Singular Solutions for the Conformal Dirac-Einstein
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Abstract In this paper we investigate the existence of singular solutions to the conformal
Dirac-Einstein system. Because of its conformal invariance, there are many similarities with
the classical construction of singular solutions for the Yamabe problem. We construct here a
family of singular solutions, on the three dimensional sphere, having exactly two singularities.
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1 Introduction and main results

The conformal Dirac-Einstein system on a three dimensional spin manifold (M, g, ¥,M)
consists of two equations:

Lyu = [¢|*u
on M, (1)
Dgtp = [ul*y
where Ly = —A,+ % is the conformal Laplacian and D, is the Dirac operator (we refer

to the next section for further details). This system corresponds to the Euler-Lagrange
equation of the energy functional

E:HYM) x H2(S,M) — R
g s

E(u, ) = /M wLyu + (Dyio, ) dvg — /M 2462 duy,
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here (-,-) denotes the compatible Hermitian metric on ;M. This energy functional is
derived from the total Dirac-Einstein energy functional

Eg,) = /M Ry + (D) — []? do,,

by restricting the variations to a fixed conformal class of the metric. There have been
many investigations of this functional since it is an extension of the classical Einstein-
Hilbert functional. For instance, we refer the reader to [7, [I5, [I8]. The conformal
version of the problem was also investigated in [I7, 9] on compact manifolds and in [4]
on manifolds with boundaries. We also point out that, in the two dimensional case,
the conformal version of the problem leads to the super-Liouville equation which was
investigated in [I3] [I4]. As in the case of the Yamabe problem [20] 21} 22 24] 25], the
Q@-curvature problem [1l 12], the CR Yamabe problem [I0] and the Spinorial Yamabe
problem [19], a natural question that arises is the existence of singular solutions to (|1)).
In this paper, we propose to construct singular solutions for on the standard three
sphere. As in the classical case, we believe that these solutions are the building blocks
of singular solutions on general manifolds by means of a gluing construction, but this
is beyond the scope of our investigation for now. So let (S?, g5, ¥S?) be the unit sphere
of dimension three equipped with its standard metric gs and its canonical spin bundle
¥S3. We are interested in finding singular solutions of on S3\ A, where A is a pair
of antipodal points on S3, that is we are looking for solutions of

Lgsu = ‘/(/}‘QU
on 3\ A, (2)
Dgsw = ‘U|2’l/}

in the distributional sense, with u and 1 singular on A. This can be seen as a coupled
singular Yamabe and spinorial Yamabe problem. We will assume for now that A =
{N, S}, namely the north and south poles of the sphere S3.

Again, by means of the stereographic projection, the system turns into

—Au = [|*u
on R?\ {0}, (3)
Dy = Jul*y
One can approach the previous equations in two different ways, which however lead to

the same system. The first one is more geometric and it starts by noticing that R\ {0}
is conformal to R x S? via the conformal map

(r7 9) — (— ln(r),ﬂ) = (t,@).

Now, using the conformal invariance of the Laplacian and the Dirac operator, the
problem becomes:

Lgprodw = ’¢|2w
on R x §2, (4)
Dgprod¢ = w2¢
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where Ly, = —At79+% and Dy, are the conformal Laplacian and the Dirac operator
on R x S? equipped with the canonical product metric Iprod = dt?® + df?. We recall
from [2, 26] that the Spin bundle over R x S? can be identified with

g (R X SQ) - (zdtQR ® zdtQR) © 3522
and the Dirac operator is given by
Dy, 04 <(¢1 ® P2) ® 90) = (Ddthl ® _Ddt2¢2> ® ¢+ we g2 (Y1 @ P2) @ Dyga o,

where 11,19 € C°(R, X 2R), ¢ € C°(S?,X4p2S?), we is the Chirality operator on R
and ”-g42” is the Clifford multiplication on ¥4;2R. Choosing ¢ to be a Killing spinor
on S?, we have that ¢ is an eigenspinor for the Dirac operator on S? with eigenvalue
1 and since || is constant, we can assume it to be 1. For the scalar part w, we will
look for solution of the form w(t,0) = u(t). Then, by taking into account the natural

splitting of the spin bundle, one gets the following system for 1 = ¥ @ ¢

(" + qu= (WP + [ P)u
iyt _ "
= i u?th (5)
\ —z—zlpt T =ut
Since v is a complex valued function, if we put ¥y* = a + ib and ¥~ = a — ib in the

previous system, we get the following system:

u' = —(a®+b*)u+ ju
a = —a+u’b (6)
b =b—u?a.

