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AssTRACT. In this paper we prove the existence of non smooth viscosity solutions
for Dirichlet problems involving a class a fully non-linear operators on Lie groups.
In particular we consider the elementary symmetric functions of the eigenvalues

of the Hessian built with left-invariant vector fields.
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In [18] Pogorelov showed that convex generalized solutions of the Monge

Ampere equation
(1) det D*u = f(x)

ina domain Q c R", n > 3, need notbe of class C?, even if f is positive and smooth.
Urbas in [20] proved that this absence of classical regularity is not confined to
equations of Monge Ampere type, but in fact occurs for the k-th elementary
symmetric functions in the Hessian and the equation of prescribed k-th curvature,
where k > 3. Recently Gutierrez Lanconelli and the second author in [9] proved
the absence of regularity of graphs with positive and smooth prescribed Levi
Monge Ampere curvature in a domain Q ¢ R***!, for n > 1.

Our purpose here is to show that a similar result holds for elementary symmetric
functions of the Hessian on Lie groups. Our study is motivated by our recent
results in [14] about existence and uniqueness of Lipschitz continuous viscosity
solutions for Dirichlet problems involving symmetric functions of the Hessian
built with left invariant vector fields on Lie groups. A naturally subsequent
problem is that of further regularity of Lipschitz continuous viscosity solutions.

To fix the notation let us recall some well known facts. Let G = (IR”, o) be a Lie
group on IR"” with o as group law. Let us denote by [ the set of the left-invariant
vector fields. If E' = {X3, ..., X,,} is any basis of I then a Riemannian metric g on G
is left-invariant if and only if the coefficients g;; := ¢(X;, X;) are constant functions.
Each n-dimensional Lie group possesses a nn(n+1)/2-dimensional family of distinct
left-invariant metrics, see for instance [15]. Let us fix any left-invariant metric g
and let u be a smooth function, we will denote by D,u the gradient of u with respect
to the metric g, thatis: ¢(Deu, X) = Xu = du(X), for every vector field X. Moreover,
there exists a n X n invertible and smooth matrix W such that D,u = W(x) Du,
where Du denotes the Euclidean gradient of u. If V is the Levi-Civita connection
for ¢ (we recall that the connection coefficients in term of any left-invariant basis
are constant functions), then the metric Hessian of u is the tensor field of type
(0,2) defined by:

Hou(X,Y) := XYu — (VxY)u
for every pair of vector fields (X, Y); since V is the Levi-Civita connection for g
(that is VxY — VyX = [X,Y]), we note that H,u is always symmetric. We will
denote by D3u := ¢"'H,u the associated endomorphism. We explicitly note that
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the previous definition is intrinsic, namely the eigenvalues of D;u do not change
9 9

E ey E
local coordinates (in our setting they are actually global), we have:
Jd d 9? )

) . u s u

ox;’ dx;’  dxix;  Uoxg

in a change of basis. Let us consider a coordinate frame { }, referred to

ng(

where I%; are the Christoffel symbols for the metric g (they are not constant in
general). Hence if Du, D*u denote the usual Euclidian gradient and Hessian, then

Déu reads in local coordinates
(2) Dé,u := G 1(x)[D*u + B(x, Du)]

where we denoted by G™! the symmetric matrix of coefficients of ¢~ expressed
in the coordinate frame (they are not constant functions in general) and the
coefficients of the matrix B are given by b;; = l"f].g—z. Let us note that the matrix B
is symmetric because the Levi-Civita connection has null torsion.

Here we will consider also the case of strictly restrictions to some subspace of I. Let
then m < nand let E, = {X;,..., X,,}, we define the subspace of the left-invariant
vector fields

HG :=span{Xy, ..., X}

Now we consider a left-invariant metric g,, on HG, we can “complete” it to the

tull tangent space by defining the blocks metric:

| & O
g'_(o Idn_m]

where, for every integer 1, Id,, denotes the identity matrix of order n. We define
Hgmu(X,Y) := XYu — (VxY)u, VX YeHG

and D3 ,u := g;,'Hg .

We note that there is another recurrent definition of Hessian on Lie groups, let
us call it the symmetrized Hessian H°u, that is, for every smooth function u and
for every pair of left-invariant vector fields X, Y-

XYu+YXu

—

Inparticular thereis a very large literature on questions involving this symmetrized
Hessian on Carnot groups (see for instance [7], [10], [11], [13], [19], [21], [5], [1]

(3) Hu(X,Y) =
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and the references therein). An easy computation shows that our metric Hessian

Hgu coincides with H*u if and only if it holds:

(4) WY=§XH, XYel

In [14), Example 2.1] we proved that if we consider the case of stratified Lie groups
(in the sequel Carnot groups) (see Definition 4.4{or [3, Definition 2.2.3]), then the
two Hessian definitions coincide. Moreover, in [14, Example 2.2] we exhibited an
example of a Lie group that does not satisfy ().

