An observer-oriented approach to topological data analysis

Part 2: The algebra of grou‘)_I invariant non-expansive operators and its
application in the project GIPHOD - Group Invariant Persistent Homology
Online Demonstrator

Patrizio Frosini

Department of Mathematics and ARCES, University of Bologna
patrizio.frosini@unibo.it

Second School/Conference in TDA,
Stochastic Topology and related topics
Querétaro, 7-11 December 2015



Outline \/\1

Group invariant non-expansive operators from ¢ to VW # ¢

How can we produce new group invariant non-expansive operators?

GIPHOD




N
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Could we consider operators from ¢ to W? \M

In the previous talk we have considered group invariant non-expansive
operators (GINOs) from @ to ®.

In several applications it can be useful to consider operators that take
the space ® to a different topological space W.

As an example, we can consider the operator F taking each function
@ € ®=C9J0,1] x [0,1],R) to the function F(¢@) € ¥ = C°([0,1],R)
defined by setting F(@)(x) := max{¢(x,y) : y € [0,1]} for every

x €[0,1].

In the next slides we will show how our approach based on GINOs
from ® to ® can be extended to GINOs from & to W # .
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Perception spaces \/\1

We are interested in the pairs (®, G) where

e & is a set of continuous functions from a compact topological
space X to R, containing at least the constant functions.

e G is a subgroup of the topological group Homeo(X).

e & is closed under the right-action of G on @ (i.e.,
ped = pogeco.

We will say that (¢, G) is a perception space.




Natural pseudo-metric dg \/\1

For each perception space (¥, G) we can consider the natural
pseudo-metric dg associated with the group G.

We recall its definition:

de (¢, y) = inf max|e(x) — y(g(x))|

geG xeX




Group-invariant non-expansive operators for ¢ = W\/\1

Now we have to extend the concept of GINO to the case ® # V.
Let us assume that ($, G) and (W, H) are two perception spaces and
that a homomorphism T : G — H is given.

Each function F: ® — WV is called a group-invariant non-expansive
operator (GINO) from (¥, G) to (W, H) with respect to T if
(a) F(pog)=F(@)o T(g) for every ¢ € ® and every
geG;

(b) IF(¢1) = F(92)ll. < [l¢1 — 92|, for every @1, 92 € &
(i.e., F is a 1-Lipschitzian operator from @ to V).




An example \/\1

As an example, think of the following case. Let us consider the

perception spaces (¥, G), (V,H), where

e O is the set of all continuous functions from the disk
D?:={(x,y) €ER?:x2+y2 <1} to R

e W js the set of all continuous functions from
Sti={(x,y)€eR?2:x>+y?=1} to R

e G is the group of all rotations of D?

e H is the group of all rotations of S?.

Let us set F(¢) := y where y(s) := fol ¢(ts) dt, and T(g):= g1
F is a group-invariant non-expansive operator from (®,G) to (V,H)

with respect to T.

Iy



A distance between GINOs \/\1

The symbol .7 ((®,G),(V,H), T : G — H) will be used to denote the
collection of all GINOs from (@, G) to (W, H) with respect to T.

If # #0is a subset of .7 ((¢,G),(V,H),T:G— H) and V is
bounded, then we can consider the function

dz(F1, F2) := max||F1(¢) — F2( @)l
pcd

from . x % to R.
Proposition

dg is a metric on F.
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The pseudo-metric D;Z;tch \/\1

Let .# # 0 be a subset of .Z ((®,G),(V,H), T :G — H).
For every @1, 0> € ® we still set

Dﬁneh(‘l’lv(m) = EUEdmatch(pk(F(@l))vpk(F((P2)))
€7
where px(y) denotes the persistent Betti number function (i.e. the
rank invariant) of y in degree k, while dp,,¢ch denotes the usual
bottleneck distance that is used to compare the persistence diagrams

associated with px(F(¢1)) and px(F(¢2)).
Proposition
D7

- stch 15 @ G-invariant and stable pseudo-metric on ®.