The second approach is more analytical in nature. It was used in several works as an
ansatz to find particular solutions for equations involving the Dirac operator (we refer
the reader to [7, 23, 27, [19] and the references therein). We start by defining the space
of “radial” spinors F(IR?) as follows:

fa(Jxl)
]

where ”-” stands for the Clifford multiplication and S% denotes the complex unit sphere
in C?; we notice that this space is stable under the action of the Dirac operator. This
second approach relies on the ansatz that u(z) = u(|z|) and ¥ € E(R?): so, if in
we apply the Emden-Fowler change of variable r = e~! and write fi(r) = —a(t)e,
fa(r) = b(t)e!, we obtain again the system (6.

E(R3)={¢(w)=f1(\:v!)% P o e B3, 1, o € €0, 00), ’YOGSC} )



Now, if we introduce the variable v := u/, we see that the system (@ can be viewed as
a first order Hamiltonian system

u =0

v =— (a2 +0b% -1y

N Y ®
bV =b—u’a

where the Hamiltonian function H is given by:

02 20,
H z _ _
(u,v,a,b) 5 + 5 (a +0b 4> ab
2 2
=5 T < +0b 1) T3 (a—10) 1
Hence,
OH
U= %(u,v,a,b)
OH
U= —%(u,v,a,b)
OH
a= %(u,v,a,b)
. OH
\ b= —%(u,v,a,b).
The equilibrium points of this system, with u > 0, are
Py=(0,0,0,0), P —<10i Lo 1 )
0 - ) ) b ) :l: - ) ) 2\/57 2\/§ b
and they correspond to the energy levels H = 0 and H = —%; in particular Py is a

saddle point and P* are center points. This structure is similar to the case of the
Spinorial Yamabe in [19]. From the analysis of this Hamiltonian system, we have the
following result:

Theorem 1.1. Let Ty = 2%71 Then there exist Ty < 11 < 15 such that for T €

(To, Th) U (T2, +00), there exists a family (ur,vr,ar,br) of non-constant 2T -periodic
solutions to . Moreover,

(i) when T — Ty,

1 1
ur,vr,ar,br) = (1,0, —=, —= |,
(ur, v, ar, br) < 2v/2 Ni)
. 2,& 2,& 175 17ﬁ .
in C)) (R) x Co 0 (R) x C0(R) x Cl (R), 0< o, <15

loc loc



(i) when T — oo, there exists tg € R such that
(ur,vr, ar,br) = (uo(- — to), ug(- — to), ao(- — to), bo(- — to))

in Cfog(R) X C’IQOS(R) X Cllo’f(]R) X Cllo’f(R), 0<a,B <1, where
3

(uo(t), ao(t), bo(t)) == (zfi cosh™3 (1), ﬁe*% cosh™3 (1), 2\3/?3; cosh™3 (t))

is the solution of (@ given by the nontrivial homoclinic orbit.

In terms of singular solutions of the conformal Dirac-Einstein equation on R3\ {0},
which is equivalent to the problem on S\ A, we obtain

Corollary 1.1. For T > Ty > 0, there exist A > 0, &y € S(QC and a one parameter
family (uwr,1r) of singular solutions of problem @ such that, when T — oo

(ur, 1) = (Ux, W), in CEo(R*\ {0}) x CL(SR3\ {0}), 0 < a, B < 1,

loc loc

where (U(z), ¥y (z)) = ((}\2_2:';2)%7 (ﬁ?xﬁ) (1—xz)- @0> .

(NI
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2 Geometric and Analytical Settings

Here we briefly recall some notations and properties of the relevant operators that we are
going to use. On a general compact, without boundary, three dimensional Riemannian
manifold (M, g), we consider the conformal Laplacian acting on functions by

1
Lyu = —Agu + gRgu,

where A, is the standard Laplace-Beltrami operator and R, is the scalar curvature.
Then the conformal invariance of L, means that if § = g, = u*g is a metric in the
conformal class of g, then we have Ljf = u=>L,(uf). We will denote by H'(M) the
usual Sobolev space on M, and we recall that by the Sobolev embedding theorems
there is a continuous embedding

HY(M) < LP(M), 1<p<6,

which is compact if 1 < p < 6.

Regarding the spinorial part, we denote by XM the canonical spinor bundle associated
to M (see for instance [§]), whose sections are called spinors. On this bundle one defines
a natural Clifford multiplication

Cliff : C°(TM ® SM) — C® (M),



a hermitian metric (-, -), and a natural metric connection
VZ: C®(EM) — C®(T*M @ ©M).
Therefore the Dirac operator D, acting on spinors is given by the composition
D, : C®(ZM) — C*(XM), D, = Cliffo V>

where T*M ~ T'M are identified by means of the metric; the conformal invariance for
the Dirac operator reads as follows: if § = u*g, then Dgp = u=*Dgy(u1p).
After the reduction defined introduced in @, it is natural to introduce the operator A
defined by

