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1. INTRODUCTION

Let 2 < k < n. Here we will study the following equation

(1) (ak@éu))% = f(z,u, Du)

where, ddu is the complex Hessian of u in C", Du is the Euclidean gradient of  and
for every Hermitian n X n matrix M, ox(M) denotes the k-th elementary symmetric
function of the eigenvalues of M and f is a positive function.

The complex Hessian equation in domains of C" was considered by S.-Y. Li
in [11], where the author proves existence and uniqueness theorems for the
Dirichlet problem for elliptic nonlinear partial differential equations that are
concave symmetric functions of the eigenvalues of the complex Hessian and
where the right hand side f only depends on z. The results are generalizations of
those first established by L. A. Caffarelli, L. Nirenberg and ]. Spruck [2] and later
extended by several authors.

The complex Monge-Ampeére equations have been investigated extensively
over last years: we refer the reader to [8]], [14] ,[13], [4], and references therein.

In this paper we will show that for any given smooth function f, under some
suitable structural assumptions (see later), there always exist a small Euclidean
ball B, and a Lipschitz viscosity solution of (1) in B,, which is not of class C!(B,) if
k =2, and it is not of class C*#(B,), withp > 1 - 2, if k > 2.
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Let us fix some notations: we identify C" = R?", withz = (z1,...,2.), zj = Xxj+iy; =
(xj,yj), for j=1,...,n and we set

_ du 1(8u .8u) 1

= S (uy, —iuy,), up = uj,

U= o 2

—_— l_
dxj dy;
i ’u _1{( ’u N u )+i( dFu_ Fu )}_
7 0z;0z, — 4WNox;dx,  dydy’  \oxdy,  dyox)) T
1 .
- Z{(ux].x, + 1ty ) + (1, = )]
Now we define the following n X 2n matrix

1
J=5

(Inl _ill’l)
and we observe that
ou = Uz, ..., Uz) =] (Ueyyooo) Uy, Uy, ..., Uy,) =] Du
dou = [D*u ]
So, let () be a bounded open set in C", we will consider the following Dirichlet
problem:

5 F(z,u,Du,ddu) =0, inQ,

2) u=ao, ondQ),
where

(3) F(z,u, Du,ddu) := —(ak(&;u)y + f(z,u, Du)

and ¢ is a continuous function defined on JQ.
We pointed out in the previous definition of F the dependence on the complex
Hessian ddu; anyway we see that this is equivalent to

Fy(z,u, Du, D*u) := F(z,u, Du, [ D*uJ') = —(ok<] D?u ft))% + f(z,u, Du)

Since the equation (1)) is not elliptic in general, we need to give the definition of
some suitable cones as in [2]. First we define the open cone

Iy ={A=(Ay,...,A) e R": 0j(diag(A)) >0, foreveryj=1,...,k},
where diag(A) is the n X n diagonal matrix with entries the A;, and we denote by
T, and JT the closure and the boundary of Ty respectively.

We remark that F is elliptic in the cone I';, i.e.
F(z,s,p,M) < F(z,5,p,N), forallzeC"seR,pe R,

and where M, N are n X n Hermitian matrices whose eigenvalues belong to the
open cone I'y and such that M > N.

1
We also note that (ok<-))k is a concave function on the cone I';.
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Obviously, we also have that F; is elliptic and concave in the set of 2n X 2n real
symmetric matrices M such that eigenvalues of | M | belong to the open cone T.
Therefore, we give the following

Definition 1.1. Let zy € C" and let ¢ be a C* function in a neighborhood of zo. We will
say that ¢ is strictly k-plurisubharmonic, in brief strictly k-p.s.h. (respectively k-p.s.h.)
at zy, if the vector A = (A4, ... Ay,) of the eigenvalues of ddp(zy) belongs to the open cone I’y

(respectively Ty). We remark that the cone Ty is invariant with respect to the permutation
We will say that ¢ is strictly k-p.s.h. (respectively k-p.s.h.) in QO C C" if @ is strictly
k-p.s.h. (respectively k-p.s.h.) at z, for every zy € Q.
Moreover if p : C" — R is a smooth defining function for a bounded open set {3 C C",
that is

Q={zeC":p(z) <0}, dQ ={zeC":p(z) =0}
then we will say that the domain Q) is strictly k-p.s.h. if p is strictly k-p.s.h.

