
SOME RESULTS ON THE DIRAC-EINSTEIN EQUATIONS
ALCUNI RISULTATI SULLE EQUAZIONI DI DIRAC-EINSTEIN

MARTINO VITTORIO

Abstract. In this note we introduce the Dirac-Einstein equations on a spin manifold

and we review some recent results, in particular: the compactness of the variational solu-

tions, the classification of the Palais-Smale sequences for the related conformal problem,

and finally some existence results.

Sunto. In questa nota introduciamo le equazioni di Dirac-Einstein su una varietà spin

ed illustriamo alcuni recenti risultati, in particolare: la compattezza delle soluzioni vari-

azionali, la classificazione delle successioni di Palais-Smale per il relativo problema con-

forme, ed infine alcuni risultati di esistenza.
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1. Introduction and motivation

In high energy Physics the interaction between particles is a wide subject of investigation;

in particular the corresponding equations are in general hard to handle and this is due

to the different nature of the particles: on one side Bosons, which are force-carrying

particles ruled by field type equations, on the other side Fermions, which are matter

particles satisfying wave type equations.

Here we will consider the easiest case, namely one single Bosonic-Fermionic interaction,

as introduced and described in [8], where the authors consider the interaction between

neutrinos (Fermionic part) and the gravitational field (Bosonic part).

Moreover we will adopt the variational approach, as in [13] and we restrict ourselves to

the Riemannian setting; let us mention that the same authors treated in [14] also the

Bruno Pini Mathematical Analysis Seminar, Vol. (2023) pp.

Dipartimento di Matematica, Università di Bologna
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more general case with the additional coupling of the electromagnetical field, giving rise

to the Einstein-Dirac-Maxwell equations.

Let us first recall the well known Einstein and Dirac equations separately. So, let M be

a closed (compact, without boundary) manifold of dimension n ≥ 3, and let us denote by

G(M) the set of all Riemannian metrics on M ; therefore the Einstein field equations of

gravity read as

(1) Ricg −
Rg

2
g = Tg, g ∈ G(M)

where Ricg is the Ricci tensor, Rg the Scalar curvature and Tg the stress–energy tensor

(depending on the particular choice of the matter sources).

On the other side, if we consider M endowed with a fixed Riemannian metric g and a

Spin structure ΣgM , then the Dirac wave equations are

(2) Dgψ = λψ, ψ ∈ ΣgM

where Dg is the Dirac operator acting on spinors ψ; here λ > 0 represents the mass.

Both the previous equations (1), (2) are variational, in the sense that they are critical

points equations of two distinct functional. The idea for the coupling is to consider

a unique functional, for which the first variation gives rise to a system with the two

equations. So, let n ≥ 3, for g ∈ G(M) and ψ ∈ ΣgM , the Dirac-Einstein functional can

be written in the following way

(3) E(g, ψ) =

∫
M

Rg + 〈Dgψ, ψ〉 − λ|ψ|2 dvg

where 〈·, ·〉 is the canonic Hermitian metric defined on ΣgM . Therefore, critical points of

E solve the coupled Dirac-Einstein equations

(4)


Ricg −

Rg

2
g = Tg,ψ

Dgψ = λψ

with

Tg,ψ(X, Y ) = −1

4
〈X · ∇Y ψ + Y · ∇Xψ, ψ〉, X, Y ∈ TM
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where · and ∇ denote the Clifford multiplication and the metric connection on spinors

respectively; we address the reader to [12], [15] and the references therein, for all the

additional details regarding the Spin geometry and the analysis of the Dirac operator.

Let us explicitly remark that the system (4) is not obtained merely considering (1) and

(2) at the same time, but the two equations are strongly coupled: this can be seen in the

first equation in (4), where the presence of the spinor appears in the stress–energy tensor;

also, the second equation in (4) differs from the classical Dirac equation, since in (2) the

metric g is fixed, whereas in the second equation of the system the metric is a variable

and the coefficients of the Dirac operator depend on the metric.