Az = —JZ + JBz, (9)

for any smooth complex valued 2T-periodic function

() = a(t) + ib(t) ~ < ‘5((3 > ,

0 1 -1 0
S I
1 1
The natural domain for A is Hper(T') := Hper ([—T,T]; C). Moreover, since JB = —BJ,

1
it is clear that A : Hper(T) — H 7%(T) is self-adjoint in L?. Moreover, since A%z =
—2" + 2, A has a trivial kernel. The operator A has a compact resolvent and there
exists a complete L2-orthonormal basis of eigenfunctions {;};cz satisfying

where

Az = Nizi,
where the eigenvalues {\; }icz are unbounded, that is |\;| — oo, as |i| — co. We refer
the reader to [26] for more properties of operators of the same type as A. For a given
1

z € Hip(t), written as z = >, ;z;, we define the operator
3 2
A]* s (1) — LA(=T, 7)), |AF(z) = 3 aul il
€L
We can therefore define the inner product

(f:9)s = (|AP [, [APg) 2,

which induces an equivalent norm in H,,.([-T,T],C); in particular, for s = 3, we will
consider

(2,2)

= [l=I3-

[N )

1
2

That is,
T 2
1
2l = el = [ Jiatka] e
2 H?2 -T
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Now, given the L%-orthonormal basis of eigenfunctions {z;}icz, we will denote by z;
the eigenspinors with negative eigenvalue, zl+ the eigenspinors with positive eigenvalue.
Therefore we set

1 1 —
H2™ = span{z; }iez, H>" = Span{zi*}z-ez,
where the closure is with respect to the topology induced by the previous norm, and
we have the splitting:
1
Hz(T) = H2™ @ Het, (10)
and we will denote by P* and P~ be the projectors on H 3% and H2~ respectively. We

1
will also use the notation z* := P*z for all z € H3,(T). Finally, we recall a regularity

results for weak solutions, (see [I7], Theorem 3.1): if (u,¢) € H*(M) x H%(EM) is
a weak solution of the system of equations , on a closed three dimensional spin
manifold (M, g, ZM), then (u, ) € C>*(M) x CB(LM), for some 0 < o, < 1.

3 Proof of the Main Theorem

In this section we will prove the Theorem We will start by proving the existence of
periodic orbits of near the equilibrium points and then we will address the existence
of periodic orbits with large periods.

3.1 Small Oscillation and Periodic Orbits

In order to show the existence of periodic orbits near the equilibrium points P, we will
use the Hamiltonian structure of after rewriting it. First of all, we transform the

system (8)) using the auxiliary variables @ = ¢ and b = 272. So the system becomes:
V2 V2
u =
I (1 _ (=2 72
1_)1 - (4 (a ;:b )) u (11)
a'=—(1+u")b
V= (u?—-1)a

The new Hamiltonian is then

QI

i 1 1 1 1/ 5 1
H(u,v,8,0) = 5o+ 5 (" = 1) <a2+b24)+2(2b24>'

The equilibrium points are (0,0,0,0) and (1,0, :l:%, 0). The linearization of the right
hand side of (11)) at (1,0,%,0) leads to the following matrix

’» 9
01 0 O
00 -1 0
¢= 00 0 =2
10 0 O



In particular, C' has two real eigenvalues 121 and two complex eigenvalues +i21.
Therefore, one can apply the Lyapunov’s center theorem, in order to exhibit the exis-
tence of a positive § and a family (2,),e(_s ) := (uz,, vr,,ar,, br,) of periodic solutions
with a period T, starting from the equilibrium point (1,0, %, 0). Moreover, the period

T, converges to Ty = ;—’f, when r — 0; which proves the first part of Theorem
4

3.2 Solutions with Large Period

We focus now on proving the existence of 27-periodic solutions with 1" large; we will
also show that these periodic solutions are different from the constant solution, proving
the second part of the main theorem. The strategy here is different from the one used
above. We will use a variational framework, keeping the equation on the scalar part wu,
while using the Hamiltonian structure of the second two equations in (@

We will set H).(T) = H}.,.([-T,T];R), the Sobolev space of 2T-periodic functions
endowed with the equivalent norm

T
1
lull} = [lullF =/ o [* + .
-7

We also denote by

(T) % Hjor(T)

per

1w, 2)|1% = [Jullf + HZHQ%, (u,2) € H)
Now let us consider the functional

1
E:H (T) x Hzr(T) — R,

per

1/ [T 1 1 [T
E(u,z) = 5 </ |u/‘2 + ZUZ + <AZ,Z> dt) — 2/ ’LL2|Z|2 dt,
-T

-T
where A is the operator defined in[9 A direct computation shows that critical points
of F solve the system @ Hence, to prove our result, we need to show the existence
of critical points of the functional E. We start by showing a compactness property of
our functional.

