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Abstract In this paper we aim at identifying the level sets of the gauge norm in the Heisenberg
group H™ via the prescription of their (non-constant) horizontal mean curvature. We establish a
uniqueness result in H' under an assumption on the location of the singular set, and in H" for

n > 2 in the proper class of horizontally umbilical hypersurfaces.
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1 Introduction
If we identify the Heisenberg group H" with R?"*1 = R™ x R” x R with generic point

¢ = (z,y,t) and we choose the group law

n
§of = (z,y,t)o (¢ 1) = (x oy y bt 2 (k) — ykﬂﬂk)) , (D
k=1
the so-called homogeneous gauge is the function defined by
1
p(&) = (|2 + [yI*)* + %) "
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Such a p(-) is in fact homogeneous of degree 1 with respect to the family of dilations
0r(€) = (Rz, Ry, R*t),  R>0, (2)

and it provides the defining function of the following gauge balls (sometimes called
Korényi balls)

Br(é) ={¢ € H" : p(§ " 0€) < R}, for § € H", R > 0. (3)

The gauge function appeared in [22] in the study of singular integrals on homogeneous
spaces. It has played over the years a crucial role in the analysis of pdes of sub-elliptic
type since the discovery in [I5, Theorem 2] that p=2"(-) is, up to a constant, the fun-
damental solution of the Heisenberg subLaplacian Agn. It is in fact known since [I7,
Théoreme 3| (see also the treatment in [4, Section 5]) the validity of an analogue of the
classical Gauss-Koebe theorem saying that the pointwise value of every solution u to
Agru = 0 can be represented as a weighted average of the values of u on gauge balls
Bp. The weight is given by the squared norm of the horizontal gradient of p (which is
homogeneous of degree 0 but not constant). Gauge balls are actually characterized by
such a weighted mean value property for Agr-harmonic functions as proved by Lanconelli
in [23].

The metric balls Br defined in (3) are not the unique choice of “balls” adapting to the
subRiemannian features of the Heisenberg group. For instance, the Carnot-Carathédory
balls play somehow the role of the geodesic balls in H"™. Furthermore it is very much
related to our purposes the case of the domains bounded by the so-called Pansu spheres:
they are the cmc-spheres with respect to the relevant notion of horizontal mean curvature
(see Definition [2.1| below) and they are the conjectured unique minimizers for the isoperi-
metric inequality [33]. The solution of the isoperimetric problem in the Heisenberg group,
also known as Pansu’s conjecture, has generated a great amount of attention and several
proofs appeared in the literature under extra-assumptions on the class of competitors
[24, 16, 13, 29, 30, [37]. Concerning the related Alexandrov-type problem, it was shown in
[35] that Pansu spheres are the only rotationally invariant hypersurfaces with constant
horizontal mean curvature. To the best of our knowledge, a result which is reminiscent
of the classical Alexandrov theorem [I] is available only in H': as a matter of fact, in
[36, Theorem 6.10] Ritoré and Rosales proved that Pansu spheres in H' are the only C2-
smooth critical points of the horizontal perimeter under volume constraint. For n > 2,
various characterizations of Pansu spheres among horizontally umbilical hypersurfaces

were established in [9].



In this paper we take a new perspective as we address the question of characterizing
the gauge balls by prescribing the horizontal mean curvature. In a similar spirit, in a
companion paper [28] two of us have dealt with various characterizations of gauge balls
through suitable overdetermined problems. To give a better description of the main
results we provide the reader with some initial background on the main notions involved,
and we refer to Section [2| for the precise definitions. In H" the horizontal distribution is
spanned at any point £ = (z,y,t) by the vector fields

0 0 0 0
J 8x] y]8t7 J ay] + jata ] I 2 1Yy
which are left-invariant with respect to the group law and homogeneous of degree one
with respect to . In our notations we let

He = span{X1,..., X, Y1,..., Y}

We also denote T' = %, and we consider in H" the Riemannian metric (-,-) which
makes the basis B = {Xy,..., X,,Y1,...,Y,, T} orthonormal. If we consider a smooth
hypersurface M C H", a point £ € M is said to be characteristic if the tangent space of
M at & coincides with H¢. At any point £ € M which is not characteristic it is thus well-
defined the so-called horizontal normal v as the normalized (-, -)-orthogonal projection
on H¢ of the metric (outer, whenever possible) unit normal v. The horizontal mean
curvature is the divergence of such v (see Section [2| for the precise definitions), which
is therefore well-defined at any non-characteristic point. A simple computation shows
that the horizontal mean curvature of 9Br(0) C H" is proportional to the distance to
the t-axis, i.e. it is a constant multiple of \/|x|? + |y|? at any point (z,y,t) € dBr(0)
(outside of the two poles sitting on the t-axis, which correspond to the only characteristic
points for the gauge sphere). In H' our main result reads as follows

Theorem 1.1. Let M be a smooth surface in H' which is connected, orientable, compact,
and without boundary. Assume that there are no characteristic points of M outside of
the line {(0,0,t) € H' : t € R}. If at every non-characteristic point (z,y,t) € M the
horizontal mean curvature of M is proportional to \/x% + y2 up to a constant factor
¢ # 0, then ¢ > 0 and there exists tg € R such that M = 0Bgr(&) with R = \/g and
o = (0,0,0).

The restriction to the (n = 1)-dimensional case in the previous theorem relies on the
fact that the 2-dimensional surface M C H! has only one horizontal tangent vector field
at every non-characteristic point, and M is then ‘ruled’ by its integral curves (as it is



clear from the analysis developed in [7, 36]). In higher dimensions we have the following
counterpart, which is a characterization of gauge spheres under the proper prescribed
curvature assumption among the class of umbilic hypersurfaces introduced in [9] (see
Definition [2.3] below).

Theorem 1.2. Fix n > 2. Let M be a smooth hypersurface of H' which is connected,
orientable, compact, and without boundary. Suppose that M is umbilic and that, at every

non-characteristic point (x,y,t) € M, the horizontal mean curvature of M is proportional

to \/|z]? + |y|> up to a constant factor ¢ # 0. Then ¢ > 0 and there exists ty € R such

that M = 0Bg(&) with R = /2221 and & = (0,0, ).

Remark 1.1. We know that the horizontal mean curvature of a generic gauge sphere

OBR(z0,10,t0) in H" is a constant multiple of \/|x — zo2 + |y — yo|2. Since all the as-
sumptions involved are invariant by left-translation, we explicitly notice that for any
(w0, 10) € R®™ we can reformulate Theorem and Theorem as characterizations for
gauge balls centered at points on the t-axis {(xo, yo,t) : t € R}.