The G-invariance of D;:,}atch means that for every @1, ¢> € ® and every
g € G the equality D (¢1,¢20g) = D7 ..(¢1,92) holds.
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Relation between pZ (®.C)(V.H),T:C=H) and dg \/\1

match

The main link between GINOs and persistent homology is given by
the following result.

Theorem
pZ((®.6).(W.H).T:G~H) _ dc.

match

This result suggests that G-invariant persistent homology can be used
to approximate the natural pseudo-distance also in the case ® # V.
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Compactness of .Z ((®,G),(V,H),T: G — H) \/\1

Also in the case ® # W the compactness of our spaces of functions
implies the compactness of the space of all GINOs:

Theorem

If the metric spaces ®,V are compact, then also the metric space
F((P,G),(V,H), T:G— H) is compact.
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Compactness of .7 ((¢,G),(V,H), T : G — H) \/\1

Similarly to what happened in the case ® = WV, the compactness of
F((,G),(V,H), T :G— H) suggests a method to approximate

FUOCLVHTGH) (304 hence d).

Corollary

Assume that the metric spaces ®,V are compact with respect to their
sup-norms. Let % be a non-empty subset of

F((P,G),(V,H), T:G— H). For every € >0, a finite subset .F* of
F exists, such that

Diratch(91,92) = Drpaecn(91,92)| < €
for every @1, € ®.
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How can we produce new group invariant non-expansive operators?
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Composition of GINOs \/\1

Our approach to G-invariant TDA is based on the availability of
GINOs.

How could we build new GINOs from other GINOs?

A simple method consists in producing new GINOs by composition of
other GINOs:

Proposition

If F1 is a GINO from (®,G) to (V,H) with respect to T and F; is a
GINO from (V,H) to (x,K) with respect to S, then F := FoFy is a
GINO from (®,G) to (x,K) with respect to So T.
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Building GINOs via 1-Lipschitzian functions \/\1

We can also produce new GINOs by means of a 1-Lipschitzian
function applied to other GINOs:

Proposition

Assume that two perception spaces (¥, G), (V,H) are given. Let &
be a 1-Lipschitzian map from R" to R, where R" is endowed with the
usual norm ||(x1,...,xn)|l.. = Maxi<j<n|x;|. Assume also that
Fi,...,F, are GINOs from (®,G) to (V,H) with respect to T.

Let us define £*(F1,...,Fp) : ® — WV by setting

LH(F1y.., F)(@)(x) := Z(F1(@)(x),...,Fa(@)(x)). Then the
operator L*(F1,...,F,) is a GINO from (®,G) to (V,H) with
respect to T.

From this proposition the following three results follow.
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Building new GINOs via translations, weighted \/\1
averages and the maximum operator

Proposition (Translation)

Assume F is a GINO from ($,G) to (V,H) with respect to T, and
b eR. Then the operator F, := F — b is also a GINO from (®,G) to
(W, H) with respect to T.

Proposition (Weighted average)

Assume that Fi,...,F, are GINOs from (®,G) to (V,H) with respect
to T, and (a1,...,an) €R" with Y7 ;|ai| <1. Then F=Y1_a;F; is
also a GINO from (¢, G) to (V,H) with respect to T.

17 of 45




Building new GINOs via translations, weighted \/\1
averages and the maximum operator

Proposition (Maximum)

Assume Fq,...,F, are GINOs from ($,G) to (V,H) with respect to
T taking values in R. Then the operator F = max; F; is also a GINO
from (®, G) to (V, H) with respect to T.
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An interesting GINO in kD persistent homology \/\1

Previous propositions imply the following statement.
Proposition

Assume Fq,...,F, are GINOs from ($,G) to (V,H) with respect to
T. Assume also that (a1,...,an), (b1,...,bn) € R", with
ai,...,an>0,Y"a;=1and Y ; bj=0. Then the operator

. {Fl—bl F,,—b,,}
F = mina; - max ey
J ai dan

is also a GINO from (®,G) to (V,H) with respect to T.
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An interesting GINO in kD persistent homology \M

The previous proposition shows an interesting link between GINOs
and the operator used to reduce multidimensional persistent Betti
numbers to 1D persistent Betti numbers.