Lemma 3.1. The functional E satisfies the Palais-Smale condition (PS).

Proof. The idea is very similar to the proof of the (PS) condition for the Dirac-Einstein

1
equation as in [17]. So we consider a (PS) sequence (up,z,) € HL,.(T) x HZ.(T) at

per
the level ¢ € R. Therefore,

T T
1
/ |2 + Zui dt + (Azp, zp) dt — / u?|z,|? dt — 2c (12)

and
—ul + %un = Up|2n|? + 0g-1(1)
(13)
Azp = ulz, + 0,-4(1)

8



Multiplying the first equation of by u, and the second equation of by z, and
substituting it in we have

lunlf = 2¢ + o[lznll1)

and
|l de =2+ offfuall + ] ).
[-T,T] 2

Moreover, we have that

I3 = / W2z 2 dt 4 olzall 1)
2 [7T7 2

1
2 2
s(/ uianth> (/ uilzi\th> + o([|znl) (14)
[—T,T] [(-7.1]

1
< (2e+ ofunlly + lzall)) ? el 1t + o(1zall )
< (2 + olunll + llzall )15 15+ olllzuls)-

Similarly,
Iz 13 < €26+ olllunll + l1zall) ) 12711y + o(l1zally):

Thus, Han% and ||u,|/1 are bounded. So up to a subsequence, u, — us weakly in

1
H;eT(T) and strongly in C’O’%([—T, T1). Moreover, z, — 2o weakly in Hp.,(T") and
strongly in LP([-T,T]) for all 1 < p < co. Hence, in order to finish the proof, we notice
that

funllf = [ adlenl? di + o(0).
But since u, — Uy in L¥([-T,T]) and 2, — 200 in L?([-T,T]), we see that (uy)

converges strongly to us in H},.(T) and a similar argument works for (z,) which

finishes the proof of the (PS) condition for E. O

Our next step now is to show that E has a mountain-pass geometry around zero,
but this requires a reduction that compensates the strongly indefinite aspect of the
functional. We start by the following

1

Proposition 3.1. Let us consider the natural splitting Hper(T) = H2~ @ Hat (as

mn @ Then there exists a functional g : H;ST(T) x H3+ — H3~ satisfying, for
1

ve H>T

E(u,v+w) < E(u,v + g(u,v)), for alw € H%’_,w # g(u,v). (15)



Proof. We first notice that
1 2 2 2 Ty 2
E@m+uo=20um+nwwm/ wlo -+ wf? dt)
2 2 -T
1 2 2 T 2 2
=5 (Wl 1ol = [ a@loPr) + K (w),
2 -T
where K : H3~ — R is defined by

T T
KW%}WM@—/TﬁWPﬁ—Q/Tﬁ@m»ﬁ

is strictly concave and anti-coercive. Therefore, it has a unique maximizer wy =
1 . o ) .
g(u,v) € H2'~. This maximizer satisfies the equation

Awy = P~ (u?(wo + v)), (16)

where P~ the projector on H 3 Thus, property is now satisfied. Notice that
since wyg is a maximizer of K, we have in particular

K (wo) > K(0) = 0.
L]

Lemma 3.2. Let (u,v) € H.,.(T) x H2" and g, the functional given by the previous
Proposition [3.1 Let us define F(u,v) = E(u,v + g(u,v)). Then F has the mountain
pass geometry. Namely, we have

(i) F(0)=0
(i) There exists r > 0 such that if ||lu|3 + ||v||3 < 7, then F(u,v) > 0; in particular
2
if |ull? + ||v]|2 =7, then F(u,v) > a = ar) > 0.
2
(113) If fTT u?[v|? dt # 0, there exist t,s > 0 large enough, such that F(tu,sv) < 0.
(iv) The functional F satisfies the (PS) condition.

Proof. Regarding (7), we notice that g(0,0) = 0, hence F(0) = 0. Next, we notice that

1 T
Fluo) 2 5 (Wl + ol = [ o ar)
> 2 (Il + ol = 5 (ellba + olide)
2 3 2 L L
1
> = (Il + 1ol = € (lulit + 1014))

where we used in the second inequality the identity 2ab < a® + b and in the second
inequality, the classical Sobolev embedding. Hence, (i7) is satisfied.

10



Now, we consider u € H;er

(T') and v € H2t such that ulv| # 0 and we fix [|v||1 = 1.
2
Let ¢, be an increasing divergent sequence. Then two possible cases can occur:

Hg(tnu,tnv)Hl
2

— 00 or

. ||g(tnua tnU)Hl
elther - 2

—a >
n tTL

In the first case, we have

T
2F (tuu, tav) = tyllullf + 2110l — lg(tnu, tnv)]3 - ti/ u?[tn + g(tau, tav)|? dt

2
Hg(tnu,tnv)HQ%

— —o00.
th

<t | ull+ ol3 -

In the second case, we let hy, = t,v + g(t,u, t,v) and we denote by w the weak limit of
Wy, = ”h]:lﬁ We also notice that

|

— (1+ a2)_%.