The paper is organized as follows. In Section [2| we recall the main definitions involved
and we show some basic properties. In Section [3| we give the proofs of Theorem and
Theorem [I.2) which follow a similar pattern: the main aim is to infer, under the respective
assumptions, that the key functions ¢y, @, introduced below in and are constant
throughout M. Finally, we will show in Corollary [3.1] that Theorems [I.1] and [T.2]imply in
particular a rigidity result in the class of cylindrically symmetric hypersurfaces M C H"

for any n > 1.

2 Definitions and preliminaries

In this section we collect some preliminary material that will be used in the rest of the
paper. We shall recall some known notions for the study of smooth hypersurfaces in H",
and we refer the reader to [11} B34, B2} [7), 12| B5, 20, 37, 10} 2, @, 3] for several insights
and different perspectives and approaches to the geometry of submanifolds in various
subRiemannian settings.

Being (-,-) the metric defined in the Introduction (with induced norm |- |), we denote
by V the Levi-Civita connection associated to this metric. A direct computation shows

that for any i,7 = 1,...,n the following holds
Vx,X; =0, VxY;=26;T, Vx,T=-2Y,
Vy, X; = =20;;T, VyY; =0, VyT=2X;, (4)
VX, =-2Y;, VrY;=2X;, V7T =0.



For any smooth vector field V' in the horizontal distribution H we define
1

In this way we have J(X;) =Y; and J(Y;) = —X; for all i € {1,...,n}. Moreover, for
any V,W € H, one can easily see that the following relations hold

(JV), W) ==(V,JW)), (J(V),J(W)) =(V,W),

J(VyW) = Vy(JW), and ([V,W],T) = 4(J(V),W). )

For any smooth vector field V' in H", we will use the notation Py (V) to denote its
horizontal projection, being Py the orthogonal projection onto H. A special role will be
played by the horizontal part of the position vector, i.e.

i=Pu(€) =D u;X; +y,Y;.
j=1

We can show that
Vel =72 42(J(2),¢8YT  for any Z € H. (6)

To see @, we just write Z = Zyzl (0j X + B;Y;) and it is straightforward to recognize
from that

n

V2" =Y (Z(a) X5+ Z(y;)Y5) +
j=1

n
+ > (Vi Xj + Bur Vy, X + i Vx, YV + By Vv Y5)
4. k=1

n
=7+ QZ(ajyj — B]mj)T =7+ 2<J(Z))£H>T‘
j=1
Similarly we have

Z(t) = -2(J(2),&") for any Z € H, (7)

since in the same notations we can check that

n

Z(t) =Y (—2a5y; +2B5x;) = —2(J(Z),&7).

j=1

We now start considering a C?-smooth codimension 1 submanifold M in H". We

always assume M to be connected and orientable. We denote by v a fixed choice for the



metric normal with unit length, and by T:M the tangent space at £ € M. Whenever
M is also compact and without boundary, we agree to fix v as the outward unit normal.
The characteristic set is defined as

Su={eM:Pyv)=0}={{ecM: TeM =H}.

Outside of the set Sy we suppose the hypersurface to be C*°-smooth. For any point in
M . Sy it is well-defined

H __ 1 v
" Pt

and we can write

v =Py + @, T)T
and define the tangent vector field
7= (v, TV v — | Pg(v)|T.

We further denote
n=—Jv (8)

which clearly belongs to HNTM. In case n > 1, locally around any point £ € M ~ Sy
we can also pick smooth horizontal vector fields V;, W, for ¢ = 1,...,n — 1 such that
J(V;) = W; and

{H,VH,Vl,Wl,... n— 1, n— 1}

is an orthonormal basis for H¢. With these choices we have fixed the orthonormal frames
for TM and H NTM (outside of characteristic points) as, respectively,

{7—77]3‘/17W1a-“ n— 17 n— 1} and {n’VhWI,"'?anlenfl}'
In our notations we have the following

Lemma 2.1. In M ~ Sy it holds

<VZZ/H,T> =2(n,Z) forevery Z € H, 9)
<VTVH, 7'> =0= <V,,1/H, 1/> , (10)
and T
<Zl,22 H> = |7)V)> (J(Z1),Za)  for every Zy,Zy € HNTM. (11)
H(



Proof. The relation () follows by (5) and (8 since, for all Z € H, we have
(Vo Ty = - (W v,T) =20, 0(2)) =2(-Iv",Z) =2(n, Z).
On the other hand, using that |[v| = 1 together with ([d)-(5), we obtain
(v, o vy = (V" [Py + (v, T) T)
= W ) (VA T) = (0, T) (W, V,T) = = . T) (H, Vo 1 T)
=2[Pu()| (v, T) (v, Ty =0
and analogously
(Vertt,r) = (Ve (v, T) v = [Pu(v)|T)
= —[Pr()| (V" > Pu@)| (v, 9T = [Pu()] (v, ¥ 17,1 T)
= 2Py (v)| (v, T) <y ,Jvy =0.

The previous two identities show . Finally, in order to prove , we can pick any
Z1,Zs € HNTM and deduce from the property [Z1, Z3] € TM and that

<[Zl,ZQLI/H>:|PH1(V)|<[Z1722]”'PH(V)‘VH>

—; V) — <V’T> _ <V,T>

= By v 22 v) = s (2 22),T) = — s (20, 220, T)
_ 4w T)

= Pty (202,

O]

We are then ready to recall the definition of horizontal mean curvature. Such notion
arises in the criticality condition for the horizontal perimeter (see [5] 12]).

Definition 2.1 (horizontal mean curvature). Let M C H" as above. For any & € M~ Sy
we define the horizontal mean curvature of M at & as
div(v™) 1 H — H H

=1

where div stands for the divergence with respect to the metric (-,-).
In particular, if M C H' we simply have

Hy (&) = <V,71/H,77> in case n = 1. (13)

7



We warn the reader that the second equality in is justified by . The definition
of Hps can be (and, in the literature, has been) in fact given in multiple ways. For
example, since V7T = 0, it is immediate to recognize that

div(e™) =Y (Vi X3) + (VyH V).
1=1

By noticing that by @ we have
PH(VZVH) =Vl —2 (n,Z)T for any Z € H,

we can also recall the notion of horizontal shape operator (see [37]) which we will be
needed in what follows.