Let B € R" be the Euclidean ball of radius R and center at the origin and let
f: B X RXR" — R be a smooth positive function, here we are interested on the

Dirichlet problem associated with equations of the following form

=

(5) (0w(D2,w)" = f(x,u,Dgu),  k=1,...,m

where, for every symmetric matrix M of order m, 0,(M) denotes the k-th elementary
symmetric function in the eigenvalues of M.

Our motivation comes from the geometric theory of several complex variables,
where fully nonlinear second order pde’s appear, whose linearizations are non
variational operators of Homander type. (See [16] and references therein). These
kinds of operators, also arising in many other theoretical and applied settings,
have the form of (5). The dependence on the gradient D,u in f is motivated by
various applications. An interesting example is the subelliptic analogue of the
prescribed Gauss curvature equation, see [7] and [5]].

A direct computation shows that equation (5) reads then in local coordinates:

e

(6) (ok(Am(x) D?u A,Z(x) + Qu(x, Du))) = f~(x, u, Du)

where fis a positive function such that ]?(x, u, Du) = f(x,u, Dgu) = f(x,u, W(x)Du)

and A,, is a m X n matrix and Q,, is a square matrix of order m, both with smooth

coefficients. Moreover, it is easy to see that (see for instance [3, Section 1.2.2])

7) An(0) = (Id, 0)
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and Q,, is symmetric and linear with respect to Du. Precisely, we will consider

viscosity solutions of the following Dirichlet problem:

F(x,u,Du,D*u) =0, inBg,
|

u=ao, on dBg,

where

i

(9)  F(x,u,Du,D*u) := —(ok(Am(x) D*u Al (x) + Qu(x, Du))) + f(x,u, Dqu)

and ¢ : dBgr — R.
We refer to [12], [6] for a full detailed exposition on the theory of viscosity
solutions: we will give the basic definition of sub- and super-solution in the
next section.

We explicitly remark here that the partial differential equation F = 0 is not
elliptic and it is fully nonlinear for k > 1.

In analogy with [4] and [14], we define the open cone

IY={A=,...,A,) e R": 0j(diag(A)) > 0, foreveryj=1,... k],

where diag(A) is the m X m diagonal matrix, and we denote by W and JI'}' the
closure and the boundary of I'}' respectively.

Remark that F is degenerate elliptic in the coneI'”", i.e. F(x,s,p, M) < F(x,s,p,N),
forallx €e R",s € R,p € R", and M, N symmetric n X n matrices whose eigenvalues
belongs to the open cone I'}’ and such that M > N.

Therefore, we give the following

Definition 1.1. Let xo € R" and let ¢ be a C* function in a neighborhood of x,. We
will say that ¢ is strictly F-admissible (respectively F-admissible) at x, if the vector
A = (A4, ... Ay) of the eigenvalues of Dg,,m(p(xo) belongs to the open cone I'}" (respectively
") Remark that the cone I is invariant with respect to permutation of A;.

We will say that ¢ is strictly F-admissible (respectively F-admissible) in QO C R" if ¢
is strictly F-admissible (respectively F-admissible) at x, for every x, € Q.
Moreover if p : R" — R is a smooth defining function for a bounded open set QO C R",
that is

Q={xeR":p(x) <0}, JQ = {xeR": p(x) =0}

then we will say that the domain Q) is strictly F-admissible if p is strictly F-admissible.
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By taking into account (7) it is easy to show that we can always find a small
radius R > 0 such that the Euclidean ball By is strictly F-admissible.

The purpose of this paper is to show that when 2 < k < m < n, viscosity
solutions may not be regular even if f is positive and smooth. Precisely, we prove
the following theorem, which is the main result of the paper.

We will assume that there is £ > k/2 such that F in (9) satisfies the following

structure condition

(He) Qumlx,p) = Qu(x,pes1, ..., pu) is independent of py, . .., pe.
Let us denote by Lip the space of Lipschitz continuous functions with respect
to the Euclidean metric and by C;(’ﬁ the space of functions u such that the Lie
derivative Xu exists for all X € HG and it is - Holder continuous with respect to
the Euclidean distance (see Section 4] for details).

Theorem 1.1. Suppose2 <k <m < n,and f € C*(By Xx R xR") is a positive function,
monotone increasing with respect to u and satisfying at least one of the following two
conditions:

e f does not depend on its first arqument x

e inf g—i > 0.
Then there exists R € (0,1) and a F- admissible viscosity solution u to the equation

(10) F(x,u,Du,D*>u) =0 in Bg,

such that u € Lip(BR).
Moreover, if condition (Hy) holds true for some € € (k/2,k — 1), then u ¢ C;’ﬁ for any
B > 2L —1.If condition (H) holds true for some € > k—1, then u ¢ C;’ﬁfor any p>1-2.