Therefore, w = (1 + a2)7%v + w™. Hence, we have

2F (b, tav) = to[lullf + lIVI1E — g (tnu, tav)

T
12— / W ? dt
-T

2 (17)
R A e N [ R

=22 | Jull? + o)} - —— ~th— / W2 dt. (18)
2 n n -T

But, f_TT u?|wy,|? dt — f_TT u?|w|? dt. Thus, in order to conclude, it is enough to show

that fEFT u?|w|? dt # 0. For this end, we recall that 1' yields

T
- Hg(tnuv tnv) ||2% = tazz / u? <tnv + g(tnuy tn’U), g(tnua tnv)> dt.
=T

Hence,
lg(tnu, tav)|3 T bt
_t—22 :thhnHl/ u2 <wn’g(nu’nv)> dt
n 2J-T 128
Vhalls 7 ot
= th—— / u? <wn, 9ltnt; tn0) "U)> dt. (19)
tn T tn
llAnlly 1 lg(tnu,tnv)lI3
But, —= = (1+ a?)? # 0 and ——= — a”. Therefore, we see that
T
lim u? (w 9(tnt tav) tnU)) dt =0
n—oo J_p w tn ’

11



g(tnutnv) th”% o i % NN -
On the other hand, £~ = ——2w, —v, converges weakly in Hyer (1) to (14+a%) 2w

and thus strongly in L?([~T,T]). Therefore,

T
/ w?(w, w™) dt = 0.

=T

Therefore, since w = (1 + a?)"2v + w™, if fTT u?|v|? dt # 0, then fTT u?|lw|? dt # 0.
Hence, (7i7) is satisfied.

Finally, in order to show that F satisfies the (PS) condition, we first claim that
IVF(u,v)|| = ||VE(u,v + g(u,v))||. Indeed, we recall that

(V.E(u,v+ g(u,v)),w) = 0,Yw € Hz~.
Hence, for every h € H),.(T) we have

(VuF(1,0), B) = (VuB (0 + g(u,0), B) + (V2 E (1,0 + g(u,)), Vug(u,v) - b (20)
= (VuE(u,v + g(u,v)),h).

Similarly, for all w € H 3% we have

(VyF(u,v),w) = (V,E(u,v+ g(u,v)),w+ Vyg(u,v) - w) (21)
= (V. E(u,v + g(u,v)),w)

and this proves the claim. Now, if (uy,vy) is a (PS) sequence for F', then
(n, vn + g(Un, vn))
is a (PS) sequence for E and using Lemma [3.1| we finish the proof of (iv). O

Using the mountain pass lemma, we know that F' has a critical point. But, as discussed
above, we see that |[VF(u,v)|| = [|[VE(u,v + g(u,v))||. So the critical points of F
correspond to critical points of E.

One can characterize this critical point as the minimum of FE on the generalized Nehari
manifold

N = {(u,z) € H;QT(T) X Hp%er(T) \ {(0,0)}, satisfying (*)} .

T 1 T
/ /| + ~u?dt = / u?|z|%dt;
T 4 _T

(+) /T (Az, z)dt = /_i u?|z|dt

=T

where

P~ (Az —u?2) =0

12



Since we are studying the behavior of such solutions when T'" — oo, it is important
to investigate the dependence of this critical point on 7. Therefore, we proceed by
rescaling the interval to [—1, 1]. The new energy functional, then, reads as follow

B, 2) = % (/_11 %]u'(s)]Q + iuQ(s) ds + /1 (A2 2)(s) ds — /_11 2|2 ds)

—1 T
where A%z = —%Jz' + JBz. Setting € = %, we define

E-(u,z) = 2—18 </1 2/ (s)]* + %u2(s) ds + /1 (Acz,2)(s) ds — /1 u?|z|? ds> .

-1 -1 -1
The critical points of E. correspond to to solutions to the system
—e2u + tu = uz|?
on [—1,1] (22)
—eJZz + JBz = u?z.

We will also use the following rescaled norms which are adapted to our problem:

1 1 1 1 2
ol =2 [ S gt ol =2 (1A

2

(s 2112 = Tull?e + 11213 ..

