson-Sullivan family of measures and the BCG–
natural map. For more details about the following definitions and
constructions we recomend the reader to see the first sections of [Fra09].
Let Γ < Isom(Hk ) be a discrete group of divergence type, that is a
subgroup for which the Poincaré series diverges at the critical exponent δ(Γ). For example, if Γ is the fundamental group of a complete
k-dimensional hyperbolic manifold M of finite volume we have that
δ(Γ) = k − 1.

Definition 2.2. Let M1 (X) be the set of positive probability measures
on a space X. The family of Patterson-Sullivan measures associated
to Γ is a family of measures {µx } ∈ M1 (∂∞ Hk ), where x ∈ Hk , which
satisfies the following properties
• the family is Γ-equivariant, that is µγx = γ∗ (µx ) for every γ ∈ Γ
and every x ∈ ∂∞ Hk ,
• For every x, y ∈ ∂∞ Hk it holds
dµx (θ) = e−δ(Γ)By (x,θ) dµy (θ)
where By (x, θ) is the Busemann function normalized at y.
If Γ is the fundamental group of a complete k-dimensional hyperbolic manifold M of finite volume, let {µx } be the family of PattersonSullivan measures associated to Γ. We set µ = µO and we notice that
in the present case µO is the standard visual measure on ∂∞ Hk (i.e.
the usual spherical Lebesgue measure).
Let ρ : Γ → Isom(Hm ) be a non-elementary representation. By
both [BM96] and [Fra09] there exists a ρ-equivariant measurable map
D : ∂ ∞ Hk → ∂ ∞ Hm

and two different maps of this type must agree on a full µ-measure set.
We define
βx := D∗ (µx ).
Cleary the measure βx lives in M1 (∂∞ Hm ) for every x. We want to
emphasize that starting from a point x ∈ Hk we end up with a measure
βx ∈ M1 (∂∞ Hm ).
Since we have a non-elementary representation, βx does not contain
any atom of mass greater or equal than 1/2. Indeed it holds
Lemma 2.3. Let ρ : Γ → Isom(Hm ) be a non-elementary representation and let D : ∂∞ Hk → ∂∞ Hm be a ρ-equivariant measurable map.
Then D(x) 6= D(y) for almost every (x, y) ∈ ∂∞ Hk × ∂∞ Hk .
Proof. Define the set A := {(x, y) ∈ ∂∞ Hk × ∂∞ Hk |D(x) = D(y)}.
Since the map D is ρ-equivariant, A is a Γ-invariant measurable subset
of ∂∞ Hk × ∂∞ Hk . By the ergodicity of the action of Γ on ∂∞ Hk ×
∂∞ Hk with respect to the measure µ × µ (see [Yue96, Nic89, Rob00,
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Sul79]), the set A must have either null measure or full measure. By
contradiction, suppose that A has full measure. This implies that for
almost all x, the slice A(x) := {y ∈ ∂∞ Hk |D(x) = D(y)} has full
measure in ∂∞ Hk . Isometries preserve the class of µ, in particular,
for any γ ∈ Γ, if A(x) has full measure then so does γA(x). Since
Γ is countable, this implies that for almost all x, the set AΓ (x) :=
∩γ∈Γ γ −1 A(x) has full measure in ∂∞ Hk . Fix now a point y ∈ AΓ (x).
For any γ ∈ Γ we have (x, γy) ∈ A. In particular1
D(y) = D(x) = D(γy) = ρ(γ)D(y)
for every γ ∈ Γ, but this would imply that ρ is elementary, which is
a contradiction.

By the previous lemma, for all x ∈ Hk , we can define
F (x) := barB (βx )
and this point will lie in Hm . In this way we get a map F : Hk → Hm .
Definition 2.4. The map F : Hk → Hm is called natural map for the
representation ρ : Γ → Isom(Hm ).
Equation (1) becomes
Z

(2)

∂∞ Hm

dBM |(F (x),y) (·)dβx (y) = 0.

and since βx = D∗ (µx ), it can be rewritten as
Z
(3)
dBM |(F (x),D(z)) (·)dµx (z) = 0.
∂∞ Hk

