Concentrating Solutions for a Sub-Critical
Sub-Elliptic Problem
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Abstract In this paper we prove the existence of concentrating solutions for a
slightly sub-critical problem involving the Kohn Laplacian on a bounded domain
of the Heisenberg group, under the assumption that the Robin’s function of the
domain has a non-degenerate critical point.
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1 Introduction

Let ©2 be a bounded domain in the Heisenberg group H". In this work we
are interested in solving the following sub-critical problem, for € > 0:

—Agu =ud "17¢ inQ,
u > 0, in (2, (1)
u =0, on 0f)

Here Ay denotes the sub-Laplacian of the group and ¢* = (2n+2)/2. When
e = 0, the problem (1) coincides with the CR-Yamabe equation on €2 which
has been intensively studied in the last years (see for instance [10], [8], [1]
and the references therein). Regarding perturbation results on bounded
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domains, we recall the result obtained by Garagnani and Uguzzoni in [7]:
they consider the homogeneous equation

—Agu = |u|! 2u+ lu, inQ

with zero Dirichlet boundary conditions; under suitable hypotheses on the
boundary of €2, they provide a multiplicity result for positive solutions, in-
volving the Lujsternik-Schnirelmann category.

In a recent paper [12] instead, the first two authors found multiple solutions
of the following nonhomogeneous Dirichlet problem

—Agu = |ul” 2u+ f, inQ,
u > 0, in (2,
u =0, on J€2, (2)

feCl), f£0f=0

They used a min-max argument on the homology groups of €1, as in the
work of Hirano [9], in which he solves the analogous problem for the stan-
dard Laplacian on bounded domains in R™.

For our purpose we will also need an hypothesis on 92, in particular we
will require that the boundary of 2 has no characteristic points (see def-
inition (2.2) in the next section). The condition on € is needed in order
to overcome some technical difficulties in proving some estimates. We ex-
plicitly note that if we consider H' for instance, then the boundary of the
standard Heisenberg ball defined by using the homogeneous distance has
two characteristic points: in particular any contractible domain in H! with
smooth boundary has characteristic points. Instead, the torus in H' defined
by {(R— 22 +42)? +t2—72 <0, R > r > 0} is an example of domain
whose boundary does not have any characteristic point.

Now if we define the Robin’s function as ¢(&) = H (&, €), where H denotes
the regular part of the Green’s function G of 2, then the main result of this
paper can be stated as follows :

Theorem 1.1. Let Q C H" be a bounded domain with smooth boundary
with no characteristic points and let us set

2 )
@ary Fa>4

5 ifg=4



If v has a non-degenerate critical point &y in ), then there exists a sequence
(ue) of solutions of (1) that concentrates at &y, that is

Ue = LWy, ¢, T Ges

where ||p:|| < ce and, as € approaches zero,

B
— &, c(g=2)=1yg-2 =7
b : A2p(&o)
Here A and B denote two constants to be determined later, wy_¢. denotes
the so-called “bubble” and || -|| is a suitable norm (see formula (4) and (2.1)

respectively in the next section); P. is the natural projection of Ay on a
suitable rescaled domain Q..

This is the first result of existence of blowing up solutions for a sub-
elliptic problem. A similar result for the standard Laplacian in the Euclidean
case was obtained by Rey [16]. We think that our approach allows to extend
to the sub-Laplacian many results obtained for the standard Laplacian. In
particular, existence of positive and sign changing solutions which blow-up
at different points proved in Bahri-Li-Rey [2] and Bartsch-Micheletti-Pistoia
[3] can be also proved for our problem.

The proof of our results relies on a very well known Ljapunov-Schmidt
reduction. In particular, we will often refer to the Appendix of [15], in which
they explicitly prove some estimates that we will use in our proofs; the only
technical assumption that we will add is that 92 is without characteristic
points.

Acknowledgement This paper was completed during the year that the
second author spent at the Mathematics Department of Rutgers Univer-
sity: the author wishes to express his gratitude for the hospitality and he is
grateful to the Nonlinear Analysis Center for its support.