The proof of this theorem uses Pogorelov’s counterexamples, see [18] or [8,
Section 5.5], and its extensions developed by Urbas in [20] and by Gutierrez,
Lanconelli and Montanari in [9] to show existence of viscosity non classical
solutions to real curvature equations and to Gauss-Levi curvature equations,
respectively.

A principal tool used to carry out the proof of our theorem are the comparison
principles proved in [14, Section 4].

We will show in the Examples section at the end that, in any homogeneous
Carnot group, elementary symmetric functions in the eigenvalues of the Hessian

of the first layer satisty (H;). Moreover, we recall that any stratified Carnot



NONSMOOTH SOLUTIONS FOR A CLASS OF FULLY NONLINEAR PDE’S 7

group is isomorphic to a homogeneous Carnot group and that the isomorphism
preserves the stratification (see [3| Proposition 2.2.10 and Theorem 2.2.18]). In
the same section, we will show that there exist Lie groups, not Carnot, such that
elementary symmetric functions in the eigenvalues of the Hessian H,,,, for some
m still fulfill condition (Hy).

The two alternative conditions on the function f in Theorem [1.1| and the Lie
group structure arise in [14] through the consideration of gradient estimates.
We remark that for Monge—Ampére equations (i.e. k = m) on a homogeneous
Carnot group, Bardi and Mannucci in [2] proved the existence of H-convex (i.e.
F-admissible) continuous viscosity solutions of under the only assumption
that f is positive and monotone increasing with respect to u. Moreover, as a
consequence of the H-convexity, the solution is locally Lipschitz continuous with
respect to the Carnot Carathéodory distance (see Definition and for R small

enough
C
X1 Bec(r) < E”u”L‘X’(BCC(zR))z VX € HG

where the balls B¢ are taken with respect to the Carnot Carathéodory distance
and C is a constant independent of u and of R (see [13, Theorem 4.1], [1] and the
references therein). Let us denote by C;’,ﬁdcc the space of functions u such that the
Lie derivative Xu exists for all X € HG and it is - Holder continuous with respect

to the Carnot Carathéodory distance. Thus, as a corollary of Theorem (see also
Remark[5.1)), we get

Corollary 1.1. Let us consider a Carnot group on R" with m < n generators. Suppose

f € C*(B1 X R X R") is a positive function, monotone increasing with respect to u. Then

there exists R € (0,1) and a F- admissible viscosity solution u to the equation

(11)

F(x, u, Du, D*u) := —( det (A,,(x) D*u AJ,(x)+Qu(x, Du)))%+ F,u,Deu) =0 in Bg,

such that u is Lipschitz continuous with respect to the Carnot Carathéodory distance in
Brand u ¢ C;’@CC(BR)for any p>1-2.

Moreover, in that case, by analogy with the classical Monge-Ampere equations
(see for instance [8, Section 5.4]), we expect that if the boundary data ¢ € C'#(dBg)
for B > 1 — 2, then the viscosity solutions u of is strictly H-convex and Xu
is p- Holder continuous with respect to the Carnot Carathéodory distance for all
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X € HG. This would be an optimal regularity property and it will be the topic of
future studies.

Our paper is organized as follows. Section[2]contains comparison principles for
F-admissible viscosity solutions. In Section 3, we show existence of F-admissible
Lipschitz continuous viscosity solutions in small balls. Section [4 contains basic
definitions of spaces of Holder continuous functions and some well known facts
in Sub-Riemannian geometry. In Section[5|we prove our main theorem. In Section

|§] we exhibit examples.

2. COMPARISON PRINCIPLE FOR VISCOSITY SOLUTIONS

We first recall the definition of sub- and super-solution in the viscosity sense.

Definition 2.1. Let us consider the equation
(12) F(x,u, Du, D*u) = 0, inQ,

We say that a function u € USC(Q) is a viscosity sub-solution for if for every
@ € C*(Q), it holds the following: if xo € Q is a local maximum for the function u — ¢,
then ¢ is F-admissible at x, and

(13) F(xo, u(x0), Dp(x0), D*p(x0)) < 0

We say that a function u € LSC(Q)) is a viscosity super-solution for if for every
@ € CXQ), it holds the following: if xo € Q is a local minimum for the function u — ¢,

then either ¢ is F-admissible at x, and

(14) F(xo, 1(x0), Dp(xo), D*p(x0)) = 0

or @ is not F-admissible at x.

A continuous function u is a viscosity solution for (12) if it is either a viscosity sub-solution
and a viscosity super-solution for (12).

We say that a function u € USC(Q) is a viscosity sub-solution for (8) if u is a viscosity
sub-solution for and in addition u < ¢ on Q.

