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1 Introduction and state of the art

Let M be a smooth orientable hypersurface in R*T!, with n > 1. We say
that M is starshaped if it is a boundary of a bounded domain which is
strictly starshaped. In 1853 Jellett proved the following

Theorem (Jellett, [16]). Any starshaped hypersurface M in R™ 1 with
constant mean curvature is a sphere.
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Actually Jellett proved his theorem for two-dimensional surfaces in R3, how-
ever the same techniques work in any dimension.

Remark 1.1. In the case n = 1, the Jellett method works without the
starshapedness assumption. In fact, a closed embedded curve in R? whose
curvature is strictly positive bounds a convexr domain, which is in particular
starshaped with respect to any interior point.

As it is very well-known, a fundamental result by Aleksandrov [I] says that
the assumption of being starshaped is not needed in any dimension.

About Jellett’s theorem, which dates nearly a century before Aleksandrov’s,
we have to mention that almost 50 years later (in 1899) Liebmann proved
a weaker result that turned out to have more resonance in the future lit-
erature: he proved in [22] that the only closed convex hypersurfaces in R3
with constant mean curvature are the spheres. A genuine generalization of
Jellett’s theorem was established in 1951 by Hopf, who proved that the only
compact contractible surfaces in R? with constant mean curvature are the
spheres (see [I1]): it is worth to notice that the technique of Hopf effectively
works for two-dimensional surfaces.

Just few years later, Aleksandrov proved in [I] that the spheres are the only
closed hypersurfaces with constant mean curvature by introducing his cele-
brated moving planes technique. Later on, an alternative proof of the same
result was given by Reilly in [36], where he adopted a new integral approach.
We will come back again on these two different approaches.

Now, let us briefly sketch the proof of Jellett result for the reader’s conve-
nience (see also [23, Chapter 2]). Suppose that M C R"*! is starshaped
with respect to the origin. Let v be the unit outward normal to M, and
p € R™*! be the position vector. Let also (-,-) and | - | be the usual inner
product and norm in R"*!, then we denote by 1 (p) = @ and \(p) = (p,v)
respectively the square of the distance and the support function. A straight-
forward computation shows that

Apyb =n—nHA,

where Aj; and H stand respectively for the Laplace-Beltrami operator on
M and for its mean curvature. In our notations nH is the trace of the second
fundamental form h. Moreover, if H is constant, by the Codazzi equations
we get

Ay A =nH — ||h]|* ).



Here we used the notation || - || for the squared norm of a matrix, namely
the sum of all of its squared coefficients. We recall that, for any symmetric

n X n matrix @, it holds true that

QI > - (trace(@)). (1)

and the equality occurs if and only if the matrix ) is a multiple of the
identity. This fact and the starshapedness assumption imply

Ant (H = ) = (B> = nH?)A > 0. (2)

The function Hi¢ — A is then Ajps-subharmonic, and thus constant being
M closed (compact, without boundary). In particular, since X is strictly
positive, ||h||? = nH? = L(trace(h))?. The equality case in says that M
is umbilical, therefore it must be a sphere.

Here we want to follow a similar strategy for the case of a threedimensional
hypersurface M in C? and to prove a theorem ‘& la Jellett’ when we con-
sider the Levi mean curvature in place of the standard mean curvature. The
Levi curvature is a sort of degenerate-elliptic analogue of the classical mean
curvature: it was introduced and studied in [2], [10]. Roughly speaking, one
considers the restriction of the second fundamental form to the holomorphic
tangent space (see Section [2| for the precise definitions). Such restriction
involves a lack of information and hence a lack of ellipticity in the relative
operator. However, in the case of a suitable non-flatness, the direction of
missing ellipticity is recovered through bracket commutations: the Levi op-
erator can be thus seen as a degenerate-elliptic operator of sub-Riemannian
type. This very special feature has been successfully exploited, e.g. by
Citti-Lanconelli-Montanari in [9] where they were able to prove a regularity
result. On the other hand, symmetry results for sub-Riemannian operators
(both linear or non-linear) are extremely delicate. In particular, for rigidity
results ‘a la Aleksandrov’, both the approaches of Aleksandrov and Reilly
seem not working so far.