2 Setting of the problem
Let H® = (R?"*1 .) be the Heisenberg group. If we denote by & = (z,v,t) €
(R™ x R™ x R) then the group law is

§0+§ = (z+ 0,y +yo,t+to+2(x-yo—x0y)), V& € H”

where - denotes the inner product in R™. The left translations are then given
by
7—50(5) =8¢



The dilations of the group are
Oy H* = H",  65(§) = (Az, Ay, \*t)

for any A > 0. We define the homogeneous norm

p(€) = (|2 + 2> +)"*

and the distance
d(&,&) = p(& "+ €).
It holds
d(dr€, 0x&0) = Ad(&, &o)-

We will denote by By(§,r) the ball with respect to the distance d, of center
¢ and radius r. We have

Bd(&T) = Tﬁ(Bd(()?T))v Bd(07 7’) = 5T(Bd(07 1))

The canonical left-invariant vector fields are

0 0 0 0
Xi=og TWig, Yi=

) =1,...,n
6$j

B YO
ay; o Y
The (intrinsic) gradient of the group is

Dy = (X1,....Xp,Y1,...,Y,)

The Kohn Laplacian (or sub-Laplacian) on H" is the following second order
operator invariant with respect to the left translations and homogeneous of
degree two with respect to the dilations:

n
Au =D Xj+Y}
j=1

By a result in [4], the fundamental solution on H" of —Ap with pole at the
origin is
Cq

e = p(§)12

where ¢, is a suitable positive constant and ¢ = 2n + 2 is the homogeneous
dimension of the group. The fundamental solution on H" of —Ay with pole
at the £ will be then

L,n) = W

4



Let us now set
«_ 2
q = ——5
q—2

then the following Sobolev-type inequality holds

ol = ([ 1o
HTL

with C a positive constant.

2
") <0 [ 1Dapl = ClIDapll, Ve € CR(E)

Definition 2.1. For every domain Q2 C H", the Folland-Stein Sobolev space
S3(Q) is defined as the completion of C§°(Q2) with respect to the norm

-1l =1Dx - |2
The exponent ¢* is called critical since the embedding
SHQ) = LT (Q)

is continuous but not compact for every domain 2. Moreover, by defining
the inner product on S3(€2)

(w.0) = [ (Durw D)
Q
then there exists a natural orthogonal projection, defined by

P: S{H™) — S3(Q)

Pu =0, on 02

Next we define the function

{ AHPU = AH’U,, inQ,

€o

(1 + |z + [y[?)? + )

w(z,y,t) =

q—2
4

with ¢y a suitable positive constant; then Jerison and Lee showed in [11]
that all the positive solutions to the problem

—Agu=u? "', weSHH") (3)

are in the form )
—q
Wy e :)\70005% O Te-1 (4)

for some A > 0 and ¢ € H".
Next is the definition of characteristic points.



Definition 2.2. Let ¢ : H* — R be a smooth defining function for €,
namely
Q={¢eH" : p(§) <0}, 0={{cH" : p&) =0}
A point & € I is said to be characteristic if Dyp(&y) = 0.
Let now a > 0 to be fixed, we set Q. = 0,-0(Q) and & = §.-a(§), £ € Q.

We are going to consider the rescaled problem:
—Agv =07 "17¢ inQ.,
v >0, inQ,, (5)
v =0, on OS2

In fact, if u(§) is a solution for (1), then

v(n) = ePu(b.a(n))

is a solution of (5), with 8 = q*_22_€ and a > 0.

For the sake of simplicity we will also set f.(s) = (s7)? ~17¢, with f(s) =
fo(S).

Definition 2.3. Let ¢* = (]3-7(12 be the conjugate exponent to q*, and let
it LT (Q.) — SL(Q.)
be the adjoint operator of the immersion i. : S§(Q) — LT (), namely:

<%

i(u)=v & —Agv=u

We have:

Lemma 2.1. The map % is continuous, uniformly with respect to €, and
liZ(ullgr < llullg=, ¥ we LT ()

Proof. Let S be the best constant for the Sobolev type embedding related
to the Folland-Stein space Sg(Q):

1
lollg < Sz |lvll, Yo € S5(%)
By duality it holds:
%3 _l ~k
iz ()l <572 lullgr, Vu e LT ()

therefore the continuity follows. By combining the previous inequalities,
with v = i¥(u), we get the claim. O