The natural map is smooth and satisfies the following properties:
• Define the k-Jacobian of F as
Jack (F )(x) := max ||Dx F (u1 ) ∧ . . . Dx F (uk )||gHm
u1 ,...,uk

where {u1 , . . . , uk } is an orthonormal frame of the tangent space
Tx Hk with respect to the standard metric induced by gHk and
the norm || · ||gHm is the norm on TFn (x) Hm induced by gHm . For
every k ≥ 3, we have Jack (F ) ≤ 1 and the equality holds at x
is and only is Dx F : Tx Hk → TF (x) Hm is an isometry.
• The map F is ρ-equivariant, that is F (γx) = ρ(γ)F (x).
• By differentiating (3), one gets that for all x ∈ Hk , u ∈ Tx Hk ,
v ∈ TF (x) Hm it holds
1We

use γ = id in the first equality and the last follows by equivariance of D.
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∂∞ Hk

δ(Γ)

Z
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∇dBM |(F (x),D(z)) (Dx F (u), v)dµx (z) =

∂∞ Hk

dBM |(F (x),D(z)) (v)dBK |(x,z) (u)dµx (z)

where ∇ is the Levi–Civita connection on Hm .
2.3. Volume of representations and ε-natural maps. If Γ is the
fundamental group of a non-compact, complete hyperbolic k-manifold
M of finite volume, then M is diffeomorphic to the interior of a compact
manifold M whose boundary consists of Euclidean (k − 1)-manifolds.
Denote each boundary component by Ti with i = 1, . . . , h. Recall
that for each Ti its fundamental group π1 (Ti ) is an abelian parabolic
subgroup of Isom(Hk ).
Let ρ : Γ → Isom(Hm ) be a representation and let D : Hk → Hm be
a smooth ρ-equivariant map. We want to define its volume Vol(D). Let
gHm be the standard hyperbolic metric on Hm . The pullback of gHm
along D defines in a natural way a pseudo-metric on Hk , which can
be possibly
p degenerate, and hence it defines a natural k-form given by
ω̃D = | det D∗ gHm |. The equivariance of D with respect to ρ implies
that the form ω̃D is Γ-invariant and hence it determines a k-form on
M . Denote this form by ωD .
Definition 2.5. Let ρ : Γ → Isom(Hm ) be a representation and let
D : Hk → Hm be any smooth ρ-equivariant map. The volume of D is
defined as
Z
Vol(D) :=
ωD
M

We keep denoting by D : Hk → Hm a generic smooth ρ-equivariant
map. For each boundary component Ti ⊂ ∂M , suppose ci = Fix(π1 Ti )
and let r(t) be a geodesic ray ending at ci . We say that D is a properly
ending map if all the limit points of D(r(t)) lie either in Fix(ρ(π1 Ti ))
or in a finite union of ρ(π1 Ti )-invariant geodesics.
Definition 2.6. Given a representation ρ : Γ → Isom(Hm ), we define
its volume as
Vol(ρ) := inf{Vol(D)| D is smooth, ρ-equivariant and properly ending}.
When ρ is non-elementary, a priori the BCG–natural map F : Hk → Hm
associated to ρ is not a properly ending map, hence we cannot compare
its volume with the volume of representation ρ. However, for any ε > 0
it is possible to construct a family of smooth functions F ε : Hk → Hm
that C 1 -converge to F as ε → 0 and such that F ε is a properly ending
map for every ε > 0 (see for instance [FK06]).
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Definition 2.7. For any ε > 0 there exists a map F ε : Hk → Hm called
ε-natural map associated to ρ which satisfies the following properties
• F ε is smooth and ρ-equivariant,
• at every point of Hk we have Jack (F ε ) ≤ 1 + ε,
• for every x ∈ Hk it holds limε→0 F ε (x) = F (x) and limε→0 Dx F ε =
Dx F ,
• F ε is a properly ending map.
In particular, since F ε is a properly ending map, it holds trivially
Z p
| det((F ε )∗ gHm )|.
Vol(ρ) ≤
M

We are going to use the previous estimate lately.
3. Proof of Theorem 1.2

From now until the end of the section we are going to work in H3 .
We start by fixing the following setting.
• A group Γ < Isom(H3 ) = M so that H3 /Γ is a (non-compact)
complete hyperbolic manifold of finite volume.
• A base-point O ∈ H3 used to normalize the Busemann function
B(x, θ), with x ∈ H3 and θ ∈ ∂∞ H3 .
• The family {µx } of Patterson-Sullivan probability measures.
Set µ = µO .
• A sequence of representations ρn : Γ → Isom(H3 ) such that
limn→∞ Vol(ρn ) = Vol(M ).
Lemma 3.1. The condition limn→∞ Vol(ρn ) = Vol(M ) implies that,
up to pass to a subsequence, we can suppose that no ρn is elementary.
Proof. Elementary representations have zero volume and limn→∞ Vol(ρn ) =
Vol(M ), which is stricly positive.