On one side, the moving planes method basically relies on the following
main ingredients: an invariance of the curvature with respect to reflections
through hyperplanes and an interior and a boundary comparison principle.
In our situation, the reflections with respect to generic hyperplanes do not
preserve the complex structure, and therefore the Levi curvature is not an
invariant (however, in principle, other kinds of reflections might work). Re-
garding the comparison principles, a strong interior comparison principle



was proved in [32], whereas boundary comparison principles may fail in gen-
eral. In fact, some counterexamples to the validity of the Hopf Lemma could
be found (see for instance [13], Section 2] and [28] Section 5]).

Concerning the method in the Reilly’s proof, it basically relies on two main
ingredients: first an integral representation formula, which relates the sec-
ond symmetric elementary function of the eigenvalues of the Hessian of a
defining function with the mean curvature, and then the Minkowski formula.
For the Levi curvatures, integral representation formulas were proved in [26],
whereas an analogue of the Minkowski formula does not hold in general (see
for instance [31), 41] and the examples in [29]).

Nonetheless, in literature some Aleksandrov-type results for the Levi oper-
ator have been proved under some extra-assumptions [I8] 13} 33| 14 25| 26,
27]. Most of these results are based on technical assumptions about apriori
symmetries for the hypersurface, or about apriori comparisons with the clas-
sical mean curvature. To the best of our knowledge, the only Aleksandrov-
type result for the Levi curvature which holds true for an explicit class of
model hypersurfaces is the one in [I3] (then generalized in [14]). In fact,
Hounie and Lanconelli proved in [I3] that the balls are the only bounded
Reinhardt domains in C? whose boundary has constant Levi curvature.
Their proof is based on the following fact: a defining function of a Rein-
hardt domain in C? depends on two real variables only, so one can think of
the hypersurface as a graph of a function that only depends on a single real
variable. In this way, they reformulated the problem in term of a (singular)
ODE, and they were able to prove a uniqueness result for the given ODE.

In this paper we follow instead a PDE approach, which is inspired by the
Jellett’s proof as we just showed. We shall exploit in a crucial way the strong
maximum principle for a suitable subelliptic operator on the hypersurface.
For our main result we do need a technical assumption, named as condition
, that we will precisely state later on.

Theorem 1.1. Let M be a starshaped hypersurface in C? having constant
Levi curvature and satisfying condition @ Then M s a sphere.

We refer to Section [3| for the precise statement of condition . Let us just
mention here that it is a pointwise inequality involving the position vector
and some coefficients of the Second Fundamental Form. Although such
condition is technical, we do have a significant class of examples satisfying
our assumptions. For instance, the condition is satisfied if the position
vector p has no components along the characteristic direction of M. In
particular we can prove the following



Corollary 1.1. Let M = 0 be a starshaped hypersurface in C? with con-
stant Levi curvature. Suppose ) is a circular domain. Then ) is a ball.

Circular domains are meant in the sense of Carathéodory [6], who studied
such domains of C? for the problem of the analytic representation (see also
Cartan [7]). We refer the reader to Section 4] for the definitions and further
discussions. We remark here that this class of domains includes as a partic-
ular case the Reinhardt domains. At the end of Section ] we will see how
it is possible to recover from our results the Aleksandrov-type theorem by
Hounie and Lanconelli.

The paper is organized as follows. In Section [2] we recall the main notions, in
particular the Levi form, the Levi mean curvature, and the sublaplacian. In
Section [3| we prove Theorem the role of the Laplace-Beltrami operator
in the Jellett’s proof is taken here by a suitable first order perturbation of
the sublaplacian. This choice will also lead to the statement of the technical
condition @ In Section 4| we finally discuss the main applications of our
theorem and we prove Corollary

2 Levi curvature and sublaplacians

Since it requires no extra work, we are going to fix the main notions in
C"+1: the comparison between the classical mean curvature and the Levi
mean curvature will thus appear more evident. We will restrict later to the
particular case n = 1.