We recall that this operator takes the R"-valued function
©=(¢1,...,0,) to the R-valued functions

(Plfbl (Pn*bn
2 Sy a

Qap = mjin aj- max{

with aj,...,ap >0, Y7 ;a;=1and Y7 ; bj=0. The key point is
that each sublevel set of ¢ can be represented as a sublevel set of a
filtering function @, p, so that our operator can be used to reduce a
multidimensional filtration to a collection of 1D-filtrations.
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An interesting GINO in kD persistent homology \/\1

S p(Y=atib

Figure: The collection of the 1D-filtrations associated with the lines
p(t) = at+ b such that a;,a, >0, a; +a, =1 and by + b, =0 is equivalent
to the 2D-filtration associated with the filtering function p — (x(p),y(p))-

[A. Cerri, B. Di Fabio, M. Ferri, P. Frosini, C. Landi, Betti numbers in
multidimensional persistent homology are stable functions,
Mathematical Methods in the Applied Sciences, vol. 36 (2013),
1543-1557 ]
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GIPHOD
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GIPHOD

Joint project with Grzegorz Jabtoriski (Jagiellonian University -
Krakéw) and Marc Ethier (Université de Saint-Boniface - Canada)

Ogiphod % cl. | @

Choose your invariance group:

O Group of all isometries

(O Group of all horizontal translations .
» - - n

(O Group of all homeomorphisms
O Group consisting of the identity operator )

For a short description and a guide click here.
For more information: read our paper. I .

Authors: Patrizio Frosini, Grzegorz Jablonski,
Marc Ethier ' . -

Developer: Grzegorz Jablonski
Contact: Srzegorzjablonski@ui.edu.pl

[ [ e
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GIPHOD (Group Invariant Persistent Homology \M

On-line Demonstrator)

GIPHOD is an on-line demonstrator, allowing the user to choose an
image and an invariance group. GIPHOD searches for the most similar
images in the dataset, with respect to the chosen invariance group.
Purpose: to show the use of G-invariant persistent homology for
image comparison.

Dataset: 10.000 grey-level synthetic images obtained by adding
randomly chosen bell-shaped functions. The images are coded as
functions from R? — [0,1].

GIPHOD WILL BE AVAILABLE IN JANUARY 2016.

The beta version of GIPHOD can be tested at
http://giphod.capdnet.ii.uj.edu.pl.

Thanks to everyone that will give suggestions for improvement
(please send them to grzegorz.jablonski®uj.edu.pl)
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GIPHOD: Examples for the group of isometries \/\1

We will now show some results obtained by GIPHOD when the
invariance group G is the group of isometries:

Some data about the pseudo-metric Dfatch in this case:

e Mean distance between images: 0.2984;
e Standard deviation of distance between images: 0.1377;
e Number of GINOs that have been used: 5.
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GIPHOD: Examples for the group of isometries \/\1

Here are the five GINOs that we used for the invariance group
of isometries:

* Flo)=9.
e F(¢):= constant function taking each point to the value
Jr2 9(x) dx.

* F(¢) defined by setting

2

F0)() = [ 0bc=)-B(Iyl) dy

where B : R — R is an integrable function with

Jrz 1B (llyll2)| dy <1
(we have used three operators of this kind).
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GIPHOD: Examples for the group of isometries

Results of the query with respect to the Group of all isometries
Query

1st result 2nd result 3rd result 4th result 5th result

Distance:0; Distance:0; Distance:0.05106; Distance:0.05106; Distance:0.05108;

Back to main page

Mean distance: 0.2984; Standard deviation of distance: 0.1377; Number of GINOs: 5.
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GIPHOD: Examples for the group of isometries