With an abuse of notation we still denote the subsequence of the
previous lemma by ρn . Since no ρn is elementary we can consider the
sequence of ρn -equivariant measurable maps Dn : ∂∞ H3 → ∂∞ H3 and
the corresponding sequence of BCG–natural maps Fn : H3 → H3 .

Lemma 3.2. Up to conjugating ρn by a suitable element gn ∈ Isom(H3 ),
we can suppose Fn (O) = O.
Proof. Conjugating ρn by g reflects in post-composing Fn with g. We
can choose gn such gn (Fn (O)) = O.

The choice to fix the origin of H3 as the image of Fn (O) is made
to avoid pathological behaviour. For instance consider a sequence of
loxodromic elements gn ∈ Isom(H3 ) which is divergent and define the
representations ρn := gn ◦ i ◦ gn−1 , where i : Γ → Isom(H3 ) is the
standard lattice embedding. Clearly this sequence of representations

VOLUME RIGIDITY AT IDEAL POINTS

9

satisfies limn→∞ Vol(ρn ) = Vol(M ) since for every n ∈ N we have
Vol(ρn ) = Vol(M ). However, there does not exist any subsequence of
ρn converging to the holonomy of the manifold M .
Definition 3.3. For any n ∈ N and every x ∈ H3 we can define the
following quadratic forms on TFn (x) H3 :
Z
hKn |Fn (x) u, ui =
∇dB|(Fn (x),θ) (u, u)d((Dn )∗ µx )(θ)
∂∞ H3

hHn |Fn (x) u, ui =

Z

(dB|(Fn (x),θ) (u))2 d((Dn )∗ µx )(θ)
∂∞ H3

3

for any u ∈ TFn (x) H . The notation h·, ·i stands for the scalar product
on TFn (x) H3 induced by the hyperbolic metric on H3 .
For sake of simplicity we are going to drop the subscripts in Kn
and Hn . Recall that, since both the domain and the target have the
same dimension, the 3-jacobian Jac3 (Fn ) coincides the modulus of the
jacobian determinant det(Dx Fn ). As stated in [BCG96, Lemma 5.4],
the following inequality holds for every x ∈ H3
  23
1
det(Hn ) 2
4
.
| det(Dx Fn )| ≤
3
det(Kn )
Lemma 3.4. Suppose limn→∞ Vol(ρn ) = Vol(M ). Hence we have that
| det(Dx Fn )| converges to 1 almost everywhere in H3 with respect to the
measure induced by the standard metric.
Proof. Denote by Fnε : H3 → H3 the ε-natural maps introduced in
Section 2.3. Recall that we have the following estimate
Z
Vol(ρn ) ≤
| det(Dx Fnε )|dvolH3 (x) = Vol(Fnε )
M

and since | det(Dx Fnε )| ≤ 1 + ε and limε→0 Dx Fnε = Dx Fn , by the theorem of dominated convergence we get
Z
Vol(ρn ) ≤
| det(Dx Fn )|dvolH3 (x) ≤ Vol(M )
M

from which follows the statement.



If N is the set of zero measure outside of which | det(Dx Fn )| is
converging, for every x ∈ H3 \ N and fixed ε > 0 there must exist
n0 = n0 (ε, x) such that | det(Dx Fn )| ≥ 1 − ε for every n > n0 . Thus it
holds
  23
1
4
det(Hn ) 2
>1−ε
3
det(Kn )
from which we can deduce
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 3
 3
3
3
det(Hn )
2
>
(1
−
ε)
>
(1 − 2ε).
(det(Kn ))2
4
4
Moreover, since H3 has costant sectional curvature equal to −1, we
have Kn = I − Hn (see [BCG95]). Here I stands for the identity on
TFn (x) H3 . Hence, by substituting the expression of Kn in the previous
inequality, we get
 3
det(Hn )
3
>
(1 − 2ε).
2
(det(I − Hn ))
4
Consider now the set of positive definite symmetric matrices of order
3 with real entries and trace equal to 1, namely
Sym+
1 (3, R) := {H ∈ Sym(3, R)|H > 0, Tr(H) = 1}.
Once we have fixed a basis of TFn (x) H3 , we can identify Hn and Kn
with the matrices representing these bilinear forms with respect to the
fixed basis. Under this assumption, recall that Hn ∈ Sym+
1 (3, R) for
every n ∈ N, as shown in [BCG96]. If we define
ψ : Sym+
1 (3, R) → R,