We identify C"™! ~ R?"*2 and we denote by (-,-) and | - | the usual inner
product and norm in R***2. For a fixed smooth connected orientable hy-
persurface M, boundary of a bounded domain, we put v the unit outward
normal to M and we denote by V the Levi-Civita connection related to (-, -).
Let A be the Weingarten operator, namely

A:TM —-TM, AX :=Vxv,
then
h(7 ) = <A7 >
trace(h) .

is the Second Fundamental Form of M and H = = 1 is the mean curva-
ture of M. In C"*! we consider the standard complex structure J which is
compatible with (-,-) and V in the following sense:

() = (J T, JV = V.. (3)



Thanks to J we can define the unit characteristic vector field Xg € TM
by Xo := —Jv. The horizontal distribution or Levi distribution HM is the
2n-dimensional subspace in T'M which is invariant under the action of J:

HM =TMNJTM,

that is a vector field X € T'M belongs to HM if and only if also JX € HM.
Then T'M splits in the orthogonal direct sum:

TM = HM & RX,.

The Levi form ¢ can be defined on HM in the following way: for every
X, Y € HM, if Z = %(X —iJX) and W = %(Y —4JY), then
UZW) = (Vzv,W).

We can compare the Levi form with the Second Fundamental Form by using
the following identity (see [4], Chap.10, Theorem 2):

VX € HM, z(z,z>:h(X’X)+2h(JX’JX). (4)

Equivalently, we can give the definition of Levi form by using classical com-
plex notations. We define the complex n-dimensional subspaces

TL()M = THoCH 0 TCM, T()’lM = TL[)M

where THO0C™*! is the holomorphic space of C*t! ie. the complex space
generated by the eigenvalue +i of J, and TCM is the complexified tangent
space of M. Moreover

TioM @& To M = HM, T°M =CXy@ HM.

The Levi form is then the hermitian operator £(Z, W) := (V zv, W), for any
couple of vector fields Z, W € Ty oM. We will say that M is Levi flat if ¢
identically vanishes; M is said strictly Levi-convex if £ is strictly positive
definite as quadratic form.

Definition 2.1. The Levi mean curvature of M is defined as

I trace(?) .

n



By we get

From now on, we fix n = 1. In this way, the Levi mean curvature is actually
‘the’ Levi curvature.
We consider an orthonormal frame for TM of the form F := {Xy, X1, Xs},
where X; € HM is a unit vector field and Xy = JX;. For j, k € {0,1,2},
we denote by

ng = <vXij7Xl>

the coefficients of the Levi-Civita connection with respect to the frame FE.
We are going to use the relations

It =-r), foranyi,jk=012. (5)
Let us also denote by
hjk = h(X;, Xk), j,k=0,1,2,
the coefficients of the Second Fundamental Form with respect to E. In such

a basis we have
hoo  hor  ho2

h=1 hot hi1 hi
ho2  hiz  haz
By applying the complex structure J we get

To = (VxoX1, Xo) = (Vx, X2,v) = —hoy (6)
I = (VX2 Xo) = —(Vx,X1,v) = ho1.
Let us also define the horizontal part of h
hi1 hig
hg =

hiz2  haoo

We will need the following expression for the connection coefficients.



Lemma 2.1. In our notations we have

VxoXo = —hoov + ho2 X1 — ho1 X2
Vx, X1 = —huv—hipXg+THX,
Vx,Xo = —haov+hiaXo+3,X1
Vx, Xo = —hiov+hnXo+T'hX;
Vx, Xo = —hov+hieX; — hnXo
Vx,X1 = —hiav — hpXo + 15 Xo
Vx,Xo = —hoav + h2e X1 — h12Xo
Vx, X1 = —hov —heeXo+T%X,
VxoX2 = —hoav + ho1Xo + T X1

Proof. 1t follows by direct computation, by exploiting , , and @ O

Now we need to define a second order subelliptic operator in analogy to the
Laplace-Beltrami operator. Firstly, for any smooth function v : M — R, we
define the Hessian of u as follows

Hess(u)(X,Y) = XYu— (V¥Y)u, VX,YeTM,
where
VY =VxY +h(X,Y)y, VX, YeTM.

We want to consider the horizontal Hessian of
Hesspy(u)(X,Y) = XYu— (V¥Y)u, VX, Ye€HM.

The Laplace-Beltrami operator Ajs acting on w can be seen either as the
divergence of the gradient of u or as the trace of the Hessian of u. It is
worth to notice that in this subelliptic case, the divergence of the horizontal
gradient of v and the trace of the horizontal Hessian of v do not coincide in
general. Here we define the horizontal laplacian of M as the trace of Hesspy,
that is in our orthonormal frame F

2
Jj=1

We explicitly remark that there are not first order derivatives along Xy. In
fact, by the properties of the complex structure J and the symmetries of the
second fundamental form, we get

<v)]\é[1X1,X0> + <V]\X/[2X2,X0> = <VX1X2, l/> — <VX2X1, l/> = 0.



