INTEGRAL FORMULAS FOR A CLASS OF CURVATURE PDE’S
AND APPLICATIONS TO ISOPERIMETRIC INEQUALITIES
AND TO SYMMETRY PROBLEMS

VITTORIO MARTINO AND ANNAMARIA MONTANARI

ABSTRACT. We prove integral formulas for closed hypersurfaces in C**! and we
follow the Reilly approach to prove an isoperimetric inequality. As an application,
we obtain the “Soap Bubble Theorem” for star-shaped domains with constant

Levi curvatures bounding the classical mean curvature from above.

1. INTRODUCTION

The study of surfaces in the Euclidean space with either constant Gauss curva-
ture or constant mean curvature received in the past a great amount of attention. In
1899 Liebmann [9] proved that the spheres are the only compact surfaces in R?* with
constant Gauss curvature. In 1952 Stiss [19] extended the Liebmann result showing
that a compact convex hypersurface in the Euclidean space must be a sphere, pro-
vided that for some j the j—th elementary symmetric polynomial in the principal
curvatures is constant. In 1954 Hsiung [8] proved that the “convexity” assumption
can be relaxed to the “star-shapedness” one. The proofs of the above results are
based on the Minkowski formulae. A breakthrough for this sort of problems was
made by Alexandrov [1] in 1956, who proved that the sphere is the only compact
hypersurface embedded into the Euclidean space with constant mean curvature.
Alexandrov method is completely different from the Liebmann-Siiss method, and is

based on the moving plane technique, on the interior maximum principle for elliptic
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equations and on the boundary maximum principle of Hopf type for uniformly ellip-
tic equations. In 1978 Reilly [14] obtained another proof of the Alexandrov theorem
combining the Minkowski formulae with some new elegant arguments.

In a joint paper with Lanconelli [12] we introduced the j-th Levi curvature for real
hypersurfaces in C"*! in terms of elementary symmetric functions of the eigenvalues
of the normalized Levi form, and we proved a strong comparison principle, leading
to symmetry theorems for domains with constant curvatures.

Precisely:

Theorem 1.1. Let D C C*™! be a strictly j-pseudoconver domain with connected
boundary, 1 < j < n. Let Br(zy) C D be a tangent sphere to 0D at some point
p € oD. If Kgg(z) is the j-th Levi curvature of D at z € 0D and

K9(2)>1/R, VzedD,
then D = Bg(zo).

In [12] we prove that if Q is a bounded domain of C"™'| with boundary a real
hypersurface of class C?, then the j-th Levi curvature of 9Q at 2 = (zy,..., 2,41) €

O writes in term of defining function f of Q = {f(z) < 0} as

, 1 1
(1) K5 (2) = N 2 Awesn )
n 1<i < <dj 1 <n+1
J
for all j =1,...,n, where |0f| = Z;jll | f5]?
0 f{l ce fgj+1
fo  fum o fud
(2) A(i1,~~,z’j+1)(f) = det . . o ) . o
fij+1 fij_‘_l,gl e fij+1,{j+1

_Of g _F £ _ 0f
and fj—a—Zj, j_fj7fj€_azjag£'
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Theorem 1.1 suggested the following question: are spheres the unique compact
hypersurfaces with constant Levi curvatures? Klingenberg in [10] gave a first posi-
tive answer to this problem by showing that a compact and strictly pseudoconvex
real hypersurface M C C"*! is isometric to a sphere, provided that M has constant
horizontal mean curvature and the CR structure Ty o(M) is parallel in TH0(C™ ).
Later on in [11] we relaxed Klingerberg conditions and we proved that if the char-
acteristic direction is a geodesic, then Alexandrov Theorem holds for hypersurfaces
with positive constant Levi mean curvature.