Definition 2.2 (horizontal shape operator). Let M C H" as above. For any £ € M\ Sy
we can define the symmetric endomorphism Ap(-)(§) on He NTeM as

2(v,T)

Anl?) =PV = 1, )

(J(2) = (n, Z) V")
for Ze HNTM.

The fact that Ay (Z) €e HNTM for Z € HNTM follows by the two identities
(Am(2),T) = 0= (A (Z),v™7)

which can be easily checked. On the other hand, the symmetry of A/(-) can be deduced

from since
(Am(21), Z2) — (Am(Z2), Z1)

— sH _ o _2<V7T>
~ VI = (Ve ) )

4w T) B
Put)] A =0

for any 71,7 € HNTM. When n =1, HNTM is 1-dimensional (and generated by 7 in
our notations) and A (+) is nothing but the multiplication by the factor Hps. In higher

((J(Z1), Z2) — (J(Z2), Z1))

=~ (V" Ny 2y — V2, 71)

dimensions the horizontal mean curvature appears as the normalized trace of Aj,; since

n—1

(Anr(m)om) + ) (An(Vi), Vi) + (Anr (W3), W)
1=1



n—1
= (Vo ) + Y (V" Vi) + (Vw " Wi) = (2n — 1) Hyy. (14)
=1

The following notion of horizontally umbilical hypersurface was introduced and studied
in [9, §].
Definition 2.3. Let n > 2. We say that M is umbilic if, in M ~ Sy it holds
A(Z) =1 —-k)n, Zn+kZ NZeHNTM,
for some suitable functions k, 1.
In particular, at any non-characteristic point £, one has by

1
Con—1

H(€) (L&) + (2n = 2)k(E))-

The class of umbilic hypersurfaces is wide enough to contain any M which is rota-
tionally symmetric with respect to the vertical t-axes (see in this respect [9, Proposition
3.1]; see also the proof of Corollary below).

Remark 2.1. It is evident from Definition[2.3 that

2n —1
if M is umbilic with | = 3k then k(§) = 2Z n 1HM(§) for all & € M ~ Syy. (15)

The case | = 3k is related to the gauge spheres (see Example below).
On the other hand, let us mention that the Pansu spheres satisfy the umbilicality property
with | = 2k: this is the case studied in [9)].

Let us compute explicitly the objects previously discussed in the particular case of
the gauge spheres.

Example 2.1. Letn > 1, & = (0,0,t9) € H" and M = dBg(&) = {& = (z,y,t) : (Jo*+
ly|2)2 + (t — to)? = R*} C H". We use the notation v = r(x,y) = \/|z|? + [y|? = || to
denote the distance from the t-axis. For any & € M one has
2r R t—t
= 4 and (v, T) = 0 ;
VAR + (t — tg)? VAT2RY + (t — to)?

Pu(v)| (16)
which is saying in particular that the characteristic set coincides with the intersection of
OBR(&) with the t-axis, i.e. Sy = {(0,0,t9 = R?)}. Outside of these two points we have

JH _ z": r2x; — yi(t — to)X' N r2y; +a;(t — tO)Y 2t g () g
a rR2 J rR2 7 rR2

(17)
j=1



g (t—to)e —r2 et
- rR2 '

A straightforward computation then shows for any j, k € {1,...,n}

and n=—-Jv

(Vxo™, X) = X (W7, X5)) = ((2zjy, + 6 + 2y5yn)r — (V1 X;) RPay,)

1

2R2
(Vy ', X5) = V(W7 X5)) = 2R2 ((2zjyk — 61t — to) — 2yjm)r — (v, X;) RPy)
(vXk Y;) = Xk(<VH7Y3>) 232 ((21/;9% + 0jk(t — to) — 22yk)r < HvYJ> szk) )

(Vy ™ Y;) =Y (W7, V) = ((2yjyr + k2 + 2zjap)r — (VY;) RPyy)

2R2

which we can rewrite using (17)) in the following way

1 R2
Pu(Vr") = g (2 (€. 206" + 6. 2)36") 412 e )
1 t—1o t—1o H
— 2 (2rt0.2) g L4y, 207) (18)
for any horizontal vector Z. It is then easy to check that
2Zn+1r
Hu(§) = 1R (19)

Also, recalling Deﬁnition and using and , we can recognize

2
Ap(2) = ng<n,z>n+ %Z VZeHNTM.

According to Deﬁmtzon. when n > 2 this is saying that M is umbilic with I(§) = 3k(&)
and k(¢) = 1551,

It is well known in the literature that, whenever n > 2, the horizontal and tangent
vector fields in H NT'M satisfy an Hormander type property as they can reproduce any
tangent direction via commutation. If M is also umbilic such information can be made

very precise and it is encoded in the following lemma.

Lemma 2.2. Letn > 2. For & € M ~ Sy denote
7-[2 = span{ V1, W1,..., V1, W,_1}.
If M is umbilical then

span{Z, [Z1, Zo] : with Z,Z1, 73 € HE} =

_ MO, )

:Span{‘/hWL...,Vn_l,Wn_l,T 9

10



Proof. Fix any Z1,Zs € ’Hg. By and we have

(21, Zo), 7) = W, T) ([ Z1, Zo), ™) — |Puv| ([Z1, Zo], ™)

_ [T 4
=—4 ( Pav] + |7?Hu\> (J(Z1), Z3) = Pl (J(Zy), Zs),

which says that span{Z, [Z1, Zs] : with Z,Z1,Z, € 7-[2} is at least (2n — 1)-dimensional.
On the other hand, using also and the commutation property of J and V together
with the umbilicality of M, we obtain

(21, Zo),m) = (V2,0 Z = V 2,0 Z, V™) = (J(21),V 7,v™) — (J(Z2),V 7,01
= <J(Z1),AM (Z2) + 2, T) J(Z2)> — <J(Zz),AM (Z1) + 2, T) J(Zl)>

|Prv| |Prv|
% (J(Z1), Za) .