ψ(H) =

we know that

det(H)
,
(det(I − H))2

 3
3
ψ(H) ≤
4
and the equality holds if and only if H = I/3 (see [BCG95, Appendix
B]). It is worth noticing that the space Sym+
1 (3, R) is not compact and
a priori there could exist a sequence of elements Hn ∈ Sym+
1 (3, R) such
that
 3
3
lim ψ(Hn ) =
.
n→∞
4
We are going to show that this is impossible.
Proposition 3.5. Suppose to have a sequence Hn ∈ Sym+
1 (3, R) such
that
 3
3
.
lim ψ(Hn ) =
n→∞
4
Hence the sequence Hn must converge to I/3.
Proof. We start by observing that the function ψ is invariant by conjugation for an element g ∈ GL(3, R). Indeed, ψ(H) can be expressed as
ψ(H) = pH (0)/(pH (1))2 , where pH is the characteristic polynomial of
H. Hence the claim follows. In particular, we have an induced function
ψ̃ : O(3, R)\Sym+
1 (3, R) → R,

ψ̃(H̄) = ψ(H),
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where H̄ denotes the equivalence class of the matrix H and the orthogonal group O(3, R) acts on Sym+
1 (3, R) by conjugation. We can think
+
˚ 2 of the standard
of the space O(3, R)\Sym1 (3, R) as the interior ∆
2-simplex quotiented by the action of the symmetric group S3 which
˚ 2 . An explicit
permutes the coordinate of an element (λ1 , λ2 , λ3 ) ∈ ∆
homeomorphism between the two spaces is given by
˚
Λ : O(3, R)\Sym+
1 (3, R) → S3 \∆2 ,

Λ(H̄) := [λ1 (H), λ2 (H), λ3 (H)],

where λi (H) for i = 1, 2, 3 are the eigenvalues of H. By defining
Ψ = ψ ◦ Λ−1 , we can express this function as
abc
.
((1 − a)(1 − b)(1 − c))2
˚ 2 and we are going to
We are going to think of Ψ as defined on ∆
estimate this function on the boundary of ∆2 . Since a + b + c = 1,
with an abuse of notation we will write
˚ 2 → R,
Ψ : S3 \∆

Ψ([a, b, c]) =

Ψ(a, b) =

ab(1 − a − b)
.
((1 − a)(1 − b)(a + b))2

˚ 2 with the interior of the triangle τ in R2 with vertices
identifying ∆
(0, 0), (1, 0) and (0, 1). If a sequence of points is converging to a boundary point of ∆2 , then we have a sequence (an , bn ) of points converging
to a boundary point of τ . If the limit point is not a vertex of τ then
limn→∞ Ψ(an , bn ) = 0. For instance, suppose limn→∞ (an , bn ) = (α, 0)
with α 6= 0, 1. Hence
an bn (1 − an − bn )
=0
n→∞
n→∞ ((1 − an )(1 − bn )(an + bn ))2
as claimed. For the other boundary points which are not vertices,
the computation is the same. The delicate points are given by the
vertices (0, 0), (1, 0) and (0, 1). On these points the function Ψ cannot be continuously extended. However we can uniformly bound the
possible limit values. Suppose to have a sequence (an , bn ) such that
limn→∞ (an , bn ) = (0, 0). We have
lim Ψ(an , bn ) = lim

an b n
1
an bn (1 − an − bn )
∼
≤ .
2
2
((1 − an )(1 − bn )(an + bn ))
(an + bn )
4
where the symbol ∼ denotes that the sequence on the left has the same
behaviour of the sequence of the right in a neighborhood of (0, 0).
Analogously, if limn→∞ (an , bn ) = (1, 0) then
Ψ(an , bn ) =

bn
an bn (1 − an − bn )
∼
Ψ(an , bn ) =
(1 − an )(1 − bn )(an + bn )
1 − an


1−

bn
1 − an



1
≤ .
4
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and the same for limn→∞ (an , bn ) = (0, 1). The previous computation
proves that Ψ is uniformly bounded by 1/4 on the boundary of τ ,
hence on the boundary of ∆2 . Equivalently ψ is bounded by 1/4 in
a suitable neighborhood at infinity of Sym+
1 (3, R), from which follows
the statement.