1
and finally ||ulf, . = 8/ |ul? dt, for 1 < p < .
’ [—1.1]

1
From now on, we will say that a sequence (uc, z:) € H},, (1) X Hg.r(1) satisfies property
(A), if there exist 0 < ¢1 < c2 such that

1 < Eo(ug,2c) <cg and  ||[VE-(ue,2:)]]e = 0 (A)
Proposition 3.2. Let (uc, z:) € H;er(l) X Hp%er(l) satisfying (A). Then:
(1) |uclh,e and ||z€||%75 are bounded.
(i) 22 = glues 2y, — 0.
(iii) |V F.(ue,z3)[le — 0.

Proof. The first point is similar to the proof of the (PS) condition in Lemma 3.1}, so we
omit it. We focus on the second and last point. We set

gszg(us,z:), zl:zg_ +0:, 22=2% —9e

so that z. = 21 + 29 and 29 € H3z~. Then we recall that (V.FE:(u,z),22) = 0. Hence,

1
—(ge, 22) — / u?(z1, z5) dt = 0.
€ [_171]

13



On the other hand, since ||V E.(ue, z:)||: — 0, we have

1

(Ve 202 = ~(5,22) = [ e ) de = o2l
1,1

By taking the difference, it leads to

1
2 4 20,12
HZ2||%’E+ 6/[_ }u5|22| dt—0(||z2||%7€).

)

Thus
HZQ”%@ < 0(||VE€(usazs)||e) = 0(1)7

which proves (7).
For the proof of (iii), we start by writing

VE.(ue,20) = VE(ue, 21) = VE:(uc, 2. — 22).

Expanding the last term and using VE(ue,z:) — 0 and 22 — 0, we have the desired
result. O

1
per(1) X Hper(1) satisfies (A), then there exist t. and s.
such that (taug, se2d + g(teue, ngj)) € N. Moreover,

Lemma 3.3. If (uc,2.) € H}

(te,s:) = (1,1), as e—0.
Proof. Let us consider the map G : R x R x H3~ 5> R xR x H>~ defined by
(VuE:(tue, szt + h), tu.)
G(t,s,h) = | (VaE(tue,s(z +h)),s(zF +h))
P~ (Ag(zj +h) — t2ud(zF + h))

Clearly, G(t,s,h) = 0 if and only if (tu., s(zF + h)) € N. So, we set

] Jucl? |22 + ge|* dt

)

and from condition (A) we can assume that ¢ — ¢y > 0. Indeed, since (ue, z¢) satisfies
(A), we have from Proposition [3.2| that ||us||1 . and ||z:]|1 . are bounded. Moreover,
29

€

(VuFEe(ue, z2),us) = o(1) and (V,Ee(ue, 2¢), z:) = o(1).

Hence )
0<c1 < Eo(ug,z) = / [ue|?| 2| dt + o(1).
28 [7171]
On the other hand, again using Proposition we have |27 — g(ue, z5)|L . — 0.
27

Therefore, we have
1

Ce = / lue|?| 22| dt + o(1) > 2¢1 + o(1).
€ [_171]
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We then compute

B.
J(ZDGanm,zwyz{ : ~],
£ e cy A

where we have denoted B
Ap = P~ (Acp — |uc*o),
which is an invertible operator on H %’*,

B. — 2<qus(usaZ;_ +g€)aua> —2c;
€ —2c, 2(VuE-(ue, 25 +g:) |’

and finally,

_9l 2/,+ .
Cl_[ 25f|u€| <ge +g€7>dt:|.

Notice that
0 —200

B€ — BO = |: —260 0

], as € — 0.

Moreover, since By is invertible and C7 By 1¢1 = 0, we have that K is invertible for e
small enough and K~! is bounded uniformly as ¢ — 0. Hence, by the inverse function
theorem, since G(1,1,g.) — 0 as € goes to zero, there exists €g > 0 such that for all
e € (0,ep), there exists t. and s. so that

G(tsy 8¢, h) = 0.
Moreover, one easily sees that |t — 1| + [s. — 1| < O(||VE:(ue, z¢)||c)- O

1
Lemma 3.4. If (uc, z.) € H},.(1) x Hi.r(1) satisfies (A), then there exists (i, Z.) € N
such that

E (te, 2.) = Ec(ue, z:) + o(1).

Proof. The proof here is straightforward and it follows directly from the previous

Lemma. Indeed, Let i, = t.u. and Z. = s.(2F + g(tcue, 2)). Then we have

E.(lc, %) = E. (u + (te = Ve, 2 + (s — 1)zl + glteue, 27) — glteue, 27)
 gltee, 25) = 27+ (s = Dglteus, 27) )
= B (ue, 2) + O(| VEx (ue, z)||?)
O

It is important to notice that if (u.,z:) is the solution obtained from the min-max
process (or minimization on N'), then there exists ¢y > 0 such that

1

/ u?|ze|* dt > co. (23)
€ [7171}
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Indeed, we have