Hence we get

ROIP()]

<[Z17Z2]777+ 5

> =0 for every Z1,Zs € ’Hg.
This implies that span{Z, [Z1, Zs| : with Z, 7, Z5 € ’Hg} is exactly (2n — 1)-dimensional

k@) P (v)|
2

and the vector 7 — 7 belongs to such vector space as desired. O

3 Darboux-type results

3.1 The case of H!

In this section we first treat the (n = 1)-dimensional case by providing the proof of
Theorem As we mentioned in the introduction and recalled in , for surfaces M
in H' the main role is played by the integral curves of the only horizontal and tangent
vector field 7. A (naive) way to describe our approach to Theorem is to draw a
parallelism with the classical problem of identifying the pieces of circles as the only
smooth connected curves I' in R? with non-zero constant curvature K = Kr. Among
the many ways to show this property, a very direct one is to consider (denoting with
p = (p1,p2) the generic point in R? and with N a choice for the unit normal to I') the

two functions
fi(p) = Kp1 — (N, 0p,), fi:T =R, (20)
fa(p) = Kp2 — (N, 0p,), fo:T =R

11



By differentiating along a unit tangent vector U and using K = (Vy N, U), one recognizes
that U fy = Uf, = 0on I'. Thus, there have to exist two constants ¢y, co such that f; = ¢;,
i = 1,2, and we have 1 = (N, 9,,)2+ (N, 8,,)2 = (Kp1 — ¢1)>+ (Kp2 — ¢2)* for p € T, i.e.
I" is contained in the circle of radius ﬁ and center (%, ). If we bring back the attention
to the case of the 2-dimensional surface M in H', we emphasize that in Theorem we
prescribe the curvature Hjs(€) to be proportional to [€7| (see also (19) in Example .
The term |¢7| corresponds to the distance (either Euclidean distance or gauge-related

distance, as they coincide in this case) to the vertical line L,, defined by
L, ={(0,0,t) € H' : ¢t € R}.

Having this in mind, as well as the notations introduced in Section [2], we define the two

functions
on(&) = sHu (O — (v, M), on: M~ Sy — R, (21)
(€)= FHu (&) by — (m, ) v M\ (SyUL) = R.

The functions ¢, and ¢, have a different role. In the following lemma we show that ¢y, is
in fact constant along the integral curves of 1, whereas the behaviour of ¢, is subordinate
to the one of ¢y,.

Lemma 3.1. Let M be a smooth surface in H' which is connected and orientable. Let
also w be a relatively open set contained in M ~ Syr. Suppose there exists ¢ € R such
that Hys(€) = c|¢®]| for € € w. Then we have

n(pn) =0 m w,
(i3]

77(901)) = T[eHP ©h m w N\ Ly.

Proof. By @ and , we have

H
n(l£H|)=<7‘7§I> and (", €M) = Hy (n,€") (22)

where in the second equality we also exploited the fact that H¢ is generated by the two

orthogonal unit vectors  and v, Hence, for £ € w, we obtain

H
nien) =n (511 = 1,€M)) = cle™? <7|7é§1| ) Ha©) (n.€") —0.
On the other hand, by — we have
n(t) = =2 (", M) (23)

12



and, using also @—,
D, €7) =14 (Vyn, €7) = 1+ (VM) =1 - Hy (07, 67) 0 (24)

Recalling that |[¢7]2 = (n, ¢7)? + (vH  £H)2 we then infer

n(s) =1 (;t _ <7£|f>>

= ;26 v — L H ﬁ 1 H\2
= ) = g+ Hu (5)< |§H‘>+|§H|3<n7€ >
= < H éH‘> <_3’€H| —i—HM(f)) — ’§;|3 (’£H|2 . <777§H>2)

H VH H
= s (e - o em)) = Vot e

whenever £ #£ 0. This completes the proof of the lemma. O

Keeping in mind the comparison between the derivatives of along n in Lemma
and the derivatives along the curve I' of , it is no surprise that we want ¢y to
vanish identically throughout M. This is exactly what we show in the next lemma. We
will deduce this fact from the global properties of the integral curves of n and from the
assumption Sy; C Ly.

Lemma 3.2. Let M be a smooth surface in H' which is connected, orientable, compact,
and without boundary. Assume that Syr € M N Ly, and that there exists ¢ # 0 such that
Hyr (&) = c|eH| for every point € € M ~ Sy Then ¢ > 0, ¢, = 0, and every integral
curve of n reaches Syy.

Proof. Let us divide the proof in three steps.

Step I. In the first step we shall show that ¢ > 0. By the compactness of M the function
%|§H\2 attains its maximum at a point & € M ~ L,. Since we have Sy; € M N L,, at
& =& we have

1 1
0=n(5I6"7) = (nell) and 0=r (FIEE) = 1) ().
Since (v, ¢H)2 = (n, ¢I)2 + (WH ¢11)2 = |¢1]2 > 0, we have that (v, T) = 0 and therefore

1
(W efhy = Py (v,61) >0

13



where the positive sign is a consequence of the maximality condition and the fact that v
3k

is the outward normal. Moreover, we also know that 7> (%] ) <0 at the maximum

point & = &;. This fact, together with the identity
1
L= clg| (v, €) =1 = Hu (&) (v, ") = n({n.€")) = (2!£H|2>

provided by , yields that

1

> 0.
=T ey T

Step 1I. We now prove that
Yh = 0.
By contradiction we shall assume the existence of {§§ € M ~ Sy such that ¢p(&) # 0.

Since by definition we have

en(€) = 516" = (v, (25)

it is clear that ¢}, vanishes on the vertical line L,,. Therefore we know that {g € M ~\ L,.
Let us consider the integral curve « of 7 starting from &). Lemma [3.1] implies that ¢y, is
constant along v, i.e.
en(7(s)) = ¢n(éo) =: o

Since Sp; C L, and g # 0, v remains in M ~\ L, and there is no problem in extending
the curve indefinitely. We claim that this fact will contradict the boundedness of M D ~.
Denote by t(s), r(s), and 0(s) the three smooth functions defined for £ € v respectively
by

ts) = (), 1(s) = (42(s) +43()7 = [¢F], and
cos (0(s)) = (v, )
sin (0(s)) = (1, 57 ) -
From we readily recognize

§r3(3) —r(s)cos (6(s)) = o,

which implies that along the curve v the positive function r(s) is in fact a function of
cos (A(s)) (in the sense that it is uniquely determined by the value cos (6(s))). As we will
make use of this fact, we set the notation R(cos(f(s))) = r(s). From we have that

£(s) = —2r(s) cos (8(s)) = 200 — %7«3(5). (26)

14



Thus, if pg < 0 then ¢'(s) < 2¢p < 0 and ¢(s) would be forced to be unbounded providing
an immediate contradiction. We can then assume g > 0. Since from and we
have

7 | arctan M — (1 — Hy (p7,67)) (W7, €") — Hy <7775H>2
< (n, €Y + (v, )2

_ () Bl FIETP - on(©)
Ik e

we obtain 2¢ 3( )
sy = 37 0) — %o
(s) 2(s)

The assumption ¢ > 0 (together with the boundedness of M) implies that 6'(s) stays