The problem of characterizing hypersurfaces with constant Levi curvature has
been studied by many authors. Hounie and Lanconelli in [6] showed the result
for Reinhardt domain of C2, i.e. for domains D such that if (21,2) € D then
(€121, e z) € D for all real 0y,6,. Under this hypothesis, in a neighborhood of a
point, there is a defining function F' only depending on the radius r = |z1|, r2 = |29],

F(ry,ry) = f(r3) — r? with f the solution of the ODE

(3) sff’=sf? —k(f + s~ ff

Alexandrov Theorem follows from uniqueness of the solution of (3). Their technique
has then been used in [7] to prove an Alexandrov Theorem for Reinhardt domains in
C"*! with spherical symmetry for every n. Then in [13] Monti and Morbidelli proved
a Darboux -type theorem for n > 2: the unique Levi umbelical hypersurfaces in C**1
with all constant Levi curvatures are spheres or cylinders.

In this paper we prove some integral formulas for compact hypersurfaces, of in-

dependent interest, and then we follow the Reilly approach to prove the following

Theorem 1.2 (ISOPERIMETRIC ESTIMATE). Let Q be a bounded domain of C"*1

with boundary a real hypersurface of class C*™. If K gs% 18 non negative at every point

of 0¥ then

1/j
1
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where |Q| is the Lebesque measure of Q). If K(% ilj'canstant, then the equality holds
j
in (4) if and only if Q is a ball of radius (@) .

Let us remark that there are non spherical sets which satisfy the equality in (4)
(see (18)). Thus, the class of sets which satisfy the equality in (4) is larger than the
class of sets which satisfy the equality in the classical isoperimetric inequality and
in the Alexandrov Fenchel inequalities for quermassintegrals ( see [3], [5] and [20]).

On the other side, if K (.(,g is constant, then

AN\ 17 meas (09
) (k)" < oS
and an Alexandrov type theorem holds for star-shaped domain whose classical mean

curvature is bounded from above by a constant j-Levi curvature.

Corollary 1.1 (AN ALEXANDROV TYPE THEOREM). Let Q C C? be a bounded
star-shaped domain with boundary a smooth real hypersurface. If the j-Levi curvature

is a positive constant K at every point of 92 and the maximum of the mean curvature

of 0 is bounded from above by K, then 0S) is a sphere and €2 is a ball.

In Section 2 we use the null Lagrangian property for elementary symmetric func-
tions in the eigenvalues of the complex Hessian matrix and the classical divergence
theorem to prove an integral formula (11) for a closed hypersurface in term of the
j-th Levi curvature. In Section 3 we prove an estimate of the j-th Levi curvature
(4) and we use the Minkowski formula for the classical mean curvature to conclude
the proof of Corollary 1.1.

Acknowledgement It’s a pleasure to thank Daniele Morbidelli for keeping refer-

ences [15] and [17] to our attention.

2. NULL LAGRANGIAN PROPERTY FOR ELEMENTARY SYMMETRIC FUNCTIONS IN

THE EIGENVALUES OF THE COMPLEX HESSIAN MATRIX

Given a Hermitian matrix A, let 0;(A) be the j-th elementary symmetric function

in the eigenvalues of A. Let us recall that if A is the (n 4 1) X (n + 1) matrix with
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eigenvalues A1, ..., A\,11 then

Uj(A): Z )\7,1)\1]

1<iy < <ij<n+1

If we choose A = [a,5] = O0f the complex Hessian matrix of a smooth function f

80](

and we denote by = ) the partial derivative of the function o; with respect to the

term of place ¢k of the matrix A, then

(6) Za (aa]g aaf)):o,szl,...,n+1.
Qg

(see [16] for a similar argument for the real Hessian matrix).
Moreover, by using the notation (2), the following Lemma holds
Lemma 2.1. For every f € C? and for every j =1,...,n+1
n+1 o
1
(7) D S (00f) fufi = > Awin(f)

0k=1 1<y <-<ij 1 <n+1

Proof. By explicitly writing o;,1(09f) in the left hand side of (7) we get

n+1 ao_ n+1 a fi1,€1 tee fil,gj_;'_l
j+1 . . .
Do OONff =Y Nl Y 5
orm1 Gk £ k=1 1<iy<-<ijpa<ntl 0k
(8) fijJrl»zl to fij+1ﬁj+1
filﬁl e fil,gj_‘_l

0 , .
= 2 e I R P 0/ 3
, , — Gy

1<y < <djp1<n+1 e,ke{ll,...,lj+1} ~
f"j+1vi1 fij+15j+1
where |A| = det A, for every Hermitian matrix A.