We say that a function u € LSC(Q) is a viscosity super-solution for (8) if u is a viscosity
super-solution for and in addition u > ¢ on JQ.

A viscosity solution for (8) is either a viscosity sub-solution and a viscosity super-solution

for (8).
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The following comparison result plays a crucial role in the proof of Theorem

L1

Theorem 2.1. Let u be a viscosity subsolution and let v be a viscosity supersolution to
the equation F = 0 in a bounded open set Q) C R". If f is continuous, positive and strictly
increasing with respect to u and
limsupu(x) <liminfo(x) forevery xo €JQ,
X—Xp xX—=X0

then u < vin Q.

This Comparison Principle is proved in [14, Proposition 4.1].

A comparison principle in the class of uniformly horizontal convex sub- and
super-solution of the Monge-Ampeére equation in homogeneous Carnot groups
has been proved in [2].

Here we would like to have a comparison principle for F also when f is only
increasing with respect to u. In order to adapt the proof for the strictly monotone
case in this situation, one needs to find (for instance) a strictly sub-solution for F,
and we can choose R > 0 such that the defining function p(x) = (|[x||* — R?)/2 of Br

is a a strictly sub-solution for F in Bg. Precisely, we have

Theorem 2.2. Let f be continuous, positive and increasing with respect to u. Then, there
is R > 0 such that, if u is a viscosity subsolution and v is a viscosity supersolution to the
equation F = 0 in Bg and
limsup u(x) <liminfo(x) forevery xo € dBg,
x>0 xX— X0

then u < v in Bg.

3. A PRELIMINARY EXISTENCE RESULT

In this section we assume that f is increasing with respect to u. Let us fix R > 0
such that By is strictly F-admissible and

=

(15) (ok<Am(x) Al (x) + Qu(x, x))) >1/2, for every x € Bg,

We define the following function

_ LAY, AP
foo :BRXRXR" > R, folx,1,P):= }ltim %
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Let us suppose that f., exists at every point and that for the defining function
p(x) = (llxl* = R?)/2 of Bg it holds

(16) foolx, p(x), Dgp(x)) < 1/2, for every x € Bg.

This restriction on the growth of the function f and the Lie group structure arise
in [14] through the consideration of gradient estimates.

By [14, Theorem 1.1] we have the following existence result for the Dirichlet

problem

Theorem 3.1. Let us fix R > 0 such that By is strictly F-admissible and such that
holds true. Let f € C! be a non negative function, increasing with respect to u, and such
that that f., exists and it satisfies condition and that at least one of the following two
conditions holds true:

e f does not depend on its first arqument x
i
e inf 5~ > 0.

Then, for every boundary data ¢ € C“', there exists a viscosity solution u € Lip(Bg) of
the problem (8).

Moreover, let us fix a positive constant c such that

(17) f(x, (sup @), cDgp(x)) < c/2, for every x € Bg.
9Bx

Then
o if f does not depend on its first argument x, then |[ull ;g only depends on R,

”(P”Cl,l(ﬁ)/ C.
e [finf S 0, then ||”||Lip(ﬁ) only depends on R, ||¢)||C1,1@), ¢, and on

ou
ID, f1
sup

Brx[infzp, d+cp(x),supgp, PIXR" fu

The following remark shows that if the boundary data is convex, on small balls

we can relax the growth condition (16)

Remark 3.1. If the boundary data ¢ € Lip(By) is convex in By and cR < 1 then

f(x, (sup @), cDgp(x)) = f(x, (sup ), cW(x)x) < sup f(x, (sup ¢), W(x)p).

8BR 3BR (x,p)631X81 331
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Now we choose c such that SUP (), B, f(x, (supyp, ¢), W(x)p) < c/2and R <1/c and
we get that is always satisfied in Br without assuming the growth condition

In this section we prove the existence of a Lipschitz-continuous viscosity solution
to a Dirichlet problem for F on the ball Bg, for R sufficiently small. The boundary
data will be the restriction to dBg of a convex function ¢ in By satisfying the
equation F = 0 in Br. The crucial point of this preliminary existence result is the
dependence of the gradient of the solution only on the gradient of ¢. The proof is
a refinement of Theorem

To prove our existence result, Proposition we show the following lemma,
which provides a strict subsolution to F = 0 independent of the second derivatives
of the boundary data.

In this section 0 < R < 1 is fixed such that holds true.

Lemma 3.1. Let ¢p € C3(B;) N Lip(B1) be a convex function. For each A > 0 define

ur(x) := Px) + Ap(x), x € By,
where p(x) = (||x||> = r*)/2. Then, there exists 0 < r < R < 1and A* > 0, only depending
on supy |Dél, such that
(18) F(x,uy,Duy,D*u;) <0 in B,,  for every A > A"

Proof. Since ¢ is a convex function,
An(ODAL(X) + Qu(x, 1) 2 A (An(x)AL (%) + Qu(x, ) + Qulx, Dd/A)).