We can thus rewrite the problem (5) in the following equivalent form:

u=il(fe(u), u€SH(Qk) (6)

Let us now denote by
Peoye. =wre — e

the S} (€.) projection of wj ¢_, defined by

*_1 .
—AHPEW)\’& = _AHW)\,ég = wg\’& , 1n Qs,
P.wye. =0, on 09,

and

_AHhAvﬁs = O, in Qa,

h)MfE = w)\7§67 on aQEv
Equivalently P.wye, = if (w‘){*g:l). The Green’s function G' and its regular
part H are defined by

G(f»ﬂ) = F(&n) - H(ﬁﬂ?)

and

—AgH(E,-) =0, inQ,
{ H(é?) = F(€7 ')7 onaQ,

where I'(, -) is the fundamental solution of —A g with pole at £. By using
similar estimates as in the Euclidian case (see for instance [1] and [6]), it
holds

—2 *_ q—2
M) = HENT [ ol o)

and, for £ # 7
—2 * q—2
Paore(n) = G(&, M /H W5+ o) (7)

We are looking for solutions of (6) of the form V. + ¢., where for sake of
notation we have set
Ve = Pewe

for some couple (A, §) and with ¢, belonging to a suitable space. It is known
(see [13]) that a solution of the linearized problem

*

—Apu=(¢" — Vi u,  ue SHHY) (8)



belongs to the following set

800)\75 j _ 8w,\7§
8)\ ’ A8 85] ’

span{¢9\7£: jzl,...,2n—|—1}

Let Py, \¢. be the S§(Q:) projection of wi,ggv j=0,1,...,2n+ 1, and let
us define the following finite dimensional subspace of S} (£):

K. = Keng = span{ P o, j=01,...,20+1}

and its orthogonal
L= {oesh@) (0. Pl ) =0, j=0,1,....2n+1}

Then let 1. and 1> be the projection operators on K. and Kal respectively.
We want to split the problem (6) and solve both the following equations:

He(<%+¢s)_i:(fs(%+¢s))) =0 (9)
I (Ve + ¢e) = i2(fe(Ve + ¢2))) =0 (10)

3 Solving in K
Here we solve (10). Let then v € (0,1) and let us define:
O, = {(X\€) € R x Qsuch that A € (v,y 1), d(£,09Q) >, }
First we have:
Lemma 3.1. For any v € (0,1) there exist £9 > 0 and ¢ > 0 such that
()] < cllull, u e SH(Q)
for every € € (0,e0) and (X, &) € O,.
Proof. By definition of Il.:

2n+1

||<ZyuPE hel)

Moreover by Lemma (2.1), we have for every j:

1P ¢

_1l. gt =2
[P ¢ |l < 572w} Agqu <c

Ade Ade
for every (A, €) € O,. O



Remark 3.1. Since ITI- = Id —11., we have that the map 11+ is continuous
as well.

Let us now define the following operator:
Le=Leye: K — K
Le(¢) =TIz (¢ — iZ[f2(Ve)¢])
We have then:

Lemma 3.2. For any v € (0,1) and ¢ € K‘EL, there exist 1 > 0 and C >0
such that L. is invertible and ||L:(¢)|| > C||¢||, for every e € (0,e1) and
(A, €) € O,.

Proof. We argue as in [14]: in particular all the regularity results hold, since
the boundary of 2 has no characteristic points. O

Next we introduce the operator:
Te=T.pe: K — K-
To(9) = L T [fo (Ve + 6) = flwne) — fL(V2)g)
It holds:

2 : ,
Lemma 3.3. Let a = W((IH?) ifq>6 and a = % if ¢ = 4. For any
v € (0,1) there exist positive constants €a, pu such that for every e € (0,e3)

and (X, §) € O, T: is a contraction on the set A C K2 defined by:
A={pe K : || < pe}

Proof. All the estimates we will use are similar to those in the Appendix of
[15]. First we prove that 7. maps A into itself. We know

IT-(O) < el fe(Ve + @) — fo(Ve) — FL(VE)@llg+
el fe(Ve) = F(Ve)llg= + el f(Ve) = flwre) g
Now _ )
£ (Ve + ¢) — fo(Ve) = FL(VE)Bllg < |2 =1
and