Remark 2.1. In general Ag is not in divergence form. An easy way to see
this fact is by considering the following identity

Ay = A+ XoXo — V)]\goXo.

Now, the characteristic vector field Xo is always divergence free, since we
have

divXo = (V¥ Xo, Xo) + (V¥ Xo, X1) + (VA Xo, Xo)
= (Vx,v, X2) — (Vx,v, X7) = 0.

Therefore the operator Ag — V%OXO is in divergence form, but the vector
field V%OXO is not divergence free in general.

As we mentioned in the Introduction, we are going to deal with a first order
(horizontal) perturbation of Ag. For our purposes a crucial role will be
played by the strong maximum principle, namely the fact that the subso-
lutions of the involved operator cannot have local maxima unless they are
constant. This is exactly the case for operators like Ay + V; (for a smooth
first order vector field V1) as long as the Levi curvature L is strictly positive
in M. As a matter of fact, the Strong Maximum Principle is a local prop-
erty and such operators can be written locally in the form considered in [32],
Section 4] (see also [§]). We recall that the main reason is the validity of
the Hormander condition which is provided (if L > 0) by the relation

(X1, X5] = Vx, Xo — Vx, X1 = 2LXo + '}, X1 — '3, X5
Summing up, we have the following

(SMP) if L > 0, the operator Ay + V; satisfies the strong maximum principle
for every smooth first order vector field V; in M.

3 Proof of Theorem 1.1l

Suppose for the moment that M does not pass through the origin. Thus we
can always write, at least locally on M, the position vector p € M as

2
P = Zanj + AV
j=0



for some smooth functions a;, j = 0,1,2. We keep on denoting by ¢ (p) =

2
%, for p € M. We need the derivatives of the functions a; along X; and

Xs. These are given by

Xi(a1)

Xi(aop)

e )
Xo(az) =1+ (p, Vx,Xa) = 1+ hizag + Tsyar — hooA

Xs(ao)

Xs(a1)

We have the following

Lemma 3.1. In our notations we have
Agtp =2 —2L\.
Proof. First of all we have
X = (Xj,p) = aj, j=0,1,2.
Hence we get

(X1)%Y — (VY X1)v = X1((X1,p)) — (V¥ X1,p) =
=14+ (Vx, X1,p) — (Vx, X1+ huv,p) =1 — hii A

and
(X2)*y — (VY, Xa)¥ = Xo((Xa,p)) — (VY, X2, p) =
=1 + <VX2X2,])> - <VX2X2 + h227/,p> =1- hgg)\.
The statement readily follows. O

Now let us define the quantities
Ay = horhi2 — hirhog, Az = hagho1 — hi2hog,
and we recall that in our notations we have put
[hm|* = (h11)? + (h22)? + 2(ha2)?.

In the following lemma we differentiate the function A by means of the
Codazzi equations. This is the first time that the constant Levi-curvature
condition appears.

10



Lemma 3.2. If L is constant we have
A =2L — ||hg|* X = ((ho1)? + (ho2)?) X + 2a1 A1 + 2a2As.
Proof. First of all we have
XiA = Xi((p,v)) = (p, Vx,v) = aoho1 + a1hi1 + azhay
Xod = Xo((p,v)) = (p, Vx,v) = aghoz + a1hiz + aghas.
Therefore we get
(VY XDN+ (VI Xo)A =T XoX + T3, X1\ =
=T} (aohoz + a1hiz + ashas) + Ihy(aohor + arhar + azhar).
With the aid of let us compute the last term we need
(X1)°A + (X2)°A =
= Xi(aoho1 + arhi1 + azhar) + Xo(aoho2 + a1hiz + aghag) =
= ho1(h12a1 — hi1as — ho1 ) + hi1(1 — hisag + I'fias — hiiX) +
+hat(hi1ag + Tiza1 — h12X) + hoa(hazar — hisas — hoaX) +
+hia(—hazag + T31a2 — h1a)) + haa(1 + hizag + T3ea1 — hao)) +
+ao[X1(ho1) + Xa(ho2)] + a1[X1(hi1) + Xo(hi12)] + a2[X1(ho1) + Xa2(hoo)] =
= h11 + has — ((h11)? + (h22)? + 2(h12)? + (ho1)® + (ho2)?))A +
+ho1(arhiz — ashi1) + hiraol'}y + horaiTiy +
+hoa(arhag — aghia) + h12asT% + hosar Ty +
+ao[X1(ho1) + Xa(ho2)] + a1[X1(h11) + Xo(h12)] 4 a2[X1(ha1) + X2(ha2)].
In order to deal with the three terms into the square brackets, we are going to
exploit the Codazzi equations (see, e.g., [19]) which we can write as follows:

forall X, Y e TM

where we have denoted the Bortolotti derivative by

With respect to the the first term in the brackets, we have the following
relation

X1(ho1) + Xa(hg) = (8)
= Xo(h11) + h(VE X1, Xo) + h(X1, V¥ Xo) — 2h(VY X1, X1) +
+Xo(ha2) + (VAL Xa, Xo) + h(Xa, VA, Xo) — 2h(VA X5, X5) =

= Xo(2L) — h1zhoo + T ho2 + 2ho1hoz — 2031 haa + hazhoo +
+T39h01 — 2hothoz — 2T gyh1 = T']  ho + Taghor .

11



The second term gives

Xi(h11) + X2(h12) = —X1(ha2) + Xa(hi12) =
= —2h(V¥, X2, Xo) + h(VY X1, Xo) + h(X1, VI Xo) =
= —2hy1hog — 20'19his — hashoa + T3 has 4 hishoy + Taohiy.

About the third one, we have

Xi(h21) + Xa(ho2) = X1(ho1) — Xa(h11) =
= h(V¥ Xa, X1) + h(Xo, VY X1) — 20(VIL X1, X1) =
= hi1hot + Tlghin — hashos + T3 hag + 2hashor — 215, hya.

In all the three terms, besides , we used in a crucial way that 2L =
hi1 + hos is constant throughout M. Putting all together, we finally get

ApgA = (X1)*A + (X2)’X — (V¥ X)X — (VY, Xo)A =

= hi1 + hao — ((h11)* + (ha2)? + 2(h12)? + (ho1)? + (ho2)?))A +
+ho1(arhiz — ashit) + hi1asT3 + haraiTis + hoa(arhes — ashiz) +
+hi12asT'3) + haoa1 T3y + +ao[TT o2 + Thohor] +

+a1[—2h11hoz — 2T'15h12 — hashoa + T3  hog + hishor + Dohan] +
+az[h11ho1 + Tigh11 — hazhoa + T3 hag + 2haohor — 215, haa] +
—I'%) (aoho2 + arhia + ashaz) — T3y(aohor + a1hir + ashay) =

= h11 + hag — ((h11)? + (h22)® + 2(h12)® + (ho1)® + (ho2)?))A +
+2a1(hothi2 — hithoz) + 2a2(haohor — hi2ho2).

Let us consider the function v : M — R defined as
u =Ly — A\
From the previous lemmas we deduce that
Agu = ([ha|* = 2L)A + ((ho1)® + (ho2)*)A = 2(a1 41 + az242)

if L is constant. The term (||hg||?> — 2L?)\ is the exact analogous of the
Euclidean case . The inequality applied to the matrix hy and the
starshapedness assumption imply the nonnegativity of such term. The prob-
lem relies on the remaining term, for which we have no clue about its sign.
Even more importantly, we don’t have a significant class of examples for

12



which we can guarantee that ((ho1)?+ (ho2)?))A —2(a1 A1 +azAs) > 0. This
is the reason why we introduce a first order perturbation of the horizontal
laplacian Af. Such a choice is motivated by the applications we will present
in the next section.

Thus, let us consider the following horizontal vector field

V = V¥ Xo = ho2X1 — hon Xo € HM.
The subelliptic operator we want to deal with is the following
L=A o+ 4V.

Remark 3.1. We saw in Remark[2.]] that Ay — V is in divergence form:
it is in fact the divergence of the horizontal gradient. Hence, our operator L
is (in general) neither the trace of the horizontal Hessian nor the divergence
of the horizontal gradient.

Let us also define the following quantity

R :=2L(a1hos — asho1) + (a1 A1 + asAs) — ((ho1)? + (ho2)?) .
The following lemma says that we do have an average information on R
under the constant Levi-curvature assumption.