Results of the guery with respect to the Group of all isometries
Query

v

1st result 2nd result 3rd result 41h result 5th result

Distance:0.02196; Distance:0.06732; Distance:0.09858; Distance:0.10185; Distance:0.11747,;

Back to main page

Mean distance: 0.2984; Standard deviation of distance: 0.1377; Number of GINOs: 5.
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GIPHOD: Examples for the group of isometries

Results of the query with respect to the Group of all isometries
Query

ate

1st result 2nd result Jrd result 4th result Sth result

- o o~ ‘

T

Distance:0; Distance:0.00398; Distance:0.07848; Distance:0.13125; Distance:0.13228;

Back to main page

Mean distance: 0.2984; Standard deviation of distance: 0.1377; Number of GINOs: 5.
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GIPHOD: Examples for the group Homeo(R?) \/\1

We will now show some results obtained by GIPHOD when the
invariance group G is the group Homeo(R?):

Some data about the pseudo-metric Dfatch in this case:

e Mean distance between images: 0.2357;
e Standard deviation of distance between images: 0.1721;
e Number of GINOs that have been used: 1.

For the invariance group Homeo(R?) we have used just the identity
operator.

ek



GIPHOD: Examples for the group Homeo(R?)

Results of the query with respect to the Group of all homecmorphisms

Query
<
1st result 2nd result 3rd result 4th result 5th result
» . s . .

‘s o

Distance:0; Distance:0; Distance:0; Distance:0.158086; Distance:0.15806;

Back to main page

Mean distance: 0.2357; Standard deviation of distance: 0.1721; Number of GINOs: 1.
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GIPHOD: Examples for the group Homeo(R?)

Results of the query with respect to the Group of all homeomorphisms

Query
.
.
1st result 2nd result 3rd result 4th result 5th result
. - . - . -
. . . o

: :
Distance:0.00396; Distance:0.00396; Distance:0.00396; Distance:0.22443; Distance:0.22443;

Back to main page

Mean distance: 0.2357; Standard deviation of distance: 0.1721; Number of GINOs: 1.
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GIPHOD: Examples for the group Homeo(R?)

Results of the guery with respect to the Group of all homeomorphisms

Query
-
1st result 2nd result 3rd result 4th result 5th result
.
- -
L
- - ®° :
Distance:0; Distance:0; Distance:0.003889; Distance:0.00394; Distance:0.00384;

Back to main page

Mean distance: 0.2357; Standard deviation of distance: 0.1721; Number of GINOs: 1.
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GIPHOD: Group of all horizontal translations \/\1

We will now show some results obtained by GIPHOD when the
invariance group G is the group of all horizontal translations:

Some data about the pseudo-metric Dfatch in this case:

e Mean distance between images: 0.4837;
e Standard deviation of distance between images: 0.1475;
e Number of GINOs that have been used: 10.
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GIPHOD: Examples for the group of all horizontal \/\1
translations

Here are the ten GINOs that we have used for the invariance
group of all horizontal translations:

* F(o)=o.

e F(¢@):= constant function taking each point to [z. @(x) dx.

» F(¢) defined by setting F(¢)(x) := ez 9(x —)- B (Ill2) dy with
B:R—Rand [ |B([yll2)] dy <1
(we have used two operators of this kind).

e Let us choose a continuous real-valued function x(yi,y»2) that is
1-Lipschitz in the variable y;, for every y». Let us define F(¢) by

setting F(9)(x1,x2) := 2(@(x1,%2), x2)
(we have used six operators of this kind).
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GIPHOD: Group of all horizontal translations

Results of the query with respect to the Group of all horizontal translations
Query

-
1st result 2nd result 3rd result 4th result 5th result
e * 8 4
L
Distance:0.01157; Distance:0.17031; Distance:0.17862; Distance:0.18105; Distance:0.18839;

Back to main page

Mean distance: 0.4837; Standard deviation of distance: 0.1475; Number of GINOs: 10.
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GIPHOD: Group of all horizontal translations

Results of the query with respect to the Group of all horizontal translations
Query

.