A first question about the system (4) is the compactness (or stability) of the set of solu-

tions. In general this is not true, even in the pure Riemannian setting (that is considering

only the Einstein equation), since bubbling or asymptotes of solutions can occur. How-

ever, we are able to show a compactness property for a class of solutions to the equations

(4) under some suitable assumptions, on the sign of the scalar curvature and the diam-

eter of the manifold and the dimension. This type of result is in the spirit of the works

[2, 3, 6, 27], regarding the compactness of sequences of Einstein manifolds. So, here we

state the following theorem and we address the reader to [25] for the proof.

Theorem 1.1. Let n = 3 and c, d, k > 0. We set

A(c, d, k) =
{

(g, ψ) ∈ Critc(E), diam(M, g) ≤ d, −∆gRg ≥ −kRg

}
Then the space A(c, d, k) is compact, that is, if (gk, ψk) ∈ A(c, d, k) then there exists a

subsequence that converges to (g∞, ψ∞) ∈ A(c, d, k).

In the previous statement the convergence is meant in Cr,α,∀r > 0, α ∈ (0, 1); also

we have denoted by Critc(E) the set of critical points of E having critical value c and

diam(M, g) stands for the diameter of the manifold M with respect to the metric g.

Let us remark that here we stated the case n = 3 for the sake of simplicity, actually in [25]

is treated also the case n = 4, whose statement is more involved, since the compactness

is proved up to a finite number of bubbling terms.
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In addition, we note that one could replace the analytic constraint involving the Laplacian

by a more geometric condition on the Q-curvature of the manifolds, which reads as follows:

Qg = − 1

2(n− 1)
∆gRg −

2

(n− 2)2
|Ric|2 +

n3 − 4n2 + 16n− 16

8(n− 1)2(n− 2)2
R2
g.

In particular, if Q is bounded from below, then −∆gRg is also bounded below in terms

of R2
g and this is enough for carrying the analysis leading to the result in Theorem 1.1.

2. Classification and existence results for the conformal problem

One of the main question about the system of Dirac-Einstein equations (4) is the existence

of solutions: in full generality, this is indeed a hard problem manly due to the fact that the

space of variations is quite huge (the set of the couples metrics-spinors on the manifold).

In this section we will restrict the functional on a fixed conformal class and we will show

that in dimension three, even tough a lack of compactness still appears, some existence

result can be obtained.

So, for a given metric g0 ∈ G(M), we define its conformal class as

[g0] =
{
g ∈ G(M), g = u

4
n−2 g0, u ∈ C∞(M), u > 0

}
.

Also, for a spinor φ ∈ Σg0M , we set ψ = u
1−n
n−2φ ∈ ΣgM , where in the last equality is

understood the action of a canonic isometric isomorphism between the spinor bundles

Σg0M and ΣgM (see for instance [12], Section 2, for more details).

In this way we have the conformal change of the Dirac operator

(5) Dgψ = u−
n+1
n−2Dg0φ.

Putting everything in (3), we obtain

(6) E (g, ψ) =

∫
M

uLg0u+ 〈Dg0φ, φ〉 − λu
2

n−2 |φ|2 dvg0 =: E(u, φ)

where an = 4(n−1)
n−2

and

Lg0u = −an∆g0u+Rg0u
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is the so-called conformal Laplacian. Therefore critical points of E solve the conformal

Dirac-Einstein equations 
Lg0u =

λ

n− 2
|φ|2u

4−n
n−2

Dg0φ = λu
2

n−2φ

In the previous equations one can see the strong dependence on the dimension; so far we

were able to treat the low dimensional case.

So, from now on, we let (M, g0,Σg0M) be a closed spin manifold of dimension three and

we also fix λ = 1, which is not restrictive. We define

E : H1(M)×H
1
2 (Σg0M)→ R

E(u, φ) =

∫
M

uLg0u+ 〈Dg0φ, φ〉 − u2|φ|2 dvg0

where H1(M) and H
1
2 (ΣgM) are canonical Sobolev spaces on which the functional E is

well defined (see for instance [15]).