We know that in our context we have
 3
 3
3
3
(1 − 2ε) ≤ ψ(Hn ) ≤
4
4
for n ≥ n0 . As a consequence of Proposition 3.5, the sequence Hn must
converge to I/3. Hence Hn converges to I/3 almost-everywhere on H3 .
We are going to prove that this implies the uniform convergence of Hn
to I/3 on compact sets. Before doing this we recall these two lemmas
which can be found in [BCG95, Section 7].
Lemma 3.6. Let x, x′ ∈ H3 such that the maximum eigenvalue of Hn
satisfies λn ≤ 2/3 at every point of the geodesic joining x to x′ . Then
there exists a positive constant C1 such that
d(Fn (x), Fn (x′ )) ≤ C1 d(x, x′ ).

Lemma 3.7. Let x, x′ ∈ H3 . Let P be the parallel transport from
Fn (x) to Fn (x′ ) along the geodesic which joins the two points. Denote
by Hn (x) the bilinear form defined on TFn (x) H3 . Then there exists a
positive constant C2 such that
||Hn (x) − Hn (x′ ) ◦ P || ≤ C2 (d(x, x′ ) + d(Fn (x), Fn (x′ ))).
Proposition 3.8. Suppose the sequence Hn converges almost everywhere to I/3. Thus it converges uniformly to I/3 on every compact set
of H3 .
Proof. We will follow the same proof of [BCG95, Lemma 7.5]. Without
loss of generality we may reduce ourselves to the case of a closed ball
Br (O) around the origin of the Poincaré model of H3 . Since Hn is
converging almost everywhere to I/3 on H3 , hence in particular on
Br (O), by Egorov theorem, given a fixed η > 0 there will exist a
compact set K and N ∈ N such that Vol(Br (O) \ K) < η and
||Hn (x) − I/3|| < ǫ
for every n ≥ N and every x ∈ K. Moreover we can assume that the
set Br (O) \ K is sufficiently small not to contain any ball of radius ǫ,
for ǫ > 0. This assumption implies that for every x ∈ Br (O) we must
have d(x, K) < ǫ. Fix now ǫ, K and a suitable value n ≥ N so that
||Hn (x) − I/3|| < ǫ

VOLUME RIGIDITY AT IDEAL POINTS

13

for every x ∈ K. As in Lemma 3.7 we will write Hn (x) to denote
the bilinear form Hn defined on TFn (x) H3 . By contradiction, suppose
the statement is false. There must exist two points x′n ∈ Br (O) and
xn ∈ K so that d(xn , x′n ) < ǫ and ||Hn (x′n ) − I/3|| > C3 ǫ, where we
can assume
1
≥ C3 ≥ C2 (C1 + 1) + 1
3ǫ
and C1 and C2 are the constants introduced in the previous lemmas.
The continuity of the function x → Hn (x) implies the existence of a
point x′′n contained in the geodesic segment [xn , x′n ] such that ||Hn (x′′n )−
I/3|| = C3 ǫ. This implies that the maximum eigenvalue of Hn satisfies
λn ≤ 2/3 at every point of the geodesic segment [xn , x′′n ]. By applying
Lemma 3.6 and Lemma 3.7 we get that
||Hn (xn ) − Hn (x′′n ) ◦ P || ≤ C2 (C1 + 1)ǫ,

where P is the parallel transport from Fn (xn ) to Fn (x′′n ) along the
geodesic segment joining them. Since ||Hn (xn ) − I/3|| < ǫ we get a
contradiction.

Thus, if we consider a closed ball Br (O) with r > 0, there exists
n1 = n1 (ε, r) such that for n > n1 we have the following estimates
|2/3hDx Fn (v), ui|−ε < |hKn ◦Dx Fn (v), ui|,

√
1
hHn u, ui 2 < ||u||/ 3+ε.