Lemma 3.3. Suppose that L is constant on M. Then it holds

/ R do =0.
M

Proof. The first step is to prove that the vector field
W = JV = ho1 X1 + hoa X2
is divergence free. In fact we have
diviv. = (VI W, Xo) + (VX W, X1) + (VELW, X,) =
= ho1I'Q; + hooTQy + X1 (ho1) + hooT'ls + ho1 T3y + Xo(ho2) =
= ho1l9; + hooT'0y = —hothoz + hozhor = 0.
Here we used , @, and the Codazzi equation (for which the fact that

L is constant is needed).
Moreover, if we differentiate the function ag along W we obtain by

W(ag) = hoiXi(aog)+ hoeXa(ag) = 9)
= hoi(a1hi2 — aghii — Aho1) + ho2(arhee — ashia — Aho2) =

a1 A1 + azAs + 2L(arho2 — ashor) — ((ho1)? + (ho2)?)) A =

= R.

13



Now, since M is closed, by the divergence theorem we have

/RdJ:/W(ao)dJ:—/ ap diviW do =0
M M M

and the lemma is proved. ]

This means in particular that the function R has to change its sign, unless
it vanishes identically on M. Our key assumption, which we have already
mentioned in the Introduction, is that we require a pointwise information
for R. Precisely, in Theorem we assume the following

(.A) 3((h01)2 + (hog)z))/\ +2R>0 Vpe M.

From the last lemma we know that the condition is surely satisfied in
average, under the starshapedness hypothesis.

Let us note that, if hgy = hgz = 0, then R = 0 and condition @ is satisfied.
The vanishing at every point of hg; and hge means that the characteris-
tic vector field Xg is an eigenvector for the Weingarten operator, which is
exactly the definition for M to be of Hopf type (about this subject, see
[0, 20, B0, BI]). We recall, for instance, the rigidity result in [I8] where
it is assumed a parallelism condition for the horizontal distribution which
implies, in particular, to be of Hopf type. Moreover, Hopf hypersurfaces are
classified in general complex space forms, and symmetry results can also be
found in [35] [38], 39, [40], 17, B34 3] 25].

Before discussing more in depth how we can guarantee the validity of con-
dition @, we now complete the proof of our theorem.

Proof of Theorem[1.1. Without loss of generality we can assume that M is
starshaped with respect to the origin, namely A(p) > 0 for all p € M. In
particular 0 ¢ M. We consider the function

u= Ly — M\

and we compute Lu. Lemmas and [3:2] tell us how to compute Agu,
since L is constant on M. We are left with Vu. We get

Vu = hpeXiju— hgXou =
= ho2(Lar — aphor — arhi1 — aghar) +
—  hoi(Laz — aphoa — a1hia — asha) =
= L(atho2 — agho1) + a1 A1 + axAs.

14



Hence we have

Lu = ([hull® = 2L%)A + ((ho1)® + (ho2)*)A +
+ 4L(a1h02 — a2h01) + 2(&1141 + CLQAQ) =
= (lhm)* = 2L*)X + 3((ho1)* + (ho2)*))A + 2R.

The condition (]ZD, the starhapedness, and the algebraic inequality ap-
plied to the matrix hg imply that

Lu>0 inM,

i.e. u is a smooth subsolution for £. On the other hand, since M is compact,
u must have a maximum point. From the strong maximum principle for £
(SMP), u is forced to be constant. Let us remark explicitly that we need
L > 0 to ensure the —property. This is exactly the case in our
situation: the compactness of M says that L has to be positive somewhere
and therefore everywhere since L is constant.

The fact that u is constant is saying that Lu = 0. Since 3((ho1)2+(ho2)?)) A+
2R >0, we get (||hg]|?> — 2L?)\ = 0 and thus

1ha||* = 2L2

having A > 0. This is the equality case in which implies that hy is a
multiple of the identity matrix. This is a horizontal umbilicality condition
for M, with no information on the coefficients hg1, hg2, and hgg. Still, this
is sufficient to conclude that M is a sphere thanks to our result in [27]. The
horizontal umbilicality says that h1; = hee and hia = 0. The hypothesis (H)
in [27, Theorem 1.1] (case ¢ = 0, n = 1) is thus satisfied, and the theorem
applies. Therefore M must be a sphere. O

4 Applications

In this section we want to go back to condition @, and discuss the main
application of Theorem We want to point out that condition @ is
easily satisfied under the starshaped assumption if ag = 0. Recalling that
ap = (Xo,p) = (v, Jp), the vanishing of ag is equivalent to say that p has no
components along the characteristic direction or that Jp is tangent.