E (ug, z:) > sup E(tue, sz7 + w)
t>0,s>0,wEH%’_

Z sup E(tu&‘a SZ;)

t>0,5>0
1
2 2 2|+ 112 4 4 4 .+ 14
> e (el + 27 12 = 5 (F el + 52 4 ))
> max (C’lt2 — 02t4 + C~'182 - 6'254) > o,
t>0,5s>0

where C4,Cy,Cy, Co are constants that depend on ¢; and ¢y appearing in condition
(A). Thus, if we define d. by

o= nf Bx(w,2)

then
E (ug,2ze) > 0 > ¢o > 0. (24)

Now we want to find an upper bound for ., and in order to do that we need to construct
a suitable sequence (u., z.) satisfying (A) and computationally friendly. We consider
then the limiting functional defined on H'(R;R) x H%(R; C) by

1 1
E(u,z) = 2(/R [u'|? + 1u2 + (Az, z) — u?|z|? dt).

Its critical points satisfy the following Euler-Lagrange equation

—u" + Fu = ulz|?
on R (25)
Az = u?2.

We denote by M the set of ground state solutions of and we let
dp = inf {E(u, 2); VE(u,z) = O} =EU, Z),

for (U, Z) € M.

Lemma 3.5. Let (U,Z) € M. Then up to translation and scaling,
3 -3
1 1 3 e
U(t) =2"42cosh™2(t), Z(t) = ——=cosh™ 2(t . 26
0 0. 2= <><e; ) (26)

Proof. We recall from [3] that all the ground state solutions of (1)) with M = S3 or R3
are classified. Indeed, if (U, V) is a ground state solution, then there exists a parallel

16



spinor ®q € S(%, zo € R3 and A > 0 such that

1
2\ 2
) =00 = (e =aep)
2\
A2 + |IL‘ - £U0|2

3

2
U(z)=Wy(z) = < > (1 — (z — :co)) - D, (27)
where 1 denotes the identity endomorphism of the spinor bundle. In particular, if
xo = 0, we see that U is radial and ¥ € E(R3), as defined in . So any ground state
solution satisfies our radial ansatz. Hence, after the change to cylindrical coordinates,
we obtain the expression in (26]) and we have that (U, ¥) € M. Therefore the energy
level &g corresponds indeed to ground state solutions of on R3, which finishes the

proof. O
Lemma 3.6. Let (U,Z) € M and 3 € C(—1,1) such that B =1 on [—3, 3]. We set
_ t _ t
wi=pou (L), ww-s0z (")

Then we have
E.(u,z:) = 60 and VE(u.,z:) —0

as e — 0.

Proof. First, we observe that

€

VuEe (e, 2:) = =) U" <t> —2¢6' (1)U’ (i) —28"(4)U (E) +
|

+ iU (2) -8 U @ Z @
~ago(4) v () + o -0y (2|2 (4]

Next we notice that
1 t
/ 52 B/(t)U, ()
& [_171] 3

Similarly,
2
1/ 4B (U <t> ‘ dt < 054/ |U(t)|? dt — 0.
€ J[-1,1] € R

But for the last term, we have
t
7(2)
€

7(2)

2
it — 52/{ 18 ()T (D)2 dt < 052/ U2 dt — 0.
_11 R

1 2

! / (B(t) — B3())?
[—1,1]

3

4
dth’/ U?(s)|Z(s)|* ds — 0.
3:<lsl<2



This shows that ||V E. (e, Ze)| 12 . — 0 and hence V, E.(u.,z:) — 0 in H L(1).

per

Similarly, we can show that V,E.(u.,Z:) — 0 in H ~3. We move now to the energy
1 2
2F. (., Z.) = / g2
[7171}

part:
! g (£)+ o0 (£)] + 300 (1)
+ <ﬁ(t)J <Z’ (i) + BZ <Z>> L ef(1)IZ (i) B(H)Z <z>>
()
= [, 70 (DR + U6 + (42, 2) - WEPIZ(R ) ds

gle

+/| e2|B'*(es)|U (s)[* + 2e5' () B(es)U (s)U (s) ds

—i—/ ef'(es)B(es)(JZ, Z) ds

i /1< <1 (B%(es) = B*(25)) U (s)*| Z () I* ds

=1+1I+1IT+1IV
By using the dominated convergence theorem, one sees that
I —-2E(U,Z) =2, ase — 0.

On the other hand
IT+ 111 <(Ce—0.

So it remains to show that the last term also converges to zero. Indeed,
[, e =B WPz ds<c [ UePIZE)F ds o
3 Slsl<2 32 <lsl

as € — 0, which finishes the proof of the Lemma. O

This previous Lemma shows in particular that (u., zZ. ) satisfies (A). In the next Lemma,
we provide an upper bound for d.:

Lemma 3.7.