1st result 2nd result 3rd result 4th result 5th result

R
b . o '

Distance:0.08151;Distance:0.10303; Distance:0.20094; Distance:0.22459; Distance:0.22459;

Back to main page

Mean distance: 0.4837; Standard deviation of distance: 0.1475; Number of GINOs: 10.
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GIPHOD: Group of all horizontal translations

Results of the query with respect to the Group of all horizontal translations

Query
-
« "
1st result 2nd result 3rd result 4th result Sth result
o’ .
-
« n . .
e
b

Distance:0.17819; Distance:0.23174; Distance:0.28493; Distance:0.29661; Distance:0.35046;

Back to main page

Mean distance: 0.4837; Standard deviation of distance: 0.1475; Number of GINOs: 10.
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GIPHOD: Examples for the identical group \/\1

Finally, we will show some results obtained by GIPHOD when the
invariance group G is the identical group:

Some data about the pseudo-metric Dfatch in this case:

e Mean distance between images: 0.6412;
e Standard deviation of distance between images: 0.1257;
e Number of GINOs that have been used: 15.
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GIPHOD: Examples for the identical group \/\1

Here are the fifteen GINOs used for the identical group:

* Flo)=9.
* F(¢) := constant function taking each point to [p. ¢(x) dx.
* F(¢) defined by setting F(9)(x) := Jp2 9(x —y)-B(|lyll2) dy with

B:R—Rand [p: |B([lyll2)] dy <1
(we have used six operators of this kind).

e Let us choose a continuous function x(y1,y2) that is 1-Lipschitz in
the variable yj, for every y». Let us define F(¢) by setting
F(9)(x1,x2) == x(@(x1,x2), x2)

(we have used six operators of this kind).

e Let us choose a continuous function (yi,y>) that is 1-Lipschitz in
the variable y», for every yi. Let us define F(¢) by setting
F(@)(x1,x2) := 0(x1,9(x1,x2))

(we have used one operator of this kind).
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GIPHOD: Examples for the identical group

Results of the guery with respect to the Group consisting of the identity operator
Query

1st result 2nd result 3rd result 4th result 5th result

Distance:0.03903; Distance:0.04372; Distance:0.07755; Distance:0.08971; Distance:0.12236;

Back to main page

Mean distance: 0.6413; Standard deviation of distance: 0.1314; Number of GINOs: 15.
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GIPHOD: Examples for the identical group

Results of the guery with respect to the Group consisting of the identity operator
Query

1st result 2nd result 3rd result 4th result Sth result

. - :
.0 .

Distance:0.08948; Distance:0.24469; Distance:0.24701; Distance:0.25453; Distance:0.25556;

Back to main page

Mean distance: 0.6413; Standard deviation of distance: 0.1314; Number of GINOs: 15.
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GIPHOD: Examples for the identical group

Results of the guery with respect to the Group consisting of the identity operator
Query

v

1st result 2nd result 3rd result 4th result Sth result

¥ 7 2 2

Distance:0.0392; Distance:0.19703; Distance:0.19968; Distance:0.20512; Distance:0.20534;

Back to main page

Mean distance: 0.6413; Standard deviation of distance: 0.1314; Number of GINOs: 15.
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Conclusions \M

e The theory developed for GINOs from & to ® can be easily
extended to GINOs from ® to W # ¢.

e An algebra of group invariant non-expansive operators can be
introduced to build new GINOs.

e The demonstrator GIPHOD can be used to test the approach to
TDA that we have described.

GIPHOD WILL BE AVAILABLE IN JANUARY 2016.

The beta version of GIPHOD can be tested at
http://giphod.capdnet.ii.uj.edu.pl.

Thanks to everyone that will give suggestions for improvement
(please send them to grzegorz.jablonski®uj.edu.pl)
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