Corollary 4.1. Let M be a starshaped hypersurface in C* with constant
Levi curvature. Suppose that Jp is a tangent vector field. Then M must be
a sphere.
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Proof. In @D we saw that R = W(ap). Thus, under our assumption, R is
not just vanishing in average but we actually have R = 0. The remaining
quantity involved in condition @ is then 3((ho1)? + (ho2)?))A which is of
course nonnegative if M is starshaped. Therefore, Theorem applies. [

The condition ag = 0 is more geometrical than technical. Under non-
flatness, it is equivalent to say that the tangent part of Jp is a Killing
vector field. Indeed, the fact that Jp — agr is Killing is equivalent to have

(Vu (Jp—agv),V)+ (Vv (Jp—apv),U) =0 VYU,V € TM.
On the other hand, by , we have

(Vu (Jp —aov), V) + (Vv (Jp —aov) ,U) =

= (Vup, JV)Y+ (Vyp, JU) — ao (Vuv, V) + (Vyr,U)) =
(U, JV) +(V,JU) — 2aph(U, V)

= —2a0h(U, V)

However, under the assumptions of our result, the second fundamental form
cannot be the null form since L has to be a positive constant. Thus, the
Killing property is equivalent to the vanishing of ag.

Let us specify the meaning of the property ag = 0 explicitly in terms of a
defining function for M. So, let

M=00={2€C?: f(2) =0} and Q={z€C?: f(z) <0}

for some smooth f : C2 — R (with Vf # 0 on M). We identify C? ~ R*,

with z; = x; + iy; (for j = 1,2), and we write f(z1,22) = f(x1,y1,22,92).

Then we have

1
V£l

14

(fitlal‘l + fylayl + fx28x2 + fy28y2)7

1
= W(fylal"l - frlayl + fyzarz - frzayz)

(for us JO,; = 0,,). Therefore

Xo =—-Jv

ag = <p,X0> = |V1f\ (‘Tlfyl - ylfm + CC2fy2 - nyJiz) . (10)
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Definition 4.1. An open set Q C C? is said to be circular (with center at
the origin) if
(21,22) €EQ = (€¥21,e2) € Q

for all 0 € R.

Circular domains were investigated by Carathéodory and Cartan (respec-
tively in [6] and in [7]) for the problems of the analytic representation.
Moreover, Cartan studied the role of the circular starshaped domains (cerclé
étoilé in [7]) and he proved that holomorphic functions in a circular domain
extend holomorphically to the smallest circular starshaped domain contain-
ing the initial domain. It is due to Cartan also the fact that holomorphic
functions in a circular domain can be expanded in series of homogeneous
polynomials, and the fact that the only automorphisms of a bounded circu-
lar domain preserving the origin are linear (see also [21]).

For our purposes it is important to notice that a defining function of a circu-
lar domain €2 can be written actually as a function of three real independent
variables. In fact (see also [6]), if we write z; = |z;| €%, then (21, z2) € Q iff
(e91=02) | 21|, |22|) € Q. Thus a defining function f for Q can be written

f(z1,22) = h (121\2 J2l? |21 [22] cos(61 — B2), [ 21| | 22| sin(61 — 92))
= h(z}+yl 23+ 3, T122 + Y1y, Y172 — T1Y2) - (11)

Hence we can directly check that ag = 0 for circular domains, and prove

Corollary

Proof of Corollary[1.1. Suppose Q is a circular starshaped domain whose
boundary has constant Levi curvature. If we write a defining function for

M = 09 as in , byweget
ap = |V1f (21(2y1h1 + y2h3 + x2ha) — y1 (22101 + 22hs — Yyoha)+
+22(2y2ho + y1hs — x1ha) — y2(222he + x1hg + y1ha)) =
= |V1f (2(71y1 — y1z1) by + 2(22y2 — y2w2) ho+
+(Z1y2 — Y172 + T291 — Y271)h3 +
(172 + Y192 — 271 — Y2y1)ha) =
= 0.