(27)

below a strictly negative constant: thus 6(s) is strictly decreasing and the angle formed
by (the horizontal projections of ) v and ¢/ attains every value in [0, 27| infinitely many
times along . We can then consider a strictly increasing sequence of values {s }xen such
that 6(sk) — 0(sgs1) = 27 for all k& € N. By exploiting and we notice that

tsnen) ~tlon) = [ Clo)ds

Sk

Skl Sk+1 13(5) cos(B(s
= —2/ r(s) cos(6(s))ds = 2/ Mel(s)ds

Sk Sk %TS(S) T %o
B g Sk+1 (CT3(S) — r(s) COS(G(S)) + T(S) COS(Q(S))) COS(G(S)) "(s)ds
T c /sk Lr3(s) + o T

Sk+1 Sk+1 (s) cos?(6(s
= 2/ cos(0(s))0'(s)ds + i/ MG/(S)CLS

C Jsy k %73(8) + %o
2 [
cJs, %7“3(3) + ©o
2/9(5k) R(cos(a)) cos?(o) o — 2 /9(51) R(cos(a)) cos?(o) o
cJo 0(s1)—2n X R3(cos(0)) + o

(Sk+1) %RB(COS<0)) + ¥o c

for every k € N. This implies, also in the case ¢y > 0, the unboundedness of ¢(s) since

2 (961 R(cos(o)) cos?(o
t(sky1) = t(s1) — k— /9(81)_27T 2305%3(0(05)()‘7)) +(90)0

c
Therefore, under both the assumptions ¢g < 0 and g > 0, we have reached a contradic-

do — —oo0 as k — oo.

tion. This completes the proof of the identity 5, = 0.
Step I1I. We finally show that

Sy # (0 and every integral curve v of i starting from any & € M ~ Sy reaches Sy;.

15



Let us exploit the same notations of Step II. Arguing again by contradiction, we can
assume that the curve v can be extended indefinitely. We stress that r(s) can vanish
(at points in L, ~ Sps) but only at isolated points on the curve since ng belongs to
span{0y, 0y} at points £ € L, \ Sys. Also, the functions r(s) and 6(s) are smooth outside
L,. Since Sy € M N L,, two situations might occur: either there exists sg such that
Inf e (59,00) 7(8) > 0 or there exists a strictly increasing sequence of values {s}ren such
that, for every k € N, r(sg) = 0 and r(s) > 0 for s € (sg, sk+1). Since by Step II and
(26) we have

(s) =~ 2r¥(s), (28)

we deduce that the occurrence of the first case leads to an immediate contradiction since
t'(s) < —% (infs r(s))® < 0 for s > sy and t(s) would be unbounded. Hence, we can
assume the existence of the sequence {si}ren satisfying the above assumptions. Fix any
k € N and consider s € (sy, sg+1). Using Step II, (27), and Step I, we have

c 2

cos (0(s)) = 3 (s)>0 and 0'(s) = —gr(s) < 0. (29)

This yields
(cos (6(s)),sin (6(s))) = (0,41) ass— s
(cos (6(s)),sin (0(s))) = (0,=1) ass— s ;.

Hence we infer

t(skr1) — t(sg) = /SkH t'(s)ds = —2 /Sk+1 r(s) cos(6(s))ds
= S/SMrl 0'(s) cos(0(s))ds = _—6

cJs, c

In other words, each time the curve v re-joins the vertical line L, the t-component of the
curve drops by a fixed amount. Since we are assuming that ~ is reaching L, an infinite
number of times, this fact is in contradiction with the compactness of M. The proof is

then complete. O
We are now ready to complete the proof of Theorem

Proof of Theorem[I.1. We start by noticing that, under our assumptions, the set Sy,
(which is non-empty by Lemma consists of isolated points. As a matter of fact, since
Sar C Ly, if we had a sequence of points in Sy, converging to € € Sys then such sequence
would be in L, and at the point € the vector field 7' would be tangent. On the other hand,
the tangent space at the characteristic points coincides with the horizontal distribution

16



which is span{9;, dy} on L,,. This argument ensures the fact that the characteristic points
are isolated. Therefore, there exist ¢; <ty < ... <t, for some finite p € N such that

Sy =1{(0,0,¢1),...,(0, O,tp)}.

Consider now any point {§§ € M N {t < t2} such that & # (0,0,¢;), and consider the
integral curve v of 7 starting from &. Using the same notations as in Lemma [3.2] we
know that t(s) is decreasing (see (28)) so that v C M N {t < t»}. Exploiting Lemma
together with the identity ¢, = 0 showed in Lemma [3.2] we have that the function

c e . .
0y(§) = 5t — <n, @> is constant along 7, i.e.

gt(s) —sin(0(s)) = pu(&o).

We stress that the previous identity holds true in v\ L,, and it can then be extended by
continuity on the whole v. By Lemma [3.2] we have that v reaches Sy, and in particular
as v(s) — (0,0,t1) we have

t(s) = t1 and sin(f(s)) — —1
(see also (29) in this respect). Hence
c
QOU(&)) = gtl + 1.

By the arbitrariness of &y € (M N {t < ta}) ~ {(0,0,¢1)} we have
c

po(§) = gti+ 1 forall € € (MN{t <ta}) ~{(0,0,t1)}

The two identities ¢, = 0 and ¢, = %tl + 1 can be rewritten as

g §7N\ _cm S 3
<” ’|sH|>—3'f [ and <"’I£H\>_3<t_tl_c>’

which implies

H \ 2 H\ 2 2 3\ \ 2
() o) = G+ (5(--3)

for any £ € (M N{t < t2}) ~ {(0,0,¢1)}. By the very definition of gauge sphere, this
shows that
(M N {t < tQ}) N {(0>0’t1)} - aBR(Oa Oa tO)

where
3 3

R?="C and to =11+ —.
C C

Being M a smooth connected surface with no boundary and having the gauge sphere only
two characteristic points at (0,0,ty — R?) = (0,0,#1) and (0,0,%y + R?) = (0,0,t; + %),
we can conclude that M = 9Bg(0,0,tg) as desired. O

17



3.2 The case of H", n > 2

Let us now turn the attention to the case n > 2 and to the proof of Theorem By
pushing further the parallelism with the classical Euclidean framework, we can say that
the higher dimensional analogue of the planar argument sketched in is effective if
one requires the hypersurface to be (locally) umbilical: it provides in fact a proof of the
classical characterization of umbilical surfaces also known as Darboux theorem [14] (see
[31] for an expository text; see also [26], 18] for different but related settings). In our
Theorem the main assumption is the umbilicality of M with respect to Definition
We warn the reader that in Definition there is no information about the relationship
between the two functions | and k, and therefore a characterization is possible only
under a prescription of the curvature (see in this respect [9] for the case of constant
op-curvatures). Having this is mind, together with the fact that we are prescribing
Hy (&) = c|¢|, our aim is to provide a Darboux-type approach to Theorem We
define

on(€) = S Hu (§)|€7 2 — (vH ¢, ot M~ Sy — R,
o(€) = S Hur (&) by — (0, ) v M~ (SyULy) 5 R,

where we have kept the notation

(30)

L, ={(0,0,t) e H" : t € R}

to denote the t-axis. With the following lemma we realize that the constancy of the key
function ¢y, along 7 is tied to the vanishing of [ — 3k (in Example We saw that for the
gauge spheres [ = 3k by a direct computation).