In the sequel we will work essentially in the ball B, C C": by the previous
definition, we see that for any » > 0 and for any k = 1,..., n, the ball B, is strictly
k-p.s.h., since the defining function p(z) = |z|* — r? is strictly k-p.s.h.

We refer to [10], [3] for a full detailed exposition on the theory of viscosity
solutions: we will give the basic definitions of sub- and super-solution.

Definition 1.2. Let us consider the equation
(4) F(z,u, Du,ddu) = 0, inQ,

We say that an upper semicontinuous function u (in brief u € USC(Q))) is a viscosity
sub-solution for (4) if for every ¢ € C*(Q), it holds the following: if zg € Q is a local
maximum for the function u — @, then @ is k-p.s.h. at zo and

5) F(z0, 1(20), Dg(z0), 99¢(z0)) < 0.

We say that a lower semicontinuous function u (in brief u € LSC(Q)) is a viscosity
super-solution for (4)) if for every ¢ € C*(Q), it holds the following: if zo € Q is a local
minimum for the function u — ¢, then either ¢ is k-p.s.h. at zy and

(6) F(z0, 1(z0), Dg(20), 99p(z0)) = 0

or @ is not k-p.s.h. at z.
A continuous function u is a viscosity solution for (4) if it is either a viscosity sub-solution
and a viscosity super-solution for (4).

We say that a function u € USC(Q) is a viscosity sub-solution for (2) if u is a viscosity
sub-solution for (4) and in addition u < ¢ on JC).

We say that a function u € LSC(Q) is a viscosity super-solution for (2)) if u is a viscosity
super-solution for (4) and in addition u > ¢ on Q.

A viscosity solution for (2) is either a viscosity sub-solution and a viscosity super-solution

for (2).
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We will also need a comparison principle for F in the set of k-p.s.h. functions to
ensure the uniqueness of the viscosity solution of the Dirichlet problem (2). By
following the analysis on comparison principle in [3], we see that if the function
f is continuous, positive and increasing with respect to u, then F is proper in the
set of k-p.s.h. functions, according to the definition in [3]], and by using the fact
that in the set of the Hermitian matrices M such that o;(M) > 0 for all j < k, the
function —(ox(M))/* is monotone decreasing, convex and homogeneous of degree
one, i.e. a;/ “(AM) = Aai/ ¥(M) for all A € R*, then F satisfies the hypotheses in [3]].
So, we have

Proposition 1.1. If the function f is continuous, positive and increasing with respect to
u, then if u and u are respectively viscosity sub-and super-solution of (2) in B,, such that

u <uondB,, then u <uinB,.

The paper is organized as follows. In Section 2l we prove the existence of
a Lipschitz viscosity solution of (2) in B,, as limit of a sequence {1} of smooth
solutions of a regularized elliptic problem, whose gradientis bounded independently
on ¢. In Section 3| we prove our main result:

Theorem 1.1. Let us denote by |0.f|,|f.l, |f,| the derivative of f with respect to its
arquments. Suppose 2 < k < n, and f € C°(B; X R X R*") is a positive function,
monotone increasing with respect to u and there exists a constant C > 0 such that
10 f, 1ful, If,| < C. Then there exist R € (0,1) and a k-p.s.h. viscosity solution u to the
equation

7) F(z,u,Du,ddu) =0 in By,
such that u € Lip(Bg).
Moreover, if k > 2 then u ¢ CY#(Bg) for any p > 1 — 2, if k = 2 then u ¢ C'(Bg).

The proof of this theorem uses Pogorelov’s counterexamples (see [6, Section
5.5]) and its extensions developed in [16] , [7], [12].