As a consequence of the Cauchy–Schwarz inequality, we can write
1
2

|hKn ◦ Dx Fn (v), ui| ≤ 2(hHn (u), ui) (

Z

1

(dB|(x,θ) (v))2 dµx (θ)) 2 ,
∂∞ H3

for every v ∈ Tx H3 and u ∈ TFn (x) H3 . Hence by taking n > n1 we get
√

|2/3hDx Fn (v), ui| − ε ≤ 2(||u||/ 3 + ε)(

Z

1

(dB|(x,θ) (v))2 dµx (θ)) 2 .
∂∞ H3

Recall that ||dB||2 = 1. By considering on both sides the supremum
on all the vectors u of norm equal to 1 we get
||Dx Fn (v)|| <

√

3||v|| + 3ε(||v|| + 1/2)

Again, by taking the supremum on all the vectors ||v|| = 1 we get
||Dx Fn || <

√

3 + 9/2ε

hence ||Dx Fn || is uniformly bounded on Br (O) for any n > n1 and for
any choice of r > 0. We are now ready to prove the Theorem 1.2.
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Proof. Since we know that limn→∞ Vol(ρn ) = Vol(M ), the previous
computations shows that ||Dx Fn || must be eventually uniformly bounded
on every compact set of H3 . Let x ∈ H3 be any point and let γ ∈ Γ. Let
c be the geodesic joining x to γx. Denote by L = d(x, γx) so that the
interval [0, L] parametrizes the curve c. Consider a closed ball Br (O)
sufficiently large to contain in its interior both x and γx. On this ball
there must exist a constant C such that ||Dx Fn || < C for n bigger than
a suitable value n0 . Thus, it holds
d(Fn (x), Fn (γx)) ≤

Z

L
0

||Dc(t) Fn (ċ(t))||dt ≤

Z

L
0

||Dc(t) Fn ||dt ≤ Cd(x, γx).

Recall that given a element g ∈ Isom(H3 ) its translation length is
defined as LH3 (g) := inf y∈H3 d(gy, y). The previous estimate implies
that the translation length of the element ρn (γ) can be bounded by
LH3 (ρn (γ)) ≤ d(ρn (γ)Fn (x), Fn (x)) ≤ Cd(γx, x)

and hence the sequence ρn is bounded in the character variety X(Γ, Isom(H3 )).
Moreover the choice made before to fix Fn (O) = O guarantees that the
sequence ρn must converge to a representation ρ∞ . By the continuity
of the volume with respect to the pointwise convergence, we get
Vol(ρ∞ ) = lim Vol(ρn ) = Vol(M ).
n→∞

By the rigidity of volume function we know that ρ∞ must be conjugated to i, and the theorem is proved.

4. Consequences and generalizations of Theorem 1.2
In this section we are going to prove Corollary 1.3 and state a consequence regarding the Morgan–Shalen compactification of X(Γ, Isom(H3 )).
We also discuss generalizations of Theorem 1.2 to higher dimensional
cases. We begin with the proof of Corollary 1.3.
Proof of Corollary 1.3. If there did not exist such an ε, we should have
Vol(ρn ) → Vol(M ), but this contraddicts Theorem 1.2. Indeed the sequence ρn should converge to a representation conjugated to the standard lattice embedding i : Γ → Isom(H3 ) and it could not converge to
an ideal point.

The previous result has a clear consequence in the study of the volume function on the character variety X(Γ) = X(Γ, Isom(H3 )). Let
MS
X(Γ)
be the Morgan–Shalen compactification of the character variety X (see [Mor86] for a definition). The previous corollary can be
restated as follows
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Corollary 4.1. Let Vol : X(Γ) → R be the volume function. Let
N (i) be a small neighborhood in X(Γ) of the class containing the standard lattice embedding i with respect to the topology of the pointwise
convergence. Suppose that there exists a continuous extension Vol :
MS
X(Γ)
→ R. Hence we can bound uniformly the restriction
Vol|X(Γ)M S \N (i) < Vol(M ) − ε
with a suitable value of ε > 0.
In particular, the previous corollary proves [Gui16, Conjecture 1] and
hence [Gui16, Theorem 1.2] for representations into P SL(2, C).
Now we prove now a generalization of Theorem 1.2 when M is a
k-manifold and ρn takes values in Isom(Hk ) (for k > 3).
More precisely, let Γ be the fundamental group of a complete hyperbolic k-dimensional manifold M with finite volume. We show that,
given a sequence of representations ρn : Γ → Isom(Hk ) such that
limn→∞ Vol(ρn ) = Vol(M ), it is possible to find a sequence of elements
gn ∈ Isom(Hk ) such that the sequence gn ◦ ρn ◦ gn−1 converges to the
standard lattice embedding i : Γ → Isom(Hk ). The key point of the
proof in the case k = 3 is given by Proposition 3.5, which is still valid
in dimension bigger or equal than 4. Indeed, following what we have
done before, consider the space
Sym+
1 (k, R) := {H ∈ Sym(k, R)|H > 0, Tr(H) = 1}