Lemma 3.3. Fixn > 2. Let M be a smooth hypersurface in H" which is connected and
orientable. Let also w be a relatively open set contained in M ~. Spr. Suppose there exists
c € R such that Hy (&) = c|¢¥] for § € w. If M is umbilic then we have

2n

H _ .
n(en) = 1 < &) (Bk —1) in w.
Proof. The umbilicality condition in Definition implies that
(Vo €)= &) (m. €1). (31)

For £ € w we can then exploit the assumption Hys(¢) = c|¢/], together with and
@, to deduce that

olon) = (Sl - 6] = 5

ISH\< H>—l(£)<n ¢y
2n + 1 ’

2+1

18



~ ) (22 De) - 19).

Keeping in mind Definition we obtain

lon) = () (22 D)+ 3209 = 222 (.67 3k - 1)

as desired. O

We now show that in fact ¢, = 0 and [ = 3k. There are two main tools in the proof:
the use of the Codazzi equations found in [9], and the analysis of the global behaviour of
the auxiliary function [£7 272, (€) (a weighted version of ¢y,).

Lemma 3.4. Fix n > 2. Let M be a smooth hypersurface in H" which is connected,
orientable, compact, and without boundary. Assume that M is umbilic, and suppose that
there exists ¢ # 0 such that Hy(€) = c[¢®]| for every point € € M ~ Sy;. Then, for all
&e M~ Sy, we have

(Wi, €M) = €71k (¢),
<77 £H> = 2|£H|2|7<91: T>)| (32)

<Vj,§H>—< ],§H>:O forje{l,...,n—1}.

We also have that ¢ >0, Syy = M N L, # 0, and

oh=0=1-3k (33)

Proof. Let us divide the proof in multiple steps.
Step 1. We first show the validity of . Let

2(v,T)
a= .
Prv|
By [9, Proposition 4.2] we know that
Vi(k) =W;(k) =0=V;(l) =W;() forje{l,...,n—1} (34)
and
n(k) = (1 —-2k)a,  nla) =k?—a® -kl (35)
For £ € M~ (Spm U Ly), from and the identity (2n—1)Hys = (2n—2)k+1 we obtain
(Vi €") o em 2n — 2 1
= Vi(H il Vi) =
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for j € {1,...,n — 1}. The same holds for <Wj,§H>. This shows that
(Vi, ¢y = (W, ey =0 forje{l,...,n—1} and £ € M ~\ Sy (36)

We then deduce that the function |¢7| is constant even along the commutators of the
vector fields in span {Vi, W1, ..., V,,_1, W,,_1}. Exploiting Lemma this implies

<7_’€H> _ k(ﬁ)“;H(V)‘ <7]’5H>.

Recalling that 7 = (v, T) v¥ — | Py (v)|T and using (T, &) = 0 we infer

a(&) (W, My = k(€) (n, ") for £ € M\ Sy (37)

From @, , and the umbilicality condition in Definition we can compute

n({(n, ")) =1+ (Vyn, ") =1+ (V,Jn, JET) =1+ (v, 1, J¢!)
=1+1(&) (., JET) = 1= 1(e) (v, &) (38)

If we now differentiate the identity along n, the relations , , and yield

0=n(a) (", ") +an (W1, 67)) —n(k) (n, ") —kn ((n,€"))

= (k* — o — k) (W7, ") + ol (n, ") + (2k — Da (n, ") + kL (W7, 7)) — k
= (k* - a?) <1/H,§H>+2ka<77,£H> —k

= (k* + o) (W, ey — k + 2a(k (n, 7)) — a (W7 £M)).

Keeping in mind , this says that

<1/H,§H> _ k(§) a(§)

———>——  an Hy - 5/
Fo+om U 08 - ey e (39)

at least for any £ € M ~ Sj; where k(§) # 0. Notice that in our assumptions we have
k2+a? > 0in M~ Sy (see [8, part (a) in Theorem B], and keep in mind that o # 0 due to
the boundedness of M). Let also notice that, if & vanishes at a point £ € M ~ (Sy; U L,),
then 7(k)(&) = 1(&)a(f) = (2n — 1)c|¢H|a(€) # 0. Hence the relations hold true by
continuity throughout M ~\ Sj;. This implies that

ey = D )’ (10)
n—1

= (W €MV 4 (. €M) 4 3 (V€Y 4 (W €Y = et ?,
j=1
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where in the second equality we used . Inserting the last identity in , we get
(v, €") =1e"Ph(e) and  (n,6") =|¢"[a(¢)  forge M\ Sy (41)

The combination of and completes the proof of . In particular, since the
function a® — oo only at characteristic points, from we can also deduce that

Sy = M Ly. (42)

As a matter of fact, the inclusion M N L, C Sy; follows from the fact that at non-
characteristic points |67 |72 = k2(£) + a?(€) is finite whereas the inclusion Syy € M N L,
is a consequence of the boundedness of a?(¢) < k2(&) + a?(¢) = |€H]72 outside of L.
Step II. We now show that

£ (&) == |EH P2, (&)  is constant throughout M ~ Sy;.

To this aim, using we can rewrite the function ¢y in the following way

G R e e )
1)~ k()
= g1 &1 (43)
so that

(&) = on + 1

It is clear from and that
Vi(¢) = Wj(¢) =0 for all j € {1,...,n— 1},
which also implies by Lemma [2.2] that

()~ DAL ) — o

On the other hand, by using and Lemma we obtain
n(¢) =1 (|€7 17" on)
= (2n = 2)IE"P" 7 (0, €Y o + (€7 P20 (on)

2n—2 fion—2 H 2n— 2 fop—2 H
= — | — 3k —_— k—1)=0.
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This says that the function ¢ is constant along every tangent vector fields in M ~\ Sys
and concludes the proof of the current step.
Step III. In this step we show that

c>0.