2. EXISTENCE OF LIPSCHITZ CONTINUOUS VISCOSITY SOLUTIONS

Here we want to prove the existence of a Lipschitz viscosity solution of (2) in B,,
as limit of a sequence {1} of smooth solutions of a regularized problem, whose
gradient is bounded independently on ¢.

For any given ¢ > 0, we define

Fé(z,u, Du, ddu) := —(ok(&éu +¢ tmce(c?éu)ln))% + f(z,u, Du)

It turns out that —F¢ is uniformly elliptic with ellipticity constants depending on
¢, in particular we have:

Lemma 2.1. Letk =1,...,n. There exist constants 0 < A, < A., depending on &, such
that

Ae trace(N) < =F(z,1,p, M+ N) + F*(z,1,p, M) < A, trace(N)
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for every n x n Hermitian and positive definite matrix N, for everyz € Q,r € R,p € R*",

and for every n X n Hermitian matrix M such that the eigenvalues of M + ¢ trace(M) I,
are in the cone T'.

Proof. It's a straightforward computation, by taking into account that the functions

k . .
(ak) are homogeneous of degree one, monotone increasing and concave. We have

— F(z,1,p, M + N) + F*(z,1,p, M)

=

= (ak (M + N + ¢ trace(M + N)I, ))% - (ak M+ ¢ tmce(M)In))
(ak (N + e trace(N)I, )) (Gk (e trace(N)I, ))

> & trace(N)(ak (1) )E = A, trace(N)

B

Moreover, by the monotonicity, the homogeneity and the concavity of (0k> and
by Lagrange theorem there is 0 €]0, 1] such that

—F(z,r,p, M+ N) + F(z,7,p, M)

= (ak (M + N + e trace(M + N)I, ))% — (ak (M + ¢ trace(M)I,,) )i

i

ox (M + € trace(M)I,, + (1 + €) trace(N)I,, )) (ak M+ ¢ tmce(M)In))

IA

<(
(8r]/( ) (M + e traceM)I,, + O(1 + ¢€) trace(N)I,, )) (1 + ¢) trace(N)
(&rﬁ( ) (61 + ¢) trace(N)I, )) (1 + ¢€) trace(N)

= (9

,( ) ) (1 + ¢€) trace(N) = A, trace (N)

=

where d,, ((ak(r))?) denotes the sum in j of partial derivatives of (ok) with respect
to r;;, which is homogeneous of degree zero. |

Remark 2.1. Since
- - 1 1
trace(ddu) = trace(] D*u J') = Ztmce(Dzu) = ZAu

the previous lemma states the uniform ellipticity for any fixed ¢ > 0, with respect to the
classical Euclidian Hessian, of the functional

1
F5(z,u, Dut, D) := ~(0y(J D*u J' + Z Au1,))" + f(z,u, Du)
in the set of the 2n X 2n symmetric matrices M such that the eigenvalues of
IMT + Z trace(M) I,

are in the cone I'y.
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We will need some structural assumptions on f, in order to ensure the existence of
a smooth solution. Indeed, we assume that f is a smooth function and we require
on B; X R x R*" the following hypotheses:

(H1) f, >0;
(H2) there exists a constant C such that |d.f], |f.l, [f,| < C.

We notice that hypothesis (H1) will give us the uniqueness of the solution, by the
comparison principle; on the other hand (H2) will imply bounds for the second
derivatives and for their Holder seminorms as in [15], [9], since F* is uniformly
elliptic in the sense of [15]. Estimates for higher derivatives follow from the linear
uniformly elliptic theory [5, Lemma 17.16]. These estimates allow us to apply the
method of continuity [5, Theorem 17.8]. Therefore, under hypotheses (H1), (H2),
for every ¢ € C**(B,), r < 1, there exists a (unique) classical solution u¢ € C>*(B,)
of the Dirichlet problem related to F* = 0 in B, (from further regularity results, u*
is actually C*); moreover u® is strictly k-p.s.h.