On the other side, if we put F(9f,0f,00f) = —Ag,,..i,,0)(f) and we twice dif-
ferentiate it with respect to f;, and f; for every £,k =1,...,7+ 1, we get
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foo oo fin
fil,gl Ut fil,{]url

or l+1 |
ofi, =1 R

fie+151 fi/z+15j+1

fijJrlel T fij+13j+1

fiﬂl s fil,;k—l filﬁkﬂ T fil,EjH

OF :(_1)Z+k fiZ—lagl fithgkﬂ fi4715k+1 fizf1ij+1

fiul,{l te fi4+15k—1 fie+1ﬁk+1 to fi£+lv§j+1

fijJrlvzl t fij+1»{k—1 fij+1ﬁk+1 c fij+1,5j+1

9 fil‘il : f’ilv?jJrl

aaefc

f’i]‘+1,{1 cee f’L’jJrl,;jJrl

Moreover,
F(0f,0f,00f) =F(0f,0f,00f) — F(0,0f,00f)

1
d o
:/0 £F(38f,8f,38f)ds

1
/0( > g—Z(saf,af,aaf)fg>ds

EE{Z& ..... ij+1}

1 oF

e ——(0f,0f,00

/0 S <£€{ily-zvij+1} afé( f’ f’ f)fé)
OF

- ) a7, (0f.0£.000) 1,
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and by the same argument and by (9)

L o2 o
F0f,01,000) = S =i (9£,01,00f) fuf;

0kE{i1,ijir} Ofe0 i

(1()) fil,gl s fi1,€j+1
0 . , .
P> Jal K : oSk
— Ak,
f,ke{n ..... ’Lj+1} f ~ f ~
it i

By substituting (10) in (8) we get (7). O

By using the null lagrangian property for elementary symmetric functions in the
eigenvalues of the complex Hessian matrix and the classical divergence Theorem we

get the following integral formulas for closed hypersurfaces.

Theorem 2.1. Let Q be a bounded domain of C"1 with boundary a real hypersurface
of class C?. For every defining function f of class C* of Q = {f(z) < 0} and for

every j =1,...,n we have

_ 1 . )
(11) /Qajﬂ(aaf)dx: nr ﬁ/@ﬂ[(%(zﬂaﬂ]“da(gg),

j+1)2
where Kég is the j-th Levi curvature of 0f).

Proof. Since o; is a homogenous function of degree j, i.e. 0;(tA) = t/o;(A) for every

real £, we get

1 aajﬂ(agf)

(12) Uj+1(05f) == m

Tk
Oayr
0 k=1 tk
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Let us set v, = 2L and and let us identify z € C**! with 2 € R* ™+ then by (12),

\3f \
by (6), by the classical divergence theorem and by (7) we get

[ i@y /Sf or (S @015 ) d
Q" J+1 Q Dayj, :

Ch=1
= 00 vy | do(x
20+DL;22 (001 o) do(o)
1 ol (805; (aaf)fkff)
= — / do(x)
2(j +1) Joo Pyl 0f]
_ 1 Zl§i1<~--<ij+1§n+1 A(il,---,ijﬂ)(f)da(x)
2(j +1) Joa 0f|
" 1 () 41
) st [ S osaste)
= o(x
j+1)2n+1) Joo

3. ISOPERIMETRIC ESTIMATES AND AN ALEXANDROV TYPE THEOREM

In this section we use the integral formula (11) to get an estimate of the j-th Levi

curvature of a closed hypersurface and to show Theorem 1.2.