Let us choose A* = A*(r, sup a8, ID@l) > 0 such that for every A > A* and for any
x € B,

(An(®)AT, () + Qulx, ) + Qulx, DP/A)) > %Idm.

In particular u, is F-admissible in B, for every A > A*. Moreover, as a consequence

1/k

of the monotonicity of the function A — o,

G;/ K(MA) = /\ai/ *(A) for every A > 1", we get

(A) and of its homogeneity, i.e.

F(x, 13, Dy, D*uy) < =0} (Au(x) AL (x) + Qu(x, ) + Qulx, DP/A))
+ f(x, uy, Dguy)

1
< —E/\ + f(x, U, Dgu,\)
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D ~
Then, since Du,(x) = A (T(P + x), by recalling Remark|3.1jwe can fix A* > A* > 0
and a small 7, only depending on sup,; [D¢|, such that
f(x/ Uy, Dgu/\)

L
A 2
for every A > A"

This inequality easily implies that holds for every A > A* and for all
x € B,. |

Using the previous lemma and by Theorem we obtain the main result of
this section.

Proposition 3.1. Assume the conditions of Theorem[1.1] If ¢ € C?> N Lip(B,) is a convex
function such that F > 0 in By, then there is 0 < r < R < 1 such that Ithe Dirichlet
problem

(19) F=0, in B, u=¢ on dB,
has a viscosity solution u € Lip (B,) satisfying
(20) ||u”L°°(B_,) + ”u”Lip(B_r) < C/

where
e if f does not depend on x, C only depends on r, ||qb||Lm@), ||qu||Lm@)
e if f, >0, Conly depends on r, ||qb||Lm®), ||qu||Lm@) and on
D, f1
sup
Ex[inf,;BR q)+cp(x),sup,;BR PIxIR" f”

with c as in Remark3.1]

Proof. Let u, = ¢ + Ap be the function given by the previous lemma with A > A"
Then u, € Cz(B_,) and it is a classical subsolution to F = 0 in B,. Moreover,
uy = ¢ on dB,. On the other hand, since F(x, ¢, Do, D) > 0in By, ¢ is a classical
supersolution to F = 0 in B,.

Then, by Theorem the Dirichlet problem has a viscosity solution u €
C(B,) and by the comparison principle we have u; < u < ¢ in B,. Hence supp |ul <
supg l¢p|+ Ar. On the other hand, by Lemma supy |Du,| can be bounded by a
constant only depending on r and supy |D¢|. By the interior gradient estimates
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in Theorem we can conclude that u € Lip(B_r) with ||u||Lip(B—r) bounded by a
constant C > 0, where

e if f does not depend on x, C only depends on r, ||¢|| L @Ry Dl L @R)
e if f, > 0, C only depends on, ||¢||Lm@), ||D¢||Loo@) and on
D
sup IDe/l

Brx[infyp,, p+cp(x),supap, pIXR" f H

4. Basic pDEFINITIONS: HOLDER Spaces, HORMANDER VECTOR FIELDS, CARNOT

CARATHEODORY DISTANCE, CARNOT GROUP

In this section we fix notation and we briefly recall some well known facts.
Let Xj,..., X}, be a system of real smooth vector fields defined in some bounded

connected open subset Q of R", with m < n.

Definition 4.1. For any g € (0, 1) we set
CPHQ) = {u: Q- R |Jullosq < oo}

where

[u(x) — u(y)|
sy = sup {(d()x—y)f}” yyeQ s y}

and d is the Euclidean distance.
Moreover, let
C&@Z&HQ%wa#®<m}

where

m
lllersy = Y X ullory-
j=1

For any multi index I = (iy, iy, ..., 1), 1 <i; < m, we set
Xi = [Xiy, [ X, - [Xiy, Xi] - 1]

where [X, Y] = XY — YX. We say that X; is a commutator of length [I| = ;.
We say that Xj, ..., X,, satisfty Hormander condition at step s in € if the vector
fields, together with their commutators of length < s, span the tangent space at

every point in Q. The vector fields induce on IR"” a metric dcc in the following way
(see [17]).
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Definition 4.2 (Carnot Carathéodory metric). A Lipschitz continuous curve y :
[0,T] - R", T > 0, is subunit if there exists a vector of measurable functions h :
[0, T] — R" such that y'(t) = 3.7, hi(1)X;(y(7)) and 1.7, h}z.(”c) <1forae tel0,T]
Define the Carnot Carathéodory distance dcc : R* X R" — [0, +00) by setting

dee(x, y) = inf{T > O : there exists a subunit curvey : [0,T] — R"

such that y(0) = xand y(T) = y}.