We will prove a gradient bound for 1, uniform in €. Thus, by taking the uniform
limit as € goes to zero we will find a Lipschitz continuous viscosity solution u of the
Dirichlet problem related to F = 0; in this last limit process we can use the stability
property of the viscosity solutions with respect to the uniform convergence, since
the sets of k-p.s.h. functions satisty a crucial property of inclusion as ¢ decreases
(see for instance [16]).

We will make use of particular sub- and super-solutions that we will build with
the help of a suitable convex function ¢.

We have, for2 <k < n:

Proposition 2.1. Let f be a positive function satisfying (H1), (H2) and let ¢ € C** (B1)N
Lip(By) be a convex function such that o1(9d¢) = 0 in By. Then there exists ry < 1 such
that for any 0 < r < ry, the problem @) in B, has a viscosity solution u € Lip (B,)
satisfying

(8) ||u”L°°(§,) + ”u”Lip(E,) < C/

where C only depends on r, ||¢||Lw(§1)/ ||qu||Lw(§1)

We will prove the Proposition[2.1)in some steps. First of all, since —F* is uniformly
elliptic, by the hypotheses on f, there exists a smooth solution u® of the problem

{ Fé(z,u,Du,ddu) = 0, inB,,

©) u=q, ondB,,

Moreover, applying the technique of [1, Lemma 1.4], we get

(10) sup |Du| < sup [Du‘| + ¢
B, B,

where cis a positive constant independent of ¢ and only depending on the constant
Cin (H2). Now, we are going to find explicitly global sub- and super-solutions.
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Lemma 2.2. Let ¢ € C2(B))N Lip(E) be a convex function such that o,(dd¢) = 0 in B;.
Then there exists €y < 1 such that for every 0 < € < &y we have

(11) Fi(z,, D, ddp) > 0
Proof. Let us define

inf f=c>0
B xRxIR?"

Therefore

F'(z,6, D, 29) = ~01 (3¢ + ¢ trace(@I)L,) " + f(z, 6, Dp) >

- - 1/k
> —0y (88¢ +e trace(&&qb)ln) + ¢

We know there exist positive constants {cy, ..., c,} such that

0<c, (an (aa‘qs))”” <...<¢c (ak (88_¢)))1/k <...<q tmce(&écp)
Since ok(89qb) = 0 in B;, we have that, if
sup trace(ddP(z)) = 0

2€B;
then dd¢ = 0 in By, therefore for any positive ¢
Fi(z, ¢, D, ddP) = f(z,P,dP) > co > 0
in B;. On the other hand, let
sup trace(ddd(z)) = M > 0

ZEBl

then we have, for0 < e <1,
Ok (89({) +e trace(&écp)ln) = oy (89qb) + (¢ trace(ddP))or_ (89(1)) +...
+(e trace(dd)) ! trace(ddP) + (e trace(ddp))k <
< (e trace(&éqb))cj—:( trace(ddP)) "t + ...

+(e trace(dd)) ! trace(ddP) + (e trace(ddp))k <
< kc*e( trace(9dp))* < kc*eM*
where
. C1 1
¢ = max{—,...,—}
Ck—1 (0]
k
Therefore, if we let eg = min{1, ﬁ}, we get

F(z,6, Db, 90)) = —0y (9 + ¢ trace(@IP)L,) " + f(z, 6, D) >

> — (k¢ eM)* +¢5> 0
forany 0 < ¢ < &. O
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Lemma 2.3. Let ¢ € C%(By) N Lip(ﬁl) be a convex function. For positive A and r, we
define

up(z) = P(2) + Ap(z),
where p(z) = |z|* — r*. Then, there exists A* > 1, depending on supg, || and supy, D,
such that