This way, critical points of E are (weak) solutions of

(7)


Lg0u = |φ|2u

Dg0φ = u2φ

As we said, one of the issue in finding solutions is the lack of the compactness of the

functional, in the sense of Palais-Smale. We recall that given a function F ∈ C1(X) on

a Hilbert space X, a Palais-Smale sequence for F at level c ∈ R is a sequence {xk} ⊆ X

such that 
F (xk)

R−−−−→
k →∞

c

∇F (xk)
X−−−−→

k →∞
0

and we say that the function F satisfies the Palais-Smale condition if every Palais-Smale

sequence at level c admits a converging subsequence, and this holds for any c ∈ R.

So our first result is a the classification of the Palais-Smale sequences, in the spirit of the

classic works [30], [28], [29], [19], [20]. We have then (see [24] for the proof)
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Theorem 2.1. Let (M, g0,Σg0M) be a closed spin manifold of dimension three and let

us assume that M has a positive Yamabe constant Yg0(M). Let (un, φn) be a Palais-

Smale sequence for E at level c. Then there exist u∞ ∈ C2,α(M), φ∞ ∈ C1,α(Σg0M),

α ∈ (0, 1), with (u∞, ψ∞) solution of (7), m sequences of points x1
n, · · · , xmn ∈ M with

limn→∞ x
k
n = xk ∈ M , for k = 1, . . . ,m and m sequences of real numbers R1

n, · · · , Rm
n

converging to zero, such that:

i) un = u∞ +
m∑
k=1

vkn + o(1) in H1(M),

ii) φn = φ∞ +
m∑
k=1

ϕkn + o(1) in H
1
2 (Σg0M),

iii) E(un, φn) = E(u∞, φ∞) +
m∑
k=1

ER3(Uk
∞,Φ

k
∞) + o(1),

where

vkn = (Rk
n)−

1
2βkσ

∗
n,k(U

k
∞),

ϕkn = (Rk
n)−1βkσ

∗
n,k(Φ

k
∞),

with σn,k = (ρn,k)
−1 and ρn,k(·) = expxkn(Rk

n·) is the exponential map defined in a suitable

neighborhood of R3. Also, here βk is a smooth compactly supported function, such that

βk = 1 on B1(xk), supp(βk) ⊆ B2(xk) and (Uk
∞,Φ

k
∞) are solutions to equations (7) on R3

with its standard Euclidian metric gR3 and canonical spin bundle ΣgR3
R3.

The assumption on M of having a positive Yamabe constant implies that the Dirac

operator Dg0 has no kernel and this is crucial in the proof. This follows by the conformal

invariance of the Dirac operator (5) for which the vanishing of the kernel is preserved by

the conformal change, and the Schrödinger-Lichnerowicz formula (which is true for any

metric)

D2
gψ = −∆Σgψ +

Rg

4
ψ,

where ∆Σg is the Laplacian acting on spinors. So, if the Yamabe constant (of the given

metric g0) is positive, then the conformal class of that given metric contains a conformal

metric g with positive scalar curvature Rg, which implies the vanishing of the kernel of

Dg, and therefore of Dg0 .
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With this classification in hands we are able to prove some existence results, the first of

which is a direct consequence of the previous theorem. Indeed, as in the classical Yamabe

problem one can define a conformal invariant Ỹg0(M) in the following way. For non-trivial

(u, ψ) ∈ H1(M)×H 1
2 (Σg0M), we set the functionals

Ẽ(u, φ) =

(∫
M

uLg0udvg0

)(∫
M

〈Dg0φ, φ〉dvg0
)

∫
M

|u|2|φ|2dvg0
, I(φ) =

∫
M

〈Dg0φ, φ〉dvg0∫
M

|u|2|φ|2dvg0
.

Now, we define the conformal invariant

Ỹg0(M) = inf
(u,φ)∈H

Ẽ(u, φ)

where

H =
{

(u, φ) ∈ H1(M)×H
1
2 (Σg0M) \ {0, 0} s.t. I(φ) > 0, P−

(
Dg0φ− I(φ)u2φ

)
= 0
}
.

Here we have denoted by P− the projector on the negative space of H
1
2 (Σg0M) according

to the natural splitting given by the eigenspinors of the Dirac operator.

So, we have the following Aubin type result (see [4]) by comparing Ỹg0(M) with the

invariant on the sphere S3 with its standard metric gs and spin structure ΣgsS
3; the proof

is in [24].