of real symmetric matrices of order k with trace equal to 1 which are
positive definite. The function
ψ : Sym+
1 (k, R) → R,

ψ(H) :=

det(H)
(det(H − I))2

induces a function ψ̃ on the quotient O(k, R)\Sym+
1 (k, R), where the
orthogonal group acts by conjugation. As in the case of k = 3, denote
˚ k−1 the interior of the standard (k − 1)-simplex and consider the
by ∆
action of Sk by permutation of coordinates. We can read the function
˚ k−1 by considering
ψ on the space Sk \∆
Ψ(a1 , . . . , ak ) :=

k
Y

i=1
+
O(k, R)\Sym1 (k, R)

ai
.
(1 − ai )2

Indeed the space
is homeomorphic to the space
˚ k−1 and the homeomorphism is realized by sending the class of a
Sk \∆
symmetric matrix H to the non-ordered n-tuple of its eigenvalues. We
are now interest in extending the function Ψ to the space Sk \∆k−1 and
˚ k−1 .
to do this we are going to consider the function as defined on ∆
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ai = 1, with an abuse of notation, we are going
a1 . . . ak−1 (1 −

Pk−1

i=1 ai )
Pk−1
ak−1 )2 ( i=1

.
(1 − a1 )2 . . . (1 −
ai ) 2
On every point of the boundary ∂∆k−1 which is not a vertex, the
function clearly extends with zero. The same holds for the vertex
(1, 0, . . . , 0) corresponding to the (k − 1)-tuple (0, 0, . . . , 0). Indeed,
near (0, 0, . . . , 0) we have
Ψ(a1 , . . . , ak−1 ) =

Pk−1 k−3
( i=1
ai )
a1 . . . ak−1
≤
Ψ(a1 , . . . , ak−1 ) ∼ Pk−1
(k − 1)k−1
( i=1 ai )2
where the symbol ∼ denotes that Ψ has the same behaviour of the
expression on the right. For k ≥ 4 the right-hand side is a function
which converges to zero as (a1 , . . . , ak−1 ) → (0, . . . , 0). Moreover, since
˚ k−1 we have
the function Ψ is invariant under the action of Sk on ∆
that its continuous extension must satisfy
Ψ(1, 0, . . . , 0) = Ψ(0, 1, . . . , 0) = Ψ(0, 0, . . . , 1)
and so the function can be extended to zero at any vertex. In particular
given a sequence of matrices Hn such that limn→∞ ψ(Hn ) = (k/(k −
1)2 )k we have that the sequence Hn must converge to I/k, where I is
the identity matrix of order k. From the previous considerations and
following the same strategy of the case k = 3, it is straightforward to
prove
Theorem 4.2. Let Γ be the fundamental group of a complete hyperbolic
k-dimensional non-compact manifold of finite volume. Let ρn : Γ →
Isom(Hk ) be a sequence of representations such that limn→∞ Vol(ρn ) =
Vol(M ). It is possible to find a sequence of elements gn ∈ Isom(Hk )
such that the sequence gn ◦ ρn ◦ gn−1 converges to the standard lattice
embedding i : Γ → Isom(Hk ).
From which we deduce
Corollary 4.3. Suppose ρn : Γ → Isom(Hk ) is a sequence of representations converging to any ideal point of the Morgan–Shalen compactification of X(Γ, Isom(Hk )). Then the sequence of volumes Vol(ρn ) must
be bounded from above by Vol(M ) − ε with ε > 0.
We conclude by discussing the generalization of Theorem 1.2 to the
case where M is a k-manifold and ρn takes values in Isom(Hm ) (with
m > k ≥ 3).
More precisely, let ρn : Γ → Isom(Hm ) be a sequence of representations such that limn→∞ Vol(ρn ) = Vol(M ). We show that there exists
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a sequence gn ∈ Isom(Hm ) such that the sequence gn ◦ ρn ◦ gn−1 converges to a representation ρ∞ which preserves a totally geodesic copy
of Hk and whose Hk -component is conjugated to the standard lattice
embedding i : Γ → Isom(Hk ) < Isom(Hm ).
The proof in this general case follows the line of the case k = m but
needs some additional care. We do not rewrite the whole proof but we
only concentrate on the subtleties which differ from the previous case.
Let Fn : Hk → Hm be the natural map associated to the representation ρn . We are going to follow [BCG99] for the notation. Recall that
BM denotes the Busemann function relative to the hyperbolic space
of dimension m centered at the origin O. Similarly to what we have
done before, for any n ∈ N and every x ∈ Hk we define the following
quadratic forms on TFn (x) Hm :
hKn |Fn (x) u, ui =