(12) Fé(z, up, Duy., ddu,-) < 0 in B,,
foranyr <1/A".
Proof. Since ¢ is a plurisubharmonic function,
dduy = AP + AL, > A,
In particular u, is k-p.s.h. for every A > 0 and
dou,, + € trace(ddu,) I, > Adu,
Moreover, as a consequence of the monotonicity of the function oi/ () and of its
homogeneity, i.e. G;/ A = )\a;/ “() for every A > 0, we get
Fé(z, 1y, Duy, dduy) < F(z,uy, Duy, ddu,) =
= —0 (89uA)1/k + f(z,upr, Duy) < =A + f(z,d(2) + Ap(z), DP(2) + 2Az2)
Now, let
L := sup |D(z)|, E:= sup f(z,supo,p), A* := max{1, E}

z€B; (z,p)€B1XBL+2 By

so,if r <1/A* and z € B,, it holds
|Dus«(z)| = IDp(z) + 2A°z] < sup |D@| + 2A"r < sup [Dp| + 2A°r < L +2
B, B,

Then, since p is negative in B, and f is increasing with respect to u, we have for
any r < 1/A"

f(z,¢(2) + A" p(z), DP(z) + 2A°2) < f(z,sup ¢, DP(z) + 217z) <
By

< sup f(z,sup¢,p) <A

(z,p)€B1XBL+2 By
and this ends the proof. m|

Proof of Proposition|2.1|. Letu,- = ¢ +A"p be the function given by the A* as defined
in the previous lemma. So, if r < ry := 1/A%, then u)- € C*(B,) and it is a classical
sub-solution to F* = 0 in B,. Moreover, - = ¢ on dB,.

On the other hand, if € < ¢ then ¢ is a classical super-solution to F* = 0 in B,.
So, by the comparison principle we have

uyp <u*<¢pinB, r<r, &e<g
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Since
[up-(2)] = |Pp(z) + A'p(z)] < sup|Pp| + A1 < II(PIILW(E) +7r
B,

and
|Du,-(z)| = |Do(z) + 2A"z| < sup |[Dop| + 24" < IIquIILm(gl) +2
B,

then, if u denotes the uniform limit of u* as ¢ goes to zero, we can conclude that
u € Lip (B,) independently on ¢ and

(13) ||u||L°°(E) + ”u”Lip(E,) < C/

with C depending on 7, ||¢||Lw(§]), ||D¢||Loo(§]) O

3. EXISTENCE OF NONSMOOTH SOLUTIONS
Throughout this section we denote by
z=(z21,7,2"), 2 =(z0,...,2), Z" = 2Zks1,---,2Zu)
For 0 < ¢ <1and 0 < r < rg such that Proposition 2.1 holds true, we define

(14) w.(2) = we) = (P + lP)E + P, a=1-1,

and
Ve(2) 1= Mw(2),  §c(2) = Pc(2) := 2M(e* + 1),
with M a positive constant to be determined.
Lemma 3.1. There exists M = M(r) such that
(15) F(z, ¥, DY, dd.) <0 in B, Ve €l0,r.

Proof. First, w.(z) is independent on z” therefore ddw,(z) has n — k null rows by
construction and so

(16) 0x(00w,(2)) = det ddy, .w.(2).
Direct computations show that

(17) det dd., W (z) = f.(2)
with

(a—lgz + |Z’|2) + a—1£2|2/|2

2
£u@) = X2 + P2 L @+ 2P

Indeed, we have

2 712 5 ’
_ e+ \Z1F azyz
90z, We(2) =+ |ZP)* ) )

az @) (7 + |z P) (el + oo — 1) 52
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Since (o — 1)k = -1, we get

det dd, »yw.(z) =
e+ ZP az z
— 2 + 712 —1d t 7/ ®z
(e” +12) " de azy )+ |z1P) (aIk 1+ aa - 1)a2+c?Z’l2)
et ! (e + Py
T a@ ) @) (7 i) (ki + ala - DEER)

0
=det B o s
‘ ( (e + )2z @) (P + |zl (alk—l +a(a — 1)ézf|§z |2) a?|z1)? A )
—det( (r* + |z1%) (a[k L+ ala — 1) ZeZ ) 2|z [P 282 )

e2+|z'|? e2+z'|2
:=detT,

whereT'isa (k—1) X (k— 1) symmetric matrix. It is easy to see that A; = a(r* +|z1]?)
is an eigenvalue of I with multiplicity k — 2. Now, traceI' = (k — 2)A; + A, with

Ao =% + |z1) |a + a(a — 1)i —a?z |Zi
2 ! 2 + |22 Mtz
(£ +ZP) + Sl
:az a o

&2 + [z/?