Proof of Theorem 1.2. Let f : Q — R be the C?(Q) solution of the Dirichlet problem

trace 00f =1, in €
f=0, on 0f).

(13)

Let us remark that trace 99 = 1A, with A the Laplacian operator in R*"*2. Hence, if
09 is of class C*?, the Dirichlet problem (13) has a unique solution f € C?(2). Let
us recall that for every (n+ 1) x (n+ 1) Hermitian matrix A the Newton inequality
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holds

n+1 trace A\’
14 (A) <
(14 = (" ()

for all j =2,...,n+ 1. Moreover, in (14) equality holds iff the matrix A is propor-
tional to the identity matrix.
By applying (14) to the complex Hessian matrix of f, with f a solution of (13),

we get an estimate from above of the left hand side of (11)

1 .
" : j+1/(traee(88f))J+1 dx

[ ses(@0)ds < Iy

(15)
n+1 Y]
j+1) (1t

By applying again the diverge Theorem we get

1 1
[ Joflaote) = 5 / (VFNydo(a) = 5 / Afde = 210

and by using the Cauchy-Schwarz inequality in the right hand side of (11) we get

+1 -
| ?_1_ ] (fag ‘8f‘d‘7(37))]+1
1”.L+ m K919l do (2) > 0 ;
(16) j+1 o5 2(n+1) (faﬂ (K1<J')) d‘7<$>>
" ey
j+1

200+ 1) (fyo () o))

In (16) the equality holds iff |0 f| is proportional to (Kl(j))l/j . By the equality (11)

and by the inequalities (15) and (16) we deduce

@Ry 1
(faQ (ﬁ)l/j dU(m))J (n+1)J
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and we get

ég(f%>uzw®>2%n+1mn

Moreover, in (15) the equality holds iff the complex Hessian matrix of f is propor-
tional to the identity matrix. Since the defining function for €2 has been chosen such

that trace d0f = 1, then it should be 0 f = %HI in Q and by (1) and (2) we have

1

GNYG — =
17) B = er

on 0f). The last equality does not seem enough to conclude that €2 is a ball. Indeed,
by the maximum principle for the Laplacian operator, the function f has an interior
minimum at zy € €2, and it is not restrictive to assume z; = 0 because the Levi
curvature equations are invariant with respect to translations. Then, for every
pluriharmonic function A such that h(0) = 0 and 0h(0) = 0,

1
n-+1

(18) f(z) = f(0) + [2* + h(2)

is a defining function for . For example, if in C? we choose

Re (2} + 23)

h(Zl,ZQ) = 4

then the set of zeros of the function f in (18) is not a sphere. However, if K is
constant for some j, then by (17) |0f| should be constant on 0. It follows that
the Dirichlet problem (13) is over determinate and by Serrin Theorem [18] we can

conclude that €2 is a ball and 0f) is a sphere. U

Let H); be the Euclidean mean curvature of M = 0€). We recall that the cele-

brated Minkowski formula (see for instance [15]) asserts that

(19) A/M=AfW@HN@®@%

where N is the outward unit normal.

We are now ready to conclude the proof of Corollary 1.1
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Proof of Corollary 1.1. 1f ) is star-shaped with respect to a point and sup,,; Hy <
(KUW)YJ with constant KW, then by (19) and by the divergence theorem we have

) /6 ) do < (KU)Yi /8 Q(N, z)do(x) = (KU)YI /Q Zamjxj dx
= 2(n + 1)(KWY9|Q|.

By (20) we have
(KO3 > meas (0S2)
~ 2(n+1)|Q]
and by (5) we get
(K9)7 < meas (052) ‘
~ 2(n+1)|Q]
Hence, in (5) equality holds and by Theorem 1.2 we conclude that Q is a ball. [
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