It is well-known that if the vector fields are smooth and satisfy Héormander
condition then dcc(x, v) is finite for all x, y (see [3], [17]). Moreover, if X, ..., X,
satisfy Hormander condition at step s in Q, then if K CC Q) is any compact set,

there are positive constants ¢, C so that if x, y € K
(21) Cd(x/ y) < dCC(x/ y) < Cd(x/ y)l/s.

Definition 4.3. Let Xi,...,X,, be a system of real smooth vector fields satisfying
Hormander condition in some bounded connected subset () of R", with m < n. For
any B € (0, 1) we set

ch (@)= {u Q- Rl g < oo}

where
B |u(x) —u(y)l
”M”CECC(Q) = sup {W X, Y€ Q,x# Yy

Moreover, let
@ ={u: Qo R s, < o)

Xdcc

where
m
lall s o= Y 1Kl o
i@ = oo

We explicitly remark here that, if Xj, ..., X,, is a system of real smooth vector
tields satisfying Hormander condition at step s in €2, then by we have

ChQ) c Cf_(Q) c CPH(Q).

A remarkable example of a system of real smooth vector fields satisfying
Hormander condition at step s is furnished by the Jacobian basis of a stratified

Lie group. For reader convenience, we recall here the definition of stratified Lie

group.
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Definition 4.4. A stratified Lie group (or Carnot group) H is a simple connected Lie
group whose Lie algebra 1 admits a stratification, i.e. a direct sum decomposition 1 =
VieV,&---@ Vsuch that [V, Viq] = Vifor2 <i<s,and [Vq, V] = {0}.

In this case we say that H has step (of nilpotency) s and has m generators, where
m = dim(V).

5. EXISTENCE OF NONSMOOTH SOLUTIONS

Proof of Theorem First of all remark that if condition (H,) holds true for some
¢ > k — 1 then in particular (H) holds true for ¢ = k — 1. Throughout this section
we then fix k/2 < € < k — 1 such that condition (H;) holds true, and we denote by
x=(x,x"), X =(x1,...,x) € RE, x" = (xp41, . .., %) € RC with x € RF. We denote
by & = (x,t) points of R", with x € RF and t € R"*.
For 0 < ¢ <1and 0 < 7 < R such that Proposition 3.1 holds true, we define
¢

(22) we(x) = (¥, x7) 1= (WP e+ P, =g

and
Pe(&) = Pe(x 1) i= Mwe(x),  ¢e(&) = Pe(x, 1) 1= 2M(e + X' )",
with M a positive constant that will be determined later. We have

Yo <P < Pe, in By.

Since ¢ > k/2, the exponent a = % > % and so that ¢, is convex in R” for ¢ > 0.
Moreover, ¢, is smooth for ¢ > 0, and independent of x” and t. From condition
(H¢) we then obtain for ¢ > 0

An(ED*P.AT(E) + Qu(E, D) = An(E)D*P.AL(E) > 0

and it has m — £ null eigenvalues. This means that ¢, is F admissible and since
m—-{>m-k+1

0 (An(E)D?P.AL(E) + Qu(E, Depe)) = 0.
Therefore:
(23) F(&, ¢e, Do, D*¢e) = f(E,Pe, Dgpe) >0 in By, e €]0,1[.

Thus, applying Proposition there exists 0 < r < R such that the Dirichlet
problem
F=0 in B,, u=¢, ondB,
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with ¢ €]0, 1], has a viscosity solution u, such that
” Ue ||L°°(B_r) + ” Ue ”Lip(B_,) < C(T, 5/M)

with C(r, e, M) depending on ¢ only through C(¢.) :=[| ¢, ”L""(B_,) + || Do, IILDQ(B—r).
On the other hand, an elementary computation shows that C(¢.) < 8M. Then, we
can choose C(r, ¢, M) independent of ¢, and so

(24) lite Ny + N el < M),
Now we claim that, if 0 < r < R, we can fix M = M(r) such that
(25) F(&, ¢, DY, D*) <0 in B,, Ve €]0,7.

Assuming this claim for a moment, we can use the Comparison Principle of
Section 2| to compare u, with ¢, and ¢.. Indeed, by and (25), ¢. and 1), are,
respectively, classical supersolution and subsolution to F = 0 in B,. On the other
hand . < ¢, in By, in particular, ¢, < ¢, on dB,. Thus, by the Comparison
Principle,

(26) Y. <u. <P, in B, Ve €], 7.