Thus
(£ + ZP) + S2P

detT = AF 20, = of (2 + |z4|P)F2
1 2 ( | 1| ) 82 + |Z,|2

which completes the proof of (17). In particular, if € < r
o121
—
Since . = Mw,, by (16)), we can choose r small, such that

fo 2z dPED >

Ok (89%) > a®r**M.
On the other side, direct computations show that
Dw. = 421 + PP + @R PE + )P + 127 )
and for every ¢ €]0,7],
(18) |Dw,|* < 220+34+2  ip B,.
From (18), we obtain
(19) IDY,| < 2*32Mp?*! in B,.
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Choosing M = 279-6/2y72a-1 the right hand side of (19) equals 1, and ¢, < 271/%r <
1. The strategy now is to take r such that

sup  f(z,1,p) < a®27* G271,
(Z,p)EleBl

Then, by the increasing monotonicity of s — f(-, s, -), in B, we obtain

F(z, ¢, DY, d0Y,) < —a®27% 21 4 f(z, 4., D)
< =277l 4 £(z,1,Dy,) < 0.

Proof of Theorem We have

IPO S lpg S ¢g, i]fl Bl.

Since k > 2, the exponent a > % and so ¢, is convex for ¢ > 0.
Moreover, ¢, is smooth for ¢ > 0, and independent of z; and z”, therefore dd¢,
has n — k + 1 null eigenvalues. Therefore:

(20) F(z, e, D, 29P.) = f(z,pe,Dp.) >0 in By, Ve €]0,1[.
Thus, applying Proposition there exists 0 < r < ry such that the Dirichlet
problem
F=0 in B, u=¢, ondB,
with € €]0, 1], has a viscosity solution u, such that
”us ||L°°(§,) + ” U ”UP(E) < C(T, E/M)
with C(r, ¢, M) depending on ¢ only through

C(Qbs) =l (Ps ”Loo(ﬁr) + |l quf ||L""(Er) :

On the other hand, an elementary computation shows that C(¢.) < 8M. Then, we
can choose C(r, ¢, M) independent of ¢, and so

(21) ” Ue ||L°°(§,) + ” Ue ||LiP(§r) < C(T’,M)

Now we can use the Comparison Principle to compare u, with ¢, and ¢,. Indeed,
if ¢ < 7, by (20) and Lemma[3.1} ¢ and ¢, are, respectively, classical super-solution
and sub-solution to F = 0 in B,. On the other hand ¢, < ¢, in By, in particular,
Y, < ¢, on dB,. Thus, by the Comparison Principle,

(22) Y. <u, <¢, in B, VYe€]0,r].

The uniform estimate implies the existence of a sequence ¢; \, 0 such that
(u¢;)jen uniformly converges to a viscosity solution u € Lip(B,) to the Dirichlet
problem

F=0 inB,, u=¢yondB,.
Moreover, from the comparison principle, we get

(23) Yo <u<¢y inB,.



12 CHIARA GUIDL VITTORIO MARTINO & ANNAMARIA MONTANARI

So

(24) Mr?|zi** < u(zy,0,...,0) < 2M|z[**.
and in particular

(25) Mr?x | < u((x1,0),0,...,0) < 2M|x;[**.

As in the proof of [7, Theorem 1] inequalities in imply, if k > 2:

dyu ¢ CP, forevery p>2a—1= 1—% if 2a>1 (ie. k> 2).
Indeed, if 2a > 1, then d,,u(0) = 0 = u(0) so that, if u was C'#, with B > 2a — 1,
we would have u((x1,0),0,...,0) < Clx;|'*f for a suitable C > 0 and for every x;
sufficiently small. Hence, by the first inequality in (25), we would have § < 2 -1,
a contradiction.
If k = 2, in the same way, we see that d,,u is not continuous and this ends the
proof. m|
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