
On the Role of Group Equivariant Non-Expansive Operators
as a Bridge between TDA and Machine Learning

Patrizio Frosini

Department of Computer Science, University of Pisa
patrizio.frosini@unipi.it

Seminar GEOTOP-A: Applications of geometry and topology,
30 January 2026



Outline

Some epistemological assumptions

What is a GENEO?

Some basics on the theory of GENEOs

Building GENEOs

GENEOs and Topological Data Analysis

GENEOs and Explainable Artificial Intelligence (XAI)

2 of 74



Some epistemological assumptions

What is a GENEO?

Some basics on the theory of GENEOs

Building GENEOs

GENEOs and Topological Data Analysis

GENEOs and Explainable Artificial Intelligence (XAI)

3 of 74



Some epistemological assumptions
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Assumption 1: Data are processed by observers

Data have no meaning without an observer to interpret them.

An observer is an agent that transforms data while preserving their
symmetries.
5 of 74



Assumption 2: Observers are variables

Data interpretation strongly depends on the chosen observer.
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Assumption 3: Observers are important

We are rarely directly interested in the data, but rather in how
observers react to their presence.

Consequently, we should focus more on the properties of the observers
than on the properties of the data.
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Assumption 4: There is no structure in the data

Generally speaking, data lack inherent structure. Instead, the
structure of data re
ects the observer’s own structure.

The shape is not in the data but in the eyes of the observer.
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How can we translate these ideas into mathematics?
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Perception spaces and GENEOs
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What is a GENEO?

� A Group Equivariant Non-Expansive Operator (GENEO) is a
mathematical tool used to approximate observers that act on data.

� The theory of GENEOs is based on the idea that the geometric
characteristics of observers significantly influence the interpretation
of data.

� In this talk, we will explore the core properties of GENEOs,
examine their role in machine learning, and discuss their promising
applications in explainable artificial intelligence.
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Perception spaces
Recall that a pseudometric is a distance function d satisfying
nonnegativity, symmetry, and the triangle inequality, but not
necessarily the property d(x1;x2) = 0 =) x 1 = x 2.

De�nition
Let us consider:

1. A nonempty set F endowed with a pseudometric DF .

2. A group (G; �) acting on F on the left, denoted by �. We assume
the action is by isometries, i.e., for every j1; j 2 2 F and every
g 2 G, DF (g � j 1;g � j 2) = D F (j 1; j 2).

We call (F;G) a perception space.
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Perception spaces

The set F represents the data we may obtain from our measuring
tools (functions, graphs, point clouds, ...). The group G represents
the possible transformations of the data that the observer may be
interested in.

Some examples:
� F = the set of grey-level images viewed as functions from R2

to [0;1], endowed with the sup-norm distance;
G = the group of isometries of the real plane.

� F = the set of all subgraphs of a given graph �, endowed with
the distance diso(� 1; � 2) = 0 if � 1 � � 2 and 1 otherwise;

G = the group of graph isomorphisms of �.
� F = the set of nonempty compact subsets of the real plane,

endowed with the Hausdor� distance;
G = the group of isometries of the real plane.
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A pseudometric on G, induced by D�

If a perception space (�;G) is given, then G can be endowed with the
pseudometric DG de�ned by setting
DG(g1;g2) := sup j2F DF (g1 � j ;g 2 � j) for any g 1;g2 2 G.

Proposition

Let (�;G) be a perception space. The followings hold.

a) G is a topological group.

b) The action of G on � is continuous.
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GEOs and GENEOs

De�nition

� Let (F;G), (Y;K) be two perception spaces. If a map F : F ! Y
and a group homomorphism T : G ! K are given, such that
F (g � j) = T (g) �F (j) for every j 2 F, g 2 G, we say that
(F ;T ) is an (extended) group equivariant operator (GEO).

� If F is non-expansive (i.e., DY (F (j 1);F (j 2)) � D F (j 1; j 2) for
every j1; j 2 2 F), we say that (F ;T ) is an (extended) group
equivariant non-expansive operator (GENEO).

Remark
Let (F ;T ) : (�;G) ! (	;K) be a GEO and assume that F is
surjective. If DY (F (j 1);F (j 2)) � D F (j 1; j 2) for every j 1; j 2 2 F,
then DK (T (g 1);T (g 2)) � D G(g1;g2) for every g1;g2 2 G.
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GENEO Example: Image Blurring

I = the collection of all color images, viewed as Cc
�
R2; [0;1]3

�
,

endowed with the max-norm distance;
� F : I ! I , F (j) = j � k, where k is rotationally symmetric and

kkk1 = 1;
� T = id : Isom(R 2) ! Isom(R 2).

Then (F ;T ) is a GENEO.
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GENEO Example: Computing Convex Hulls

S = the collection of all �nite nonempty subsets of the real plane;
P = the collection of all polyhedra in the real plane.
� F : S ! P, F (S) = convex hull of S;
� T = id : Isom(R 2) ! Isom(R 2).

Then (F ;T ) is a GENEO.
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GENEO Example: Computing Persistence Diagrams

DGM = the collection of all persistence diagrams of real-valued
continuous functions de�ned on a topological space X , where DGM is
endowed with the bottleneck distance;
� F : Cc (X ;R) ! DGM, F(j) = Dgm k (j);
� T : Homeo(X) ! fid DGMg is the trivial homomorphism.

Then (F ;T ) is a GENEO.
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GENEO Example: Computing Persistence Diagrams

� Equivariance of (F ;T ) = invariance of persistence diagrams under
reparameterization of the domain.

� Non-expansiveness of (F ;T ) = stability of persistence diagrams.
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Why are GENEOs interesting?

� GENEOs rest on a rigorous topological/geometric framework
(in what follows we outline several results).

� GENEOs encode prior knowledge about the chosen observer.
� The non-expansiveness property of GENEOs imposes a strong

constraint that enables meaningful data simpli�cation.
� GENEOs enable a compositional approach to deep learning.
� Analyzing the geometry of the observer space (as represented

by GENEOs) is often more informative than analyzing the
geometry of the data space.
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The main point in the approach based on GENEOs

In perspective, we are looking for a good compositional theory for
building e�cient and transparent networks of GENEOs.
Some preliminary experiments suggest that replacing neurons with
GENEOs could make some applications in deep learning more
transparent and interpretable and speed up the learning process.
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Some research projects concerning GENEOs (I)
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Some research projects concerning GENEOs (II)

https://pandora-heu.eu/consortium/
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