We argue similarly to the proof of Step I in Lemma [3:2] By the compactness of M the
function %|£H |2 attains its maximum at a point & € M ~ L,, and we know from
that & ¢ Sy Then, at £ = & we have

0=n(5I6"F) = (nell) and 0=r (FIEE) = 1) ().

Since by we have

n

W N2 = (1?2 + WP e+ (e + (W, )7 = 1 )? > o,

j=1
we deduce that (v,T) = 0 and therefore
1
k&) = s W8T = s (n6) >0
P ) P ]

where the positive sign is a consequence of the maximality condition and the fact that v

is the outward normal. Moreover, at the maximum point £ = £; we obtain from
1
L=1e) (&) = (25H|2) <0

which says that
1
(&) > ——5+ > 0.
(v, €ff)

Therefore, keeping in mind Definition [2.3] we have

e, (n 2k
@n—DEN @]

Step IV. We now show that

B(&) = [€7P"2pp(€) =0 for £ € M\ Sy

We already know from Step II that ¢ is identically equal to a constant value ¢g. By
contradiction we shall assume that ¢y # 0. Since from the definition of ¢} in (30]) it
is clear that ¢p and ¢ tend to 0 as £ approaches M N L, and we know from that
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M N L, = Sy, we have that Syy = M N L, = () (so that there exist 0 < 1y, < rpy < 0
satisfying r,, < |€f| < ryr). If we consider the integral curve v of 1 starting from any
point &y € M, we can then extend  indefinitely. Arguing similarly to the proof of Step
IT in Lemma (from which we also borrow the analogous notations for the smooth
functions t(s), r(s), and 6(s)) we want to infer that the assumption ¢y # 0 leads to the
unboundedness of v(s) (which contradicts the compactness of M). We can rewrite

c(2n—1) o, e B
mr2 'H(s) —r? 1(5) cos (6(s)) = ¢o,

= R(cos(f(s))) (i.e. the
positive function (s) is uniquely determined by the value cos (6(s))). From (7)) we infer
that

which implies in particular that along the curve 7 one has r(s)

2¢(2n—1) 4
- . 44
Since ¢ > 0 by Step ITI and 7(s) is bounded, if ¢y < 0 then t'(s) < 2¢pr3, " < 0 and ¢(s)
would be forced to be unbounded. We can then assume ¢y > 0. Exploiting , ,
and we recognize that

aretom [ 1€ VY _ (L= H© (01 €7) (€T — 1E) (.67
! (Vi ) <¢,,§H>2 + <,/H’€H>2
_ ) QT (v ) — (20 4 Dgn(8) — BRI
L Gk

_ 2 €M) — (2n 4+ 1)en()
€52 ’

t'(s) = —2r(s) cos (8(s)) = 2¢gr>~2"(s)

where in the last two equalities we have made use of and . The previous identity
yields

0'(s) = 2;;(;)1 (r(s) cos (0(s)) — cr3(s)) (45)
2n—1 —on 2c
- r2(s) <_¢0T2 T(s) - 2n + 1T3(8)> ’

Since we know that ¢ > 0 and M is bounded, the assumption ¢ > 0 implies that 6'(s)
stays below a strictly negative constant: thus (s) is strictly decreasing and 6(s) — —oo

as s — 0o. We can then pick a strictly increasing sequence of values {s}ren such that
0(sk) — 0(sk+1) = 2m for all k£ € N. From and we get

Hspan) — H(sp) = /Sk“ ¥ (s)ds

Sk
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= — e r(S)Ccos S = 2 e 3(8) COS(H( )) ! s)as
- 2/ (o) con0l))e 2”_1/ Gor?=2(s) + g7 (8)0( )

)
1 er(s) = 1) coslOls) + 1(5) cos{O(5) con(()
o2n—1 c/ por?—2n(s) + 2n+1 r3(s) 9 (s)d

Sk+1 cos(6 . 2 Sk+1 r(s) cos?(6(s)) (9 ds
gn_lc/ W )ds ¥ 5, 1>c/sk Gor=En(s) + 2o (s)
R(cos(a)) cos*(o)
)

- <2n—1>c/ d(sesr) G0RE21(c08(0) + 5257 R3(cos(o))

_ 2 Ricos(o)) co(o) i
=TT . Tl )+ 22 R (cos())”

do

for every k € N. Since the term t(sg41) — t(sg) is strictly negative and independent of
k, we conclude as in Lemma that t(sg) — —oo as k — 0o. Hence we have reached a
contradiction in both scenarios ¢g < 0 and ¢g > 0. This ensures the validity of ¢ = 0.
Step V. In this final step we finish the proof of the desired statements. Keeping the
same notations as before, if we insert the information ¢ = 0 proved in Step IV in we
infer 90(2 )
¢(s) = —Mr‘%(s) <0. (46)
If the sets Sy and M N L, were empty, we could extend the integral curves v of n indef-
initely and we would have the contradicting property ¢(s) — —oo as s — co. Therefore,
by , it has to be

Sy =MnL, #0. (47)

Finally, exploiting again and the identity ¢ = 0 in M ~. Sy, we have

pr=0 in M\ Sy

and, by , also
I-3k=0 in M~ Sy.

This concludes the proof of , and of the lemma. O
We are finally ready to complete the proof of Theorem

Proof of Theorem[1.3. With Lemma and Lemma in hand, in order to complete
the proof we can follow closely the arguments of Theorem In fact, we deduce from
that there exists p € N such that

Sy ={(0,0,t1),...,(0,0,%,)}
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for some t; < tp < ... <'t, (we stress that points in S)y = M N L, cannot accumulate
since T is aligned with the normal direction at characteristic points). If we consider any
point {g € M N {t < ta} such that & # (0,0,¢;), we can look at the integral curve ~ of
n starting from &. With the same notations as in Lemma we know from that
v C MN{t<ty} and

~(s) reaches (0,0, t1).

As r(s) > 0 and it is reaching 0, we obtain from the identity ¢;, = 0 proved in Lemma

(3.2) that

(2n — 1)61“2
2n+1

Recalling ([45)), this implies that sin(6(s)) is decreasing and

cos(0(s)) = (s) >0 and cos(f(s)) — 0.

sin(f(s)) — —1.