[fe(Ve) = fF(Vo)llgr < ce



Last we have the estimate

C€a‘(q72%;q+2) > 6
1F(V2) = flone)llg < » =

e, qg=4

With our choice of a and with a suitable positive constant u, therefore T
maps A into itself. Next we prove that T; is a contraction. By using the
mean value theorem, with 6 € (0,1):

||T5(¢2) _T5(¢1)H S CHfs(V:s_"(b?)_fe(‘/s_"gbl) fs( )(¢2_¢1)H >~
cl[{fL(Vz + d2 + (g2 — ¢1)) — fL(VE) } (o2 — 1) .
< c(llé2 — alle"" + d2lll 262 — dullg-) < cellga — ou

As corollary we obtain:

Proposition 3.1. For any v € (0,1) there exist positive constants 2,
such that for every € € (0,e2) and (A, §) € O, there exists a unique ¢, =
Gere € AC K2 such that V. + ¢. is a solution for the problem (10), with

el < pue.

Proof. Since T is a contraction on A, then there exists a unique fixed point
¢e = ¢ € AC K for Ty, namely:

Ge = L IHL i [fe(v + ¢6) f(‘*))\,fg) - fé(Vs)ﬁbe]
By applying L. to both sides we get a solution of (10). O
4 Solving in K.

Here we solve equation (9): we want to find (A, &) such that for every j =
0,...,2n 4+ 1, it holds

<Vz-: + ¢5 - Z: [fs(vz-: + Qbs)] aqb)\ €s>

We define the constants
and

It holds:

10



Proposition 4.1. Let ¢ the function found in Proposition (3.1). We have,
i the case j=1,...,2n+1:

(Ve t e — i [fo(Ve + 62)], Pl ) =

o R R R ) (1)
Moreover, if j = 0:
(Vet e — [ fo(Ve+ ¢)], Pyle.) =

=2t e + U 2ep o) (12)

Proof. Since ¢. € KX, we have:

_/ DH(‘/E—’_qu_i: [f&(va"‘ﬁi)a)])DHPEd)g\,ge = / (AHV‘s‘f‘fa(Vs+¢5))PEwZ\'7§E =

£ QE

(o Vet o) fne ) Pt = [ (f(Ver o) = fo(Vo) = FLV2) ) Pt o +
Q. Qe
| v = 1 P+ [ R0eer o+
€ Qe

+ ) S0P - /Q flene) P,

Now we estimate the last expression term by term. One has

/ (fa(Vs + ¢€) - fe(va) - fé(ve)(bs)Pawi’gs < CH¢€H2

€

and also
| 0Pl = [ (1) - Flong)oPatd e, < el
Q. Qe

A term slightly different that we need to estimate is the following one

/ (F(V2) = FOVL)) Pl

€

For that, we have by using the mean value theorem
| V) = pV) Pt = = [ 10s(V)F02)0,V: + o

11



Now )
| rovarvo v = - [ 0 (tos(Vave) + hot
Qe T Ja.
and by using (7) again, we get

h.o.t. if j=1,...,2n+1

| ) = s Pt =
2 e24B + hot. if j=0

The expansion of the last two terms is exactly the same of the ones in the
Appendix of [15]: in particular we refer the reader to formulas (B.9), (B.10)
and (B.5), (B.7), noticing that we have only the part that involves H, since
we are dealing with only one bubble.

By putting all the expansions together we get the claim. O

Proof. of Theorem (1.1)
Firs of all we can assume without loss of generality that £y = 0. Since

0(€) = ©(0) + ¢"(0)(&,€) + o(I€]?)

and recalling that p(&) = H(&,€) is the diagonal of the regular part of the
Green’s function, we notice that solving equations (11) and (12) is equivalent
to solve the following system

— AN (0)(&:) = o(1) + o( &)
— AP (p(0) + O(|€ )™ + 3-eB + o(e*7P) = 0

Since & = 0 is a non-degenerate critical point for ¢, that is ¢”(0) is in-
vertible, then the previous system is always solvable by using the implicit
function theorem. Therefore we obtain a sequence of solutions of the form

Ue = LFeW), g + Qba
with ¢. € A, and with the couple (), &) satisfying

B
a(qg—2)—1yg—2
& — &o, gala=2) AZ — m

as € approaches zero. O

12
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