The uniform estimate implies the existence of a sequence ¢; ~\, 0 such that
(u¢;)jen uniformly converges to a viscosity solution u € Lip(B_r) to the Dirichlet
problem

F=0 inB, u=d¢yondB,;

the proof of this fact is given in [14, Lemma 3.1]. Moreover, from the comparison
principle, we get

(27) Yo<u<¢y inB,.
In particular
(28) M < u(xy,0,...,0) < 2M]x; .
As in the proof of [9, Theorem 1] inequalities in imply:
dy,u ¢ CP, forevery f>2a—1= 2% -1 if2a>1 (ie. €>k/2).
Moreover, inequalities imply that

Xiu ¢ CF, foreveryﬁ>2a—1:%—1 if 2a >1 (ie. £ > k/2).
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Indeed, let us denote by exp(sX;)(0) = y(s) the integral curve of the vector field
X starting at the origin, i.e. y'(s) = X1)(s),y(0) = 0. Remark that y is a smooth
function, whose first order Taylor expansion in a neighborhood of the origin is
(see also [3, section 1.12])

Y(s) = sX1(0) + o(s) = se; +0o(s), ass—0,
where e; = (1,0,...,0)and o(s)/s — 0as s — 0.
If 2a > 1, then (X;u)(0) = dy,u(0) = 0 = u(0) so that, if X;u was CF, with g > 2a—1,
we would have u(exp(x1X1)(0)) < Clx;|"* for a suitable C > 0 and for every x;
sufficiently small. Hence, by denoting 7" : R" — R! the usual projection operator

associating to a vector £ = (x’,x”,t) € R" its first variables x’ € R¢, by the first

inequality in (27), we would have the existence of a positive constant ¢ such that
(29) el < M’ (exp(xa X1)(0))** < ¢o((exp(x1X1)(0)) < Clay[**F

and it would be f < 2a — 1, a contradiction.

To complete the proof of the theorem, we are left with the proof of Claim (25).
By condition (H;) and by the smooth regularity of the functions & — A, (&), & —
Qu(&,+) and by the linearity of p — Q,(-, p) we get
(30)

An(E)D*w, AL (E) + Qu(&, Dw,) = Ap(E)D*w. AL (E) + Qu(&, Dyrw,)
= A (0)D*w Al (0)(1 + w1 (&) + 2(e + X' ) Qu(&, x7)
= 1d,,D*w(x)Id,,(1 + @01 (&) + w2 (E)(e + |x'P)Id,,

where, for j = 1,2, w;(§) — 0 uniformly in ¢ as £ — 0. Moreover, Id,,D*w,.(x)Id,,

has m — k null rows by construction. Therefore

(31) or(Id,,D*w.Id,,) = det D*w,.

Direct computations show that

(32) det D?w,(x) = 2% f.(x)

with

-1 ra”te + IX'P) + a”te(Ix'P)
(e + ')

For convenience of the reader we include the proof of (32).

fg(X) — a£’+1(1,2 + |xu|2
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We have

(7 + |x"?) ((deg +a(a-1

ax” @ x’

e+|x/ 2

Diw, (x) =4(e + IX’IZ)‘H(

Since (o — 1)k = £ — k, we get

e+’ |?

det D?w,(x) =4"(e + |x')F det(
ax” @ x’

X' Qx’ ) ax' @ x”’
(¢ + X' P)die

(2 + [x"P) (alde + o - 1) E25) ax’ @ x”
(e + I’ )dy—¢

2 1712 x' x’ X' x"
=4k det (1’ * |x | )(aldf + a(a - 1)g+|X’|2) a(e+|xr|2)1/2 )
x’l®xl
(e+lv' )12 Idi_;
2 1712 x/®x/ 2 "2 x’@_x’
=4 det (= + x| )(Oddg +afa - 1)e+lx’|2) — x| e+l D)2 0
//® 4
AT s

X' Qx’
(R P72

=4det( (? + [x"P) (ald, + a(a — 1) £25) - a?x"?

e+|x’?
=4k detT,
where T is a ¢ X £ symmetric matrix. It is easy to see that A; = a(r* + |x”]?) is an

eigenvalue of I' with multiplicity £ — 1. Now, traceI' = (£ — 1)A; + A, with

|x/|2 _ 2| 1/|2 |x,|2
e+ |x|? e+ x|

Ay =( + |x"%) (a +a(a—1)

r? (i + |x’|2) + £x)?
_ 2 o %

e+ x|

2( e 712 Ea|2
Thus, detT = AL, = a1(2? + [x/ )it R (“ﬁr:x,)':“lx'

proof of (32). In particular, f, > a2 > a/r?¢/2.
Keeping in mind that ¢, = Mw, and (30), (31), we can choose r small, 0 < r <R,
such that

= f., which completes the

ei/k (Am(E)D2¢€ AT(&) + Qu(E, D¢€)) > a2
On the other side, direct computations show that
IDw[? = 4l Pe + [ PP + ' PP + [x"P)(e + [ [)2D)
and for every ¢ €]0, 77,
|Dw .|2 < 220¢+31,4a+2

(33) in B,.
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From (33), we obtain
(34) IDY| < 29%32M42*2 in B,.