This yields

(2n —1)c
2n+1

(2n —1)c

t(s) —sin(f(s)) — 1

t1+1 as v(s) approaches (0,0,%;). (48)

On the other hand, if we differentiate along n the function

B T2 R T2l R PO S T/

for £ € M ~ Sy, by using and , we obtain

ou(§)

220 —1)e, gy LL@TET) (0, F)?
n((Pv)(g)__W<y € >_ H | + |cH |3
— i (2 DI 2 ) — P T (0, 6) + (3,67
H ¢H _
— <V‘§Iﬁ3 ) (_2(272Ln —:)1HM’£H|2 B <1/H,£H> —|—l|§H]2> n
(Vi€ (W)
ISk

We can now use the properties — established in Lemma together with ,
and we deduce

:<VH’5H> _ Hi2 _/ H ¢H H2\ _
n(e0) (€) = s (2612 — (W7, €M) + 3K(§)1E7?) = 0.
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Hence ¢, is constant along 7. From we know that such constant has to be equal to

(222;11)%1 +1. The arbitrariness of §y € (M N {t < t2})~{(0,0,¢1)} (which is the starting

point of ) yields

(2n —1)c
Yo =51
2n+1
The previous identity and the identity ¢, = 0 can be rewritten, keeping in mind the
definitions in , as

w €T\ _ @n—Dc yp ¢E\  (2n—1)c 2n+1
<” ’|§H\>_ i1 &1 and <’7’|§H|>_ 2n + 1 (t_tl_(2n—1)c>‘

This implies
2 2
)+ (v
1= VH77 + YTl |
< €A] e

B <(222111)C|§H2>2 + <(221:L111)C <t it (;;ljll)c>>2

for any £ € (M N {t <t2}) ~ {(0,0,¢1)}, which shows that

t1+1 n (Mﬂ{t<t2})\{(0,0,t1)}.

(M N {t < tg}) N {(0,0,tl)} C 8BR(O,O,t0)

with 2n + 1 2n + 1
n n
RZP=_— d to=1t + ——.
(2n —1)c an 0=ht (2n —1)c
This allows, as in Theorem to conclude the proof of the desired statement. O

3.3 The axially symmetric case

As a concrete application of our main theorems we want to single out a relevant class of
hypersurfaces in which we have a uniqueness result for the gauge spheres. We already
mentioned in the Introduction (see also [21], 25, B8, [16] 27, [19] for related settings) that
it is quite typical to require some apriori symmetry in terms of rotational invariances.
More precisely, we can recall the following well-known class of symmetric domains (which
is consistent with the type of prescription of the horizontal curvature Hpy; we are dealing
with).

Definition 3.1. For n > 1 we say that a smooth hypersurface M C H" is cylindrically
symmetric if, locally around any point of M, there exists a defining function f for M
which can be written as

fla,y,t) = v(lz* +|yl*, 1) (49)

for some smooth function v.
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We have the following

Corollary 3.1. Fizn > 1. Let M be a smooth hypersurface of H" which is connected,
orientable, compact, and without boundary. Suppose that M is cylindrically symmetric
with respect to Deﬁnition and that, at every non-characteristic point (x,y,t) € M, the
horizontal mean curvature of M is proportional to \/W up to a constant factor
¢ # 0. Then ¢ > 0 and there exists tg € R such that M = 0Bg(&y) with R = %SZH
and & = (0,0, tp).

Proof. Fix an open neighborhood U C H" where U N M is described, as in , by the
zero-level set of a smooth function f with non-null gradient. Pick the sign of f such that
the outward normal v at £ € U N M is equal to

TIT+ 351 X[ X5+ Y, 1Y)
(T2 + Sy (XG0 + (150)?)

By exploiting one has T'f = vy, X f = 2x;v1 — 2y;v2 and Y} f = 2y;v1 + 223v2, which
implies that

UV =

A(lz? + [y1?) (vf +v3)
(I + [y*) (v + v3) + v3

This is saying that for cylindrically symmetric hypersurfaces we can have characteristic

|Prv|? = 1

points only when |z|? + |y|*> = 0, i.e.
Sy € M N Ly,.

Therefore, in case n = 1 we can apply Theorem to infer the desired statement.
Fix then n > 2. We want to check that the cylindrically symmetric assumption implies
that M is in fact umbilic. Since we have

JH _ zn: TjU1 — YU ' Y1 + Xv2 '
= J J
= VP Y2Vl vl VIEP + [yt + o3
and .
Y;v1 + 202 Yjv2 — T;U1
n= Z it Yj,
= VP [yP Vol + vl VIz)2 + [y[2y/vf 4 v3
for any j,k € {1,...,n} we can directly compute

dirv1 + 2xj(xpvin — yevi2) — 2y (TRv12 — Yrvo2)

Vx ™ X)) = Xe (W7, X5)) =
Va7, %) = Xl X)) NEEEaTENG R

+
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~ M X)) ( 201 (wpv11 — Yrv12) + 202 (TEv12 — ka22)>
7\ [ + |Z/|2 ’

vi 403

kU2 + 22 (TRv12 — Ypv2) + 2y (TRV11 — YkU12

<VXk1/H,Y7> < > .] ]( : ) .7( )+
VIEP + [yt + o3
_WMY) N 21 (zpon — yk012) + 2112(561#112 — YkU22)

Y ’«’13\2 + |y|? v} 43

—0,v2 + 22 (yrv11 + Trv12) — 2y (Yrv12 + TRU22

(Vv X5) = V(1 X;)) = —2 i )20, )4

VIz? + [y2y/vf + 03
B < > ( 201 (ypv11 + xEv12) + 202(YKv12 + THV22 )
ANEE + ly|?
)

v%—l—v%

1) 2 2
<VkaH, Y;) = Yk(<VH, Y7>) _ 0jk01 + 22 (yrvi2 + TRve2) + 2y (Yrv11 + TEv12

Vg2 + [y v/of + v3
— 1Y) ( 201 (ykv11 + Tpv12) + 202(yRv12 + fﬁkvzz))
Y |=’E|2+ ly[? vt + v}

From the previous relations we can recognize by a straightforward computation that

Py (Vi) — MJ(Z) =kZ for any Z € H such that <Z, VH> =(Z,n) =0
Pr (V)]
and
P (V') =1y
where

U1
Iz + [y + vf

1 2¢/|z]% + |y|?

= 5 5 5 5 —+ | | |3| (1)117)% + 7}22'1)% — 27)121)11)2) .
VIzP+yPVoi +v3 (0 +03)2

A direct comparison with Definition [2:2] and Definition [2:3] tells us that M is umbilic.

We can then apply Theorem and complete the proof of the corollary.

and
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