6o > lim sup J..
e—0

Proof. From Lemma [3.6] we have that (., z.) satisfies assumption (A). Hence, using
Lemma [3.4] we have

B.(T.,%.) = Ec(iie, %) + o(1) > 6. + o(1).

So the conclusion follows by taking the lim sup in both sides. O
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We also provide a lower bound for d.:

Lemma 3.8.
liminf é. > dp.
e—0

Proof. Let (ue, 2c) be a minimizer of E. on A/. Then, it is a solution to the system
and E.(ueg, z:) = 0. We first claim that there exist rg > 0, k1, k2 > 0 and y. € [—1,1],

such that
1 1
/ lue|2dt > k1, / |ze|2dt > ko (28)
€ Jlt—ye|<ero € Jt—ye|<ero

In order to prove this claim, we assume by contradiction that the previous inequalities
are false. Without loss of generality, we can assume that the first inequality does not
hold; for the second one we argue in the same way. Then, for every r > 0,

1
lim [ — sup / luc|? dt | = 0.
e20\ € ye[-1,1] J|t—y|<2er

Now we take ., a cut-off function in (y — 2re,y + 2re), such that S ,(t) = 1 for
|t —y| < re. Therefore, we have

1
lim | - sup / |/Ba7yug|2dt =0.
€20\ € yel-1,1] J[-1,1]

This yields ||ug||pe,e — 0 for all 2 < ¢ < co. Indeed, let p > ¢ > 2 and s > 0 so that
q=sp+2(1 —s). Then we have

1—s s
1 1 1
/ ’ﬂa,yua‘q dt < / |56,y7~‘6’2 dt / ‘Be,y“dp dt
€ JI-1,1] € J-11 & J-11

1-—s
1
<C (/ |5£,yua|2 dt) ||587y“€”i,6‘

Hence, if we cover [—1, 1] by subintervals of radius re with each subinterval overlapping
with at most two others, we get

1—s
1 1
/ |t dt < Cy [ sup / el dt ) el
€ [_171} yE[_lvl] € ‘t_y|§2€7‘

Thus, one has using

)

Y
&

1
o7 [ il de S el el < e el

and the contradiction follows by passing to the limit; hence first claim is proved.
Next, we set

Ues(s) =uc(es+ye) and Z.(s) = ze(es+ ye).
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We notice that (U, Z:) is bounded in

(Hﬁ,cm;m < HE(R; <c>) A (IP(R:R) x LP(R: C))

for all 1 < p < co. So we can extract a convergent subsequence that converges strongly

1
in LP? for all p and weakly in H llo < Hp to (Uy, Zy). Therefore, if we take a test function

loc

h € H'(R;R) that is compactly supported in [~R, R], we get

1 1 1 -
/ [—UE” +-U, — Ugyzﬂ h ds = / [—aQu’g + e — ug\zg\Q] h dt =0,
R 4 € Jjt—y.|<eR 4

where h = h (t_eyg). Similarly, taking ¢ € H%(R; C), compactly supported in [—R, R],
we get

1
/(AZE —~U2Z.,p) ds = / (Acze —ulze, p) dt = 0,
R € Jlt—ye|<eR
~ _ t—ye . .
where ¢(t) = (p( - ) Hence, (Uy, Zy) is a solution of . Moreover, from , we
have 1
/ U ds:/ lug|* dt > k1 > 0.
[—70,70) € [t—ye|<ero
and .
[ zpas=t[  mpasaso
[~70,70] € Jlt—ye|<ero
Therefore,

/ \Uo|? ds # 0, / |Zo|? ds # 0.
[=70,70] [—70,70]
Thus, (Up, Zo) is not trivial and

E(Uy, Zp) > do.
On the other hand, we have

1 1
Ea(uaaza) - / ‘ua‘2|za|2dt = / |UE|2|Z£|2dS
jt—ye|<1 2 Jis1<t

2
Therefore,
liminf ¢, = liminf E. (u., z.) = E(Uy, Zp) > do.

e—0 e—0

O]

With the proof of the previous Lemma, we have completed the study of the asymptotic
behaviour of the periodic solutions (ue, 2:) obtained by minimizing E. on A. It only
remains to prove that these solutions (ue, z-) are different from the equilibrium solution
for € small enough.

Lemma 3.9. There exists g > 0 such that for € < eg the ground state solution of
1s different from the equilibrium solution.

20



Proof. This is easily verified. Indeed, if

then

u=1, z= ,

1
E.(u,z) = 26/[ X

1
lul?|z? dt = — — o0 > dy.
1] 4e

)

O]

This finish the description of the global picture of the Hamiltonian system, by finding
a family of periodic solutions converging to the homoclinic orbit given in and thus
proving the second part of the main theorem. Moreover, Corollary follows after a
change in cylindrical coordinates, which allows to pass from to .
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