Choosing M = 27476/2y=2071 "the right hand side of equals 1, and ¢, <
270712y < 1. The strategy now is to take a smaller r such that

sup  f(&,1, W(p) < a27* G271,

(&,p)EB1XBy

Then, by the increasing monotonicity of s — f(-,s, ), in B, we obtain

F(&, e, DY, D*W) < =277 @27 4 £(E, 9., W(E)DY,)
< =277 GR 1 4 £(E,1, W(E)DY,) < 0.

This proves claim and completes the proof of the theorem. m|

Remark 5.1. If the vector fields X;, ..., X, satisfy Hormander condition in Bg, then
dcc(exp(x1X1)(0),0) = xy and from inequality we get u ¢ C;(’ﬁdCC(BR).

6. ExaAMPLES

Here we will show some examples on which the condition (Hy) is fulfilled. First
we consider the case of a homogeneous Carnot group. We refer to [3) Section 1.4]

for a full detailed exposition on the theory of homogeneous Carnot groups.

Example 6.1. Let us consider a homogeneous Carnot group on R" with m generators:

then condition (Hy) is satisfied with € = m. Indeed, let us consider the Jacobian basis E!

for Lie algebra 1 of the left-invariant vector fields. Let us suppose that the first layer of the

stratification V' has dimension m < n and it is spanned by the first m vector fields of the

basis, namely El, =1{Xy,..., X} We know that such vector fields read in coordinates as
P n

Xj= =
(9x,-+

x(X)=—, i=1,...,

Tik(x) I i m
k=m+1
where Ty are smooth (polynomial) functions defined on the whole R". In particular,

Qu(x, p) is independent of p1,- - - , pm and condition (Hy) is satisfied for € = m.

Next we show an example of a Lie group that is not Carnot, but for which
elementary symmetric functions in the eigenvalues of the Hessian H,,,, for some

m, still satisfy condition (Hp).
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Example 6.2. We consider the Lie group in R™*! given by the following group law o: for
any (x,y),(t,s) € R* xR

(,y)o(t,s)=(x1,..., X0, y) 0 (tr, - 1y, 8) = (Xp + t1, .0, X + £y, 5+ Yyt Tt

A basis for 1 is given by the left invariant vector fields

d d d
Y Yy Yoy

having the following commutation properties:

, j=1,...,n

[XZ/X]] = O/ [X]/ Y] = _Y/ l/] = 1/' . n.

Hence, the relevant Lie algebra is not nilpotent and the Lie group is not stratified. We
consider the metric g that makes orthonormal the vector fields X;,Y forany j=1,...,n
and we denote by V the Levi-Civita connection for g. We will prove that for any m < n,
the condition (H,) holds true with € = n. Indeed, we have that

Hg,mu(Xi, X]) = XZ'X]'M - (inXj)u/ Z,] = 1, oo, m

and

VxXj =) 8(Vx X, X0 Xe + g(Vx X, Y)Y
k=1
Now, since the coefficients of the metric in this basis are constants, we know that for any

vector fields V, W, Z in this basis:
S(Vy W 2) = 5(3(1V, W1, 2) - (W, 2], V) + (12, V1, W)
By the previous formula we get:
§(VxX;, Xp) = ¢(Vx X;,Y) =0, i,j=1,....m, k=1,...,n
Therefore the Hessian reads in local coordinates as
Hgu(Xi, X;) = XiXju = Uy, + Ylhyy + Yy, + yzuyy + yu,

Hence, keeping in mind the formulas (2) and (6), we see that there is no dependance on
the first n components of the gradient of u, that is (H,) holds true with € = n.

Remark 6.1. We note that in the previous example, with m = n + 1, the condition (Hy)
never holds true. Indeed, for any k =1, ...,n we have

28(VvY, Xi) = ([, Y1, X)) = g([Y, Xi], Y) + g([X, Y], Y) = -2
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and g(VyY,Y) = 0. This means that

n n
Hou(Y,Y) = YYu — (VyY)u = u,, + Z Xiu = uy, + nyu, + Z Uy, .
k=1 k=1

In particular, Q,+1(x, Du) depends on all variables u,, ..., uy,, u,.

Moreover, if one considers the symmetrized Hessian H°u (see formula (3)), since there
are no Christoffel symbols involved, then one realizes that in H°u the only gradient term
appearing is uy, for any m = 1,...,n + 1. Hence, for H*u the condition (H,) would be
satisfied with any € < n, and for any m = 1,...,n + 1. However, we explicitly remind
that the eigenvalues (and thus their elementary symmetric functions) of H°u are not
intrinsic, namely: they depend on the particular choice of the vector fields; if one changes
the coordinates, giving rise to another basis of vector fields, the eigenvalues of the new

symmetrized Hessian will change in general.
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