Theorem 2.2. Let (M, g0,Σg0M) be a closed spin manifold of dimension three. It holds:

Ỹg0(M) ≤ Ỹgs(S
3).

Moreover, if

Ỹg0(M) < Ỹgs(S
3),

then problem (7) has a non-trivial ground state solution, that is a solution that realize the

infimum of the functional.

Let us recall that in [24] we considered also the case of a three-dimensional closed manifold

M with an isometric group action G acting on it, such that the orbits of G have infinite

cardinality: again by means of the classification Theorem 2.1, we are able to prove that

equations (7) admit two infinite families of solutions.
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The next existence result is a perturbation results on the sphere S3 by using the Bahri-

Coron type conditions. So, let us consider the three dimensional sphere S3 equipped with

its standard metric gs and spin structure ΣgsS
3, we define the functional

(8) Es(u, φ) =
1

2

∫
S3

(
uLgsu+ 〈Dgsφ, φ〉 −K|u|2|φ|2

)
dvgs

where K is a function of the form K = 1 + εk, for some positive ε and with k a function

on the sphere that will satisfy suitable assumptions to be determined. Critical points of

Es are solutions to the following coupled system:

(9)


Lgsu = K|φ|2u

Dgsφ = Ku2φ

and we explicitly notice that, when the parameter ε tends to zero, these solutions converge

to solutions of equations (7) on S3 (or R3 via stereographic projection).

In this regard, let us denote by π : S3 \ {sp} → R3 the stereographic projection, where

sp is the south pole. Therefore our second existence result reads as follows (we refer the

reader to [17] for the proof)

Theorem 2.3. Let k ∈ C2(S3) be a Morse function on S3 such that the south pole is not

a critical point. Let us set h = k ◦ π−1 and let us assume the following Bahri-Coron type

conditions on h:

(i) ∆h(ξ) 6= 0, ∀ ξ ∈ Crit(h) ,

(ii)
∑

ξ∈Crit(h)
∆h(ξ)<0

(−1)m(h,ξ) 6= −1,

where ∆ is the standard Laplacian operator on R3, Crit(h) denotes the set of critical

points of h and m(h, ξ) is the morse index of h at a critical point ξ.

Then, there exists ε0 > 0 such that for K = 1 + εk and ε ∈ (0, ε0), the system (9) has a

solution.

Let us remark that the condition on the south pole of the sphere is needed since in the

proof we make use of the stereographic projection π, however this condition can be always
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satisfied by making a unitary transformation which does not affect the generality of the

result.

We also recall that the previous result is the analogous of several ones obtained with

this hypothesis of Bahri-Coron type: for the standard Riemannian case of prescribing the

scalar curvature and its generalization to the Q-curvature see [1, 9, 11]; in the case of

prescribing the Webster curvature in the CR setting and its fractional generalization see

[26] and [10]; for the spinorial Yamabe type equation involving the Dirac operator on the

sphere see [18].

The scheme of the proof is quite standard in the theoretical approach. The main difficulties

in dealing with such system of equations are essentially two: one comes from the strongly

indefiniteness of one of the operator involved and one is related to the characterization of

the critical manifold of the unperturbed problem. The first difficulty does not really affect

this type of analysis and it has already been treated in these kind of situations (see [21],

[22], [23]). The second difficulty is actually the one that represents a major difference with

respect to the problems that we found in the literature: in fact, after characterizing the

critical manifold and showing its non-degeneracy, one is led to study the finite-dimensional

reduction of the functional and at this stage another kind of degeneracy appears, which

is due to the invariance of the equations with respect to one of the parameters induced

by the spin structure of the sphere (see Remark 3.6 in [17]).

Finally, let us just mention that in [7] we consider the case of a compact spin manifold

of dimension three, with boundary. In this situation the energy functional coupling the

Bosonic-Fermionic interaction has an additional boundary term of the type York-Gibbons-

Hawking (see [31], [16]), which involves the mean curvature of the boundary. However,

even in this case we were able to prove the classification of the Palais-Smale sequences

(for which a new boundary behaviour appears) and the existence result of Aubin type.
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