Hence ap = 0 in M, and Corollary [4.1] applies. O
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Reinhardt domains form a special class of circular domains. We want to
show that for such domains we can improve our result. Let us recall the
definition.
A Reinhardt domain Q (with center at the origin) is an open subset of C?
such that

if (21,22) €Q then (e121,¢22) € Q (12)

for all the real numbers 61,60>. These domains were introduced by Rein-
hardt in [37], and they naturally arise in the theory of several complex
variables as the logarithmically convex Reinhardt domains are the domains
of convergence of power series (see, e.g., [21, 12 15]). In comparison to
circular domains, they enjoy one more symmetry since one has (z1,22) €
iff (|z1],]22|) € Q. Thus, a Reinhardt domain €2 can be naturally described
with a domain in R?, and 99 as a curve in R?. The fact of having constant
Levi curvature gives rise to an ODE for the function parametrizing such
curve. This is what Hounie and Lanconelli considered in [I3]. To be more
precise, by writing locally the defining function f(z1, z2) as F(|z2|?) — | 217,
they showed that F' has to be solution of the ODE

SFF" = sF? — L(F 4 sF'"*)%? - FF'.

They proved a uniqueness result for the solutions to this degenerate second
order ODE starting at s = 0, which lead to their Aleksandrov-type theorem.
Their technique has then been used in [I4] to prove an Aleksandrov theorem
for bounded Reinhardt domains in C**! with an additional rotational sym-
metry in two complementary sets of variables. Still for Reinhardt domains
in C"*! in [24] the first named author proved a similar result of symmetry
considering the characteristic curvature h(Xy, Xo) rather than the Levi one.
Here we want to show that from our Corollary we can recover Hounie-
Lanconelli result in [I3], namely that

the only bounded Reinhardt domains in C? whose boundary has
constant Levi curvature are the balls.

What we have to show is that, for the case of Reinhardt domains, the star-
shapedness assumption is not needed. In fact it happens something similar
to what we pointed out in Remark for the case n = 1 in the classical
Jellett theorem.

Lemma 4.1. Let M be the boundary of a bounded Reinhardt domain ) in
C2. If the Levi curvature of M is strictly positive for any p € M, then § is
starshaped with respect to the origin.
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Proof. Let us consider a defining function f : C> — R depending only on
the radii in the following way: let g : RT™ x R™ — R such that

_ 2, .2
2Lz i+
f(z1,22) = g(s1,52) = g(s), S = ka = k2 yk7 k=1,2.

We first compute the function A in this case:

2(s191 + s A
A= (p,v) = (1,91, T2, 2), V) = ( 1g‘1vf| 262) = i

with \ = 2(s191 + s292). We have to prove that the function \ is strictly
positive, for any p € M. We use the explicit formula (see [32] for instance)
to compute the Levi curvature of M in term of a defining function. When
applied to this case, it becomes

I Ag1g2 + 25150 Do
= - ,
A\

(13)
where we have denoted by

Dy = g3g11 — 29192912 + G1922

the term involving the second derivatives of g. We consider the following
set in R? defined by the function g

My ={s€R*:g(s) =0, s1 >0, s3> 0}.

M is a curve in the first quadrant: it is smooth and well defined up to the
axes s1 = 0 and sy = 0. Let us consider the following function

n = (s,v(M))ge,

where v(M;) denotes the outward unit normal to M;. Basically  measures
the starshapedness of M; with respect to the origin in R?. Now let us
suppose that 71 vanishes at some point § € M;j; therefore the curvature
K (M) of M; would be non-positive at the same point § € M;. We can
compute

2 2
95911 — 29192912 + 97922 Do
K(M;) = 22 1

Vg3 IYE

and

5191+ 8292 1 A
n={(s,v(M1))g2 = =— .
(s V(M) = —HE T = 51ey
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Since both |Vg| and |V f| never vanish for s € M; or p € M, assuming that
there exists a point p € M such that X(p) = 0 is equivalent of saying that
there exists a point § € M; such that n(s) = 0. Then Dy(5) = Da(p) <
0, and thus by the formula we would have L < 0 at p which is a
contradiction.

This proves that X cannot vanish. Since it must be positive somewhere, it
has to be positive everywhere. O
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