Z

hHn |Fn (x) u, ui =

∂∞ Hm

Z

∂∞

∇dBM |(Fn (x),θ) (u, u)d((Dn )∗ µx )(θ)

Hm

(dBM |(Fn (x),θ) (u))2 d((Dn )∗ µx )(θ)

for any u ∈ TFn (x) Hm . Since the dimension m is bigger than k, we
will need to define another quadratic form, this time on Tx Hk . For any
v ∈ Tx Hk , we define
Z
′
(dBK |(x,θ) (v))2 dµx (θ).
hHn |x v, vi =
∂∞ Hk

For any quadratic form we are going to drop the subscript which
refers to the tangent space on which the form is defined. As a consequence of the Cauchy–Schwarz inequality we get
1

1

hKn ◦ Dx Fn (v), ui ≤ (k − 1)(hHn (u), ui) 2 (hHn′ (v), vi) 2
for every v ∈ Tx Hk and every u ∈ TFn (x) Hm .
By applying the same strategy of the proof of Lemma 3.4, we get that
the condition limn→∞ Vol(ρn ) = Vol(M ) implies that the k-Jacobian
Jack (Fn ) of the natural maps Fn converges to 1 almost everywhere
with respect the measure induced by the standard hyperbolic metric
on Hk . Since
Jack (Fn )(x) := max ||Dx Fn (u1 ) ∧ . . . Dx Fn (uk )||gHm ,
u1 ,...,uk

let {u1 , . . . , uk } be the frame which realizes the maximum and denote
by Ux the subspace Ux := spanR {u1 , . . . , uk } of Tx Hk . Set VFn (x) :=
Dx Fn (Ux ). We denote by Kn (x)V , Hn (x)V and Hn′ (x)U the restrictions of the form Kn |Fn (x) , Hn |Fn (x) and Hn′ |x to the subspace VFn (x) ,
VFn (x) and Ux , respectively. As consequence of the Cauchy–Schwarz
inequality, as in [BCG99] it results
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det(Kn (x)V )Jack (Fn )(x)
1

1

≤ (k − 1)k (det(HnV (x))) 2 (det(Hn′U (x))) 2
1

≤ (k − 1)k (det(HnV (x))) 2

and since KnV (x) = I − HnV (x) we get the estimate
1

(k − 1)k (det(HnV (x))) 2
.
k
det(I − HnV (x))
k2
In this way we can apply the same strategy followed for the case
k = m and hence it is straightforward to prove
Jack Fn (x) ≤

Theorem 4.4. Let Γ be the fundamental group of a complete hyperbolic
k-dimensional non-compact manifold of finite volume. Consider an integer m ≥ k. Given a sequence of representations ρn : Γ → Isom(Hm )
such that limn→∞ Vol(ρn ) = Vol(M ), there exists a sequence of elements gn ∈ Isom(Hm ) such that the sequence gn ◦ ρn ◦ gn−1 converges to
a reducible representation ρ∞ which preserves a totally geodesic copy
of Hk in Hm , and whose Hk -component is conjugated to the standard
lattice embedding i : Γ → Isom(Hk ) < Isom(Hm ).
From which we deduce
Corollary 4.5. Suppose ρn : Γ → Isom(Hm ) is a sequence of representations converging to any ideal point of the Morgan–Shalen compactification of X(Γ, Isom(Hm )). If k ≤ m the sequence of volumes Vol(ρn )
must be bounded from above by Vol(M ) − ε with ε > 0.
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